CHAPTER 7
THE PLANE

TOPICS:

1. Equations of a plane

2. Normal form

3.perpendicula distance from a point to a plane.
3.Intercept form

4. Angle between two planes

5. Distance between two parallel planes.




PLANES
Definition:
A surface in space is said to be a plane surface or a planeif al the points of the
straight line joining any two points of the surface lie on the surface.
THEOREM

The equation of the plane passing through a point (x4, Y1, z1) and perpendicular to a
line whose direction ratiosare a, b, cis a(x—x,) +b(y-y,) +c(z -z) =0

THEOREM

The equation of the plane passing through a point (x1, y1, 21) IS

a(x—x,)+b(y-vy,) +c(z-z) =0 where a,b,c are constants.

THEOREM

The equation of the plane containing three points (X1, Y1, 21), (X2, Y2, 22), (X3, ¥3, Z3)

X=Xy Y=Y Z-Z
IS | X=X Yo=Y1 %7 | =0
X3=Xy Y3™ Y1 &74
NORMAL FORM OF A PLANE
THEOREM

The equation of the plane which is at a distance of p from the origin and whose normal
has the direction cosines (I, m, n) isIx + my + nz = p (or) xcosa+ ycosf+ zcosy= p.

NOTE. Equation of the plane through the originis ix+my+nz =0
Note: The equation of the plane ax +by+cz+d=0 in the normal form s

a b c -d .
2x+ 2y+ zz: > if d <0,
e e (Xa (2a
78 4D ¢ _,-_* itq>0 where T a2 =a? +b? +c2.

X XA A



PERPENDICULAR DISTANCE FROM A POINT TO A PLALNE

The perpendicular distance from the origin to the planeax + by + cz+d=0is
d|

JaZ+b?® +¢?
THEOREM

The perpendicular distance from P(x1, y1, z1) totheplaneax + by + cz+d=0is
jax, +by, +cz, +d|
\/a2+b2 +2
THEOREM

Intercept form of the plane

The equation of the plane having a,b,c as x,y,z- intercepts respectively is

§+X+E =1
a b c

THEOREM

The intercepts of the planeax + by + cz+ d =0 are respectively ?,_—s,%d
ANGLE BETWEEN TWO PLANES

Definition: The angle between the normalsto two planesiscalled the angle
between the planes.

THEOREM

If & isthe angle between the planes a,x+b,y+c,z+d, =0, a,x+b,y+c,z+d, =0
then cos6 = B3+ by + ¢,

2 10222 [22 12 2.2
\/a1+bl+cl\/a2+b2+cz

Note

1. if @isacutethen  cos@ =‘ 8, + by +C,C ‘
JaZ +bF 47 a2 +bF +Z|

2. Theplanes ax+by+cz+d, =0, a,x+b,y+c,z+d, =0 are

i) parallel iff A=2-9
(i) paraleli 2% b G



(ii) Perpendicular iff . aa, +bb, +cc, =0

3. The given planes are perpendicular
- 0=90° » cosB=0=> aa, +hb, +cc, =0

THEOREM
The equation of the plane parallel totheplaneax + by + cz+d=0is
ax + by + cz+ k =0where kisaconstant.

THEOREM

The distance between the parallel planes ax+by+cz+d, =0,ax +by +cz +d, =0 iS
|d1‘d2|

JaZ+b?+c?



EXERCISE 7
l.

1. Find theequation of the planeif the foot of the perpendicular from origin to
theplaneis(l, 3,-5).

Sol. Given point P=(1, 3, -5).
op isthenormal to the plane
D.Rsof op arel, 3, 5.

The plane passes through P(1, 3, —5) equation of the planeis
a(x=x;) +b(y-y,) +c(z -z) =0

Ix-1)+3(y-3)-5(z+5)=0
X—1+3y-9-5z2-25=0 M
X+3y—-5z-35=0
2. Reducetheequation x + 2y —3z — 6 = 0 of the planeto the normal form.
Sol. Equation of theplaneisx +2y —-3z-6=0i.ex+2y—3z=6
Dividing with 22 +2% +(-3)% =J1+4 +9 =J/14 ,we get
(ijx{ 2 jy{ 3 jz: ©_ Which isthe normal form of the plane.

