CHAPTER 4

PAIR OF STRAIGHT LINES

TOPICS:

1. Equation of a pair of lines passing through theorigin
2.Angle between pair of lines

3.Bisector s of the angles between two lines.

4. pair of bisectors of angles between the pair of lines.

5.Equation of pair of lines passing through given point and par allel/per pendicular to the
given pair of lines.

6.Condition for perpendicular and coincident lines

7. Area of thetriangle formed by give pair of linesand aline.
8.pair of lines-second degree general equation

9. Conditionsfor parallel lines-distance between them.

10. Point of intersection of the pair of lines.

11.Homogenising a second degr ee equation w.r.t a 1% degree equation in x and y.




PAIR OF STRAIGHT LINES

Let L1=0, L»=0 be the equations of two straight lines. If P(xq,yq) isapointonLq then it satisfiesthe
equation L1=0. Similarly, if P(x1,y1) isapoint on L, = 0 then it satisfies the equation.
If P(X1,y1) lieson Lq or Lo, then P(x4,y1) setisfies theequation LqLo=0.

[ L1L o= O represents the pair of straight lines L4 = 0 and Lo = 0 and the joint equation of
L1=0andLy=0isgivenby Lq.Lo=0.-----(1)
On expanding equation (1) we get and equation of the form ax® + 2hxy +by® +2gx +2fy +¢ =0 whichisa
second degree (non - homogeneous) equation in x and y.
Definition: If a, b, h are not all zero,thenax® + 2hxy +by* =0 is the general form of a second degree
homogeneous equation in x and y.
Definition: If a, b, h are not all zer, thenax® + 2hxy + by +2gx +2fy +c =0 isthe general form of a second
degree non - homogeneous equation in x and y.

THEOREM
If a, b, harenot all zeroand h?>ab then ax’+2hxy +by” =0 representsa pair of straight lines

passing through theorigin.
Proof:
Case (i) : Supposea=0.
Given equation ax® +2hxy +by* =0 reducesto 2hxy+by* =0 = y(2hx+by) =0 .
[J Given equation represents two straight lines
y=0--(1) and 2hx+by=0 -- (2) which pass through the origin.
Case (ii): Suppose a#0.
Given equation ax’ + 2hxy +by* =0
= a’x® + 2ahxy +aby® =0
= (a)* +2(ax)(hy) + (hy)* —(h* —ab)y* =0
— (ax+hy)? —(yvh? —ab)? =0

h++/h? —abﬂ [ax+ y(h—x/hz —abﬂ=0
U Given eguation represents the two lines
ax+hy +yvh? —ab =0, ax+hy - yv/'h* —ab =0 which pass through the origin.

o

Note 1: If h*>ab ,thetwo lines are distinct.

Note 2: If h? = ab , the two lines are coincident.

Note 3: If h* <ab , thetwo lines are not real but intersect at areal point ( the origin).

Note 4: If the two lines represented by ax? +2hxy +by? =0 are taken as I,x+my =0 and I,x+m,y =0 then

ax® +2hwy +by? = (I +my) (IX +myy) = ¢ ¢, %% +(2,m, +£,m) Xy +mm,y°



Equating the co — efficients of x2, xy and y2 on both sides, we get Il, =a, l,m, +I,m =2h, mqmo = b.

THEOREM

If ax’+2hxy +by* =0 represent a pair of straight lines, then the sum of slopes of linesis _TZhand

product of the slopesis %.

Proof:
Let ax® + 2hxy +by” =0 represent thelines I;x+my =0 -- (1) and I,x+m,y =0 -- (2). Then

LI, =a,lm, +I,m =2h, mimp = b.
|

Slopes of the lines (1) and (2) are _h and ——2-.
m m,
sum of the slopes = Thyda o _hmptlom __2h
mom mm, b

Product of the slopes = (_—llj (J_zj _ Wy _a
m m,) mm, b

ANGLE BETWEEN A PAIR OF LINES
THEOREM :

If @ isthe angle between the linesrepresented by ax® + 2hxy +by® =0,thencos® = + a+h
J(a-b)? +4n?

Proof:
Let ax’ + 2hxy +by? =0 represent thelines |, x+my =0 -- (1) and I,x+m,y =0 -- (2).
Then Il, =a,l;m, +I,m =2h, mimp = b.

