Random Variables and Probability Distribution

Random Variable

Random variable: If Sisthe sample space P(S) isthe power set of the sample space, P is the probability
of the function then (S, P(S), P) is called the probability space,

In the probability spaceif X :S - R isafunction then x is called random variable

Frequency function of random variable (or) Probability density function: Function f : X(S) - R is
defined by

f(r)= ple/ x(e) =r] iscaled the frequency function associated with random variable
Wherei) 0< f(r)<10 1 x(S)

i) Zf(r)=10110 x(S)

Arithmetic mean of the random variable: Arithmetic mean of the random variable x is denoted by x or
all E(x) expected value of X and is defined as x=%r f(r)

Variance of therandom variable: If ‘X’ isarandom variable then E(x?) is defined such

that E(x*) = r® f(r) OxXJ x(S). The variance of random variable (¢°) and is defined as
F(x~-X)?

Variance of the random variable

P =E(x-X)?=E(¢ +X —2X X)

TP =E(X)2+x —2XE(X)

TP=E(X)?+X

Variable of random variable o = E(x*) — 1
g?=3r2f(r) =1

o’ + 1A =371 (r)

Standard deviation: It isthe positive square root of the variance of the standard deviation of the random
variable thisis denoted by o =+/vairance

Note: Let X be arandom variable on a sample space S. If xR then we use the following symbolsto
denote some eventsin S.

i) {adS: X(aFr = (X= X)



i) {adS: X(ak ®= (X< X)
i) {adS: X(ax X= (X< X)
iv) {adS: X(aF ®¥= (X> X)
v) {adS: X(ax ®¥= (X X)

Def 2: Let Sbeasample spaceand X : S - R bearandom variable. The function F : R - R defined by
F(xX)=P(X £x), iscaled probability distribution function of the random variable X.

We now state some properties of probability distribution function for the random yond the scope
of the book.

Theorem 2: Let F(X) be the probability distribution function for the random variable X. then

i) 0sF(x)<10Xx R

if) F (x) isanincreasing functioni.e. x,x0R x X, = F(x)F(x,)

i) Lt F(x)=1 Lt F(x)=0

Theorem 3: If X:S - R isadiscrete random variable with range {x, X,, X;....} theni P(X=x)=1.
r=1

Mean and Variance

Def : Let X :S - R beadiscrete random variable with range {x, X,, X;.....} . If £x P(X =x) exists,
then £x. P(X =x.) iscalled the mean of the random variable X. It is denoted by 4 or x. If
T(x =)’ P(X =x) exists, then Z(x — ) P(X =x)iscaled variance of the random variable

X. It isdenoted by ¢. The positive square root of the variance is called the standard deviation of
the random variable X. It isdenoted by o .

Theorem 4: Let X : S - R be adiscrete random variable with range {x,, X,, X, ...} . If @, o* arethe
mean and variance of X then o® + /* =Zx*P(X =x).

Def: Let n be apositive integer and p be areal number such that 0< p<1. A random variable X with
range{0, 1, 2, .n} issaid to follows (or have) binomial distribution or Bernoulli distribution with
parametersnand pif P(X =r)="C p'q"" forr=0,1,2... nwhereq=1-p.

Theorem : If the random variable X follows a binomial distribution with parameters n and p then mean
of X isnp and the variance is npq where q = 1- p.

Def : Let A >0 bearerea number. A random variable X with range{0, 1, 2....} issaid to follows (have)
-Aqr

Poisson distribution with parameter A if P(X =r) =<

forr=0,1,2,.......
r!



Theorem : If arandom variable X follows Poisson distribution with parameter A, then mean of X is A
and varianceof X is A.

EXERCISE —9(a)

1. A p.d.f of adiscrete random variable is zero except at the points x = 0, 1, 2. At these points it
has the value p (0) = 3¢, p(1) = 4c — 10c?, p(0) = 5¢c — 1 for somec > 0. Find the value of c.

Sol.

