LENGTH OF THE PERPENDICULAR FROM A POINT TO A STRAIGHT LINE
AND DISTANCE BETWEEN TWO PAPALLEL LINES

THEOREM
The perpendicular distance from apoint P(x1,yq) tothelineax + by +c=0is

|ax, +by, +c|
Ja?+b?

Pr oof:

I:xp 5'-1]

ax + by +c =0

L et the axes be trandlated to the point P(x1, y1).

Let (X,Y) be the new coordinates of (x,y). Thenx=X+xq,y=Y +Yy4q Thetransformed
eguation of the given lineis

aX+x7) +b(Y +yp)+c=0
= aX +bY +(axq +by; +c)=0

|aX1+by1+C| .

JaZ +b?

The perpendicular distance from the new origin Pto thelineis

(from normal form) The perpendicular distance from a point
|aX1 +by, + C|

Va2 +b?

DISTANCE BETWEEN PARALLEL LINESTHEOREM

P(x1,y1) tothelineax+ by +c=0is

The distance between the two parallel linesax + by + cg =0and ax + by + co = 0is
& —c,|
JaZ+0?
Proof:
Givenlinesareax + by +¢c1 =0 --- (1)
ax+tby+cp=0 --(2

Let P(x1, y1) beapoint on theline (2).



Then L,=0
axq+byp+co=0

axy +hyy =—p. L1=o
Distance between the parallel lines = Perpendicular distance from Pto line (1)
|ax +by +a| _ o ¢
Ja2 +1b? ) Ja? +b?
FOOT OF THE PERPENDICULAR
THEOREM

If (h, k) isthefoot of the perpendicular from (x1, y1) tothelineax + by + c=0

(a0, bO) then N2 —K=V1 _ =3 +by, +0)
a b a’ +b?

l: 3[1, :;"-1]

h,k)] ax+byt+tc=0
Proof :

Let A =(x1,y1) P=(hK)
Pliesonax+by +c=0
ah+bk+c=0
ah+bk=-c

Slopeof AP is K=Y
h-x

Slope of given line is —%

AP is perpendicular to the given line

=[5

K=y _h=x
b a
By the law of multipliersin ratio and proportion
h-x _k-y _a(h—x) +bk ~y)
a b a? +b?




_ah+bk-ax —by, _ —ax, —by,

a2+b2 a2 +b2
_ ~(ax, +by; +0)
a +b?
a b a’+b?

IMAGE OF A POINT
THEOREM
If (h, k) istheimage of (x1, y1) w.r.tthelineax+by+c=0(a # 0,b# 0),
h-x _k=-y, _ =2(x +by, +)
a b a’+b? '

then

(. ¥.)

Pr oof: it l.
Let A(xq, Y1), B(h, k)

Mid point of isP= (XlT-thlTJrk]

ax +by+c=0

Since B isthe image of A therefore mid point P lieson ax + by + ¢ =0.
:>a(x1+hj+b(y1+kj+c:0
2 2

=ax1+by;+ah+bk+2c=0

—ah + bk = —axq + by — 2c.

Slope of ABis K=y

And Slope of givenline is —%
AB is perpendicular to the given line
_[k=w (_ejz_l
h—x b
k-vy; _ h-x

b a
By the law of multipliersin ratio and proportion



h-x _k-y _ a(h-x)+b(k-y,)
a b a2 + b2
_ah+bk—ax —by,
- a2 +b2
_ —ax —by, —2c —ax by,
a? +b?
_ —2(ax +by, +c)
a2 +p?
h=% _k=-y, _ =20 +by, +)
a b a2 +b2
Note 1: Theimage of (x1, y1) w.rtthelinex=yis (y1, X1)

Hence

Note 2: Theimage of (X1, y1) w.r.ttheline x +y =0is(-y1, -X1)

THEOREM
If thefour straight linesax +by +p=0,ax+by+q=0,cx+dy +r =0and
cx +dy + s=0form a parallelogram. Then the area of the parallelogram so formed is

(p—ag)(r-s)
bc-ad

Proof:

LetLyj=ax+by+p=0
Lry=ax+by+qg=0
L3=cx+dy+r=0
Lg=cx+dy+s=0

Clearly

L1]lLo and L3|| L4. So L1 and L3 are nonparallel. Let bethe angle between L1 and L 3.
Let dy = distance between L1 and L. 1P~9

! 1 2 Va2 +b?
Let do = distance between Lz and L4 = r__5|

C2 d2
NOW cos6 = |ac+bd| and s (@ +b2)(c? +d?) —(ac +bd)?
V(@ +b?)(e? +d?) (a2 +b?)(c? +d?)
_ |oc - ad|
V@ +b?)(c +d?)

