FUNCTIONS

Def 1: A relation f from a set A into a set B issaid to be a function or mapping from A into B
if for each xe A thereexistsa unique ye B such that (x,y)e f . It isdenoted

by f: A— B.

Note: Example of afunction may be represented diagrammatically. The above example can be
written diagrammatically as follows.

Def 2: A relation f from aset A into aset B isasaid to be afunction or mapping from ainto B if
1) xe A= f (X)e B i) x, %€ A X = f(x)="f(x)

Def 3: If f: A— B isafunction, then A iscalled domain, B is called codomain and
f(A) ={f(X):xe A iscalled range of f.

Def 4: A function f : A— B if said to be one one function or injection from A into B if different
element in A have different f-imagesin B.

Note: A function f : A— B isoneoneif f(x,y)e f,(x,y)e f =x =X,.

Note: A function f : A— Bisoneoneiff x,x,e A, x, #X,= f(x)# f(x,)

Note: A function f : A— B isoneoneiff x,x,e A, f(x)=f(X)= X =X,

Note: A function f : A— B which isnot one oneis called many one function

Note: If f: A— B isoneoneandA, B arefinitethen n(A) <n(B).

Def 5: A function f : A— B issaid to be onto function or surjection from A onto B if f(A) = B.
Note: A function f: A— B isontoif ye BU3xe Asf(x)=y.

Note: A function f : A— B whichisnot onto is called an into function.

Note: If A, B aretwo finitesetsand f : A— B isonto thenn(B)< n(A) .

Note: If A, B aretwo finite sets and n (B) = 2, then the number of onto functions that can be
defined from A onto B is 2" -2,

Def 6: A function f : A— B issaid to be one one onto function or bijection from A onto B if
f : A— B isboth one one function and onto function.



Theorem: If f : A— B, g: B — C aretwo functions then the composite relation gof isafunction
ainto C.

Theorem: If f : A—> B, g:B— C aretwo one one onto functionsthen gof : A— C isalsoone
one be onto.

Sol: i) Let x,x,€ Aand f(x)=f(x,).

X, %€ A, f:A-B= f(x),f(x)eB

f (%), f(%)e B,—C, 1) =dlf(x)]=0[f(x)]= (gof ) (x)=(gof)(x,)
X, %€ A, (gof ) (x)=(gof ): A— C isoneone = x, = X,

SXLX%e AT (X)=T (%)= x=X%,.
.. f:A— B Isoneone.

ii) Proof: let ze C,g:B— C isonto dye B3:g(y)=z ye B f:A— B isonto
~Ixe As f(x)=y
G{f(x)} =t
(gof)x=t
Vze Cdxe As(gof)(x)=z.
~.g isonto.

Def 7: Two functionsf : A— B, g:C — D aresaid to be equa if

N)A=C,B=D ii)f(xX)=g(x)VxeA.lItisdenotedby f=g

Theorem: If f :A—>B,g:B—C, h:C — D arethreefunctions, then ho(gof )= (hof )of

Theorem: if A is set, then the identify relation | on A is one one onto.

Def 8: If A isaset, then the function | on A defined by | (x)= xV xe A, is called identify function
onA.itisdenoted byl ,.

Theorem: If f:A— B and 1,,1, areidentify functionson A, B respectively then
fol ,=1g0f = f .

Proof: I ,A—> A ,f:A->B= fol,:A—>B
f:A->B,l;:B—>B=I1,0f:A>B
(fol .) ()= f{I,(x)}= f(x),Vxe A. Sl =1
(1gof Y(X)=1{ f(X)}= f(x),Vxe A

slgof = f
~fol=10f =f
Def O: If f: A— B isafunctionthen {(y,x)e Bx A:(x,y)e f} iscaledinverseof f. It isdenoted
by f.

Def 10: If f: A— B isabijection, then thefunction f*:B — A defined by f (y) = xiff
f (X)=yV ye B iscaled inverse function of f.



Theorem: If f:A— B isabijection, then f*of =1,, fof *=1,

Proof: Since f : A— B isabijection f™:B — A isalso abijection and
f(y)=x= f(X)=yVyeB
f:A>B, f "B A= f'of :AS A
Clearly 1,: A— A suchthatl, (x)=x, Vxe A.
Let xe A

xe Af:A->B=1f(x)eB

Lety =f(x)

y=f(x)=f"(y)=x

(fHof) ()= [ f ()= (y)=x=1,(¥)
S(Frof)(X)=1,(X)Vxe A soflof =1,
f:-B>A, f:A5B— fof':B—>B

Clearly 1;:B— B suchthat 1, (y)=yvVye B
Let ye B

yeB f 1 B—A=f'(y)e A

Let fi(y)=x

fiy)=x= f(x)=y

(fof ) (y)= f[F (V)= F()=y=14(y)

S (fof D (y)=15(y)Vye B sfof =1y

Theorem: If f : A— B, g: B — C aretwo bijectionsthen(gof )" = f "og™.