Px=0)+p(x=1)+px=2)=1
3c3+4c-10c°+5¢c-1=1
3c3-10°+9c-2=0
Putc=1,then3-10+9-2=12-12=0
C = 1 satisfy the above equation

C=1= p(x =0) = 3 whichisnot possible dividing with c — 1, we get

3c?-7c+2=0
(c-2)(3c-1)=0
c=2orc=13
c=2= p(x = 0) = 3.2 = 24 which is not possible
Oc=1/3
2. Find theconstant C, so that F(x):C(éj X =12,3........... isthep.d.f of adiscreterandom
variable X.

Sol. Given F(x) :C(gj ,X=12,3

We know that p(x) =C[§j X =123...



Sol.

So

Sol.

X=x =2 |-1] 0 1 2 3

PX=x){ 01| k | 02| k | 03] kK

isthe probability distribution of a random variable x. find the value of K and the variance of x.

Sum of the probabilities= 1
01+k+02+2k+03+k=1
4 +06=1
4 =1-06=04
k = % =01
4
Mean = (-2) (0.1) + (1) k + 0(0.2) + 1 (2k) + 2(0.3) + 3k
=-02-k+0+2k+0.6+3k
=4k +04=4(01)+04=04+04=0.8
n=0.8
0
Variance (0%) = > x°p(x = x,) —p*
1-1
0 Variance = 4(0.1) + 1(k) + 0(0.2) + 1(2k) + 4 (0.3) + 9k — pi?
=04+k+0+2k+4(0.3) + 9k —p?

=12k + 0.4+ 1.2 — (0.8)
=12(0.1) + 1.6 —0.64

=12+ 16-0.64
G >=28-064=216

X=x [=3]|-2]-1]0][1]2]3
111111
PX=x)| = [= | Z|Z|2|=Z| =2
9/9/9]/9]9]9]09

isthe probability distribution of a random variable x. find the variance of x.

en = {5)-2{ (5 [ (5] +5) (s

_—§—E—E+O+E+E+§ u):o

9 9 9 9 9 9

. 1 21 21 2( 1 21 21 21
Y% )= (=3 = +(=2)° = +(1)*= +(0)°| = |+(1)* = +(2)* = +(3)* = 2
aionce () = (-3 3 (-2 § +()" g +(0f (3 )+(0° 5 +(2 5 +(3 5
:g+ﬂ+l+o+l +£ +g -0 :§

9 9 9 9 9 9
5o 2

9

A random variable x hasthe following probability distribution.
X=x |0|1|/2]|3|/4|5|6]| 7
P(X=x)| 0 | k |2k |2k [ 3k | K?|2k®|7k*+k
Find i) k ii) the mean and iii) p(0 <x <5).

Sum of the probabilities =
O+k+2k+2k+3k+K?*+2k?+7k?+k =1



= 10k’ +9k =1
= 10k’ + 9%k —-1=0
= 10k®+ 10k—k—-1=0
=10k (k+1)—1(k+1)=0
= (10k—1) (k+1)=0
Kzi,—l
10

Sincek >0
O k:i

10
. 1
Nk=—
) 10

i) Mean = iZ:‘xip(x =x;)
lzﬂu(;az 0(0) +1(k) +2(2K) +3(2k) +4(3k) +5(k?) +7(7k> +k)

=0+k +4k +6k +12k +5k? +12k? +49k? +7k
= 66k + 30k

=66 155 30+ |
100 10

= 0.66 + 3=3.66
iii) p(0 < x < 5)
PO<x <5 =(x=1)+p(x=2)+p(x=3) +p(x=4)
= k+ 2k + 2k + 3k = 8k
_gl_gl_4

10 10 5

Therange of arandom variablex is{0, 1, 2}. Given that p(x = 0) = 3¢, p(x = 1) = 4c — 10c?,
p(x=2)=5c-1

i) Find thevalueof ¢

i) p(x<1),p(l<x<3)

