PAIR OF LINES-SECOND DEGREE GENERAL EQUATION

THEOREM

If the equation S = ax? +2hxy +by? +2gx +2fy +c =0represents a pair of straight lines
then

_ f2 2 42
j A=abc+2fgh—af * —bg” —ch” =0 iy w2z ab, g2z ac, F22be

Proof:
Let the equation S= 0 represent thetwo lines I, x+my+n, =0 and I,x+m,y+n, =0.

Then
ax? + 2hxy +by? +2gx +2fy +c
= (Ix+my +n)(I,x +myy +n,) =0
Equating the co-efficients of like terms, we get
Il =a,lim, +l,m =2h, mymp =b, and |;n, +1,n, =29, mn, +mpn, =2f ,nn, =c

(i) Consider the product (2h)(2g)(2f)
= (i, +lomy)(1gn, +on)(myn, +myny)
= |1|2(”h2”§ _l_mgnlz) +”hmz(|12n§ +I22r112) tnn, (|12m§ +|22mlz) +2,|,mm,nn,
= Loy, +mpny)” =2mympnyn, ] +mmy[(n, +om)® =2,
+yno[(lmy +1,my) " =2l l,mm,] +21,1,mm,nn,
= a(4f? -2bc) +b(4g? —2ac) +c(4h? —2ab)
8fgh =4[af ? +bg? +ch? —abc]
Oabe 2fgh af % bg% ch= 0

2 2 .
ii)hz—ab:(%j i, =) 4

_ (hm, —1,my)? >0
4
Similarly we can prove g2=acand f?=bc

NOTE :
If A =abc+2fgh-af 2 —bg? -ch® =0 , h?>ab, g?=ac and f 22 bc, then the

equation S = ax? +2hxy +by? +2gx +2fy +c =0 represents apair of straight lines



CONDITIONS FOR PARALLEL LINES-DISTANCE BETWEEN THEM
THEOREM

If S=ax?+2hxy+by? +2gx +2fy +c =0 representsa pair of parallel lines
then h®=ab andbg® =af 2. Alsothedistance between thetwo parallel linesis

—ac( or) 2 f2—hc
a(a+b) b(a+b)

Proof :

Let the parallel lines represented by S=0 be
IX+my+ny=0--(1)IX+my+no=0--(2)

Oax% 2hxy 2g¢ 2fy c

= (Ix+my +n)(Ix +my +n,)
Equating the like terms
12=a -- (3) 2m=2h --(4)

m’=b--(5)  I(n+n,) =2g--(6)
m(n, +n,) =2f - (7) nyn, =c- (8)
From (3) and (5), |°m? =ab and from (4) h* =
Dividing (6) and (7) ——g:>£=g—2,
f m* f2
D% %:>b92=af2
Distance between the paralel lines (1) and (2) is

| n-n, |+ -ann,
Wl

/1 2

JT

—4c \/(4f /m) 4c

I
N—r

o

f2—bc

a(a+ b)



POINT OF INTERSECTION OF PAIR OF LINESTHEOREM
The point of intersection of the pair of lines represented by

hf —bg gh-—af J
ab—h? "ab-h?

ax? + 2hxy +by? +2gx +2fy +¢c =0 when h®> > ab is(

Proof:
L et the point of intersection of the given pair of lines be (x1, y1). Transfer the
origin to (X4, y1) without changing the direction of the axes.
Let (X,Y) represent the new coordinates of
(X,y). Thenx=X +x and y=Y +vy,.
Now the given equation referred to new axes will be
a(X + )% +2h(X +3)(Y +y;) +b(Y +y1)? +29(X +x) +2f (Y +y;) +¢ =0
= aX?+2hXY +bY? +2X (ax +hy; +g) +2Y(hx +by, + f)
+axg +2hxy, +hy; +2g% +2fy; +c) =0