Let & bethe angle between the lines (1) and (2). Then cos =+ hlp + mm,

(7 +g) (3 +)

+ ll, + mymy,
JIAZ + g +12mg +12m?
ll, + mm,

\/(|1|2 - rrhmz)z + 2'1'2”1"22
+(lmy +1,my)” =2mpl,my

1
I+

a+b
J@-h)2 +4n’

=

[a+b)

J(@-b)? +4n?

Note 1: If @ isthe accute angle between the lines ax? + 2hxy +by? =0 then cos6é =



2\h? - ab

a+b

Note 2: If 8 isthe accute angle between the lines ax? + 2hxy +by? =0then tan® =+ and

2vh?-ab
J(@-b)? +4an?

CONDITIONS FOR PERPENDICULAR AND COINCIDENT LINES
1.If thelines ax? + 2hxy +by? =0 are perpendicular to each other then 6 =#/2 and cosé=0= a+b=0.

sin@ =

i.e., co-efficient of x2 + coefficient of y2 =0.

2.If the two lines are parallel to each other then 8=0.
= Thetwo lines are coincident = h? =ab.

BISECTORS OF ANGLES.

THEOREM
The equations of bisectors of angles between thelines a;x+b,y+c, =0,a,x+b,y+c, =0

-
a1x+b1y+cl a2x+b2y *+C, \

vas + yas +b

PAIR OF BISECTORS OF ANGLES.
The equation to the pair bisectors of the angle between the pair of lines ax? + 2hxy +by? =0 is

y Xy
h(x? - a—b)xy (or .
(x2-y?) =(a=b)xy (or) *—2- 5 " h
Proof:
Let ax® + 2hxy +by” =0 represent thelines |, x+my =0 -- (1) and I,x+m,y =0 -- (2).
Then Il, =a,l;m, +I,m =2h, mimp = b.
Lx+my Lx+my _ —0 AND

JZ+me 12+

The equations of bisectors of angles between (1) and (2) are

1x+rqy L x+my _
\/I +n¥ \/I +m5

The combined equation of the bisectorsis




lx+my _X+my || 6X+my X +my | _ g
JIZ+mE iZ+me |2 e Jed +md

= I x+my 2_ l,x+myy 2:0
= (13 +mg ) (tux+muy)? (17 +m? ) 1x +mpy)? =0
= @[ 12(12 + mg) <12 (12 +m?) |2 [ m2 (12 +m2) -m2 (1 +m ) | ‘ZW['Z”‘Z('lz +nf) -hm (12 +m§” =0

2 2 2 _ 2
{42 17 133 130F) (e g —n1Z o) _zw(lzmzll +1,mm? —1;my|2 |1mlm2j =0

= 2 (12mg —12m2) - y? (17m2 -12m2) = 2xy[ Ll (i, ~1,m) ~mmy (ym, ~1,m)]
= (2 = ) (12mE —12m¢ ) =2xy (I, -mm,) (Iym, —1;m)
= (¢ = y*)(1ym, +1,m) =2xy(l, ~mm,)

= 2h(x? - y?) = 2xy(a -b)

2

2 _
OhGZE y?F (& by ORI Y =X
a-b h

THEOREM
The equation to the pair of lines passing through (x,,y,) and parallel ax2 + 2hxy + by2 =0
isa(x - X0)2 +2h(X = X)(Y = Yo) +b(y _yo)2 =0

Proof :

Let ax® + 2hxy +by” =0 represent thelines |,;x+my =0 -- (1) and l,x+m,y =0 -- (2).

Then Il, =a,l;m, +I,m =2h, mimp = b.