PX=0)+px=1)+p(x=2)=1
3c*+4c—-10c*+5c-1=1
3c*-10c°+9c-2=0
C =1 satisfy thisequation
C=1= p(x =0) = 3 whichisnot possible dividing with c — 1, we get
3c?-7c+2=0
(c-2)(3c-1)=0
d=2orc=1/3
c=2= p(x = 0) = 3.2° = 24 which is not possible
Oc=1/3
i) P(x<1)=p(x=0)

=3c° :(1)3 = 3i :l

3 27 9
i p(l<x<2)=p(x=2)=5c-1
:§—1:g

3 3



So

Sol.

iip(0<x<3)=p(x=1)+p(x=2)
=4c—-10c’+5¢c—1
:9c—10c2—1:9.5-1o.1 -1
3 9

:3—9 —1:2—@ :§
9 9 9
3
Therange of arandom variablexis{1, 2,3, ........ }and p(x =k) = E—l(kzl, 2,3, )

Find thevalue of C and p(0<x < 3)

. Sum of the probabilities=1

> p(x=k) =1
n Ck _
2t

¢ c

C+t—+—. e, 00
2 [3

Add 1 on both sides

2 3
1rc+o +S

+—
12 I3
€°=2= loge € = loge2

= c=10ge2
PO<x<3)=p(x=1)=p(x=2)

EXERCISE —9(b)

In the experiment of tossing a coin n times, if the variable x denotes the number of heads and
P(X =4), P(X =5), P(X =6) arein arithmetic progression then find n.

X follows binomial distribution with
1 1 .

=—qg== (-.-acoinistossed
2’q 2( )

Hint : a b, caeinA.P,

2b=a+c(or)b—a=c-a
Given, P(X =4), P(X =5), P(X =6) arein A.P

4 n-4 5 n-5
1\ (1 1)1
e
2)\2 2)\2
6 n-6
”Ce(lj (ij aein A.P
2)\2

="C,,"Cg,"Cs areinA.P
—=2"C,="C, +"C,

N 2(n) __nt . n
51(n-5)!  4l(n-4)! 6!(n-6)!
2(n!)

- 5x41(n-5)(n-6)



Sol.

4!(n—4)(:!—5)(n —6)! Tox6 x;!!(n —6)!

2(n!)

- 5x41(n-5)(n-6)!

__nl 1 s
41(n-6)!{ (n-4)(n-5) 30
2 30+(n-4)(n-5)
= =
5(n-5) 30(n-4)(n-5)
= 2% 30 (n—4) =5[30 + n?—9n + 20]
= 12n—48=n°-9n-50
—=n°-21n+98=0
=n’°—14n-7n+98=0
nn-14)-7(n-14)=0
(n=-7)(n-14)=0
O n=7orl4

Find the maximum number of timesa fair coin must be tossed so that the probability of getting
at least one head isat least 0.8.

Let n be number of times afair coin tossed x denotes the number of heads getting x follows binomial
distribution with parametersn and p =1/2 given p(x = 1) =2 0.8

=1-p(x=0)=0.8

=p(x=0)<0.2

ne (1Y
="Cy| 5| 02

(5] =

=l =] €=

2 5

The maximum value of nis 3.

3. The probability of a bomb hitting a bridge is 1/2 and three direct hits (not necessarily

consecutive) are needed to destroy it. Find the minimum number of bombs required so that
the probability of the bridge being destroyed is greater than 0.9.

Sol. Let n be the minimum number of bombs required and x be the number of bombs that hit the bridge,

then x follows binomial distribution with parametersn and p = 1/2.
Now p(x = 3) >0.9

=1-p(x<3)>09

=p(x<3)<01

= p(x=0) +p(x=1) +p(x = 2)<01

iR RCEIERE




Sol.

Sol.

on 10

1(2+2n+n’>-n) 1
=>— | <—

2" 2 10

= 5(n’+n+2)<2"

By trial and error, wegetn=9
O Theleast valueof nis9
On=9

If the difference between the mean and the variance of a binomial variate is 5/9 then, find the
probability for the event of 2 successes, when the experiment is conducted 5 times.

