CHAPTER 8

LIMITS
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LIMITS

INTERVALS

Definition:

Leta bOORanda<b. Thentheset {xOR: a< x< b} iscalled aclosed interval. It isdenoted by
[a, b]. Thus

Closed interval [, b] = {xOR: a< x < b}. Itisgeometrically represented by

I
T 1
E] b R

Openinterval (ab) = {xOR:a& x b} Itisgeometrically represented by
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L eft open interval
(@bl ={xOR:& x b}. It is geometrically represented by
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Right open interval
[a,b)={xOR:& x b}.Itisgeometrically represented by
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[a,0) ={xOR:% a= {0 R:A xo } Itisgeometrically represented by

(a, 0)={xOR:» a= {X0 R:da KXo }

(-w,a] ={xOR &= {XJ] Rw< x a}




NEIGHBOURHOOD OF A POINT

Definition: LetalR. I1f® > 0thentheopeninterval (a-9, a+ d)iscaled the neighbourhood
(0 - nbd) of the point a. Itisdenoted by N5(a) . aiscalled thecentreand 0 is
called the radius of the neighbourhood .
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Theset Nj(a) —{a} iscalled adeleted

0 - neighbourhood of the point a.
ONs(ay {ar (20 ,a (a8 5 {¥ RO tx &p }
Note: (a-9, a)iscaled leftd -neighbourhood, (a, a+ d)iscaled right &- neighbourhood of a

GRAPH OF A FUNCTION:
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y =logg x(a>1)

\ y =logeX (Aln x)
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Mod function:

The function f: R-R defined by fix)=| x| is called the mod
finction or modulis function or absolute value fimction.
Domf=R, Rangef=[0,)
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y=aX(0<a<l)
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R.eciprocal function -

The function f:R — {0}- R defined by

fix)=1 is called the reciprocal function.
X

Dom f=R - {0} Rangef=R

WV

Identity funciton:
The function £ R-R defined by f{x) = x is called the identity
function on B It is denoted by I(x) .

Y

LIMIT OF A FUNCTION

Concept of limit:

Before giving the formal definition of limit consider the following example.
2

Let f be afunction defined by f (x)=>—
X_

24 . clearly, f isnot defined at x= 2.

-2)(x+2
When x# 2,x -2 # Oandf (x) =u()2() =X +2
X —
Now consider the values of f(x) when x£2, but very very closeto 2 and <2.
X 1.9 1.99 1.999 1.9999 1.99999

F(x) 3.9 3.99 3.999 3.9999 3.99999




It is clear from the above table that as x approaches 2 i.e.,x—2 through the values less than 2, the
value of f(x) approaches4i.e., f(xX)—4. We will express thisfact by saying that left hand limit

of f(x) asx—2 exists and is equal to 4 and in symbols we shall write It _f(x)=4

X2
Again we consider the values of f(x) when x#2, but is very-very close to 2 and x>2.
X 2.1 2.01 2.001 2.0001 2.00001
F(x) 4.1 4.01 4.001 4.0001 4.00001

It is clear from the above table that as x approaches 2 i.e.,x—2 through the values greater than 2,
the value of f(x) approaches4i.e., f(x)—4. Wewill expressthisfact by saying that right hand

limit of f(x) asx—2 existsand is equal to 4 and in symbols we shall write It Lf(x)=4
X2

Thus we see that f(x) isnot defined at x=2 but its left hand and right hand limits as x—2 exist
and are equal.

When It +f(x),|t _f(x) are equal to the same number |, we say that It f(x) exist

X-a X-a X ->a
and equal to |.
Thus, in above example, It L F(x) It _f(x) =4. Dgﬂzf(x): 4

X2 X2

ONE SIDED LIMITS

DEFINITION OF LEFT HAND LIMIT

Let f beafunction defined on (a—h, a),

h>0. A number ¢,issaid to betheleft hand limit (LHL) or left limit (LL) of f at aif to each

€>0,0ad>0 suchthat, a— 3 <x<a =|f(X)-(y<e

Inthiscasewewrite Lt f(x)=/¢; (or) Lt f(X)=¢
X-a- x-a0
DEFINITION OF RIGHT LIMIT:
Letf beafunction defined on (g a+ h), h>0. A number ¢, issaid to theright
hand limit (RHL) or right limit (RL) of f at aif to each € >0,00 ad > 0 such
thata<x<a+3d=|f(X)—(,|<¢

Inthiscasewewrite Lt f(x)=¢, (or) Lt f(x)=¢,.

X—at X-a+0

DEFINITION OF LIMIT.