Since this equation represents a pair of lines passing through the origin it should be a
homogeneous second degree equation in X and Y. Hence the first degree terms and the
constant term must be zero. Therefore,

axq +hy, +9 =0 - (1)

hx, +by, + f =0 - (2
ax +2hxy; +hyf +2g% +2fy, +¢ =0 - (3)
But (3) can be rearranged as
(& +hy, +9) +yi(hxg +by, +) +(gx +fy, +¢) =0
= gx + fy; +¢=0--(4)
Solving (1) and (2) for xq and yq

 _ y _ 1
hf —-bg gh-af ab-h?
- 0

hf —bg gh—afj

Hence the point of intersection of the given pair of linesis ( = >
ab-h“ ab-h



THEOREM
If the pair of lines ax?+ 2hxy +by? =0 and the pair of lines
ax2 + 2hxy + by2 + 2gx + 2fy + ¢ = 0 form arhombus then (a-b) fg+h(f2 -g?) =0.
Proof:
The pair of lines ax? + 2hxy +by® =0 -- (1) is parallél to the lines

ax2+ 2hxy + by2 +2gx + 2fy +c=0 - (2)

»
¥ C
A
V) x
Now the equation

ax? + 2hxy +by? +2gx +2fy +c + Nax® +2hxy +by?) =0

Represents a curve passing through the points of intersection of (1) and (2).
SubstitutingA = -1, in (3) weobtain 2gx+2fy+c=0 ...(4)  Equation (4) isastraight
line passing through A and B and it is the diagonal AB

hf —bg gh—af}
ab-h?"ab—h?

The point of intersection of (2) is C :(

— Slope of o¢ = =&
hf —bg

In arhombus the diagonals are perpendicular = (Siope of OC)(Slope of AB) = -1

N gh-af }(_g _—
hf —bg f

= g°h-afg = hf > —bfg

= (a-b)fg+h(f2 -g?) =0
2 _ f2

a-b

g =

f9
h




THEOREM

If ax?+2hxy+by? =0 betwo sides of aparallelogram and px +qy =1isone diagona, then
the other diagonal is y(bp—hq) = x(ag—hp)

proof:
Let P(x1, y1) and Q(x2, y2) be the points where the digonal
Y 4 R
P
(x2.%2)
o] X

px + gy = 1 meetsthe pair of lines.

OR and PQ biset each other at M (a,p) .

0a=22"% and B=y1+y2
2

2
Eliminating y from ax? + 2hxy +by? =0 - (D)
and px+ay=1 - (2)
2
ax? + 2hx[1_ pxj +b[1_ pxj =0
q q

= x2(ag? - 2hpq +bp?) +2x(hp ~bp) +b =0

The roots of this quadratic equation are x1 and x2 where

2(hg-h;
X+ %, = - 2(q P) '
aq” - 2hpq —bp

= (bp—ha)

~ (aq? - 2hpq +bp?)

Similarly by eliminating x from (1) and (2) a quadratic equation iny is obtained and y1,

y2 are itsroots where

2(hp-aq) _ ,__  (aq=hp)
aq” - 2hpg —np? (ag” - 2hpq +bp?)

YitY,=-



Now the equation to the join of O(0, 0) and M (a,B) is (y-0)(0-a)=(x-0)(0-B)
= ay=Bx
Substituting the valuesof a and £, the equation of the diagonal OR

isy(bp—hq) = x(ag —hp) .

EXERCISE 4B

1. Find the angle between the linesrepresented by 2x*+xy —6y* +7y -2 =0.
Sol. Given equation is
2% + Xy —6y* +7y —2 =0 Comparing with

ax® + 2hxy +by? +2gx +2fy +c =0then

a:2,b:-6,c:-2,g:0,f:Z,h:l
2 2
Angle between the lines is given by
cosal = [+ = [2-9 - 4 :>O(=C°S_l(_j
Ja-b) +anz  J(2+6)7+1 V65 V65

2. Provethat the equation 2x? + 3xy — 2y* +3x+y+1=0 represents a pair of

perpendicular lines.
Sol. From given equation a=2,b=-2anda+b =2+ (-2)=0

— angle between the lines is 90°. O The given lines are perpendicular.