) ) )

3. Find the equation of the plane. Whose interceptson X, Y, Z-axisarel, 2, 4
respectively.

Sal. Given XY ,Zinterceptsarea=1,b=2,c=4

0(0,0,0)

Equation of the plane in the intercept formis §+% +% =1

The equation of the planein theintercept formis

£+X+E:1 :>4X+2y+Z:4.
1 2 4

4. Find theintercepts of the plane 4x + 3y — 2z + 2 = 0 on the coor dinate axes.
Sol. Equation of theplaneis4x + 3y —2z+2=0

—4x—3y+2222:—ﬁ—ﬂ+£:1:L+L+5:1
S
2 3

X-intercept = —1/2, y-intercept = —2/3, z-intercept = 1.



5. Findthed.c’sof thenormal totheplanex +2y + 2z—4=0.
Sol. Equation of theplaneisx +2y +2z—-4=0

d.r.’sof thenormal are (1, 2, 2)

Dividing with V1+4+4 =3

d.c.’s of the normal to the plane are (l 2 3) :

3'3'3
6. Find the equation of the plane passing through the point (-2, 1, 3) and having
(3,-5,4) asd.r.’sof itsnormal.
Sol. d.r.’sof thenorma are (3, -5, 4) and the plane passes through (-2, 1, 3).
Equation of the planeis a(x-x,) +b(y-y;) +c(z -z) =0
3(x+2)-5y—-1)+4(z-3)=0
X+6-5y+5+4z-12=0
3X-5y+4z-1=0.
7. Writetheequation of the plane4x —4y + 2z + 5= 0in the inter cept form.

Sol. Equation of theplaneis: 4x -4y +2z+5=0
—-4x +4y -2z =5
—4_X+ﬂ—£:]_
5 5 5

Intercept formis 2+ Y _+_ % _=1

SRHRS

X-intercept = —%,y-intercept = % z-intercept = -

N | ot

8. Find theangle between theplanesx +2y +2z—-5=0and 3x + 3y + 2z—-8=0.
Sol. Equation of theplanearex +2y +2z—-5=0
X+3y+22-8=0
Let 0 be the angle between the planes, then
|aya, +b,b, +cC, | — 11-3+2-3+2-2|_ 13
Ja2 b2+ Jad +b2 +c2  V1+4+4J9+9+4 322

el

cos =




1. Find theequation of the plane passing through the point (1, 1, 1) and parallel
totheplanex +2y + 3z—-7=0.

Sol. Equation of the given planeis x+2y +3z—-7=0
Equation of the plane paralel to thisplane is X+2y+3z =k
This plane passing through the point P(1, 1, 1)
= 1+2+3=k=k=-6
Equation of the required planeis x +2y +3z=6

2. Find the equation of the plane passing through (2, 3, 4) and perpendicular to
X-axis,
Sol. Sincethe planeis perpendicular to x-axis,
[ x-axisisthe normal to the plane
d.r’sof x-axisare 1, 0, 0
[J Equation of therequired planeis a(x-x,)+b(y-y,) +c(z-z) =0

= 1(x-2) +0+0=0"x-2=0

3. Show that 2x + 3y + 7 = 0 represents a plane per pendicular to XY -plane.
Sol. Equation of the given planeis2x +3y +7=0
D,rsif normal to the plane are 2,3,0
Equation of xy-planeis:z=0
d.rs of normal to the planes are 0,0,1
now aa, +bb, +cc, =2=2[0+3[0+01=0
The plane 2x + 3y + 7 = 0 is perpendicular to xy-plane.

4. Find the constant k so that theplanesx —2y + kz=0and 2x + 5y —z=0areat
right angles. Find the equation of the plane through

(1, -1, -1) and perpendicular to these planes.
Sol. Equations of the given planes are
Xx—2y+kz=0and2x+5y—-z=0



since these planes are perpendicular , therefore
12-2B+k(-1) =0

2-10=k=>k=-8

Equations of the planes are

x—=2y—-8z=0 ...(i)

2X+5y—z=0 ... (i)

Let a,b,c be the drs of normal to the required plane.
This planeis perpendicular to the planes (i) and (ii).
a-2b-8c=0

2a+5b-c=0

a b c

IO

a b c a_b _c

2+40 -16+1 5+4 42 -5
The required plane passing through (1, -1, —1)
[0 Equation of the plane can be taken as
ax—-1)+by+1)+c(z+1)=0 .. (i)
42(x—1)—-15(y +1)+9(z+1)=0
42X —42 -15t-15+92+9=0
42x — 15y + 92 -48 =0.