Let A0 R, abealimit point of A and

f:A - R. Area number |issaidto bethelimitof f at aif toeach €>0,0 ad > Osuch that
xOA,0<|x—g<d= |f(xX)—1|<D.




Inthiscasewewritef(x) - | asx - aor Lt f(x)=¢
X—=a

NOTE:

1.If afunction f isdefined on (a—h, a) for some h >0and isnot defined on (a, at+h) and if
Lt f(x)exists then Lt f(xX)= Lt f(x).
X—-a— X—-a X-a—
2. Ifafunctionfisdefined on (a,a + h) for someh >0 and isnot defined on (a—h, a)
andif Lt f(x) exists then Lt f(x)— Lt f(x)

X—a+

THEOREM
If Lt f(X) existsthen Lt f(x)= Lt f(x+a) = Lt f(a—x)

X-a

THEOREMSON LIMITSWITH OUT PROOFS

1. Iff: R - Rdefined by f(x) =c, aconstant then Lt f(x)=c for any a OR.

X—-a

2. Iff: R~ Rdefined by f(x) =x, then Lt f(x)=a ie, Ltx=a (aOR)

X—a X-a

3. Algebraof limits
Let Lt f(x)=¢, Lt g(X) =mthen
X—a X—a

i) Lt (f +g)(X) = Lt (f(x) +g(x)) =¢ +m
i) Lt (f-g)(x)= Lt (f(x)—g(x)) =¢ -m

iii) Lt (cf)(x)= Lt c.f(x)=c Lt f(x)=cf

iv) Lt (fg)(x)= Lt (f(x).g(x))=/m

v) Lt( j() Lt(f(x)j—— (M#0)
m

X—al (@
vi) Lt (f(x)-¢)=0 andvii) Lt |f(x)|=|/

vii) If f(x) £ g(x) in some deleted neighbourhood of a, then Lt f(x)< Lt g(x)

X—a X—=a

viii) If f(x) £ h(x) £ g(x) in adeleted nbd of aand Lt f(X)=¢= Lt g(x)then Lt h(x)=¢

X—-a X—=a

ix) If Lt f (X) = 0and g(x) is abounded function in adeleted nbd of athen Lt f(x)g(x)=0.

X—=a




THEOREM

If nisapositiveinteger then Lt x"=a",aldR
X=a

THEOREM

If f(x) isa polynomial function, then Lt f(x)= f(a)

X-a

EVALUATION OF LIMITS

A)
1)
2)
3)
4)

1)

2)

3)

4)

Evaluation of limitsinvolving algebraic functions.

To evaluate the limits involving algebraic functions we use the following methods:
Direct substitution method

Factorisation method

Rationalisation method

Application of the standard limits.

Direct substitution method:

This method can be used in the following cases:

(i) If f(x) isapolynomial function, then Lt f(x)=f(a).
X-a

@i) If f(x) = P where P(x) and Q(x) are polynomial functionsthen Lt f(x)= P@)

Q(x) x-a Qa)’
provided Q(a)£0.

Factiorisation Method:

This method isused when Lt % Istaking the indeterminate form of the type % by the
X-a X
substitution of x = a.

In such a case the numerator (Nr.) and the denominator (Dr.) are factorized and the
common factor (x —a) is cancelled. After eliminating the common factor the substitution x
= agivesthelimit, if it exists.

Rationalisation Method : This method is used when Lt % isa% form and either the
X-a X

Nr. or Dr. consists of expressions involving radical signs.

Application of the standard limits.

In order to evaluate the given limits, we reduce the given limits into standard limits form
and then we apply the standard limits.



Sol :

Sol

Sol :

Sal :

Sal :

EXERCISE — 8(a)

Computethe following limits.

Lt 42 _ g2
X - a
X—a
Lt 2 2 Lt
. . X —a Xx+a)(x—-a
Givenlimit=x - a =x.ﬁa( )( ):
X—a X—a

= 2a

2
xgau +2x+@

: given function f (x) =’ +2x+3 isapolynomial.

0 Lt (x2+ 2% 3} 1% 2% 3 =1+2+3=6
X-1

f 1
X-0 x2 -3x+2

1 1 1
Lt = ==
X0 x¥2=3x+2 0-0+2 2
Lt 1
X-3x+1

1 1 1

L
x-3x+1 3+1

+
Lt 22x 1
X-13x*-4x+5

Lt 2x+1 21+1

3
Xx>13x% —4x+5 312 -41+5 4

Lt
X >

_(x+a)

=—a+ta



2
+
Lt X°+2

2 2
g X2 P2 142 3
Xolyx2-2 12-2 1-2 -1
Lt (L-E)
Xx-1\x+1 X
GL= Lt( 2 -5): 2 3.2
X-2\x+1 X 2+1 2 3

[X—l} 0-1 1
Lt = ==
x-0lx2+4] 0+4 4

Lt x‘%(x>0)

X-0

Lt x¥?(x>0)=0%2 =0
X-0

Lt (& + x5/2)(x > 0)

X-0

Lto (fx+ x5/2) =J0+0Y2=0+0 =0
X —

2
Lt x°?cos=
X-0 X

Lt x°. Lt cosg=0.kWhere|k|s1:0
Xx-0 x-0 X



1.

