POINT OF INTERSECTION OF TWO STRAIGHT LINES

THEOREM
The point of inter section of the two non paralld lines

— —0i blCZ_bzcl Ga, —Ga
ajx+bqy +c1 =0, a2x+b2y+c2—0|s( , .
a1b2 _a2b1 a1b2 _ale
Proof:
Thelines are not paralel = Slopes are not equal
= "2z —ab, zah =ab,~ah #0
b b
Let P(a, B) bethe point of intersection. Then a; o +bq B+cq=0and
a0 +by B+co=0.
Solving by the method of cross multiplication
by ¢ & b
bp ¢ & by

a _ B _ 1
bic, —be  Ca; —Ca  ab, —ahy

o= blcz_bz‘&’ _ 63 &
ab, —aby ab, —ahy

Point of intersection isP = [ be, —be g3, _CZalj

ab, —ah " ab, —aky

THEOREM
Theratioin which thelineL =ax + by + ¢ = 0 divides the line segment joining
A(X1,y1), B(x2, y2) is-L 17 : Lop, where L 17 =L(xg,y1) =axg +by; +cand
L22=L(x2 y2) =axp+byz +c.
Proof:

Let k : 1 bethe ratio in which the line divides the line segment.

The point which divides intheratiok : 1is P= o+ Kot h
k+1 ' k+1

Since Plieson the line ax + by + ¢ = 0 :»a(k)(2+"1j+b[ky2+ylj+c:o
k+1 k+1

=a(kxo +X1) + b(kyo +yq) +c(k+1) =0



=Kk(axo + bys + €) = Haxq + by + C)

_(ax +by, +c)

=K =
K ax, +hy, +c

Required Ratio = —<axq + byq + ) : (axp + by + C)
=—L11:Loo.

Note: Thepoints A,B liein the same side or opposite side of the line L = 0 according as
L 11, L22 have the same sign or opposite signs.

1.The points A,B are opposite sides of theline L = 0 iff L1; and L2, have opposite signs.
2. The points A,B are same side of thelineL = 0iff L;; and L, have same sign.
CONCURRENT LINES

Three or more lines are said to be concurrent if they have a point in common. The
common point is called the point of concurrence.

)

=

- =
O point of
CONCIMTENncy
Concurrent lines

CONDITION FOR CONCURRENCY OF THREE STRAIGHT LINES.

THEOREM

The condition that the lines a1 x + bqy + ¢1= 0,apx +boy + ¢o = 0, agx +bgy + c3=0to
be concurrent is ag(bqco —bocq) + bz(ciap — coaq) + c3(aqby —aghq) = 0.
Pr oof:

Suppose the given lines are concurrent.
Let P(a, ) bethe point of concurrence.

Then apa+by B+c1=0 - (1)
a a +by B +co=0 - (2
a3 a +bg B +c3=0 - (3



By solving (1) and (2) we get
o= bic, —byc, , B:C.LaZ_CZaEL

ab, —ahy ab, —ab
Therefore P = ( bc, —b,g ’ Gay ~C3 )

ab, —ab ab, —ab

Substituting P in eq.(3), we get
as[ biC _bzcl]+b3(°1a2 _CzalJ +c3=0

ab, —ah ab, —ah
= ag(b1Co —bocq) + bz(crap — Coay) + c3 (a1bp —apbq) = O which isrequired

condition.
& b ¢
Above condition can be written in adeterminant formas |a, b, c¢,|=0.
& b o
Problem:

Find the condition that thelinesax + hy + g=0,hx + by +f=0,gx + fy + c=0to be

concurrent.
Sol: Let P be the point of concurrence
aad +hf +g=0 -
ha+b S+ f =0 - (2
ga+ ff+c=0 ---(3)
solving (1) and (2) we get

h g a h
b f h b

o _ B _ 1 :azhf—bg,B:gh—af
hf -bg gh-af ab-h? ab-h? ab-h?
Sub these valuesin eq.(3)

g(hg‘bgjn(gh'a‘;)w =0
ab—h ab—h

—g(hf —bg) + f(gh—af) + c(ab—h2) =0
— fgh—bg2 + fgh—af 2+ abc—ch2=0
— abc+2fgh—af 2—bg2—ch2=0
The condition is abc + 2fgh —af 2—bg2 —ch2 =0



FAMILY OF STRAIGHT LINES—CONCURRENT STRAIGHT LINES

THEOREM

SupposeL1=agx +byy+c1=0,Lo=apx + by y + cp = 0 are two intersection lines.