Proof: f:A— B, g:B— C arebijections = gof : A—C ishijection = (gof ) *:C — A isa
bijection.
f: A— B isabijection = f*:B — A isabijection

g:B— C Isabijection = g™*:C — B isabijection

g:C—B, g':B— Aarebijections = f *og™:C — A isabijection

Let ze C

ze C,g:B—Cisonto =3ye Bag(y)=z=9" (=Y

ye B, f:A— B isonto = Ixe A> f (X)=y= f ' (y)=x

(gof ) (¥)=g[ f (0)]=g(y)=z= (gof )" (2)=x

. (gof)()=x=f7(y)=f"[g7(7]=(fTog")(7) . (gof)"=f"og™"



Theorem: If f : A—> B, g:B— A aretwo functionssuch that gof =1, and fog=1; then
f:A— B isabijectionand f *=g.

Proof: Let x,x,€ A f(x)=f(X,)

X, %€ A f:A=>B= f(x), f(x,)e B

f(x), f(x)e B, f(x)=1(x), g=B— A= g[f(x)]=9[f(x,)]

= (gof ) (%)= (gof )(x) = 1, (%) = X, = X,

X% e A, F(x)=f()=>Xx=X%...f:A— B isoneone

Letye B.

ye B,g:B—> A=g(y)e A
Def 11: A function f : A— B issaid tobe a constant function if the range of f contain only one
eementi.e, f(X)=cvxe A wherecisafixed element of B

Def 12: A function f : A— B issaidto beareal variable function if Ac R.
Def 13: A function f : A— B issaid to be area valued function iff Bc R.

Def 14: A function f : A— B issaidto beareal functionif Ac R, Bc R.

Def 15:1f f:A> R, g:B— Rthen f +g: AnB— R isdefined as
(fF+9)(¥X)=Ff(X)+9g(x)Vxe AnB

Def 16: If f: A—> R and ke R then kf : A— R isdefined as (kf )(X)=kf (x),V xe A

Def 17:If f:A— B, g:B— R then fg: AnB — R isdefined as
(fg)(X)=f(x)g(x)Vxe AnB.

Def 18: If f :A> R, g:B— R then i:Ce R isdefined as [ij(x):% V xe C where
g g g(x
C={xe AnB:g(x)=0}.

Def 19: If f:A— R then |f|(x)=|f(X)|,Vxe A

Def 20: Ifne Z ,n>0,8,,8,,8,,....ccvu.... a,€ R,a, #0, then thefunction f :R— R defined by
f(X)=a,+ax+a,x’+....+a x" Vxe R iscalled apolynomia function of degreen.

Def 21: If f :R— R, g:R— Raretwo polynomia functions, then the quotient f/giscalled a
rational function.

Def 22: A function f : A— R issaid to be bounded on A if there exists real numbers k;,k, such
that k < f(x)<k, Vxe A

Def 23: A function f : A— R issaid to bean even function if f(—x)= f(x)Vxe A

Def 24: A function f : A— R issaid to bean odd function if f(-x)=-f (X)V xe A.



Def 25: If ae R,a>0 thenthefunction f :R— R defined as f(x)=a* iscalled an exponential

function.

Def 26: If ae R, a>0, a=1 thenthefunction f :(0,) - R defined as f(x)=10g, X iscaled a

logarithmic function.

Def 27: Thefunction f : R— R defined asf(x) = nwhere ne Z suchthat n<x<n+1,Vxe R is
called step function or greatest integer function. It isdenoted by f (x) = [X]

Def 28: The functions f(x) = sin x, cos X, tan X, cot X, Sec X or cosec x are called trigonometric

functions.

Def 29: The functions f(x)=sin™ x,cos™ x,tan™ x,cot™ x,sec™ x or cosec™'x are caled inverse

trigonometric functions.

Def 30: The functions f(x) = sinh x, cosh X, coth x, sech x or cosech x are called hyperbolic

functions.

Def 31: Thefunctions f (x) =sinh™x,cos ™ x,tanh™ x, coth™ x,sech™ x or cosech™ x are called

iverse hyperbolic functions

Function Domain
1. a R
2. log, X (0,c0)
3. [X] R
4, [X] R
5 Jx [0,)
6. sinx R
7. COSX R
8. tan x R—{(2n+1)%:ne Z}
9. cot X R—{nz:ne Z}
10.  secx R—{(2n+1)%:ne 7}
11 COSEC X R—{nz:ne Z}
12 Sin'x [-1,1]
13.  Cos™*x [-1,1]
14.  Tan'x R
15 Cot™x R
16 Sec'x (—o0, =] U[1,0)
17 Cosec™' x (—o0,—1]U[1,0)
18 sinh x R
19 cosh x R
20 tanh x R
21 coth x (=o0,0) U (0,0)
22 sech x R
23 cosech x (=o0,0)U (0,00)

Range
(0,2)
R

z
[0,0)
[0, )
['11 1]
['1! 1]

R
R

(=eo, =L U[L o)

(—oo, =1 U[1,e0)
[-712,712]

[0,7]
(~7!12,712)

(0,7)
[0,r/2)u(x]2,7]
[-7/2,0)0(0,7/2]

R

[1,00)

(-11
(—oo,—D U (L)

(0,1]
(—e,0) U (0,0)



24, Snh™x R R

25.  Cosh™x [1,00) [0, )
26.  Tanh™x (-1,1) R
27.  Coth™x (—o0,—1) U (1,0) (—o0,0) U (0,c0)
28.  Sech'x 0,1] [0,0)
29.  Coseh™x  (—o0,0)uU(0,c) (—o0,0) U (0,c0)
PROBLEMS
VSAQ'S

If : R —{0}— isdefined by f(x)=x3—i3, then show that f (x)+f (ljzo.
X X

1

.Giventhat f(x)=x°-—=
X

If f: R—[£1] —» Risdefined by f(x)=1og

1+—X , then show that f( 2X
1-x 1+x

2j:zf(x).

