TRANSLATION OF AXES.

1. Definition: Without changing the direction of the axes, the transformation in which the origin is
shifted to another position or point is called translation of axes.

2.  Theorem: Tofind the co-ordinates of a point (x, y) aretrandated by shiftingtheorigintoa
point (X, Y;)

Proof :
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Let Xox™ Xxox', yoy' bethe original axesand A(X,, Y, ) be a point to which the origin is shifted.
Let AX, AY bethe new axes which are parallel to the original axesasin figure.
Let P be any point in the plane whose coordinates w.r.t old system are (X, y)
Andw.r.t new axesare (X,Y) .
From figure, A= (%, ;) then AL=y;, OL =X,
P(x,y)then x=ON=OL+LN =OL +AM =x +X =X +x
Hence X=X +X .
y=PN = PM +MN =X+ AL =X +y;
therefore, y=Y +vy,

hence X=X +x, Y=Y +y,



3.Theorem: To find the point to which the origin isto be shifted by translation of axesto eliminate
X, y termg(first degreeterms) in the equation ax? + 2xhy +by? +2gx +2fy +c :0(h2 :ab)

Proof : given equation is ax? + 2xhy +by? +2gx +2fy +c =0
Let (X, Y,) beapoint to which the origin is shifted by trandation
Let (X,Y) bethe new co-ordinates of the point (X, y) .

O the equations of the transformation are X=X +x, y=Y +y,

Now the transformed equation is

a(X +x)" +20(X +x)(Y +y,) +b(Y+y, )" +2g(X +x) +2f[¥ +y] +c =0

= a(X2+2xX +3¢) +2n( XY +xY +y,X +xy;) +b(Y? +2yY +y2) +2g(X +x) +2f (Y +y;) +c =0
= aX?+2hXY +bY? +2X (ax, +hy, +g) 2 (P +by, + ) +(ax +2x, +by? +2gx +2fy, +c) =0
Since X, y terms (the first degree terms) are to be eliminated

ax, +hy, +g =0

hx, +by, + f =0

Solving these two equations by the method of cross pollination
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New originis = (x,, ;) :(

Note: (i) The point to which the origin has to be shifted to eliminate x, y terms by trandlation in the

equationax? +by? + 2gx +2fy +c =0is (;9 ij
a' b

If b =a, then the new originis (—_g
a

m‘_'.,



(if) The point to which the origin hasto be shifted to eliminate x, y terms by transation of axesin the
equation a(x+x1)2 +b(y+yl)2 =c is (=%, = 1)
iii) The point to which the origin has to be shifted to eliminate x, y terms by trandation in the

equation 2hxy + 2gx + 2 fy +c =0is (i ;9]
h'h

Theorem : To find the condition that the equation ax® + 2hxy +by? +2gx +2fy +c =0 to bein the
form aX?+2hXY +bY? =0 when the axes aretranslated. (h2 # ab)

Proof : From theorem 3, we get
ax+thy, +g=0__ (1)
hx, +by, + f =0 (2

Solving (1) and (2),

_( hf —bg dof —af
(e %) (ab—hz’ab—hzj

Since the equation isto bein the form of aX? + 2hXY +bY? =0 then for this we should have
axg +2hxy; +byy +2g% +2fy; +¢ =0

= (ax, +hy, +9)x +(x +by, +f)y; +(gx +fy, +¢) =0
= (0).x, +(0), y, +(gx + fy, +c) =0from(1) and (2) = g% + fy, +c=0____ (3)

Substituting X, Y; in (3), we get

hf —bg gh—af
+ f +c=0
o re) f(55)

— fgh-bg? + fgh —af 2 +abc + -ch?® =0

— abc + 2 fgh—af 2 ~bg? —ch? =0



PROBLEMS.

When the origin is shifted to (4,-5) by the trandation of axes, find the co-ordinates of the
following pointswith reference to new axes.?

i) (0,3)

New origin = (4,-5)= (h,k)

Old co-ordinates are (0,3) =(x,y)
X=x-h=0-4=4
Y=y-k=3+5=8

New co-ordinates are (-4,8)

ii) (-24) ANS. (-6,9)

i) (4,-5)

ans. (0,0)

Theorigin isshifted to (2,3) by the translation of axes. If the co-ordinates of a point P changes as
follows, find the co-ordinates of Pin the original system.?