Now area of the parallelogram is %% —[(p=a)(r -9)|
sn® | bc-ad



ANGLE BETWEEN TWO LINES THEOREM

If 6 isan angle between thelinesajx + b1y + ¢q =0, agx + boy + co = 0 then
cosf =+ 33, *hb,
Jal +b5 e+

Proof: The lines passing through the origin and parallel to the given lines are
X+ by =0, - (D
aoX + b2‘( =0. -(2)

»
'

Let 8, 6, betheinclinations of (1) and (2) respectively (6, >86,)
Now 6 isan angle between (1) and (2)
0=6-6
P(—b1,a1) satisfies eq(1), the point lies on (1)
Similarly, Q(—9, &) lieson (2)
Let L, M bethe projection of P,Q respectively on the x - axis.

oL -, : PL a
Oco8 = = ,8in@, =— =
DO e O e
Oco8 + = ,sinB@, = =
T OQ faZep T OQ\faZ b3
6=6 -6

cos=cos (6, —6,)

= cos6, cosB, +sinB, sinb,

() (b)), a 3,
Jal +bf ol +bf (al+b ol b
___ &3 +bb

Jal +bf a3 +b]




Note 1: If isthe acute angle between the lines then
|ayay +bib|

Note 2: If isan angle between two lines, then is another angle between the lines.

COoS 6 =

Note 3: If isan angle between two lines are not aright angle then the angle between the
lines means the acute angle between the lines.

Note4: If @ isanangle betweenthelines ajx+bqy+c1=0,ax+bgy+cp=0

thentane :M
aa, +bb,
Note 5: If isthe acute angle between the lines
a1X + b1y +c1 =0, apx + boy + co =0 then

o|ak-ah| | alb-alb |

tan®
|, +hiby|  |(a2) ! (biby) +1]
I ai; bl/bl _aaZ //t))Iwhere m1, my are the slopes of the lines.
T
THEOREM

The equation of theline parallel to ax + by + ¢ = 0 and passing through (X1, y1) is

a(x —x1) + by —y) =0.

Proof:
Slope of the given lineis—alb.
= Slope of therequired lineis—a/b.(lines are parallel)
Equation of the required lineis

a
Y—Y1=—E(X—Xﬁ

bly —y1) = —a(x —xy)
alx —xq) + b(y —y1) = 0.

Note 1: The equation of aline parallel to ax + by + c= 0 may betakenasax + by + k =0.

Note 2: The equation of aline paralléel to ax + by + ¢ = 0 and passing through the origin is
ax + by =0.



THEOREM
The equation of the line perpendicular to ax + by + ¢ = 0 and passing through
(X1, ¥1) is b(x—=x1) —a(y —yq1) = 0.
Proof:
Slope of the given lineis —a/b.=> Slope of the required lineis b/a.
(since product of slopes= -1)

Equation of the required lineisy —yq :g (X —X1)

aly —y1) = b(x —xq)
b(x —x1) —ay ~y1) =0.

Note 1: The equation of aline perpendicular to ax + by + ¢ = 0 may be taken as

bx—ay+k=0

Note 2: The equation of aline perpendicular to ax + by + ¢ = 0 and passing through the
originis bx —ay = 0.

EXERCISE -3 (d)
I.  Find the angle between the following straight lines.

1. y=4-2X,y=3x+7

Sol: givenlinesare
y=4-2Xx = 2X+y—-4=0and3x-y+7=0
Let 6 be the angle between the lines, then

cos0 = __|Gad2 +Diby |

Vo b ed <12
_123+1-D|_ 5 _ 1
CJa+1fo+1 BJ10 2
m= U

4

2. 3X+5y=7,2x-y+4=0

Sol. ans:8=cos * [ij

V170



3. y=- 3x+5,y:i 2

X —
NERE!
Sol. slopeof 1% lineismy = —/3
_— 1
Slope of 2™ lineis m, =—— .
p 2 \/é
1
mm, =(—/3)—= = -1.
1112 ( )\/é
The lines are perpendicular,hence angle between the linesis 6 :1—21
4., ax+by=a+b,ax-y)+b(x+y)=2b
Sol. givenlines ax +by=a+b, (a+b)x+(-a+b)y=2b

let 6 be the angle between the lines, then
|a(a+b) +b(-a+b)|

cosO =
Ja2 + b2 +\/(a+b)2 +(-a +h)?
_ |a®+ab-ab+b®| _ a®+b® _ 1
Ja? +02\[22 +b?) V2@ +b?) V2
B= "
4
Find the length of the perpendicular drawn form the point given against the following
straight lines.