1+ x

. f(xX)=log|——
(x)=logl —

2X

(2 ) o 16X
1+x%) gl 2

1+ x?

(1+x)?
(1-x)?

X% +1+ 2x
X% +1-2x

= |Og (H_X]Z
1-x

If A={-2,-1,0,1,2} and f : A — B isasurjection defined by f(x) = x* + x + 1, then find B.
. Given that

f(x) =x2+x+1

f(-2)=(-2)>-2+1=4-2+1=3

f(<1) = (-1)°-1+1=1-1+1=1

f(0)=(0)°-0+1=1

f(1)=1°+1+1=3

=log

— 2log/=% = 2f (x)




Sol.

Sol.

Sol.

fQ)=2°+2+1=7
Thusrangeof f, f(A) ={1, 3, 7}
Sincef isonto, f(A) =B
~B={3 17}

2_
If A={1,2 3 4} and f: A — R isafunction defined by f (x) :X—Xfl then find the range of f.
X+

Given that
2_
F(x) = X —X+1
X+1

2_
PR e e
1+1 2

2-2+1_3_
2+41 3
F-3+1_7
3+1 4
4-4+1_13
4+1 5
1,7 13}

1

f(2) =

f(3) =

f(4)=

~.Rangeof fis {E’lZ’E
If f(x +y) =f(xy) VX, y € R then provethat f isa constant function.
f(x +y) =f(xy)

Let f(0) =k

then f(x) = f(x + 0) =f(x - 0) =f(0) =k

=f(x+y)=k

.. fisaconstant function.

Which of the following areinjectionsor surjectionsor bijections? Justify your answers.

i) f: R — R defined by f(x)= 21

i) f: R — (0, =) defined by f(x) = 2%,
iii) f : (0, ) — R defined by f(x) = logex
iv)f : [0, o0) — [0, «0) defined by f(x) = x
V) f: R — [0, ) defined by f(x) = x?
vi)f : R — R defined by f(x) = x?

) f: R — R defined by f (x)= 21

isabijection.

) f: R Rdefined by f(x) =22

a) Toprovef: R — Risinjection
Let X1, X2 e R and f(Xl) = f(Xz)



2x1+1  2x,+1
3 3
= 2X;+1=2x,+1

= 2X; = 2X,
=X, =X,
=f:R—> Risinjection
b) Toprovef: R — Rissurjection
Letye Randf(x) =y
N 2X+1=y
3
= 2X+1=3y

=2x=3y-1

_3y-1
2

=X

3y-1

Thusfor every y € R, 3 an element € Rsuch that

3y-1
¢ (3y—1j_ 2( 2 j+1_ 3y—1+1_y
2 3 3

~. f: R— Risbothinjection and surjection
~. f:R—> Risabijection.

i) f: R — (0, ) defined by f(x) = 2%
a) Toprovef: R — R"isinjection
Let X3, X, € Rand
f(xa) = f(x2)
=21 =2%
= X=X,
~f:R—R" isinjection.
b) Toprovef: R — R"issurjection
Letye R"andf(x) =y
= 2=y
= x=logy € R
Thusfor every y e R*, 3 an element
logzy € such that

f(log, y) =2%Y =y

- f:R— R"isasurjection
Thusf : R — R isboth injection and surjection.
. f:R— R"isabijection.



i) f : (O, ) — R defined by f(x) = logex
Explanation :

a) Toprovef: R" — Risinjection
Let x5, X2 € R and
f(x1) =f(x2)
= log, X; =100, X,
= Xy =Xy
~f:R" = Risinjection.

b) Toprovef: R" — Rissurjection
Letye Randf(x) =y
= logex =y
=>x=€'e R

Thusfor every y € R, 3 an element
€’ e R" such that

f(e')=log, & =ylog,e=y

~.f:R" = R issurjection
Thusf : R® — Ris both injection and surjection.
- f:R" > Risabijection.

iv)f : [0, o) — [0, =) defined by f(x) = x
Explanation :
a) Toprovef: A — Aisinjection
Let x5, X2 € A and
f(x1) = f(x2)
= X&' =X3
= X; =X,(" X, 20,X, 2 0)
~f:A— Aisinjection
b) Toprovef: A — Alissurjection
Letye Aandf(x) =y
=x*=y
=>X= \NEA
Thusfor every y € A, 3 an element \/y € A

suchthat [ \fy ]=(\y) =y

-~ f:A— Alisasurjection
Thusf : A — A isboth injection and surjection.
= F:[0, ) — [0, =) isabijection.



Sol.