)(4,5) i) (-4,3) iii) (0,0)
. New origin = (2,3) =(h,k)

i) New co-ordinates are(4,5)

Xx=4,y=5

X=X+h=4+2 =6

y=y+k=5+3=8

Old co-ordinates are (6,8)

i) New co-ordinates are (-4,3)

ANS, (-2,6)

iii) New co-ordinates are (0,0)

ANS. (2,3)



3. Findthe point to which the origin isto be shifted so that the point (3,0)may changeto (2,-3)?
sol. (xy)=(30)

(.v')=(2-9)

Let (h,k) bethe new origin

Ok x x= 3 21
k=y-y'=0+3=3
O (hk¥ (13)

4. When theorigin isshifted to (-1,2) by the trandlation of axes, find the transformed equations of
thefollowing.?

i) X2 +y? +2x -4y +1 =0
i) 2x% +y? —4x +4y =0
Sol. i)Thegiven equation is X% + y2 +2x -4y +1 =0--------- (D)
Originisshiftedto (-1,2) [ h=-1, k=2
Equations of transformationsare X=X +h,y =Y +k
e, Xx=X-Ly=Y+2
The new equation is
(X =1)* +(Y +2)* +2(X -1) -4(Y +2) 4 =0
= XZ+1-2X +Y? +4 +4Y +2X -2 -4Y 8 4 =0
= X?+Y?-4=0
i) Old equation is 2x* + y* —4x +4y =0

Ans.2X?% +Y?2 -8X +8Y +18 =0
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The point to which the origin is shifted and the transfor med equation are given below. Find the
original equation.?

i) (3-4);x° +y* =4 i) (-1,2);x* +2y* +16 =0
i) New origin = (3,-4) =(h,k)
O X x h ¥ y kK
=X-3 —y+4
The original equation of (X)2 +(Y)2 =4 is (x—3)2 +(y +4)2 =4
x> —6x+9 +y* +8y +16 =4
Ox% y* 6% 8y 2E O
i) New origin = (h,k) =(-1,2)
X=x-h, Y=y-k
=x+1 =y-2
The original equation of X% +2Y? +16 =0
(x+1)*+2(y -2)* +16 =0
X2 +2x+1+2y? -8y +8 +16 =0 = x*+2y” +2x -8y +25 =0

Find the point to which the origin isto be shifted so asto remove the fir st degree termsfrom the
equation, 4x? +9y? —8x +36y +4 =0

The given equation is
4x% +9y? —-8x +36Yy +4 =0 comparing with ax® + 2hxy +by? +2gx +2fy +c =0

a=4 h=0 g=4 b=9 f=18

g_4_ _
—S=—=1 —— =2
a 4 1 b

Origin should be shifted to ( -9 -f j = (1-2)
a'b
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SHORT ANSWER QUESTIONS

When theorigin is shifted to the point (2,3), the transformed equation of a curveis
x? +3xy —2y? +17x -7y -11 =0. Find the original equation of the curve?

New origin =(2,3) = (h,k)

Equations of transformation are

X =x+h,y=Y +k

X=x-h=x-2,Y =y -3

Transformed equation is

X2 +3xy —2y? +17x -7y -11 =0

Original equation is

(x-2)* +3(x-2)(y -3) -2(y -3)* +17(x-2) -7(y -3) -11 =0

X2 +4x +4 +3xy —9x -6y +18 —2y? +12y —18 +17x —34 -7y +21 -11 =0

— x*+3xy —2y® +4x -y —20 =0 istherequired original equation.

I the transformed equation of a curveis 3x? + xy — y* =7x +y —7 =Owhen theorigin is shifted

to the point (1,2)by translation of axes, find the original equation of the curve?

Same as above problem.

Ans. 3x% +xy — y? —15x +4y +13 =0.