The equation of line parallel to (1) and passing through (x,,Y,) is
l,(X=X%) +m(y —¥o) =0 --(3)

The equation of line parallel to (2) and passing through (X, Y,) iS l,(X—=%y) +mM,(Y —Y,) =0 -- (4)

The combined equation of (3), (4) is
[l (x=%) +M (Y = Yo)l[l2(X %) +my (Y =Yp)] =0
= 1l (X=%9)? +(limy +1,m) (X =%0) (Y ~Yo) +Mum, (y —Yo)* =0

= a(X—X%y)? +2h(X =X)(Y = ¥o) +b(Y —¥o)* =0



THEOREM
The equation to the pair of lines passing through the origin and perpendicular to ax’ + 2hxy +by® =0 is
bx? - 2hxy +ay® =0 .
Let ax® + 2hxy +by? =0 represent thelines |;x+my =0 -- (1) and l,x+m,y =0 -- (2).
Then Il, =a,l;m, +I,m =2h, mimp = b.
The equation of the line perpendicular to (1) and passing through the originis mx-1,y =0 -3
The equation of the line perpendicular to (2) and passing through the originis myx-l,y=0  -- (4)
The combined equation of (3) and (4) is

(mx=ly)(mx-1l,y) =0

= mmyx® = (L,m, +l,m)ny +l,y* =0

= bx? - 2hxy +ay® =0
THEOREM
The equation to thelines passing through (x,,Y,) and perpendicularsto ax2 + 2hxy + by2 =0 is
b(x—%,)* ~2h(x=X)(y ~Yo) +a(y ~Yo)* =0.

Try yourself.
AREA OF THE TRIANGLE.

THEOREM
n?vh? -ab

The area of triangle formed by the lines ax2 + 2hxy + by2 =0and Ix+my+n=0Iis
‘am2 —2h€m+b£2‘

Let ax’ + 2hxy +by? =0 represent thelines |, x+my =0 -- (1) and I,x+m,y =0 -- (2).
Then Il, =a,l;m, +I,m =2h, mimp = b.

The given straight lineis Ix+my+n =0 -- (3) Clearly (1) and (2) intersect at the origin.
Let A bethe point of intersection of (1) and (3). Then

X y 1
mq 0 mq
m n I m
X y 1

j— = =
mn-0 0-nl; Im-Im

M AND y=—
l;m=1Im l;m—1Imy

= X=




DA;{ mn_ _“hn }(Xpyl)

[;m=Im l;m-Im
_[ mn -l,n | _
B= =(X

[ The area of AOAB = %leyz ~%¥|

v v )i

l,m,n? —1,mn? |
(hm=1m;)(I,m=1m,)|

n" (lym, =1,my) |
2 |l4l,m® = (Iymy +1,my)im +mym,| 2‘

1
N~

n_2 \/(|1mz +l,m)> _4Ilmzl2ml.‘
2 am? — 2him+bl2 ‘

_n®  ~4h’-4ab
2 ‘am2—2hlm+blz‘

n2vh? - ab

:‘amZ—ZhIm+bI2‘

THEOREM
The product of the perpendicularsfrom (a, ) tothe pair of lines ax® + 2hxy +by* =0 is

laa® +2ha B +b’|
J(a-b)’ +an’
Proof:
Let ax’ + 2hxy +by? =0 represent thelines |;x+my =0 -- (1) and I,x+m,y =0 -- (2).
Then 1l, =a,l;m, +I,m =2h, mimp = b.
The lengths of perpendiculars from (a, B) to
l,a r‘ryﬁ|

i +ng

and to theline (2) |sq——|2

theline (1) is p——|

+ m,p|
5 +mp



Sol.

[1The product of perpendicularsis
|1O‘+ml[3‘_‘|2a+mz[3
JiZ+me || 12 +md
"1'20‘2'*('1”‘2""2”&)0(3 +rqmz[32‘
JIAZ +17m2 +12 m? +mPmd

Pq

‘aa2+2h0([3+b82‘ ) ‘aa2+2h0([3+b[32
\/('1'2 —mymy,)? + 21, ,mm, +(I;m, +l,m)? —2lm,l,m \/(a_b)2 +4h?

EXERCISE 4A

Find the acute angle between the pair of linerepresented by the following equations.
i) X?=7xy+12y* =0 i) y*—xy—-6x* =0 iii) (xcosa—ysina)zz(x2+y2)sin20(
iv) x>+ 2xycota—y* =0

i) Given egis x> —7xy +12y* =0.  Comparing with ax* + 2hxy +by* =0

a=1b=12, h:—Z
2

2th7 \/7"122[{1

Let 6 be the angle between the lines, then tanB =
1+12

tanezi:>8:tan‘1 ij
13 13

i) y?—xy—-x2 =0 ans[®= g

iii) (xcosa—ysina)zz(x2+y2)sin2a

x?cos” 0+ y*sin®a — 2xycosa sina = x°sin“a+y’sin®a
sz(coﬁ— sin&-) 2xycas sio= 0

x?.cos20 - xysin2a =0 = a=co0s2a,b=0,2h=-sn2a

Let 6 be the angle between the lines, then



Sol.