Prove that the equation 3x? + 7xy + 2y + 5x + 5y+2 = O represents a pair of

straight lines and find the co-or dinates of the point of inter section.
. The given equation is 3x* +7xy+2y” + 5x + By + 2=0

Comparing with ax® + 2hxy +by? +2gx +2fy +c =0, we get

a=3 . b=2c=2 2=3 :f:g
5 7
20=5=g=2, 2h=7=h="
g 9=> .

A =abc +2fgh —af > —bg® —ch®

=3(2)(2)+22 21 32 2 ,®
222 4 4 4

= %(48 +175-75 -50 -98)

:%(223—223) =0

2
h? —ab :(Zj -3.2 -4 -6 -3 >0
2 4 4

2

g°-ac= 3 32=2 =159
2 4 4

[0 The given equation represents a pair of lines.

The point of intersection of the linesis [hf —bg gh-d j

ab—h*"ab-h?



_1227%2 22 35| _(35-20 35-30
24-29' 24-49

Point of intersectionis p(?%lj

2. Find thevalueof k, if the equation 2x? +kxy —6y® +3x +y +1 =0 representsa

pair of straight lines. Find the point of inter section of the lines and the angle

between the straight linesfor thisvalue of k.

Sol. The given equation is 2x* + kxy —6y* +3x +y +1 =0

1 3
a=2,b=-6c=1f=22g=3g=> h=
2977973

N x

Since the given equation is representing a pair of straight lines, therefore
A= abc + 2fgh—af? —bg® —ch®= 0
13 ( kj 1 .9 K

= -1242—.—.| +— |-2.- +6.— — =0
2 2 4 4 4

= —48+3k -2 +54 -k* =0

= -k*+3k+4=0=k*-3k-4=0
= (k=4) (k+1)=0
=k=40r-1

Case(i)k=-1

Point of intersectionis (hf —bg gh-af )

ab—h*"ab-h?



22 222 =(—1+36 —3—4)
-12 - 1 12 - 1 -49 -49
4 4
_(ﬂ -_7j =(-_5 lj
-49'-49) (77
Point of intersection is (_—SEJ
7 7
+b 2-6
Angle between the lines = cosa = |a 2| = | 2| =( 4 j
\/(a—b) +4h? \/(2+6) +4 J65

Case (i) k=4
1..33 1
2.-+6.— —-.2-2.=
2 22 2|5 _1
-12-4 ' -12-4 8 8

Point of intersectionis P(—g, —%) and angle between thelinesis

a+t

(a-b)” +4n?

cosa =

12§ 4 1

i J(2+6)° +16 NG

a= cos‘l(%j



Sol.

Show that the equation x> —y?—x + 3y -2 = O represents a pair of per pendicular
linesand find their equations.

Given equation isx’*—y*—x+3y-2=0=a=1,b=1,c=-2f =g, g:—l

h=0
Now A=abc + 2fgh —af > —bg® —ch?®

=1(-1)(-2) +0 12t =42-241 2
4 4 4 4

h*-ab=0-1(-1) =1>0

Anda+b=1-1=0

The given equation represent a pair of perpendicular lines.
Let x*—y* —=x +3y =2 =(x +y +c,) (X =y +C,)

Equating the coefficientsof x = ¢, +c, = -1

Equating the co-efficient of y = —c, +¢, =3

Adding 2c,=2=¢c, =1

c,tc,=-1=c¢c+1=-1,¢ =2

Equations of thelinesarex +y—-2=0and x-y+1=0



Sol.

Sol.

Show that thelines x* + 2xy —35y* —-4x +44y -12 =0 are 5x +2y -8 =0 are

concurrent.
Equation of the givenlinesare  x* + 2xy —35y” —4x +44y 12 =0

a=1b=-35c=-12,f=22 g=-2, h=1

Point of intersectionis (hf —bg gh=a j

ab-h?’ ab-h?
:(22—70 —2—22]2(—48 —24]:(5 gj
-35-1" -35-1 36" 36 3'3

Point of intersection of the given linesis P(

wlhs

Substituting P in above line,

4 2 ,_20+44-24 _

9X+2y -8=5.—+2.— -8 0
3 3 3

Pliesonthethird line 5x +2y -8 =0

O The given lines are concurrent.