5. Find the equation of the plane through (-1, 6, 2) and perpendicular tothejoin
of (1, 2, 3) and (-2, 3, 4).

Sol. Given points are A(1,2,3)
A(1, 2, 3) and B(-2, 3, 4).
dr’sof ABarel+2,2-3,3-4
e 3,-1,-1

B(-2,3,4)

Since the planeis perpendicular to the line joining A(1, 2, 3) and B(-2, 3, 4),
AB isnormal to the plane and the plane passes through the point P(-1, 6, 2).
Equation of the required planeis:



3x+1)-1L(y-6)-1(z-2)=0
X+3-y+6-z+2=0
X-y—-z+11=0

6, Find the equation of the plane bisecting the line segment joining (2, O, 6) and
(-6, 2, 4) and perpendicular toit.
Sol. A(2,0,1), B(-6, 2, 4) arethe given points
Let ‘M’ bethe mid point of AB. A(2,0,6) B(-6,2,4)
Coordinates of M are:
(2—6 0+2 6+4
2272
Since the planeis perpendicular to AB, d.r.’s of the normal to the plane are
2+6,0-2,6-4i.e, 8,-22
Equation of the required planeis:
8x+2)—2(y—-1)+2(z-5)=0
=8Xx+16-2y+2+22-10=0
=8x—-2y+22+8=0.
=48x-y+z+4=0

7. Find the equation of the plane passing through (0, 0, —4) and perpendicular to
thelinejoining the point (1, -2, 2) and (-3, 1, -2).

Sol. Ans, 4x—-3y+4z+16=0.

8. Find the equation of the planethrough (4, 4, 0) and perpendicular to the planes
2X+y+2z+3=0and 3x+3y +2z2—-8=0.

Sol. Equation of the plane passing through P(4,4,0) is:
ax—-4)+by—4)+c(z-0)=0 ()
This planeis perpendicular to
2X+y+22-3=0
X+3y+2z2-8=0

O2a+b+2c=0 ...(ii)
3a+3b+2c=0 ...(iii)

j:(—z,LS)



a b C
1 2 2 1
3.<5<5<3

a b c a_b_c

2-6 6-4 6-3 4 2 3
Substituting in (i), equation of the required planeis:
—A(x-4)+2(y-4)+3(z-0)=0
=-4x+16+2y—-8+3z=0
=-4x+2y+3z+8=0.
=4x-2y-3z2-8=0
1.
1. Find the equation of the planethrough the points (2, 2, -1), (3, 4, 2),
(7,0, 6).
Sol. A(2, 2,-1), B(3, 4, 2), C(7, 0, 6) are the given points.
Let a b, c bethed. rsof normal to the plane.

Equation of the plane passing through
A2,2,-1)isax-2)+b(y—2)+c(z+1)=0 ()

This planeis passsing through B(3, 4, 2) and C(7, O, 6).
a3-2)+b(4-2)+c2+1)=0 = a+2b+3c=0 ...(i)
a7-2)+b(0-2)+c(6+1)=0 = 5a—-2b+7c=0 ...(iii)
From (ii) and (iii) :

a b c
<5

a _ b __cC
14+6 15-7 -2-10

0 8 -12 5 2 -3

Substituting in (i) equation of the required planeis
5x-2)+2(y-2)—-3(z+1)=0=5x-10+2y-4-32-3=0
= 5X+2y-32-17=0



2. Show that the points (0, -1, 0), (2, 1, -1), (1, 1, 1), (3, 3, 0) are coplanar.
Sol. Given pointsare A(0,-1,0) B(2,1,-1) ¢(1,1,1) and D(3,3,0)

The equation of the plane containing three points (X1, Y1, 21), (X2, Y2, 22), (X3, ¥3, Z3)
X=X Y=Y 774

IS | X=X Y=Y %-7|=0
X3=Xy Y3=Y &4

The equation of the plane through A,B,Cis

x-0 y+1 zO0

2-0 1+1 -1-0 |=0

1-0 1+1 1-0

Xy+tl z

2 2 -1 |=0

1 2 1

= x(2+2)-(y+1)(2+1) +z(4 -2) =0

= 4x-3y+2z-3=0

Substituting D( 3,3,0), 43-33+2.0-3=0 =12-9-3=0 =0=0.