5. Bx—2y+4=0, (-2 -3)

o |t by, el |5(-2)-2(-3) +4| _| 40 +10] _

Ja2 + b2 J25+4 V29

Sol. Length of the perpendicul

6. 3x—-4y+10=0,(3,4

Sol. Length of the perpendicular = 133-44+10] _3

\J9+16 5
7. x-3y—-4=0, (0,0)
4
Sol. Ans—
J10

Find the distance between the following parallel lines.

8 3X-4y=12,3x-4y=7
Sol. Givenlinesare3x —4y =12, 3x -4y =7



Sol.

10.

Sol.

11.

Sol.

12.

Sol.

13.

Sol.

14.

Sol.

| =Cpl _|-12+7] 5 _,

Distance between parallel lines =
Ja2+p2 9+16 5

5x -3y—4=0,10x-6y—-9=0
Equations of the lines can betakenas 10x -6y —-8=0 ,10x -6y —9=0
|-8+9] 1

J100+36 2434

Distance between parallel lines =

Find the equation of the straight line parallel totheline2x + 3y + 7=0and
passing through the point (5, 4).
Givenlineis2x + 3y + 7 =0
Equation of the parallel to 2x + 3y + 7 =0is2x + 3y = k.
Thislineis passing through P (5, 4)
=10+12=k = k=22
Equation of therequired lineis2x + 3y —22=0

Find the equation of the straight line per pendicular to theline5x —3y + 1 = 0 and
passing through the point (4, -3).

Equation of thegiven lineis5x -3y +1=0

Equation of the perpendicular to5x -3y +1=0 is3x+5y+k=0

Thislineis passing through P (4, -3)

—=12-15+k=0=k=3

Equation of therequired lineis3x + 5y + 3=0

Find thevalueof k, if thestraight lines6x —10y + 3=0and k x -5y +8=0are
parallel.
Givenlinesare 6x —10y + 3=0and kx -5y +8=0.

Since the lines are parallel :i:%:-%:-mk = k=3
&

Fund thevalueof P, if thestraight lines3x + 7y —1=0and 7x—py+3=0are
mutually perpendicular.
Givenlinesare 3x+7y—1=0,7x—py+3=0
Sincethe lines are perpendicular
= &a, +bjby =0=3.7+(-p) =0=7p=21=p=3

Find thevalue of k, the straight linesy —3kx +4=0and (2k -1) x—(8k-1)y =6
are perpendicular.
Givenlinesare-3kx +y+4=0



(2k—1)x —(8k—1)y-6=0
These lines are perpendicular= &a, + b, =0

— -3k (2k =1) =1(8k —1) =0=> —6k? +3k -8k +1 =0
6k +5k —1=0=> (k +1)(6k 1) =0

k =-1or 1/6

15. (-4, 5) isavertex of a square and one of itsdiagonal is7x —y + 8 = 0. Find the
equation of the other diagonal.

(4,5)
D C
A B

Sol. let ABCD be the square.
L et the equation of the diagonal ACbe 7x —y +8=0
The point (-4, 5) is not satisfying the equation.
Let D=(-4, 5)
The other diagonal BD is perpendicular to AC.
Equation of BD iscan betakenas x + 7y + k=0
D (-4, 5) isapoint onthisline=-4+35+k=0 = k=4-35=-31
Equationof BD isx + 7y —31=0

Il.
1. Findtheequation of the straight lines passing through (1, 3) and

i)parallel toii) perpendicular to theline passing through the points (3, -5) and (-6, 1).
Sol. GivenpointsA (3, -5), B (-6, 1)

Slopeof AB= ——=—=
+

i)  dlopeof thelineparalleltoABis_?2 equation of the line parallel to AB and passing
through (1, 3) is
y—3=_?2(x—1):>3y—9:—2x+2:2x+3y—11:O

i) slope of the line perpendicular to AB is3/2 .



Sol.

Sol.

Sol.

Equation of the line passing through (1, 3) and having slope 3/2is y -3 = %Z(x -1
= 2x+3y-5=0.