Find the distances between the following pairs of parallels straight lines:

9x° - 6xy +y* +18x -6y +8 =0

Given equation is

9x? —6xy +y* +18x -6y +8 =0.

From above equation a=9,b=1,c=8,h =-3,0=9,f=-3.

g°-ac

Distance between parallel lines=2 | =——~
a(a+b)

gj Givenlineis 5x +2y -8 =0.



Sol.

_[9-98 __[9 _[4 _[2
=2 =2 = | ==
9(9+1) 910 Vio \5

X2 + 24/3xy +3y? —3x —3:/3y -4 =0

°
S 2

Show that the pairs of lines 3x2 +gxy -3y2 =0 and 3x* +8xy —3y* +2x —4y -1 =0

form a squares.
Equation of the first pair of linesis ~ 3x*+8xy -3y*=0

= (x+3y)(3x-y) =0 = 3x-y =0,x +3y =0
Equations of thelinesare 3x -y =0........ (Dand x+3y=0........ 2
Equation of the second pair of linesis 3x* +8xy —3y* +2x —4y +1 =0
Since 3x? +8xy —3y® =(x +3y)(3x -y)
Let 3x* +8xy -3y’ +2x -4y +1=  (3x-y+c,)(x +3y +c,)

Equating the co-efficient of x, weget c; + 3c, =2

Equation the co-efficient of y, weget 3c;+c,=-4

1

ST > >

<
3
-1

Equations of the lines represented by 3x* +8xy —3y* +2x -4y +1 =0 are



Sol.

3X-y—-1=0 ....(3)andx + 3y + 1=0.....(4)

From above equations, lines (1) and (3) are parallel and lines (2) and(4) are
paralel.

Therefore given lines form a parallel ogram.

But the adjacent sides are perpendicular, itisa rectangle.( since,(1),(2) are

perpendicular and (3),(4) and perpendicular.)

The point of intersection of the pair of lines 3x* +8xy —3y*=0is O(0,0).

Length of the perpendicular from O to (3) = |O+O+]4 -t
Vv1+9 410

Length of the perpendicular from O to (4) = |O+O+]4 -1
Vv1+9 V10

Therefore, O is equidistant from lines (3),(4).

Therefore, the distance between the parallel linesis same. Hence the rectangle isa

square.

Find the product of the length of the perpendicularsdrawn from (2,1) upon the

lines 12x* + 25xy +12y® +10x +11y +2 =0
Given pair of linesis  12x* + 25xy +12y* +10x +11y +2 =0

Now
12x? + 25xy +12y* =12x* +16xy +9xy +12y°
= 4x(3x +4y) +3y(3x +4y) =(3x +4y)(4x +3y)

Let 12x* + 25xy +12y? +10x +11ly +2 =(3x +4y +c, )(4x +3y +c,)

Equating the co-efficient of x, y we get

4¢, +3c, =10 = 4, +3c, ~10 =0.....(1)



3c, +4c, =11=3c, +4c, -11=0....(2)

Solving,

< <, 1
-10
>§”><><
¢ _ ¢ _ 1

—33+40 -30+44 16 -9

7 14
C, :? :l,Cz —7 =2

Therefore given linesare 3x+4y +1=0-----(3) and 4x+3y +2 =0----(4)

. 6+4+1 11

Length of the perpendicular form P(2,1) on (1) = ==

) PP = () 9+16 5

: 8+3+2 13

Length of the perpendicular from P(2,1) on (2 :| ==

) PP = ( ) 16+9 S
Product of the length of the perpendicular = 1—51 x1_53 _%53

2. Show that thestraight lines y* -4y +3 =0 and x* +4xy +4y® +5x +10y +4 =0

from a parallelogram and find the lengths of its sides.

A B

Sol. Equation of the first pair of linesis

y?-4y+3=0,= (y-1)(y-3) =0



= y-1=00ry-3=0

Equations of (1) and (2) are parallel.