(i) 1f (A,1,)#(0,0) then AL +A,L, =Orepresents astraight line passing through the
point of intersectionof L4y =0 and L» =0.

(i)  Theequation of any line passing through the point of intersection of

L1=0,Ly=0isof theform where(4,,4,)#(0,0).

Note: If L1 =0, Lp=0 aretwo intersecting lines, then the equation of any line other than
L = 0 passing through their point of intersection can betakenasLq + A Lo = 0 where
A isaparameter.

THEOREM

If there exists three constants p,q,r not al zero such that

p(agx + b1y + ¢1) + q(axx + boy + co) + r(agx + bgy + ¢g) = O for all x and y then the
threelinesayx + b1y +c1=0,apx + bpy + co=0and agx + bgy + c3 =0 inwhich no
two of them are parallel, are concurrent.

Theorem

Let Ly =ayx+bgy+c1=0,Lo=apx +byy + co=0represent two parallel lines.Then
the straight line represented by AL, +A,L, =0 isparallel to each of the straight line L;=0
and L,=0.

A SUFFICIENT CONDITION FOR CONCURRENCY OF THREE STRAIGHT
LINES

THEOREM
If Li= ajx + bqy + ¢1=0, Lo = apx +boy + cp = 0,L3= agx +hgy + cg =0 are

three straight lines, no two of which are parallel, and
if non-zero real numbers A, A4, A, exist suchthat A,L; + A,L, + A,L; =0 thenthe
straight lines L1=0, L, = 0 and L 3= Oare concurrent.



EXERCISE — 3(C)

1. Findtheratioin which thefollowing straight lines divided the line segment
joining the given points. state whether the pointslie on the same side or on
either sideof thestraight line. i) 3x—-4y=7, (2,-7)and (-1, 3)

Sol. Equation of thelineis3x -4y =7
Given pointsare A(2, -7) andB(-1, 3). Theratio in which the line L=0 dividesthe

Ly _ _ (&Xg+by; +0)

L»n (X +by, +C)

__[32-4-71)-7] _ (6+28-27) _—27 _27
C [3-(-)-43-7 B82-7 2 22
Theratio is positive, therefore given points lie on opposite sides of the line.
i) LO3X+4y=6,A(2,-1) and B(1,1)
Sol. Equation of thelineis3x +4y—-6=0

Ratiois. b1 o _@atby+o)  _—(32+4(-D-6) (-4 _4
Lo (ax, + by, +c) 3.1+4.1-6 1 1
Ratio is positive, the points lie on the opposite side of the line.
i) 2x+3y=5,(0,0) and (-2, 1)
Sol. 2x+3y-5=0
Ly _ (X3 +by;+c) _—-(0+0-5)_-5
L, (aX,+by,+c) —4+3-5 6

Ratio is—ve, the points lie on same side of the line.

linejoin of point A and B is-

=.

2. Findthe point of intersection of the following lines.
i) 7Xx+y+3=0,x+y=0
Sol. Solving theequations7x +y +3=0,x+y =0

X y 1
SN
1 0] 1 1
x _y_1 _3_ - +3 _ 41
- = =>X=E—=——, =  =—
0-3 3 7-1 6 2 6 2

point of intersection is (_—1%
2 2
i) 4x+8y—-1=0,2x-y+1=0

Ans: _—73
20 10



3.

Show that the straight lines(a-b) x+ (b—)y=c-—a, (b-c) x+ (c-a)y=(a—Db)
and (c—a)x + (a—b)y b - careconcurrent.

Sol. Equations of the given lines are

)

Sol.

i)

Sol.

Sol.

Li=(a-b)x+(b-c)y-c+a=0 --(1)
L=(b—c)x+(c—-a y-a+b=0 --(2)
Ls=(c—a)x+(a—-b)y-b+c=0 - (3)

If threelines L, L, L3 are concurrent , then there exists non zero real numbers

A A5 A3, suchthat A\L;+AoLo+A3L3=0.

Let \;=LA,=1A3=1,then 1.L;+1L,+1L3 =0

Hence the given lines are concurrent.

Transform thefollowing equation intoform  L;+AL, =0 and find the point
of concurrency of the family of straight lines represented by the equation.