Sol.

|cos 20 +0)

=cos2a B= @Q
\/(00520( - O)2 +sin® 2a

cosO =

iv) x*+2xycota—y* =0

Coefficient of x* + coefficient of y* = a+b=1-1=0 @ =

NS

Show that the following pair s of straight lines have the same set of angular bisector

(that, isthey are equally inclined to each other).

i) 2x*+6xy +y* =0,4x* +18xy +y* =0
i) a’x?+2h(a+b)xy +b’y? =0,ax” +2hxy +by* =0,a+b 20
i) ax?+2hxy +by? +)\(x2 +y2) =0;(AOR),

ax® + 2hxy +by® =0
i) equation of 1% pair of linesis 2x* +6xy +y* =0
Equation of the pair of bisectorsis 3(x* - y?) =(2-1)xy
3(x2 —y2) =XY e (1)
Equation of 2™ pair of linesisis 4x? +18xy +y? =0
Equation of the pair of bisector is 9(x* -y?) =(4 -1)xy
9(x2—y2) =3y = 3(x2—y2) SXY e 2
(2), (2) are some

Given pairs have same angular bisectors. Hence they are inclined to each other.

ii) and iii) same as above .

Find the value of h, if the lopes of the linesrepresented by 6x° +2hxy +y*> =0 arein theratiol1: 2.

Combined equation of the pair of linesis 6x° + 2hxy +y* =0
Let y=mxx and y =m,x bethe linesrepresented by 6x° +2hxy +y* =0

_ =2h h 1
oM mE TgmT g MME g

Given ﬂzl: m, =2m,
m, 2



h h 1
O 2m=—- —=3m, = ——; 2m? ==
rni- 1 3 1 3 1 6
h o, 1 ( hY 1 n*_1
m=-—m=—" = |-—| =—=>—=—
9 12 9) 12 81 12
8127 __ [27_,33
12 4 - )

3. If ax®+2hxy +by® =0 representstwo straight lines such that the sope of one lineistwice the slope of
the other, prove that 8h? = 9ab.
Sol. Equation of the pair of linesis ax® + 2hxy +by* =0

Let y=m,x and y =m.,x bethe lines represented by ax* +2hxy +by’ =0
Umy mz - 2h m,ms= a
2 b’ 12 b

Given m,=2m, Om 2mz - 2—; m,.2mg

b
0 3mg - 2—h; 2m= a
b b
l=—2—h; and m? =2
3 2b

2 2
of B m et a o =
3b 2b  9b° 2b

4.  Show that the equation of the pair of straight lines passing through the origin and making an angle
of 30°with theline3x —y —1=0is 13x* +12xy —-3y* =0.

0(0,0)

Sol. let the Equation of AB be3x—y—-1=0.

Let OA, OB be the lines which are making angles of 30° with AB and passing through the origin.



let ope of OA be m ,then equation of OA isy—0=m(x—-0) or mx—-y =0

3m+1 J3
OAB=——M—-"L— OAB = cos30° = >=
CcoS Toridmi il = COS cos >
qy3 _[3m+1

2 J10dm?+1

Squaring and cross multiplying

o +1)_(am)
4 10

= 15(m? +1) =2(3m +1)°
— 15m2 +15 = 2(9x2 +6m +1) =18m? +12m +2

= 3m*+12m-13=0

If mjy, m, are two roots of the equation m, + m, = -4 and mym, =713

Combined equation of OA and OB is

(mx=-y)(mx-y)=0 = mm,x*-(m, +m,)xy +y* =0

= _?sz +4xy +y* =0 = —13x* +12xy +3y* =0 = or 13x* -12xy —3y* =0

5.  Find the equation to the pair of straight lines passing through the origin and making an acute angle

a with thestraight linex+y +5=0.