Equation of the second pair of linesis x* +4xy +4y® +5x +10y +4 =0
= (x+2y)" +5(x +2y) +4 =0

= (x+2y)" +4(x +2y) +(x +2y) +4 =0

= (x+2y)(x +2y +4) +1(x +2y +4) =0

= (x+2y +1)(x +2y +4) =0

= X+2y+1=0,x +2y +4 =0

Equations of thelinesare x+2y+1=0........ (3)and x +2y +4 =0......

Equations of (3) and (4) areparale .

(2)

(3)
(4)

A (1) B

Solving (1), ) x+2+1=0,x=-3
Co-ordinatesof A are (-3, 1)
Solving (2), B)x+6+1=0,x=-7

Co-ordinatesof D are (-7,3)



Sol.

Solving (1), (4) x+2+4=0,x=-6

Co-ordinates of B are (-6, 1)

AB=/(-3+6)° +(1-1)° =2 +0 =3

AD = (-3+7)° +(1-3)" =J16 +4 =J20 =25

Length of the sides of the parallelogram are 3, 2.5

Show that the product of the perpendicular distancesfrom theorigin tothe

pair of straight linesrepresented by ax? + 2hxy +by? +2gx +2fy +c =0 is

9
(a-b)” +4h?
Let [ x+my+n, =0 ....... (1)
Lx+my+n,=0 ... (2)be the lines represented by

ax® + 2hxy +by? +2gx +2fy +c =0

= ax’+2hxy +by” +2gx +2fy +¢  =(Ix +my +n,)(I,x +m,y +n,)
=l l, =amm, =b,Im, +l,m, =2h

l,n, +1,n, =2g,mn, +m,n, =2f ,n,n, =c

n
Perpendicular from originto (1) = I

VI +m]
. - In,|
Perpendicular from originto (2) =——
I +m;

BT

Product of perpendiculars



Sol.

In,| In,|

JIZ+m? 12 +m2

In, n2|
\/I +mem: +12m3 +12m?

[nn,|

\/(|1|2 - m1m2)2 +(I1m2 +|2m1)2

9 ___ I

(a-b)" +(2n)"  J(a-b)’ +4n°

If the equation ax” + 2hxy +by? +2gx +2fy +c =0 representsa pair of
inter secting lines, then show that the squar e of the distance of their point of

c(a+b)-f?-g?
—h?

intersection from the origin is . Also show that the squar e of

2+92

thisdistancefrom origin is :FTbZ if the given lines are perpendicular.

Let [ x+my+n, =0 ....... (1)

Lx+my+n,=0 ... 2

be the lines represented by ax” + 2hxy +by?® +2gx +2fy +c =0
= ax® + 2hxy +by? +2gx +2fy +c

=(Ix +my +n,)(I,x +m,y +n,)

lI, =a,mm, =b,Im, +I,m, =2h

l,n, +1,n, =2g,mn, +m,n, =2f ,n,n, =c Solving (1) and (2)

X y 1

m,n, —m,n, |2n1 _|1n2 I1mz _Izmz




: , _ mn, —-m,n, L,n, —ln
The point of intersectionisP= | —+2 21 21 12
l,m, —L,m, Im, —-l.m,

OP? = (man B mznl)z +(|2n1 _|1n2)2

(llmz _|2m1)2

2 2
(mn, +m,n,)" =4mm,n,n, +(Ln, +,n,)" ~4l,l,nn,

2
(I,m, +1,m,)" -4l l,mm,

_ 4% —4abc +4g” —4ac
4h? - 4ab

_c(at+b)-f?-¢°
@R

If the given pair of lines are perpendicular, then a+b=0=a=-b

_ O_fZ_gZ _f2+92

2
R E

HOMOGENISATION
THEOREM
The equation to the pair of linesjoining the origin to the points of inter section
of thecurve S =ax?+2hxy +by? +2gx +2fy +c =0 and theline

2
L=Ix+my+n=01is  ax®+2hxy+by” +(20x +2f>’)(|x+my) *C(Ixfr:ny) =0---(1)

o

Eq (1) represents the combined equation of the pair of lines OAand OB.



Sol.

Sol.