V) f: R — [0, ) defined by f(x) = x?
Explanation :
a) Toprovef: R — Aisnot ainjection
Since distinct elements have not having distinct f-images
For example :
f(2) =2°=4=(2°=1(-2)
But2+-2

b) Toprovef: R« A issurjection
Letye Aandf(x) =y
= x’=y
=>X=*JyeR

Thusforeveryy e A, 3 an element iﬁe R such that

) =45 -y
-~ f:R— Alisasurjection
Thusf : R — A issurjection only.

vi)f: R — R defined by f(x) = x?

a) Toprovef: R — Risnot ainjection
Since distinct element in set R are not having distinct f-imagesin R.
For example :
f(2) =2°=4=(-2)*=f(-2)
But2 £ -2
- f:R—> Risnot ainjection.
b) To provef: R — Risnot surjection
-1l e R, supposef(x) =-1
x?=-1
x=+-1¢ R

~. f:R— Risnot surjection.

Ifg={(1,12), (293, (3,5), 4 7}isafunction from A ={1, 2, 3,4} toB ={1, 3,5, 7}? If thisisgiven

by the formula g(x) = ax + b, then find aand b.
Given that
A={1,234} andB={1,3,5, 7} and
9={(1.1),(23.,@5,. 47} ...(1
Clearly every element in set A has unique g-image in set B.
- g:A — Bisafunction.
Consider, g(x) =ax+b

g(l)=a+b

9(2) =2a+b

g(3)=3a+b

g4)=4a+b



~g={(1,a+h), (2, 2a+b), (3,3a+Db), (4,4a+b)} ...(2
Comparing (1) and (2)
atb=1—a=1-b=a=1+1=2
2a+b=3=2[1-b] +b=3
=2-2b+b=3=2-b=3=b=-1

8. 1ff(x) =2, g(x) = x% h(x) = 2x for all xe R, then find [fo(goh)(x)].
Sol. fo(goh)(x) = fog [h(x)]
=fog (2x)
=f[9(2x)]
=f(4x?) =1
. fo(goh)(x) = 2.
9. Find theinverse of the following functions.
i) Ifa,be R,f: R— Rdefined by f(x) =ax + b (a#0)
ii) f: R — (0, «) defined by f(x) =5
iii)f : (0, ) — R defined by f(x) = logyx.
Sol.i) Letf(x)=ax+b=y
>aX=y-b=x= y=b
a
Thus f(x) = X2
a
i) Letf(x)=5"=y
= X = logsy
Thus f(x) = logsx
iii)Let f(X) =logx =y
=>x=2
= f1(x) = 2
10. 1ff(X) =1+ x+xX2+...... for |x| < 1 then show that f ~}(x) :XT_l.
Sol. f(X) =1+ X +X2+ ...... for [x| < 1
= (1—x)" by Binomial theorem for rational index
— 1 —
_E_y
1=y-xy
xy=y-1
ooyl
y

Fi() =21
X



11. 1f f: [1, o) — [1, o) defined by
f(x) = 2™ then find f(x).
Sol. f(X) i [1......00) > [1 ......00)

f(x) = 2¢0D
f(x)=2¢Cb =y
x(x~1)=log, y
x?—x-log,y=0
‘e —b++/b?—4ac
2a

o 1+./1+4log, y

- 2
F1(x) = 1+ 1+24Iog2 X

12. f(x) =2x—-1,9(x) = XTH for all x e R, find gof(x).

Sol. gof(x) = g[f(x)] = g(2x - 1)
2x-1+1 2x
= = = X
2 2
- gof(x) =x

13. Find the domain of the following real valued functions.

) F(x)= 2x% —5x+7
(X=-D(x-2)(x-3

i) f(x)=m

iii) f (x) = v4x — X2

iv)f(x)=\/1}7

v) f(x)=vx2-25

vi) f(X) =X —[X]

vii) f(x) =[x]-xX

2x% —5x+7
(X=D(x-2)(x-3)

X=-D(x-2)(x-3)=0
=>X-1#£0,x-2#0,x-3#0
=>X#LXx#2,x#3
=>xeR-{1,2,3
~.Domain of f isR—-{1,2,3

Sol.i) f(x)=



. 1
i) f(x):—log(Z—x)
2-x>0and 2-x=#1
2>x and 2-1#x
x<2 and x=#1
~.Domainof fis(—o,1) U(L2)

iii) f (x) =v4x — X2

4x—x2>0

x(4-x)=0

=0<x<4

Since the coefficient of x?is—ve
. Domain of fis[0, 4]

1
Ji-x?
1-x%*>0
= (1-x)1+x)>0
= -1<x<1

Since the coefficient of x%is—ve
- Domainof fis(-1, 1).

v) f(x)=vx?-25

x?-25>0

= (x-5(xx+5=>0
=>X<-5o0rx=5

Since the coefficient of x*is +ve

. Domain of f is(—ee, 5] U [5, )

vi) () = /x=[x]
X—[X]=20= x>[X]
Itistrueforal x e R
. Domainof fisR.

vii) f(x) =/[x]-xX
=[x]-x=0
=[x]=x
It istrue only when x is an integer
~.Domain of f isZ.

iv) f(x)=




14. Find theranges of the following real valued functions.

i) Iog‘4—x2‘ i) JX[-x

. sinax] _x?-4
iii) LT iv) N
V) V9+x2

sal.i) f(x)= Iog‘4—x2‘

Domainof fisR—-{-2, 2}
.. Range=R

i) f(x) = y[x]—x

Domain of fisZ
Range of f is{0}

sinmfx]

1+[x]?