Theline 5—% =1 meetsthe X —axisat P. Find the equation of theline
a

perpendicular tothislineat P.

givenlineis XYoo D
a b

Onx-axisy=0 = x_0 =l=x=a
a b

Point P=(a,0)

Equation of the line perpendicular to (1) is %+§ =k
Thislineis passing through P (a,0) = %+O:k:k:a/b
Equationofthelineis§+xzé.

b a b

Find the equation of theline per pendicular to theline 3x + 4y + 6 = 0 and making
intercept -4 on X —axis.

Givenlineis 3x + 4y + 6 =0.
Equation of the perpendicular to 3x + 4y + 6 =0 is 4x — 3y =k

ﬂ—ﬂ =1= X y =1

_— 47 =
O]
4 3
. k
X —intercept :Z =4=k=-16

Equation of the required lineis4x —3y=-16 = 4x -3y + 16 =0.

A (-1, 1), B (5,3) are opposite vertices of asquarein the XY plane. Find the
equation of the other diagonal (not passingthrough A, B) of asquare.
A(-1,1), B (5, 3) are opposite vertices of the square.



D B(5.3)

A(-1,1) C
The other diagonal is perpendicular to AB

Slope of CD = 1 =-3
m

Let ‘O isthe point of intersection of the diagonalsthen O = (_1;5,%)’)42,2)

Diagonal CD is passing through O (2,2), Equationof CD isy —2=-3 (x —2)
=-3X+6 =>3x+y-8=0.

5. Findthefoot of the perpendicular drawn from (4,1) upon the straight line
3x —4y + 12=0.
Sol. Equation of thelineis3x -4y +12=0
If (h,Kk)isthefoot of the perpendicular from (x4,y;) onthelineax + by + ¢ =0, then

h-x; _k-yy __(axi+by; +¢)
a b a® +p?
h-4_k-1_ (12-4+12)

w
|
S
©
+
'_\
o

h—4:—1_:>h:4—1_2:20_12 :§
5 5 5 5

k—l:E:) k :1+E :5+16 :é
5 5 5 5

[J Foot of the perpendicular = (g,—j

6. Find thefoot of the perpendicular drawn from (3,0) upon the straight line 5x +
12y — 41 =0.
9 ﬁj

Sol. Ans: ,
13 13



Sol.

Sol.

10.

Sol.

X - 2y - 5=0isthe perpendicular bisector of the line segment joining the points
A,B.If A =(-1,-3), find the co-ordinates of B.

If PQ isthe perpendicular bisector of AB, then B istheimage of A intheline PQ.

Equation of thelineisx -3y -5=0

Given point A = (-1,-3) . Here B istheimage of A w.rt x -3y -5=0.

Let B (h,k) bethe image of A (-1,-3), then
h-x _k-y; _—2(axy +by; +c)

a b a® +b?
h+1_k+3_-2(-1+9-5)
1 -3  1+9
h+l_y,+3_ 3
1 -3 5
hTﬂz‘_?’ h+l=->

-8 6

Co-ordinates of B are (—— )
5 5

Find theimage of the point straight line 3x+4y—-1=0.

Ans: (—Z,—Ej
5 5

Show that the distance of the point (6,-2) from the line 4x + 3y = 12 is half of the
distance of the point (3,4) from theline 4x —3y = 12.

Find the locus of foot of the perpendicular from the origin to a variable straight
line which always passes through a fixed point (a,b).

P(x.y)

A(ab)

\x

Let P(x,y) be the foot of the perpendicular from O(0,0) to the line.



Sol.

Sol.

Slope of OP = 4

X
Lineis passing through A(a,b).
Slope of AP = y-a

X=b
Line AP is perpendicular to OP, = product of slopes= -1
= X.y;b =-1=y?-by = —(x2 —ax)
X X—-a

= x%+y? —ax by =0

Show that thelinesx -7y —22=0,3x+4y +9=0and 7x +y—-54 =0form aright

angled isoscelestriangle.

Givenlinesx -7y —22=0  ------- (D)

3X+4y+9=0 - (2
X+y-54=0 - (3
C

1) (3

A (2) B
Let ‘A’ bethe angle between (1) ,(2)
|aqa, +bybs | _ |3-28] _ 25 25 1

JaZ +b2faZ +b,2 V1t49J9+16 5/25 252 2

= A =45°

COSA =

Let B be the angle between (2) ,(3) then cosB = 21+4 _. 2 _1

J9+16/49+1 252 2

= B=45°
Let ‘C’ be the angle between (3), (1)
7-7
cosC = =0= C=90°
V1+49y49+1

Since |A =|B =45°nd|C =90°
[ Given lines form aright angled isosceles triangle.