EXERCISE - 4(c)

Find the equation of thelinesjoining the origin to the point of inter section of

x*+y?*=1and x+y=1
Thegivencurvesare x> +y* =1........ (@)
x+y=1 ... 2
Homogenising (1) with the help of (2) then x* +y* =1
= x2+y? =(x +y)’ =x? +y? +2xy i.e. 2xy=0=xy =0

Find the angle between the linesjoining the origin to points of inter section of

y’=x and x+y =1.

Equation of the curveis y* =x .....(1) and Equation of lineis x +y =1....... 2)
Harmogonsing (1) with the help of (2)

Y2 x.1=0 = y* =x(x +y) =x* +xy

= x%+xy —y® =0which represents apair of lines. From this equation

a+b=1-1=0

The angle between the linesiis 90°.

Show that thelinesjoining the origin to the points of inter section of the curve
x2 —xy +y® +3x +3y =2 =0 and the straight line x—y -2 =0 are mutually

perpendicular.



Sol.

Let A,B the the points of intersection of the line and the curve.
Equation of the curveis x> —xy +y* +3x +3y -2 =0........ (1)
Equation of theline AB is x -y -J2 =0

u:l

= x—y=\/§: R oL e (2

Homogenising, (1) with the help of (2) combined equation of OA, OB is

X? =Xy +y® +3x.1+3y.1-2.1* =0

2
:>x2—Xy+y2+3(X+Y)X_y —Z(X y) =0

V2 2
= x> -xy+y’ +i(x2 —y2) —(x2 -2xy +y2) =0
V2
= x> =xy +y* RV —iy2 -x* +2xy -y? =0
V2o 2

:ix2+xy— 3 y2 =0

2 27
3 3

= a+h=—2-—"=0
NG

0 OA, OB are perpendicular.



Sol.

Find the values of k, if thelinesjoining the origin to the points of inter section
of the curve 2x* - 2xy +3y” +2x -y -1 =0 and thelinex + 2y = k are mutually

perpendicular.
Given equation of the curveis S=2x*-2xy +3y* +2x -y -1 =0...... (1)

Equation of AB isx + 2y =k

AY

o]

X+2y
k

v )

Let A,B thethe pointsof inter section of the line and the curve.
Homogenising, (1) with the help of (2), the combined equation of OA,OB is

2x% - 2xy +3y* +2x.1-y.1-1* =0

(x+2y) _ (x+2y) _(x+2y)
P

2x% = 2xy +3y* +2x

= 2kx? - 2k?xy +3k?y? +2kx (x +2y) —ky(x +2y) —(x +2y)’ =0

= 2k*x* — 2k*xy +3k%y? +2kx?> +4kxy —kxy —2ky* —x* —4xy —4y* =0

= (2k? + 2k —1) x? +( 2k? +3k —4)xy +(3k* -2k —4)y? =0

Given that above lines are perpendicular, Co-efficient x* + co-efficient of y* =0
= 2k?+2k -1+3k® -2k -4 =0

=5k?’=5=k*’=10k+ 1



3. Find theangle between the linesjoining the origin to the points of inter section

of the curve x*+ 2xy +y* +2x +2y -5 =0 and theline 3x -y +1=0

Sal.
AY
B
\
A
8
> X
)
Equation of the curveis XZ+2xy +y? +2x +2y -5 =0...... (1)
Equationof ABis3x-y+1=0=y-3x=1 ... 2

Let A,B thethe points of intersection of thelineand the curve.
Homogenising (1) with the help of (2), combined equation of OA, OB is
X +2xXy +y® +2x.1+2y.1-5.1* =0

= x2+2xy +y? +2x (y =3x) +2y(y -3x) -5(y -3x)* =0

= X% +2xy +y® +2xy —6x° +2y® -6xy —5(y2 +9x° —6xy) =0

= —5x% —2xy +3y? -5y® —45x* +30xy =0

= —50x* +28xy —2y* =0 = 25x* -14xy +y* =0

let® be the angle between OA and OB ,then

ath  _ |25+] 26 26

cosf = = =
J(a-b) +an? |[(25-1) +196 V576+196 /772

_. 26 _ 138 o cos‘l( 13}
24193 /193 V193




1.