Given n =5, let p be the parameters of the binomial distribution
Mean — Variance =5/9

np—npqg =5/9

np(l—qg) =59, -p+q=1

n.p® = 5/9 = 5p” = 5/9

p’=1/9=p=1/3

g=1-p=1-13=2/3

3,2

2 1 8 1 80
x=2)=5C,| | 2] =10x2 2=
p( ) 2(3j (3)

O Prob. of the event of 2 success = &
243

Onein 9 shipsislikely to be wrecked, when they are set on sail, when 6 ships are on sail, find
the probability for (a) Atleast one will arrive safely (b) Exactly, 3 will arrive safely.

P = probability of ship to be wrecked = 1/9

1_8
=1l-p=1—-—=—
q Y 9 9

Number of ships=n=6
8 6-6 1 6 1 6
x=0)=°C,|=| |=| ==
P=9 0(9j (9j (9j
a) Probability of atleast one will arrive safely = p(x > 0) = 1 —p(x = 0)
6
:1—(&) :1—i
9 9°

3 3
b) p(x=3)= °C, [Sj (éj

_1s _on &
=5 C,.8° _2o[§j



6. If themean and variance of a binomial variablex are 2.4 and 1.44 respectively, find
p(l<x<4).

Sol.Mean=np=24 ..(1)
Variance=npg=144 ...(2
Dividing (2) by (1)

npq _1.44

np 24
g=06=23/5
p=1-9g=1-0.6=04=2/5
Substituting in (1)
n(0.4) =24

0.4
Pl<x<4)=p(x=2)+p(x=3)+px=4)
= °C,0"p® +°Co0’p’ +°C 0" p"

4 2 3 3 2 4
SaHIBRSHIORSCIS
5)\5 5)\5 5)\5
62
G
=30 (135+120+60) = 312%30
15625 15625
_36x63 _ 2268
3125 3125
7. ltisgiventhat 10% of the electric bulbs manufactured by a company are defective. In a sample
of 20 bulbs, find the probability that morethan 2 are defective.

(15.9+20.6 +15.4)

Sal. p = probability of defective bulb = 1/10
q= 1-p=1-—=—

n = number of bulbsin the sample = 20
p(x>2)=1-p(x < 2)
=1-[p(x=0) +p(x=1) + p(x = 2)]

o033

o\ (1) 209Y
p(X :1) = 20C1 (Ej :(Ej :—1020

18 2
9 1 190.9'®
X=2 :20C — = — | =/
p(x=2) 2(10} (10) 102

) =1 9% 209 190.9"
p(x>2)=1- 109 + 109 + 109

2 20-k k
") (o
k=0 10 10




On an average, rain fallson 12 daysin every 30 days, find the probability that, rain will fall on
just 3 daysof a given week.
. 12 2
.Givenp=—=—
30 5

2
=]1-p=1—-—=
q p 5

ol w

n=7,r=3
p(x =3)

_ N2y
="C.g" " p :7C (_j (_)
r.d p 3 5 5

_ (3j4(2j3_35X23X34
=35/ 2| [ 2] =222 72
5)\5 5’

For a binomial distribution with mean 6 and variance 2, find the first two terms of the
distribution.

.Let n, p be the parameters of a binomial distribution

Mean (np) = 6 .. (1)
and variance (n pg) = 2 ...(2
then%:gjq:l
np 6 3
1 2
wp=l-q=1-= ==
p q 373

From(1))np=6

n(gj:(S:; n:E:Q
3 2

First two terms of the distribution are

1Y _1
p(x=0)=900(§J =?and

eoy-<(3]2)

. In acity 10 accidents take place in a span of 50 days. Assuming that the number of accidents
follows the poisson distribution, find the probability that there will be 3 or more accidentsin a
day.

. Average number of accidents per day

The prob. That there win be 3 or more accidentsin aday p(x = 3)

0 k
Ze‘“‘—,)\zo.z
k!

k=3 '



Five coins aretossed 320 times. Find the frequencies of the distribution of number of heads and
tabulate the result.