O

a
A xt+y+5=0 B

Sol. Lettheequationof ineABbex+y+5=0........ (@D



Sol.

let OA and OB be the required lines making angles a with OA

let the equation of OA be y=mx = mx-y=0

|a1a2 +b1b2| _ |m_1|

— COoSsa = =
Jai+b2\Ja2 +b2  24m? +1

=N 2(m2 +1) cos’a = (m—l)2

=(m —1)zsec2 a

= 2m? +2 =m?sec? a —2msec® a +sec’ a

:>mz(secza—z)—2m3e02a+(%cza—2)=O

Combined equation of OA and OB is (y-m,x)(y -m,x) =0
y? =(m, +m,)xy +mm,x* =0

2
2sec’a 2 -2 -2

= = — = = 2sec2a
sec’a-2 1-2cos’a 2cos’0 -1 cos2da

=>m+m,=

Therefore required pair of linesis x* +2xysec2a +y* =0

Show that the straight lines represented by (x+2a)> — 3y? = 0 and x = aform an equilateral triangle.



Given equationis (x+2a)” -3y? =0
2
:(x+2a)2—(\/§y) =0= (x+2a+\@y)(x+2a—\@y) =0
Equations of the linesare x++/3y+2a=0......(1) and x-+/3y+2a=0....(2)
Equation of 3 line isx —a= 0 ------ (3)
Angle between | andiii is cosa = ————= == =€0s60°
&= 60
Angle between ii and iii is

cosp = ﬁ :% =cos60°

NEENE
0B =60°
O angle betweeni andii= 180~ ¢+ B)
=180° -(60°+60°) =180° ~120° =60 °
[A OABisanequilateral traingle.

7. Show that the pair of bisectors of the angle between the straight lines (ax+by)?=c(bx —ay)? ¢ >0 are

parallel and perpendicular to the line ax+by+k=0.

Sol. Equation of pair of linesis (ax +by)’ =c(bx —ay)’
= a’x” +b%y? +2abxy =c(b’x* +a’y? —2abxy) = cb’x* +ca’y” ~2cabxy
= (a2 —cbz)x2 +2ab(1+c2)xy +(b2 —caz)y2 =0

Equation of the pair of bisector is h(x2 —y2) =(a-b)xy



Sol.

ab(1+¢)(x? -y?) =(a® —cb? —b* +ca?)(x? -y?) ==(a® -b?)(1 +¢)xy

i.e. ab(x2 —yz)—(a2 —bz)xy =0

but (ax +by)(bx —ay) =abx* —a’xy +b’xy —aby’

= ab(x2 —y2) —(a2 —bz)xy

0 The equation of the pair of bisectors are (ax+by) (bx —ay) =0

The bisectors are ax + by = 0 and bx —ay =0.

Thelineax + by = Oisparalel to ax+by+k = 0 and thelinebx —ay = Ois perpendicular toax + by + k=0

The adjacent sides of a parallelogram are 2x* —5xy +3y” =0 and onediagonal is x +y +2=0. Find

the vertices and the other diagonal.

L et OACB be the given parallelogram.

L et Combined equation of OA and OB be 2x* -5xy +3y* =0

2x2 =5xy + 3y? =0= 2x* —2xy-3xy + 3y’ =0
= (x-y)(2x-3y) =0

= x-y=0~--—(1) and 2x -3y =0 -«2)

The point of intersection of abovelinesis O(0,0)

B
C
(2)
0 (1) A
Equation of diagonal ABisx +y +2=0 (- itisnot passing through O)

Solving (1) and (3), we get vertex A =(-1,-1)



Sol.

Soving (2) and (3), we get vertex B = (-6/5,-4/5)

4" vertex C = A+B-0 = (-1-6/5, -1-4/5) = (-11/5, -9/5)
Equation of diagonal OC is

2x% —5xy + 3y* =0=> 2x* —2xy-3xy + 3y* =0

= (x-y)(2x-3y) =0
= X-y=0and 2x -3y =0

-9
y=0=—_27(x-0)

—11
5
e, 11y = 9x

Find the centroid and the area of the triangle formed by the following lines.
i) 2y*—xy —6x* =0,x +y +4 =0

x+y+a=0

i) 3x*—4xy +y* =0,2x -y =6

i) The point of intersection of 2y* —xy —6x* =0 is 0(0,0) 5 "
Let AOAB be the triangle formed by given lines.