(2+5k)x-3(1+2k)y+(2-k)=0

Given equation is

2+5k)x=3(1+2k)y+(2-kK)=0 = (2x-3y+2)+k (5x—6y—1) =0which
isof theform L;+AL, =0whereL; =2x-3y+2=0andL, =5x -6y -1 =0
Therefore given equation represents afamily of straight lines.

Solving above two lines,

X y 1
-3 2 2 -3
o e T
3:(12 :1012 - —121+15:>X :% =>y :1_32 =4

The point of concurrency is P(5, 4).

(k+)x+(k+2y+5=0
Point of concurrency is P(5, -5).

Find thevalueof P. If thestraight linesx+p=0,y+2=0and 3x+2y +5=0
areconcurrent.
Equations of the given lines are
X+p=0--(1), y+2=0-(2)and 3x+2y+5=0 --(3)
From (2),y =-2
Substitutingin (3), 3x—-4+5=0
1

X=4-5=-1= X=-=
3

Point of intersection of (2) and (3) is P(—

4

Wl



i)

Sol.

i)

Sol.

Sol.

Since the given lines are concurrent, therefore Pisapointonx + p=0

= 1 +p=0=p -1
3 3
Find the area of the triangle formed by the following straight lines and the

co-ordinates axes.

Xx—4y +2=0
Equation of thelineisx —4y +2=0 —=-x+4y=2
= X +L=1:a:-2,b: 1

-2 (1) 2
2
1
Area of AOAB:§|ab|

1 1.1 :
= —|-2x=|== sqg. units

2| 2| 2 *
X—-4y+12=0
Equation of theline is3x -4y +12=0
=3 +dy =12 = i+%:1
a=-4,b=3

Areaof AOAB :%|ab|

—1 - :1 = i
—§|( 4)(3) | 2(12) 6 sg. units

A straight line meetsthe co-ordinatesaxes at A and B. Find the equation of the
straight line, when i) AB isdivided intheratio2: 3at (-5, 2).ii)AB is
divided in theratio 1: 2 at (-5, 4) iii) (p, q) bisects AB

i) Point P=(-5, 2).Let OA =aand OB =b
Then A (a 0) and B (0,b). Given PdividesAB intheratio2: 3

P= (ﬁ’z_bj:(—S,Z) :>3—a=—2—b:2:>a:—§=b=5
5 5 3

Equation of AB is Ly
a b
X +X:1:>_3X+X=1:> -3X+5y=25:>3x—5y+25=o
5 25 5

=

Ans. 8x—-5y+60=0



iii)
Sol:

Sol.

Sol.

(p, q) bisects AB
let P=(p,q).let OA =aand OB =b then A (a, 0) and B (0,b)

Given P=Mid point of AB is = (E Ej =(p.q)

b'2
a b
= —=p,—=gq=>a=2p,b=2
5 IO2 q p q
EquationofABis§+X:1:>L+l:135+X:2
a b 2p 2 p q

Find the equation of the straight line passing through the points (-1, 2) and (5,-
1) and also find the area of thetriangleformed by it with the axes of co-
ordinates.
LetP(-1,2) and Q (5, -1)
Equation of thelinethrough Pand Q is

(Y =y (X1 =X2) =(X =X1)(Y1 ~Y2)
=>(yY-2)(-1-5=(x+1)(2+1) =>-6(y-2)=3(xx+1)
=>-2y+4=xX+1=>x+2y-3=0

c? 9

Areaof AOAB is= =
2|ab| 2|1.2]

9 sg. units
s

A triangleisof area 24 sq. unitsisformed by a straight line and the co-
ordinate axesisthefirst quadrant. Find the equation of the straight line, if it

passesthrough (3, 4).

Let a,b be the intercepts of the line.

AY

B
P(3, 4)
o AT X
Equation of the lineis >+ =
a b

Thislineis passing through P (3, 4)

3.4 4 3 _a-3 4a
= —F+—=1l=—=1-—=——"—=Dp=

a b b a a a_3

Given areaof AAB :24z>%|ab|: 24



Sol.

Sol.

Sol.