Sal :

Sol :

EXERCISE — 8(b)

Find theright and left hand limits of the functionsin 1,2,3 of | and 1,2,3 of || at the
point a mentioned against them. Hence, check whether the functions have limits at

those a' s.

1-x if x<1
f(x) = . ;a=1
1+x if x>1

Leftlimit at x=1 is Lt1 (1-x)=1-1=0
X-1-

Right limitatx=1is Lt (1+x)=1+1=2
X -1+

Lt_f(x)¢ Lt f(x)

X1 X -1+

O Ltlf (x) does not exist.
X—P

Xx+2 if -1<x<3
f(x) = ;a=3.

x2 if 3<x<5

LL= Lt (x+2)=3+2=5
X—>3_

RL= Lt x¥*=32=9

X3+

Lt f(x)# Lt f(x
e (x) L (x)

Lt f(x) doesnot exists.
X3



Sol:

Sal :

LL= Lt f(x)= L
- X

—

RL= Lt f(x)= Lt =2
X - 2+ x-2+ 3 3

Lt f(x) # Lt f(x
L (x) L (x)

Lt f(x) doesnot exist.
X2

1 if Xx<0
f(x) =12x+1 if 0<x<l;a=1
3x if x>1

Atx =1

LL= Lt f(x)= Lt 2x+1=2(1) +1 =3

X—»l_ X—>l_

RL= Lt f(x)= Lt 3x =3(1) =3

X -1+ X -1+

Lt f(x)= Lt f(x)=3 O Lt f(xF 3
X-1

X—)l_ X—>1+



x> if x<1
2. f(x) =9 x if 1<x<2;a=2
x—-3 |if X > 2

At x =2

LL= Lt f(x)= Lt x=20

X 2— X—2-

RL= Lt f(x)= Lt (x-3) =2-3=-

X2+ X -2+

Lt f(x)# Lt f(x). hence Lt f(x) doesnot exist.
X2

X 2— X -2+

3. Show that Lt M:_
X 2— X_2

1

Sol: X - 2= x<2= x-2<0

Then, |x—-2 = =(x —-2)

Lt M: Lt M:—l
X—>2_ X_2 X—>2_ (X_Z)
4, Show that Lt (M+x+1):3.
X-0+\ X

Sol: X -0+t=x>0= |X=x

0O Lt (M X 1)
X 0+\ X

= Lt (g+x+1) = Lt (2+x+1) = Lt (2+0+1) =3
X-0+\ X X— 0+ X -0+



Sal :

Sal :

Sal :

Compute Lt ([x]+x)and Lt ([x]+ x).
X - 2+ X - 2_

Lt {[x]+%.= Lt {{2+h] +(2+h)} =[2+0 +2+0 (-[2"]=2)
X 2% h- 0+

=2+2=4
Lt {[x+% =[27]+2 =1+2=3
X—>2_

Showthat Lt X co §:
X—»O_ X

For any x, —1scos§s1
X

Lt —x3.cos§=— Lt x3. Lt cosE:O.k =0. where -1<k <1
X—»O_ X X_’O_ X—»O_ X

1 Compute Lt v2-x(x<2). Whatis Lt v2-x?

X—>2_ X—>2

N2-x= Lt J2-(2-h) ['.'XL'E’J1 f(x)= Lt f(x)]
.ot —a- h-o"

Lt

= Lt +h =0 Thefunction is not defined when x>2. Therefore we consider only the
h- 0+

left limit.. Hence we will not consider the right limit of the function.

Soweconsider Lt v2-x = Lt v2-X O Lt~vz2 x O



2. Compute Lt 1+ 2x. Hencefind Lt 1+ 2x.

1
X-o|—|+ -
(=) X

NI

Sol : Lt J1+2x= Lt \/1+2{(—%)+h}: Lt V1-1+2h =0
+

w_ -1 h-0 h - 0+

NI

The function is not defined When x < _71 is not defined.

Hence Lt 1+2x = Lt 1+2x =0
1 1
+

X—— X- —

NI