L et the combined equation of OA,OB be 2y> —xy —-6x>=0....... (1)
Equation of ABisx+y+4=0 = y=—(x+4)....... (2)

Substituting in (1)

2(x+4)" +x(x +4) —6x* =0 = 2(x2 +8x +16) +x? +4x -6x* =0

= 2x% +16x +32 +x* +4x —6x* =0 = -3x* +20x +32 =0

= (3x+4)(x-8)=0=3x+4=0o0r x-8=0



10.

Sol.

=3x=-4 orx:8:>x:—gor8

Co-ordinates of A are (—f, —§j
3 3

Case (ii): x=8=y=—(x +4) =8 +4) =42
Co-ordinates of B are (8, - 12)

Let G bethe centriod of AAOB

4 8
0-248 0-°-12
Co-ordinates of G are S 3 |= (@ _ﬂj
3 3 9 9

1 1| 4 8
Areaof AOAB =§|x1y2 =X, ZE‘(—g)(‘lz) ‘( ‘gj(s)‘

=== ——sq units.

‘48 64 1112 56

ii) ans 36 sg.units

Find the equation of the pair of linesintersecting at (2, - 1) and

(i) Perpendicular to the pair 6x*—13xy —5y* =0 and (ii) parallel to the pair 6x* —13xy -5y =0.

Givenpointis (2, -1)= (X, Y,)

Equation of pair of linesis 6x* —13xy —5y* =0



11.

Sol.

i) Equation of the pair of lines through (x1,y1) and perpendicular to ax” + 2hxy +by® =0 is
b(x —xl)2 =2h(x =x,)(y -y,) +a(y —yl)2 =0
= Require pair of linesis -5(x —2)° +13(x —2)(y +1) +6(y +1)* =0
= —5(x? —4x +4) +13(xy +x —2y —2) +6(y? +2y ) =0 -5x*+20x ~20 +13xy +13x —26y 26 +6y” 2y 6 0
= —-5x” +13xy +6y* +33x —14y —40 =0
or 5x% —-13xy —6y? —33x +14y +40 =0
i) Equation of the pair of linesthrough (x1,y1) and parallel to ax® + 2hxy +by* =0is
a(x—x,)" +2h(x =x,)(y =y,) +b(y -y,)* =0
= Required Equation of the pair of parallel linesis 6(x -2)" -13(x -2)(y +1) -5(y +1)° =0
= 6(x2 —4x +4) -13(xy +x -2y -2) —5(y2 +2y +1) =0
= 6X° — 24X +24 -13xy —-13x +26y +26 -5y° —10y -5 =0
= 6x* —13xy —5y* —37x +16y +45 =0
Find the equation of the bisector of the acute angle between thelines
3x-4y+7 =0 and12x +5y -2 =0
Givenlines3x—4y+7=0......... (D)
12x+5y-2=0 ... (2

The equations of bisector’s angles between (1) & (2) is

3x—4y+7+12x +5y -2 0
VE+82 122 +5




N 3x—4y+7112x +5y —2:

0
5 13

= 13(3x -4y +7) £5(12x +5y -2) =0
= (39x —52y —91) +(60x +25y —10) =0
= 39x - 52y +91+60x +25y -10 =0 And (39x —52y +91) —(60x +25y -10) =0
= 99x —27y+81=0 and 21x+77y-81=0
=1Ix-3y+9=0__

3 ang 21X +77y -81=0

Let © be the angle between (1), (4)

tan® = JJab, -ab,| _|231+84 _315 1
la, +bb,| [63-308] 225

[0 (4) isthe bisector of obtuse angle , then other one (3) is the bisectorof acute angle.

00 99x — 27y +41 =0 isthe acute angle bisector.

12. Find the equation of the bisector of the obtuse angle between thelinesx +y—-5=0and x -7y + 7 =0.
Ans. 3x —y — 9 = 0 is the obtuse angle bisector.