Domainof fisR
Range of f is{0}
Sincesnnt=0,Vne Z

i)

x?-4

X—2
Domainof fisR—{2}
Rangeof f isR — {4}

v) f(X) = V9+x2
9+x°>0,Vxe R
Domainof fisR
Range of fiS[3, =)

iv) f(x) =

15. If thefunction f : R — R defined by f(x) =

f(x +y) +f(x —y) = 2f(x) f(y).
Sol. Given that

f(x)= and f(y) =

2 2
3x+y + 3—(x+y)

We havef(x +y) = >

Y 4 3—(X—Y)
f(x-y) = —

LH.S =f(x +y) +f(x—y)

3+3” 3 +37Y

SAQ’S

X — X
3 +3 , then show that




16.

Sol.

~ Y 4 3—(X+Y) . Y 4 3—(X—Y)
2 2
_ %[3” +30 13 30N )

X X Q¥ 3
R.H.s.:zf(x)f(y)zz{?’ 3 3+3 }

2 2

= E[B’”y +37 43 +3‘X‘y]

2

_ Ty g (ey) L xey ()
_5[3 +30Y 13V 43 ]..(2)
From (1) and (2)

. LHS =RH.S

f(x +y) +f(x—y) = 2{(x) f(y)

X

If the function f : R — R defined by f(x) = , then show that

4542
f(1—x) = 1 -f(x), and hence deduce the value of f (%J 2f (%)H (

X

Giventhat f(x) =

4X

41— X
4% 42

We obtain, f(1-x) =

4
ra 4 2
4 = )

A 5 A28 244
4X

4X

45 +2

_A2-4 2
442 244

1-f(x) =1-

(2)

From (1) and (2) : f(1 —x) = 1 —f(X)
We havef(1—-x) = 1-1f(x)

Now, f(1—x) + f(x)=1

Put x= Y4, then f(1-1/4) + f(1/4)=1

f(3/4) + f(1/4)=1-----------mmmmmmmmmmmemee- (3)
f(1—x) +f(x)=1 putx =1/2 then

f(1-1/2) +f(1/2)=1

f(1/2) +f(U2=1 => 2f(1/2) =1--------- 4)
(3)+(4) => f(3/4) + f(Ld)+ 2f(1/2) =2

)



Therefore, f(lj of (ijn (Ej =2
4 2 4
17. If thefunction f : {-1, 1} — {0, 2}, defined by f(x) = ax + b isa surjection, then find
aand b.
Sol. Domain of fis{-1, 1} and
fx)=ax+b
f(-l)=-a+b
f(l)=a+b

Casel : Supposef ={(-1, 0), (1, 2)} ..(1)
andf ={(-1, ((a+b)), (1, (@a+ b))} ...(2)
Comparing (1) and (2)
—at+b=0=a=b
atb=2=b+b=2(a=h)
=2b=2=b=1a=1

Casell : Supposef={(-1,2), (1,0} ...(3
andf ={(-1, ((a+Db)), (1, (a+ b))} ...(4)
Comparing (3) and (4) we get
—a+tb=2=a=b-2
atb=0=b=-a
Thus—a—a=2
= Z2a=2=a=-1
=>b=—(-1)=1
Thusa=-1,b=1.

18. If f(x) = cos (log x), then show that f (E]f (—j——{f (—j+f (xy)} =0.

X

Sol. Given that f(x) = cos (log x)
Consider,

(2ot

= cos(logx ) cos(logy ™)
=[-cos(log x)][—cos(logy)]
= cos(log x) cos(log y)

o f (ijf (%j = cos(log x) cos(logy) ...(2)

X
Agan



l{f [ij +f (xy)} = 1{cos(log 5] + COS|09(XV)}
2| \y 2 y

=%[cos(logx—|ogy) +cos(logx +logy)|

= % 2cos(log x) cos(logy)
=cos (logx) cos(logy) [ cos(A-B) + cos(A+B) =2 cos A cos B]
%{f [gj +f (xy)} = cos(logx) cos(logy) ...(2)
D-©@:

IR Glrom]-o

19. If f(y)=—2 _ and g(y) = y _ then show that (fog)(y) = y.
Jl—y J1+y
Sol. Given that

f(y) == and gy) ===
1-y 1+y

- fog(y) =fg(y)] = f{ Y }

«/1+y / 1+y
«/1+y2 1+y -y?

~.fog(y) =y

20. Iff: R > Rand g: R — R aredefined by f(x) = 2x* + 3and g(x) = 3x — 2 then find
(i) (fog)(x) (i) gof(x)
(iii) fof (0) (iv) go(fof)(3)
Sol.i) fog(x) =flg(x)]
=f(3x—2)
=2(3x—2)?+3
=2[9x*+4—12x] + 3
=18x*+8—24x + 3
=18x*—24x + 11
- (fog)(x) = 18x% — 24x + 11
ii) gof(x) = g[f(x)]
=g(2x* +3)
=3(2x* +3) =2
=6x°+9-2



=6x°+7
- (gof)(x) =6x2 + 7
iii)fof(0) = f[f(0)]
= f[2(0)* + 3]
=f(3)=2(3)*+3
=2x9+3=18+3=21
- fof(0) =21

iv) go(fof)(3) = gof[f(3)]
= gof(21)
=g[f(21)]
=g[2(21)* + 3]
=g[2(441) + 3]
=g[882 + 3]
=g(885) = 3(885) — 2
= 2655 -2 = 2653

.. go(fof)(3) = 2653.

