Random Variables and Probability Distribution

Random Variable

Random variable: If Sisthe sample space P(S) isthe power set of the sample space, P is the probability
of the function then (S, P(S), P) is called the probability space,

In the probability spaceif X :S - R isafunction then x is called random variable

Frequency function of random variable (or) Probability density function: Function f : X(S) - R is
defined by

f(r)= ple/ x(e) =r] iscaled the frequency function associated with random variable
Wherei) 0< f(r)<10 1 x(S)

i) Zf(r)=10110 x(S)

Arithmetic mean of the random variable: Arithmetic mean of the random variable x is denoted by x or
all E(x) expected value of X and is defined as x=%r f(r)

Variance of therandom variable: If ‘X’ isarandom variable then E(x?) is defined such

that E(x*) = r® f(r) OxXJ x(S). The variance of random variable (¢°) and is defined as
F(x~-X)?

Variance of the random variable

P =E(x-X)?=E(¢ +X —2X X)

TP =E(X)2+x —2XE(X)

TP=E(X)?+X

Variable of random variable o = E(x*) — 1
g?=3r2f(r) =1

o’ + 1A =371 (r)

Standard deviation: It isthe positive square root of the variance of the standard deviation of the random
variable thisis denoted by o =+/vairance

Note: Let X be arandom variable on a sample space S. If xR then we use the following symbolsto
denote some eventsin S.

i) {adS: X(aFr = (X= X)



i) {adS: X(ak ®= (X< X)
i) {adS: X(ax X= (X< X)
iv) {adS: X(aF ®¥= (X> X)
v) {adS: X(ax ®¥= (X X)

Def 2: Let Sbeasample spaceand X : S - R bearandom variable. The function F : R - R defined by
F(xX)=P(X £x), iscaled probability distribution function of the random variable X.

We now state some properties of probability distribution function for the random yond the scope
of the book.

Theorem 2: Let F(X) be the probability distribution function for the random variable X. then

i) 0sF(x)<10Xx R

if) F (x) isanincreasing functioni.e. x,x0R x X, = F(x)F(x,)

i) Lt F(x)=1 Lt F(x)=0

Theorem 3: If X:S - R isadiscrete random variable with range {x, X,, X;....} theni P(X=x)=1.
r=1

Mean and Variance

Def : Let X :S - R beadiscrete random variable with range {x, X,, X;.....} . If £x P(X =x) exists,
then £x. P(X =x.) iscalled the mean of the random variable X. It is denoted by 4 or x. If
T(x =)’ P(X =x) exists, then Z(x — ) P(X =x)iscaled variance of the random variable

X. It isdenoted by ¢. The positive square root of the variance is called the standard deviation of
the random variable X. It isdenoted by o .

Theorem 4: Let X : S - R be adiscrete random variable with range {x,, X,, X, ...} . If @, o* arethe
mean and variance of X then o® + /* =Zx*P(X =x).

Def: Let n be apositive integer and p be areal number such that 0< p<1. A random variable X with
range{0, 1, 2, .n} issaid to follows (or have) binomial distribution or Bernoulli distribution with
parametersnand pif P(X =r)="C p'q"" forr=0,1,2... nwhereq=1-p.

Theorem : If the random variable X follows a binomial distribution with parameters n and p then mean
of X isnp and the variance is npq where q = 1- p.

Def : Let A >0 bearerea number. A random variable X with range{0, 1, 2....} issaid to follows (have)
-Aqr

Poisson distribution with parameter A if P(X =r) =<

forr=0,1,2,.......
r!



Theorem : If arandom variable X follows Poisson distribution with parameter A, then mean of X is A
and varianceof X is A.

EXERCISE —9(a)

1. A p.d.f of adiscrete random variable is zero except at the points x = 0, 1, 2. At these points it
has the value p (0) = 3¢, p(1) = 4c — 10c?, p(0) = 5¢c — 1 for somec > 0. Find the value of c.

Sol.

Px=0)+p(x=1)+px=2)=1
3c3+4c-10c°+5¢c-1=1
3c3-10°+9c-2=0
Putc=1,then3-10+9-2=12-12=0
C = 1 satisfy the above equation

C=1= p(x =0) = 3 whichisnot possible dividing with c — 1, we get

3c?-7c+2=0
(c-2)(3c-1)=0
c=2orc=13
c=2= p(x = 0) = 3.2 = 24 which is not possible
Oc=1/3
2. Find theconstant C, so that F(x):C(éj X =12,3........... isthep.d.f of adiscreterandom
variable X.

Sol. Given F(x) :C(gj ,X=12,3

We know that p(x) =C[§j X =123...



Sol.

So

Sol.

X=x =2 |-1] 0 1 2 3

PX=x){ 01| k | 02| k | 03] kK

isthe probability distribution of a random variable x. find the value of K and the variance of x.

Sum of the probabilities= 1
01+k+02+2k+03+k=1
4 +06=1
4 =1-06=04
k = % =01
4
Mean = (-2) (0.1) + (1) k + 0(0.2) + 1 (2k) + 2(0.3) + 3k
=-02-k+0+2k+0.6+3k
=4k +04=4(01)+04=04+04=0.8
n=0.8
0
Variance (0%) = > x°p(x = x,) —p*
1-1
0 Variance = 4(0.1) + 1(k) + 0(0.2) + 1(2k) + 4 (0.3) + 9k — pi?
=04+k+0+2k+4(0.3) + 9k —p?

=12k + 0.4+ 1.2 — (0.8)
=12(0.1) + 1.6 —0.64

=12+ 16-0.64
G >=28-064=216

X=x [=3]|-2]-1]0][1]2]3
111111
PX=x)| = [= | Z|Z|2|=Z| =2
9/9/9]/9]9]9]09

isthe probability distribution of a random variable x. find the variance of x.

en = {5)-2{ (5 [ (5] +5) (s

_—§—E—E+O+E+E+§ u):o
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9

A random variable x hasthe following probability distribution.
X=x |0|1|/2]|3|/4|5|6]| 7
P(X=x)| 0 | k |2k |2k [ 3k | K?|2k®|7k*+k
Find i) k ii) the mean and iii) p(0 <x <5).

Sum of the probabilities =
O+k+2k+2k+3k+K?*+2k?+7k?+k =1







