1. Show that thelinesrepresented by (Ix +my)’ -3(mx ly)* =0 and ix+my-+n =0 from an equilateral

n2

trianglewith area —— .
’ B+ m)
Equation of the pair of linesis (Ix+my) —3(mx -ly)’ =0------ Q)

= 1”’x? + m?y® + 2lmxy —3m°x* -3I%y?* +6lmxy =0

= (I2 —3m2)x2 +8lmxy +(m2 —3I2)y2 =0.



The point of intersection of abovelinesis0( 0,0).

|a+ b|
\/(a—b)z +4n?

Let 6 be the angle between the lines, then cosB =

‘IZ -3m? +m? —SIZ‘

2‘I2+m2‘ _ 2‘I2+m2‘ 1
\/(I2—3m2—m2 +3|2)2 +6412m? 4\/(|2_m2)2+412m2 4(I2+m2) 2

= 0 =60°.
(Ix+my)* =3(mx -ly)* =0

= (Ix+my)’ —(\@(mx—ly))2 =0

= ((ixrmy) =3 (me1y))(1x +my) +3(mx ) =0
(Ix+my) =/3(mx -ly) =0and (Ix +my) +/3(mx -y) =0

:>(| -mx/i_%)x+(m+\/§l)y:0—————(2)

and (I +m\/§)x+(m—\/§|)y =0---+3)

Equation of givenlineislx+my+n=0 ------ 4

I(I +\@m)+m(m— 3I)

Let the Angle between (2) and (4) be a, then cosa =

J(+3m) +(m-ya) iZen?

4(I2 +m2) 12 +m?
Now Angle between (3) and (4) = 180° — (60+60) = 60°
Therefore the angles of the triangle are 60°, 60°, 60°
Hence the triangle is an equilateral triangle

[

Let p = Length of the perpendicular fromptoline Ix+my+n=0is =



2
0 Area of AOAB:p—: n

V3 V3(17+m?)

2

sq units.

2. Show that the straight linesrepresented by 3x + 48xy + 23y* = 0 and 3x — 2y + 13 =0form an

. , 13 :
equilateral triangle of area — sg. units.

J3
Sol. Equation of pair of lines is 3x* +48xy +23y* =0 ............. (1)
Equation of givenlineis3x—-2y +13=0...... 2
—=dope =3/2
O theline (2) ismaking an angle of tan‘lg with the positive direction of x-axis. Therefore no straight line

which makes an angle of 60° with (2) is vertical.

Let m be the slope of the line passing through origin and making an angle of 60° with line (2).

3
0 taneo: |- M) 3|2 :@:S_Zm‘
+mm, 1+3m 2+3m
. . (3-2m)° . . o
Squaring on both sides, S:W:23m2+48m+3=0,wh|ch|saquadrat|cequat|on|n m.
+3m

L et the roots of this quadratic equation be m;,m,, which are the slopes of the lines.

_—48 _3
Now , ml+mz—2—3 and m.m, >3

The equation of the lines passing through origin and having slopes m;,m, are m;x —=y = 0 and myx -y =0.

Their combined equationis (myx =y )( mxx =y )=0



Sol.

= mm,x* —(m +m,) xyy* =0

3., 48 2
= —X—-|—|xy+y =0
<)o

= 3x* +48xy +23y* =0
Which is the given pair of lines.

Therefore, given lines form an equilateral triangle.

ERE 16957669

|am” ~2him +bl?| 3(-2)" -48.3(2) +23(3)’

O Areaof A=

169v507  _169.13V3 _13V3 _13

= = =—=sg.units.
12+288+207] 507 3 B

Show that the equation of the pair of lines bisecting the angles between the pair of bisectors of the

angles between the pair of lines ax? + 2hxy +by? = 0is(a—b) (x*—y?) + 4hxy = 0.
Equation of the given linesis ax” + 2hxy +by* =0

Equation of the pair of bisector is h(x2 —y2) =(a-b)xy

hx? —(a-b)xy —~hy? =0 -—--~1)

OA hB- h2H- (a b)

Equation of the pair of bisector of (1) is

H(x2 —y2) =(A -B)xy

= —(a—b)(x2 —yz) =4hxy



Sol.