21. Iff:R—> R, g: R —> R aredefined by
f(x) = 3x — 1, g(x) = X* + 1, then find
(i) fof (X + 1) (ii) fog(2), (iii) gof(2a—3).
Sol.i) fof(x*+1) =f[f(x*+ 1)]
=f[3(x*+ 1) —1]
=f[3x? +3-1]
=f [3x? + 2]
3(3°+2)—-1
O’ +6-—1
9’ +5
fof(x*+1) =9x°+5
ii) log(2) =f[9(2)]

- fog(2) =14
iii)(gof)(2a—3) = g [f(2a— 3)]
=g[3(2a-3) 1]
g6a—9-1]
g[6a—10]
= (6a—10)?+ 1
=36a° + 100—120a+ 1
= 36a° —120a+ 101
(gof)(2a—3) = 36a° — 120a + 101



22 1f £(x) = X =2 x % +1 show that fof {(x)=x.
X+1

Sol. Given that f (x) = X ==
X+1
Lety =f(x)
x-1 1+y
Sy=—SX="-—
X+1 1-y
_ 1+
iy =2
1-y
1+X
) =—"2
(X) 1 x
- fof 7H(x) = f[f 1(x)]
1+X
_f{lﬂ(}_l—x_l
1—X 1+X+1
1-x
_1+x—1+x_3_X
I+x+1-x 2

-~ fof (x) =x

23. Iff: R > R, g: R — R defined by f(x) = 3x — 2, g(x) = x* + 1 then find (i) gof (2), (ii) gof(x — 1).
Sol.i) Giventhat f(x) =3x -2
Lety =f(x)
y=3x-2
x=Y*+2
3

X+2
i) =222
(X) 3

+.gof (2) = glf (2)]

o 5)ol3)
3 3
2

3 9

i) gof(x —1) = g[f(x - 1)]
=g3(x-1)-2]

=g[3x—-3-2]
=g[3x—3]
=(3x-5)%+1
=9x%+25-30x +1
=9x*-3-x+26



24. Letf={(1,a), (2 ¢), (4 d), (3 b)} and g ={(2 a), (4, b), (L, ), (3, d)}, then show that
(gof)™ = flog™.
Sol. Given that,
f={(1 a), (2 0),(4,4d), (3 b)}
= f*={(a 1), (c, 2, (d, 4), (b, 3)}
g ={(2 a), (4.b), (1,0, (3 d}
=9g={(&2), (b 4),(c, 1), (d, 3)}
LH.S.: gof ={(L 2), (2 1), (4, 3), (3, 4)}
(gof) " ={(2 1), (1,2), (3, 4), (4 3)}
RH.S.:
fog™ ={(2,1), (4 3), (1, 2), (3, 4)}
L.H.S.=R.H.S

25. Letf: R —>R,g: R— Raredefined by
f(x) = 2x — 3, g(x) = x>+ 5 then find
(fog)™(x).

Sol. Given that,

f(x) =2x—3andg(x) = x> +5

fog(x) =flg(x)]
=f(x3+5)
=2(x*+5)-3
=2x+10-3
=2x3+7

- fog(x) =23+ 7

Let y=fog(x)
y=2x3+7

X = 3 y_7
V2
- (fog)™X(x) = 3 X;7

| o (x=TY
- (fog) (x)—(Tj

26. If f(x) :X—Jri(x #11) then find (fofof)(x) and (fofofof)(x).
X —

Sol. Given that, f (x) =X—+i

(fofof)(x) = (Fon[f(X)]



-t 2211 (24

[ x+1

¢ x71+1 ¢ X+1+x-1
x+1 4 X+1-x+1
[ x-1
2X x+1

=f fx)=—~
EIRCR=

- (fofof )(x) = X—+1
x-1

(fofofof )(x) = F[(fofof )(X)]

_f(l+xj
1-x
X+1

 X— 1+1 X+1+x-1_2x _

- x+1 1 X+1-x+1 2

x—-1
.. (fofofof )(x) = x

27. 1f f and g arereal valued functions defined by f(x) = 2x — 1 and g(x) = x* then find
() Bf=29)() (i) (fg)(x)  (iii) [%J (x) (iv) (f + g+ 2)(x)

Sol. Given that f(x) = 2x — 1, g(x) = X
i) 3f=3(2x-1)=6x-3
g(x) = x* = 2g = 2x*
= (3F = 20)(x) = 3f(x) — 29(x)
=6x —3-2x°
= 2x*+6x—3
=2x* - 6x + 3]
i) (FR)() = F()g(x) = (2x - D)x* = 2 - x*
JEX) _V2x-1
|||)( J(x)_ 90) v,
iv) (f +g+2)(x) =f(x)+9(x)+2

=2X—1+x%+2

=x2+2x+1

=x?+X+x+1
=X(X+1)+1Ux+1)

= (X+D(x+1) = (x +1)?