.5 coins are tossed 320 times
Prob. of getting a head on a coin

1
=—,n=5
P 2
Prob. of having x heads

p(x=x)="C, (@3]

5 1 5-x 1 X 5 1 5
=°C, | = =l =°C,|=| x=012345
X(zj 2 2 a

Freguencies of the distribution of number of heads = N.P(X = x)
= 320{5@ (%ﬂ x=0,1,2,3,4,5

Fregquency of

Having 0 head = 320 x °C, x

~—
o
I
=
o

N |-

Having 1 head = 320 x °C, x

N TN
N -
N—
(6)]
I
a1
o

Having 2 head = 320 x °C, x
Having 3 head = 320 x °C,x

Having 4 head = 320 x °C, x

NI, NI NP N

Having 5 head = 320 x °C; x

NH)[o[1[2]3
f |10]50][100[100

N
3]

(on)
o
=
o

Find the probability of guessing at least 6 out of 10 of answers in (i) true or false type
examination ii) multiple choice with 4 possible answers.

.1) Since the answers are in true or false type.
1

2
Prob. of guessing at |east 6 out of 10

6 10 1QC 1 10-6 1 6
> = — —
obcz0)=270(5] (3]
10 1 10
=N 10¢ [ 2
2 k(z)

Prob. of successp = % ,gq=



ii) Since the answers are in multiple choice with 4 possible answers
Prob. of successp=1/4,q=3/4
Prob. of guessing at least 6 out of 10

10-6 6
L

_ 10 " 1 k 3 10-k
_2 Cl=|1=
5 4) \ 4

13. The number of persons joining a cinema ticket counter in a minute has poisson distribution
with parameter 6. Find the probability that i) no one joins the queue in a particular minute ii)
two or mor e personsjoin the queuein a minute.

Sol. HereA =6
i) prob. That no one joins the queune in a particular minute
-Ay 0
_ayv €A 6
p(x=0)= o ¢

ii) prob. that two or more persons join the queue in a minute
px=22)=1-p(x<1)
=1-[p(x=0) +p(x =1)]

=1 —[e‘A N + e_A)\l}

0! 1

} =1-7e°

EXAMPLE PROBLEMS

1. A cubical dieisthrown. Find the mean and variance of x, giving the number on the face that
shows up.

Sol. Let S be the sample space and x be the random variable associated with S, where p(x) is given by the
following table
X=x; |12 |3]4|5]6
INER S EN N
PX=x) 5 |5 |6ls |66
Mean of x = =2Z(X =X;) P(X =X;)

({4 )l
=%(1+2 +3+4 +5 +6)

_1(6)(6+1) |7 _,.
6 2 2

Variance of x = 0% = Y. x> p(X = x;) — P2
2
(oo =2(g)+2(3)+= (5] +#(5) = (5] (52
6 6 6 6 6 6 2
=%(12 +22 +3% +47 +57 +62) 29

_1(6)(6+1)(2x6+1) a0
6 6 4




91_49 _182-147 _35

6 4 12 12
The probability distribution of a random variable x is given below. Find the value of k, and the
mean and variance of X

X=x | 1] 2[3[4]5
P(X=x)| K | 2k | 3k | 4k | 5k

5
.we have Y p(X =x) =1
r=1

= k+2k +3k +4k +5k =1 :k:%

Mean p of x = Zslr.p(x =%,) = ir(rk)
r-1 r-1
= 1.(k) + 2.(2K) + 3.(3k) + 4.(4k) + 5.(5K)
= 55k
= 55xi :E
15 3
Variance (0°) = (1)2 k + (2) 2k + (3)? 3k + (4)* 4k + (5)? (5k) — p?

11)?
=k + 8k + 27k + 64K +125k — (3)

= 225k - 22 = p5x 1 12
9 15 9

_135-121_14
9 9
(k+1)c

If X isarandom variable with the probability distribution. P(X = k) = x

(k=0,1,2,3,...) then find C.

k+1
given p(x = K) = (;'—k)c(kzo, 1,2,3,..)