= (a—b) (xX*—y?) + 4hxy=0
0 Equation of the pair of bisector of the pair of bisectors of ax” + 2hyx +by® =0 is

(a—b)(x2 —y2) +4hxy =0

If oneline of the pair of lines ax” + 2hyx +by® =0 bisects the angle between the co-or dinate axes,

provethat (at+b) = 4h%

The angular bisectors of the co-ordinate axesare y = +x
Case (i) let y = x be one of thelines of ax® + 2hxy +by® =0
= x*(a+2h+b) =0
=a+2h+b=0......... Q)
Case (i) lety = - x isoneof thelines of ax® +2hxy +by* =0
= x?(a-2h+b) =0
= a-2h+b=0  ....... 2
Multiplying (1) and (2), we get

(a+b+2h).(a+b-2h) =0 = (a+b)’ -4h*> =0

= (a+ b)2 =4h?



5. If (a,B) isthecentroid of thetriangle formed by thelines ax’ +2hxy +by? =0 and Ix +my =1,

+B 2

bl ~hm ~ am~hl ~ 3(bl? - 2him +am?)

prove that

G(a, B) E
o A(x, ¥1)
Sol. Given equation of pair of linesis ax®+2hxy +by* =0 ............(2)

Point of intersection of the linesis O(0,0)
Let O,A,B theverticesof thetriangleand Let A (X3,y1) and B (X2,Y2).

Let equationof ABbe Ix+my=1= my=1-Ix

1-1Ix
:>y:T .......... (2

1-1
from (1) and (2) ax2+2hx( X) +b =0
m

= am’x’ + 2hx (1-1x) +b(1+|2x2 —2Ix) =0
= am?x? + 2hmx - 2himx? +b +bl?x*> —=2blx =0
= (am? -2him +bl?)x* =2(bl ~hm)x +b =0

2(bl —hm)
am? -2hlm+hl?

Let A (Xy,y1)) and B (X2,y2), then x, +X, =

A and B arepointson Ix+my =1= Ix, +my, =1and Ix,+my, =1

= (%, +%,) +m(y, +y,) =2



1.2(bl - hm)
am? —2him+bl?

= m(y1+y2) =2- (Xl _Xz) =2-

_2(amz—2hlm+bI2—bI2+hIm)_ 2(am2—h|m) _ 2m(am-hl)
- am? —2him + bl 2 “am?-2him+bl2  am? —-2him +bl?

2(am-hl)
am?® —2him+hbl?

=Y.ty =

Now centroid G = (X1+X2,y1+y2J:(a,[3) = Xt X g

3 3 3
2(bl —hm)
=>0a=
3(am” - 2him +bl?)
a 2
= .5
bl — hm 3(b|2—2hlm+am2) ®)
y1+y2: - Z(am—hl)
3 P =B 3(b|2—2hlm+am2)
B 2
0 = ....(6
am-hl 3(b|2—2hlm+am2) ©)

From (5) and (6), we get

a B 2

bl—hm am-—hl _3(b|2—2h|m+am2)

6. Provethat the distance from theorigin to the orthocenter of the triangle formed by theline

L3 2 2 e (e ey (atb)aB |
O(+B_1andax +2hxy +by —O|s(o( +|3) - oep




Sol.

Thestraight line Ix + my +n =0bisects an angle between the pair of lines of which oneis px+qy+r=0.

Show that the other lineis (px+qy+r) (12 +m?) - 2(Ip+mq) (Ix+my+n) =0

Givenlineis Lj= px+qy+r=0

Equation of the bisector isL,=Ix+my +n=0

Equation of the lineis passing through the point of intersection of L1=0 andL,=0 is L+ AL,=0
= (px+qy +r) +A(Ix +my +n) =0.....(2)

let (o, B) beany point on L, =0 so that la+mB+n=0----(2)
If (a,B) be a point on the bisector then its perpendicular distance from the linesL,=0 and (2) are equal.

- (pa+gB+r)+A(la+mB+n) _ pa+gB+r

s (@ema)?] o Jpted

= (p+IA)* +(q+mA)* =p? +q? (From (2), la+mB+n=0)
= 2)\(pl+qm)+)\2(lz+m2)=0

pl +gm

A=- 2
12 +m?

Substitute A valuein (1), (px+qy+r)(|2 +m2) =2(p! +gm)(Ix +my +n) =0