28. 1ff={(1, 2), (2, -3), (3, 1)} then find (i) 2f, (ii) 2 + f, (iii) 3, (iv) JE.
Sol. Given that
f = { (1! 2)! (2’ _3)! (3! _1)}
i) 2f={(1,2x2),(2,-3x2), (3,-1x 2)}
= { (11 4)! (2’ _6)1 (3! _2)}
i) 2+f={(1, 2+2), (2, -3+2), (3, -1+2)}
= { (1! 4)! (21 _1)! (3! 1)}
i) 2= {(1, 29, (2, (-3)?), (3, (1))}
={(1,4), (29, (3 D}
iv) Vf ={@V2)]

29. Find thedomains at the following real valued functions.

i) f(X)=vx?—3x+2

i) f(x)=log(x*-4x+3)

i) f(x)= VZ”;”Z‘X
iv) f(x)= !
CYx-2 1094 410
2
V) ()= [‘L]IZ
vi) f(x)=4/l0gy5(X—x?)
vii) f(x):x+l|x|

Sol.i) f(x)=vx?-3x+2

x?-3x+2>0

= XxX-DH(x-2)=>0

=>Xx<lorx=>2

Since the coefficient of X% is +ve

Domain of fis(—o, 1] U [2, o)
i) f(x)=log(x*—4x+3)

X2 —4x+3>0

x-)(x-3)>0

x<lorx>3

Since the coefficient of X% is +ve
Domainof fisR—[1, 3]



iMfu)zJEI;+J§r;
X
2+Xx202-x20x=#0
=>X>2-2 |=22x|x#0
=>Xx<2
- Domain of fis[-2, 2] — {0}
. 1
W)= Yx-2 1094410
X—-2#0=>x#2
4-x>0 &4-X#1=>4-X#1=>x#3
=4>X=>x<4
- Domain of f is (—e, 2)u(2, 3)U(3, 4)
or
Domain of f is(—e, 4) —{2, 3}
4—x2
[X]+2

v) f(x)=

Casel :
4-x*>0
2+x)(2-x)=0
= Xe [-2, 2] ..(1)
Since the coefficient of x*is—ve
Also
[x]+2>0
[x] >-2
X € [-1, o) ..(2
From (1) and (2)
x e [-1, 2]
Casell :
4-x*<0
x2-4<0
x+2)(x-2)=0
X € (=0, 2] U[2, ) ...(3)
Since the coefficient of x? is +ve
Also[x] +2<0
[X] <=2
X € (—e0, —2) ...(4)
From (3) and (4)
X € (—o0, —2)
From case-l and case-l1
Domain of f is (—ee, —2) U [-1, 2]



Vi) f (x) = /l0gg s(x —x?)

logys(Xx—x?) >0

= (x-x?)<(0.3)°

=x-x°<1

=0<x?—x+1

=x?-x+1>0

=x?-x+1>0, Vxe R ..(D
X—x2>0

—x%-x<0

= x(x-1)<0

=0<x<1

Since the coefficient of x? is +ve
~xe (0,0 e
From (1) and (2)

Domainof fisRN (0,1) =(0, 1)
(or) Domain of fis (0, 1)

vii) f(X)ZX+1IXI

X+[x|#0

X #—[X|

It is not holds good when X € (—, O]
.. Domain of f is (0, ) = R".

30. Provethat thereal valued function f(x) :%1_24_1 isan even function on R —{0}.

X X
= —1_E+1 ..(1)

Letxe R—{0}
Consider

—X
f(x)=
() e*-1

- X X
t 1 2

X

€

Sal. f(x) =

+ 241
2

-xe* X —xe*
= +—+1= +-+1
1-e¢ 2 —(e*-1) 2
X
- Xe +§+1 ...(2
-1 2
Consider f(x) —f(—x)




31.

Sol

) fx) =

_ x(e* -1 x
(Cal
=X—-x=0
f(x)-f(—x)=0
= f(-x)=f(x)
- fisan even function.

Find the domain and range of the following functions.
. tanm X

) 1=

1+sinafx]+[x“]

. X

i) f(x)=

) £(x) > 3

i) f(x) =[x |+]1+x]|

tan [ X]
1+sinmx] +[x?]
Domainof fisR (- tannmt =0, Vne Z)
Range of f is{0}
. X
i f(x)= 73
2-3x#0
2#3X

2
X #—
3

Domainof fisR — {%}

X
2-3X
= X=Y(2-3x)
= X =2y —3yX

=Yy

= X+3yx =2y
= xX(1+3y)=2y
2y
1+3y
=1+3y#0
=>3y=-1

=X =

y#->
3



32.

Sol.

33.

Sol.

~. Rangeof fis R—{—%}.
i) f(x) =[x |+]1+x]|
Domainof fisR
Range of f is[1, =)
xif x>2

Deter mine whether the function f : R — R defined by f(x):{ _
bx—-2if x<2

surjection or a bijection.

Since 3> 2, wehavef(3) =3

Sincel< 2, wehavef(l)=5(1)-2=3

. 1and 3 have same f image.