Find the equation of the straight lines passing through the point (-3,2) and making

an angle of 45° with the straight line3x —y + 4 =0.
Given point P (-3,2)
Givenline3x-y+4=0 - (1)



3x—v+4=0
Let m be the slope of the required line.

=>m-3=1+3m=2m=-4o0rm=-2
m-3
1+3m
=4dm=2=m=%

=-=>m-3=-1-3m

case (1) m=-2 and point (-3,2)

Equation of theline is
y-2=-2(x+3)=-2x—-6 =2x+y+4=0

case(2) m= %,point (-3,2)

Sol.

Sol.

Equation of theline is

y—2=%(x+3):>2y—4=x+3 =>Xx-2y+7=0

Find the angle of thetrianglewhose sidesarex +y —4 =0,
2X+y—-6=0,5x+3y—-15=0.

Ans. cos 1= (%} cost (%} cos™ (%j

Provethat the foot of the perpendicularsfrom theorigin on thelinesx +y =4,
X + 5y =26 and 15x — 27y = 424 arecollinear.

Find the equation of the lines passing through the point of inter section of thelines
3x +2y +4=0,2x + 5y = 1 and whose distance form (2, -1) is 2.

Equation of the lines passing through the point of intersection of the line



Sol.

L, =3x+2y+4=0,L, =2x +5y -1 =0 is
L,+AL;=0
(Bx+2y+4)+ A (2x+5y-1)=0
= (3+2A\)x+(2+5N\)y+(4—-A) =0-----(2)
Given distancefrom (2,-1)to (1) =2
[3+20)2+ (2+5N(-D +(4-N|_,

J@+2)0)2 + (2+50)2

| -2\ +8| s
J@+2)0)2 + (24502

= (-A+4)? =9+4N? +12\ +4 +25)2 + 20\
— 28\% + 40N -3=0
— 2802 -2\ + 420 -3=0

— (A+YAA-D)=0= A= 1 A==
14 2
From (1)
If A =i, then equation of thelineis 4x+3y +5=0

If A= —g , then equation of thelineis

y—-1=0.

Each side of a squareisof length 4 units. The center of the squareis(3, 7) and one
of itsdiagonalsisparallel toy = x. Find the Co-ordinates of itsvertices.
Let ABCD be the square. Side AB =4

Point of intersection of the diagonalsis the center P(3, 7)
D C

i
A M B

From P drawn PM UAB. Then M is midpoint of AB

OAM=MB=PM =2

Sinceadiagonal isparallel toy = X, itssides are parallél to the co-ordinate axes.
M(3, 5)

=A (3-2,5), B(3+2, 5), C(3+5, 7+2),D(3-2,7+2)




Sol.

Sol.

=A (1, 5), B(5, 5), C(5, 9),D(1,9)

If ab>0,find the area of therhombus enclosed by the four straight lines
axthby+c=0.

let the Equation of AB beax + by +c=0 --(1)

Equatiorlof CDbeax+by—-c=0 --(2)

(4)

(2)
VAR

i

(1) (3)
E
Equation of BCheax—-by +c=0 —--(3)
Equation of AD beax —by —c=0 ---(4)

Solving (1) and (3), B =(—§,o)
Solving (1) and (4), A = (o, —%)
Solving (2) and (3), C :[o,gj
Solving (2) and (4) , D = (g,oj

Area of rhombus ABCD = % |Zx1(y2 ~Ya)l

_ 1
- c c—
2 — — | = Sl
00-0-5[ £ +2 |00+ )
=££2—22 Sg. units
2 e e

Find the area of the parallelogram whosesidesare3x + 4y +5=0,3x + 4y -2 =0,
2Xx+3y+1=0and2x+3y—-7=0
Given sidesare

3X+4y+5=0 - (D
3X+4y-2=0 --(2)
2Xx+3y+1=0 --(3)

2X+3y-7=0 - (4)



Area of parallelogram formed by (1), (2), (3), (4)
_|(e,co)(di~dp)| _|(5+2)1+7)|

| abo-ahy | [ 3(3-24) |
_| /%8| _56 _ ,
“lozsl T 1 56 sg. units