1 4a®

= =2 _=24= a?=12(a-3)=12a— 36
2a-3
— a’-12a+36=0=(a-6)°=0=a=6
:ﬂ :ﬁ =8
a-3 3

Equation of the line is =+ =
6 8
=4x+3y =24
=4x +3y-24=0

A straight line with slope 1 passes through Q (-3, 5) and meetsthe straight line

x+y—6=0at P. Find thedistance PQ.
Y
P

/ B

(-3,5)Q X+y-6=0

O A

Slopem = 1. Point on thelineisQ (-3, 5)

Equation of thelineis y—5=1(x+3) = X~y +8 =0-----(1)
Given lineis x+y-6 =0.----(2)

Solving (1) and (2), point of intersectionis P(-1, 7)

PQ=/(-1+3) +(7-5)° =J4 +4 =8 22

Find the set of values of *a’ if the points (1, 2) and (3, 4) lieto the same side of
thestraight line3x -5y +a=0

LetP(1,2),Q (3 4)

Equation of thegiven lineisL~3x -5y +a=0

Ly =31-52+a=a-7 andL,, =3.3 54 +a =a 41

Since the points are on the same side of L=0

L11 a-
> ——<0>=> -
L,, a-—

=(a-7)<0and (a-11) >0= a<7anda >11

Show that thelines2x +y—-3=0,3x +2y —2=0and 2x—-3y—-23=0are
concurrent and find the point of con-currency.
Equations of the given lines are

71<O:>(a—7)(a—11)>0



2X+y-3=0 --(1)
3X+y—-2=0 --(2)
2x—3y—23=0 --(3)

Solving (1) and (2)
X y 1

1 -3 2 1
2 ><:-2 ><: 3 ><: 2
x _y _ 1
—2+6 -9+4 4-3
X=4,y=-5
Therefore point of intersectionis P (4, -5).
Substituting P in eg. (3), we get
2x—3y -23=2(4)-3(-5)—23 =8+15-23=0
=Plieson (3)
Hence the given lines are concurrent and point of concurrency isP (4, -5)

7. Find thevalueof p, if thefollowing lines are concurrent.
i) 3X+4y=52x+3y=4,px+4y=6
i) 4x-3y=7,2x+py+2=0,
6Xx+5y—-1=0
Sol. i) Givenlinesare 3x + 4y —5=0----(1) and 2xX + 3y — 4 =0------ 2

Solving,
X y 1
IO
3 -4 2 2
X _ y 1
-16+15 -10+12 9-8
x=-1y=2

Point of intersection of (1) and (2) isP (1, 2)
Since the lines are concurrent,P lies on px+4y=6
= -p+8=6=>p=8-6=2
i) Ans p=4
8. Determinewhether or not the four straight lineswith equations x + 2y — 3 =0,
3X+4y—-7=0,2x+3y—-4=0and 4x + 5y —6=0 areconcurrent.
Sol. Equation of the given lines are
X+2y-3=0 --(1)
X+4y-7=0 --(2)



Sol.

10.

Sol.

2X+3y—-4=0 --(3)
4x+5y-6=0 ---(4)
Solving (1) and (2)

Point of intersection of (1) and (2) isP (1,1).
Substituting P in (3) and (4),
2Xx+3y-4=21+31-4=5-4 -1 #0
4x+5y-6=4.1+51-6 =9 6 =3 #0

0P (1, 1) isnot apoint on (3) and (4)

[J Thegiven lineis not concurrent.

If 3a+ 2b +4c =0, then show that the equation ax + by + c=0representsa
family of concurrent straight lines and find the point of concurrency.

Ans: (Elj
4 2
If non-zero numbersa, b, c arein harmonic progression then show that the
equation §+%+% =0 represents a family of concurrent linesand find the
point of concurrency.
Given equation is X4y +E =0
a b c

Givena,b,careinH.P.:>Z:1+1 :>i+@+i =0
b a c a b c

From above equation we can say thethelineis X +% +E =0 passing through
a c
the point (1, -2) .
[0 The equation X +% +l =0 represent afamily of concurrent lines and the point
a c

of concurrency isP (1, -2)

Find the point on the straight lines 3x +y + 4 = Owhich is equidistant form the
points (-5, 6) and (3, 2).

Sal. Given points A(-5, 6) and B(3, 2).

Let P(x4,y1) bethe pointon3x +y +4=0.
= 3)(1 +yq +4 =0 “'(1)



Sol.

Sol.

Given PA = PB = PA? = PB?