Hencef isnot an injection.

Letye Rtheny>2(or)y<2

Ify>2takex=y e Rsothat f(x) =x=y

If y <2take
x=Y*t2

ceRand x=YT2.1

.'.f(x):5x—2:5(%2j—2:y

. fisasurjection
Sincef isnot an injection, it is not a bijection.

Iff: R >R, g: R— Raredefined by f(x) = 4x — 1 and g(x) = x* + 2 then find
(i) (gof)(x) (ii) (gof)(a%lj (iii) fof(x) (iv) go(fof)(0)
i) (gof)(x) = g(f(x))

=9(4x-1)

=(4x-1?+2

=16x%+1-8x+2

=16x%-8x+3

ol
A

=g@)=a’+2

iii) fof(x) = f[f(X)]
=f(4x-1) =44x-1-1
=16x—-4-1
=16x-5

IS an injection or a



Sol.

35.

Sol.

iv) go(fof)(0) = go(fof)
=g[16x0-5]
=9[-9]
=(-5)%+2
=25+2=27

If f: Q > Qisdefined by f(x) = 5x + 4 for all x € Q, show that f isa bijection and find f.

Let X1, X2 € Q, f(x1) =f(X2)
= 5X; +4=5%,+4

= 5X; =5X,

=X, =X,

- fisaninjection.

y-4

Lety e Q,then x= € Q and

R N

5
- fisasurjection, f isabijection.
- f1: Q> Qisabijection.
We have fof *(x) = 1(x)
F[f ()] = x
5f 1(x)+4=x

f‘l(x)zx—;4 for al xe Q

Find the domains of the following real valued functions.

i) F(x)= |xl|—x i) £(x) = x| —x
1

Jix—x

=|x|-x>0

i) f(x)= e R

=|xpx
= X € (—o0,0)
. Domain of f is (—=, 0)

i) £(x)=Ix|-x
=|x|-x=0,whichistrueV x e R
. Domainof fisR.



36. If f={(4,5), (5, 6), (6,4} and g={(4,-4), (6, 5), (8, 5)} then find
\f+g (i)f—-g (ii)2f+4g (iv)f+4 (v)fg (vi)fa

(i) If]  iii)vE o ()P (0f
Sol. Domainof f = A ={4, 5, 6}
Domain of g=B ={4, 6, 8}
Domanof ftg=A N B ={4, 6}
i) f+g ={(4,5-4),(6,-4+5)]
={(4,1), (6, 1)}
(if-g ={(4,5+4),(6,-4-5)]
={(4,9), (6,-9)}

(iii) 2f ={(4, 2x5), (5, 6x2), (6, 4x2)}
={(4, 10), (5, 12), (6, -8)}
49 ={(4, 4x4), (6, 5x4), (8, 5x4)}

={(4,-16), (6, 20), (8, 20)}
Domain of 2f + 4g ={4, 6}
- 2f+4g ={(4, 10, -16), (6, -8+20)}

={(4,-6), (6, 12)}

(iv)f+4 ={(4,5+4), (5, 6+4), (6, 4+4)}
={(4,9), (5, 10), (6, 0)}

(v) fg ={(4, (5x4)), (6, -4x5)}
={(4, -20), (6, -20)}

ot (3]

(Vi) If] - ={(45]), (5 [6l), (6, -4}
={(4,5), (5,6), (6, 4)}

vii)vF = {(4.5).(5.V6)]
(ix) f2 ={(4, 25), (5, 36), (6, 16)}
(x) f2 ={(4, 125), (5, 216), (6, —64)}

37. Find thedomain of the following real valued functions.

f ()= () =loghx-
) f(x) [x]? —[x] -2 i) (x) = log(x—|x])
“es 3_ i
|||)f(x):m iv) f(X)=x/X+2+IOg(i_X)
V) f(x):\/m:(r S
Sol.i) f(x)=——=  eR

VIXI? = [x] -2



s[x]2-[x]-2>0
= ([X]+D(x]-2)>0
=[x]<-1(or) [x]>0

But [x] <-1
=[x]=-2,-3,—4,......
=>Xx<-1
[X]>2=[x]=3/4,......
=>Xx>3

s Domainof f = (—, 1) U[3,~) =R-[-1, 3)
ii) f(x)=log(x—|x[) € R

S X—[X] >0 x>[X]

= xisanon-integer .. Domainof fisR—-Z.

i) f (x) = Ioglo(?’;xj eR

Ioglo(g_ijzo and 3_TX> 0

:>3_—X210°:1and 3-x>0,x>0
X

=3-x>xand 0<x<3

:>x£§and0<x<3

= xe[ =3 |03 -(03)]
2 2

.. Domain of fis (Og}

iV)f(X): X+2+m€ R

Xx+2>0and1l—-x>0and1-x=#1
=>x>22and1>xandx =0
= X € [2,00) N (—, 1) - {0}
=xe [2,1)-{0}

- Domainof fis[-2, 1) —{0}.

V) f(x):m:me

< 3+x20,3-x=20,x=0

= -3<x<3,x#0

= xe[-3,3]-{0}

- Domain of fis[-3, 3] —{0}.

R