Sol.

Find the condition for the chord Ix + my =10f thecircle x*> +y* =a’ (whose

centreistheorigin) to subtend aright angle at the origin.

Equation of thecircle x* +y* =a’....... (1)
Equation of ABisIx+my =1 ......... (2

Let A,B thethe points of intersection of the line and the curve

Homogenising (1) with the help of (2) ,the combined equation of OA, OB is
x?+y? =a2 12 = x* +y? =a*(Ix +my)’
=a’ (sz2 +m?y? +2| mxy) = a’l’x* +a’m?y? +2a’lmxy
= a’l’x? + 2a’lmxy +a’m’y? —x* —y* =0
= (a2I2 —1)x2 +2a’lmxy +(a2m2 —1) y? =0
Since OA, OB are perpendicular, Coefficient of x* + co-efficient of y? =0

= al*-1+a’m*-1=0= az(l2 + m2) =2 which isthe required condition



2. Find the condition for thelinesjoining the origin to the points of inter section of

thecircle x> +y® =a* and theline Ix + my =1to coincide.

Sol.

Equation of ABisIx+my =1....... (2.

Let A,B the the points of intersection of the line and the curve.
Homogenising (1) with the help of (2) ,

Then the combined equation of OA, OB is x*+y? =a.1°
x2+y? =a(Ix +my)* =a? (sz2 +m’y’ +2Imxy)

= x*+y® =a’’x* +a’m?y® +2a’lmxy

= (a’1? -1)x* +2a’Imxy +(a’m® -1)y* =0

Since OA, OB are coincide = h* = ab

= a'l’'m’ = (azl2 —1)(a2m2 —1) = a'I’m’ =a'I’m® -a* -a’m* +1

Oa%l%z am% £ 0 :>a2(I2+m2)=1

Thisisthe required condition.



Sol.

Write down the equation of the pair of straight linesjoining the origin to the

points of intersection of thelines6x —y + 8 = 0 with the pair of straight lines
3x* +4xy —4y® —11x +2y +6 =0. Show that the lines so obtained make equal

angles with the coor dinate axes.
Given pair of lineis 3x* +4xy —4y* -11x +2y +6 =0 ...(1)

6X -y

= y_6

Givenlineis 6x-y+8=0= =1 TX:1-----(2)

Homogenising (1) w.r.t (2)

2
3x? + 4xy —4y” —(11x —2y)(—y '86’() +6(y_86xj =0

64] 3x” +4xy ~4y” | -8[ 11xy ~66x” ~2y° +12xy | +6[y2 +36x? —12xy] =0

= 936x°> + 256Xy — 256Xy —234y* =0

= 468x* -117y* =0

= 4x*-y* =0----(3)

Iseq. of pair of linesjoining the origin to the point of intersection of (1) and (2).
The eq. pair of angle bisectors of (3) is h(x2 —y2) ~(a-b)xy =0

= 0(x*-y?)-(4-1)xy =0 =xy=0

x =0 ory =0which arethe egs. is of co-ordinates axes

0 The pair of lines are equally inclined to the co-ordinate axes



If the straight lines given by ax® + 2hxy +by? +2gx +2fy +c =0 intersect on

Y -axis, show that 2fgh—bg® —ch® =0
. Given pair of linesis  ax® + 2hxy +by” +2gx +2fy +c =0
Equation of Y-axisisx = 0 then equation becomes by® +2fy +c =0 ...... Q)

Since the given pair of linesintersect on Y — axis, the roots or equation (1) are

equal.

O Discriminate=0
= (2f)*-4bc=0=4f2-4bc=0

=f?-bc=0=f%=hc
Since the given equation represents apair of lines
abc+ 2fgh +af > —bg® —ch® =0

= a(f?)+2fgh -af > ~bg” —ch® =0

= 2fgh-bg® —ch® =0

Provethat the linesrepresented by the equations x° —4xy + y* =0 and
x+y =3 form an equilateral triangle.