(X +5)% +(y1 =6)% =(xg =3 +(y; 2)°

= x12 +10x, +25 +yf 12y, +36 = xf —-6xq +9 +yf —4y; +4
=16x; -8y, +48=0= 2X; -y, +6 =0-------- (2

Solving (1) and (2), P(xq,y1) =(-2 , 2)

A straight line through P(3, 4) makes an angle of 60° with the positive direction
of the x-axes. Find the co-ordinates of the pointson that line which are 5 units
away from P.

Inclination ®=60°, P(3, 4) =(Xy,y,) and r=5.

The coordinates of the points which are at a distance 5 unitsfrom P are

(X7 £rcosB,y; £rsinB) =(3+5co0s60,4 +6sn60)

Co-ordinates of Q are(:%i 5% A4+ 5§j = [3 —51 4 —5@] and£3 +5% 4 +S§)

2
(2957 =337

2 2 2 2

A straight linethrough Q (\/§,2) makes an angle of 1—; with X-axisin positive

direction. If thisstraight lineinter sects +/3x —4y +8 =0 at P; find the distance
of PQ.

B

p
fix —dy+E =0
(5.2}
A

g o
/o

Inclination of thelineis e:g

Slope m = tan 30° = L andLineis passing through Q(y/3,2)

NE

— Equation of thelineisy —2 = %(x—\/@)

3
= J3y-2/3=x-3 =x-By=—/3-mmm- (1)



Sol.

Equation of givenlineis J3x - 4y +8 =0----(2)
Solving (1) and (2), point of intersection is P= (4&,5)

PQ:\/(4\/§—\/§)2 +(5-2)% ==+27 +9=6

= PQ = 6 units.

Show that the origin iswith in the triangle whose angular pointsare (2, 1),
(3, 2) and (-4, -1).

A

C

Theverticesof the AleABCareA =(2,1), =(3,-2), =(-4,-1)
Theequationof BCis L=x+7y+11=0 ---(1)
Theeguationof CAis =>L'=x-3y+1=0 ---(2)

Equationof ABis L” =-3x+y-7=0 --(3)

L” (-4,-1) =3(-4) -1-7 =- 20 is negative.

L” (0,0) =3(0) + 0—7 =- 7 isnegative

S0 (-4, -1), (0. 0) lie on the same side of AB

Hence O (0, 0) liesto the left of AB  ---(4)

L’ (3,-2) =3-3(-2) + 1 = 10 ispositive

L’ (0,0)=0-3(0) + 1 =1ispositive

So (0, 0), (3, -2) lie on the same side of AC both down of AC ---(5)
L(2,1)=2+7(1)+11=20ispositive

L (0,00=0+7(0) +11=11ispositive

So (0, 0) and (2, 1) lie on the same side of BC.

So (0, 0) lie upwardsform BC ---(6)

From (4), (5), (6), it follows O (0, 0) lies down-wards of AC, upwards of BC, and to
the left of AB. So O (0, 0) will lieinsidethe A ABC.



Sol.

Hint :

Sol.

A straight linethrough Q(2, 3) makesan angle 3711 with negative direction of

the X-axis. If thestraight lineintersectsthelinex+y—7=0at P, find the
distance PQ.

The line PQ makes an angle %ﬂ with the negative direction of X- axisi.e., PQ

makes and angle 1t —%ﬂ :f with the positive direction of X- axis.

Co-ordinates of Q are (2, 3)
Let the Co-ordinates of P be (x; +rcos6,y; +rsin 6)

£2+r(:os4 3+r.sin T[j [ \/, \fj

Pisapoint onthelinex+y—7:O

:>2+—+3+ -7=0=22—=7-2-3=2

55 N
O 2
PQ=r=\/§units.

Show that the straight linesx+y =0, 3x+y—-4=0and x+3y—-4=0 form
an isoscelestriangle.

solve the given equations and find the vertices A,B,C of the triangle.

Then find sides AB,BC and CA. Then show that two sides are equal.

Find the area of thetriangle formed by the straight lines2x -y —-5=0,
Xx—=5y+11=0andx+y—-1=0.

Given lines
2Xx-y-5=0 ---(1)
X—-5+11=0 ---(2)

X+y-1=0 --(3)



(3) (2)
/N,
C (1)

SOLVING (1) and (2) , vertex A = (4, 3)
By solving (2), (3) vertex B = (-1, 2)
By solving (3), (1) vertex c=(2,-1)

1

4+1 3-2
20241 12
1 ‘5 1 ‘

Areaof A ABC ==
213 -3

_l e
=253

= % x18=9 sg. units