7\
T
N
N—
N

Hint: inAGP. S, =&+

1-r (1-r)?
Herea=1,d=1,r=1/2




c[2+2]=1
Oe 1
4
4. Let xbearandom variable such that p(x =-2) =p(x =-1) = p(x = 2) = p(x =3) =1/6 and
p(x =0) = /3. Find the mean and variance of X.
Sol. Mean

=(2)5+(0g +2{ 1|+ 5] 03]

o (33 o312

5. Twodicearerolled at random. Find the probability distribution of the sum of the numbers on
them. Find the mean of therandom variable.

. When two dice are rolled, the sample space S contains 6 x 6 = 36 sample points.
S={(1,1),(1,2...(1,6), (2, 1), (2, 2)...(6,6)}
Let x denote the sum of the numbers on the two dice
Thentherangex ={2, 3, 4, ...12}

So

Probability Distribution of x is given by the following table.
X=xi |2|3|4]|5|6|7|8|9]|10|11]12

112/3(4|5/6|5[4|3|2]1

POX=X) = | — | —= | — | — | = |—= ==
( ')36 36|36|36|36/36|36|36|36|36|36

12
Mean of x = P =" x;p(X =x,)
1-2
= 2.i +3.£ +4.i +5.i +6.i +7.£ +8.i +9.i +10.i +11.£ JI12.i
36 36 36 36 36 36 36 36 36 36 36

:3—16(2 +6+12 +20 +30 +42 +40
+36 +30 +22 +12)



Sol.

Sol.

Sol.

Sol.

8 coins aretossed ssimultaneously. Find the probability of getting at least 6 heads.
p = probability of getting head =%

1_1
=1-p=1--==:n=8
a P 2 2

p(x = 6) =p(x =6) + p(x=7) + p(x = 8)

=a(3) (3 o (3] (3] (3 (3)
2) 2 2) 2 2)\2

—_ 1 ° 8 8 8

_(Ej [°Ce+°C, ¥ ¢

37

256
The mean and variance of a binomial distribution are 4 and 3 respectively. Fix the distribution
and find p(x 2 1)

:i[28 +8+]] =
256

Given distribution is binomial distribution with mean=np =4
Variance=npg =3

npg 3_ 3
np 4 4
Sothatp=1-q =1—g =%

Onp=4
1
n-=4=>n=16
4

Px=1)=1-p(x=0)

0 16-0 16
a3 (3 -3
4) \ 4 4

O p(x=1)

]

The probability that a person chosen at Random isleft handed (in hand writing) is0.1. What is
the probability that in a group of ten peoplethereisone, who isleft handed ?

heren=10
P=01
g=1-p=1-0.1=09
p(x=1) =%C,(0.1)%0.9)***
=10 x 0.1 x (0.9)°
=1x(0.9)°=(0.9)°
In a book of 450 pages, there are 400 typographical errors. Assuming that following the passion
law, the number of errors per page, find the probability that a random sample of 5 pages will
contain no typographical error.

The average number of errors per page in the book is



10.

Sol.

11.

Sol.

rl
o819 ( 8]0
p(x :0) :—9 =e—8/9
0!
[0 The required probability that a random sample of 5 pages will contain no error is

[p(x = 0)1° = (€*°)°

Deficiency of red cellsin the blood cellsis deter mined by examining a specimen of blood under
a microscope. Suppose a small fixed volume contains on an average 20 red cells for normal
persons. Using the poisson distribution, find the probability that a specimen of blood taken
from a normal person will contain lessthan 15 red cells.

HereA =20
p(x <15) Zp

14 —)\}\ r i 20 20r

_z rt r!

A p0|sson variable satisfiesp(x = 1) = p(x = 2). Find p(x = 5)

Givenp(x=1) =p(x =2)
r oA

p(x=r)=)\e LA>0
Ae? AP
1 - 2!
A=2 (& >0)
25 -
Op(x 5F
32 4

1206’ 15¢°