. Sincethesdtraight line L : X+ y = 3makes 45° with the negative direction of the
X —axis, none of the lines which makes60° withthelineL isvertical. If ‘m’ isthe

slope of one such straight line, then J3=tan60° =

m—ﬂ‘ and so, satisfies the
1-m
equation(m+1)° =3(m-1)*

Or m* —4m+1=0 ........ (1)



Sol.

35° A
30°

X+y=3

But the straight line having slope ‘m’ and passing through the originis

So the equation of the pair of lines passing through the origin and inclined at 60°
with theline L is obtained by eliminating ‘m’ from the equations (1) and (2).

2
Therefore the combined equation of this pair of linesis (Xj - 4(Xj +1=0 (.e)
X X

X2 —4xy +y* =0

Which is the same as the given pair of lines. Hence, the given traid of lines form an
equilateral triangle.

Show that the product of the perpendicular distancesfrom a point (a,ﬂ) to
\aa2 + 2ha,8+b,82‘
\/(a—b)z +4h?

thepair of straight lines ax? + 2hxy +by® =0 is

Let ax”+ 2ty +by” =(I;x +my) (I,x +m,y)
Then the separate equations of the lines represented by the equation
ax’ +2hxy +by® =0are L, :l,x+my =0 and L, :l,x+m,y =0

Also, we have |||, =a;mm, =b and I;m, +|,m =2h

|2 2

1 Ty

d, =length of the perpendicular from (a, B)to L,

La +
d, =length of the perpendicular from (a, B)to L, L, :M



Then, the product of the lengths of the perpendiculars from (a', ,8) to the given
pair of lines=d,d,

_ ‘(Ila + n'LB)(IZa + mzﬁ)‘ _ ‘aaz +2haps +b,82‘
\/(I12+mf)(I22+m§) \/(a—b)2+4h2

PROBLEMSFOR PRACTICE.

1. If thelinesxy+x+y+1=0and x +ay- 3= 0 are concurrent, find a.

2.  Theequation ax®+3xy —2y® —=5x +5y +c =0 representstwo straight lines

per pendicular to each other. Find aand c.

3.  Find A sothat x?+5xy +4y® +3x +2y + A =0 may represent a pair of straight

lines. Find also the angle between them for thisvalue of A.

4. 1f ax® +2hxy +by? +2gx +2fy +c =0 represents the straight lines equidistant

from the origin, show that f*-g* =c(bf 2 —agz)

5. Find the centroid of the triangle formed by the lines 12x* — 20xy +7y* =0
and 2x-3y+4 =0

ANS (§ §j
3 3

6. Let aX?+2hXY +bY? =0 represent a pair of straight lines. Then show that
the equation of the pair of straight lines.

i)Passing through (x,, Y, ) and parallel to the given pair of linesis
a(x—x,)* +2h(x-x,)(y -, ) +b(y -,)* =0ii) Passing through (x,,y,) and

per pendicular to the given pair of lines
isb(x=x,)" =2h(x =x,)(y -¥o) +a(y -¥,)* =0



7.

10.

11.

12.

13.

14.

15.

Find the angle between the straight lines represented by
2x% +3xy —2y? -5x +5y -3 =0

Find the equation of the pair of lines passing through the origin and
perpendicular to the pair of lines ax® + 2hxy +by? +2gx +2fy +c =0

If X2+ xy+2y® +4x —y +k =0 representsa pair of straight linesfind k.
Provethat equation 2x?+ xy —6y® +7y -2 =0 representsa pair of straight line.

Prove that the equation 2¢+3y-2# —x+3y-1=0 represents a pair of perpendicular
straight lines.

Show that the equation 2x? -13xy —-7y? +x +23y —6 =0 representsa pair of
straight lines. Also find the angle between the co-ordinates of the point of
inter section of thelines.

Find that value of A for which the equation

Ax? =10xy +12y? +5x —16y —3 =0 representsa pair of straight lines.

Show that the pair of straight lines 6¢—5xy—6y? =0 and 6x% —5xy—6y* +x +5y -1 =0
form asquare.

Show that the equation 8x* - 24xy +18y* —6x +9y -5 =0 represents pair of
parallel straight linesarefind the distance between them.