Therefore D isapoint of the plane ABC.

Hence given points are coplanar.

3. Find the equation of the plane through
(6,4, 3), (0, 4, —=3) and cutting of inter cepts whose sum is zero.

Sol. Suppose a, b, ¢ are the intercepts of the plane.

Equation of the planeis XiY 42
a b c

Givenatb+c=0=c=—a+b)
The planeis passing through P(6, 4, 3), Q(0, 4, -3)

= §—f+§ :1andﬂ—§ =1
a b c b ¢
. 6 6
Adding these two —:Z:a:E:S
a

=1=>4c-3b=bc>

ol
olw



c=-a-b=-8-b=4(-3-b) -3b =b(-3 -b)
= -12-4b-3b =-8b -b* = b*-4b-12=0
= (b-6)(b+2) =0=b=6,-2

Casel :
b=6= ¢c=-3-b=-3-6=-9

Equation of the planeis : %+%—5 2

9
6x + 3y —22 =18

Casell :
b=-2 =c=-3-b=-3+2=-1

Equation of the planeis: §+_l2 +_il =1

4. A plane meetsthe coordinate axesin A, B, C. If the centroid of AABC is

(a, b, ¢). Show that the equation of the planeis §+%+§ =3. 7
C

Sol. let a, (B, y bethe intercepts of the plane ABC.
Equation of the planeis X+Y+Z=1  ..(i)
a B B A

X

Coordinates of A are (a, 0, 0), B are (0, 3, 0) and C are (0, 0, y).

centroid of AABC isG= KE,E,XJ:(a,b,c)
3'3'3

=3, :b’

w|l™
W<

% =¢ = a=3aB=3by=3c
Substituting in (i), equation of the plane ABCis: -+ +2 =1 X4 42 =3,
3a 3b I a b c



5. Show that the planethrough (1, 1, 1), (1, -1, 1) and (-7, -3, -5) isparallel to
y-axis.
Sol. Equation of the plane through (1, 1, 1), (1, -1, 1) and (-7, =3, -5) is

X=X, Y=y, zZ-z x=-1y-1 z-
X=X Yo=Y %-z|=0 =0 -2 0 |=0 =3x-4z+1=0
X3=X; Y3=Y1 Z3—Z 8 4 -6

D.rsof normal to the plane aer 3, 0, -4
drsof y axisare0,1,0 = aa, +bb, +cc, =3.0+0.1-4.0 =0

Normal to the plane is perpendicular to the y-axis. hence plnaeis parallel to Y-axis.

6. Show that theequationsax+by+r =0,by+cz+p=0,cz+ax+q=0
represent planes perpendicular to XY, YZ, ZX planesrespectively.

Sol. Givenplaneis:ax+by+c=0
d.r.’s of thenormal are (a, b, 0)
Equation of XY -planeisz=0
d.r.’sof thenormal are (0, 0, 1)
= aa, +bb, +cc,= alb+b0+0d=0
[0 ax + by + r = 0 is perpendicular to xy-plane. Similarly we can show that

by + cz + p=0is perpendicular to yz-plane and cz + ax + g = 0 is perpendicular
to zx-plane.

7. Find the equation of the plane passing through (2, 0, 1) and (3, -3, 4) and
perpendicular tox —2y + z=6.

Sol. Equation of the plane passing through (2, 0, 1) is
ax—-2)+by+c(z-1)=0 ...(1) whereab,c ared.rsof normal to the plane.
This plane passes through B(3, -3, 4)
=a—-3b+3c=0 (1)
The plane (i) is perpendicular tox —2y + z=6
—a—-2b+c=0 ... (ii0)
Solving (ii) and (iii)



a b c

-3 3 1 -3
25

a _ b ¢
—3+6 3-1 —2+3
a b c¢
3 21

Substituting in (i), equation of the required planeis:
3x-2)+2y+1(z-1)=0
X-6+2y+z-1=0
X+2y+z-7=0.

Problems for practice

1. Find theequation of the planeif the foot of the perpendicular from origin to
theplaneis (2, 3, -5).

Ans: 2x+ 3y —-5z2-38=0.

2. Find the equation to the plane through the points (0, -1, -1), (4, 5, 1) and
(3,9, 9.

Ans. 5x -7y +11z+4=0

3. Find theequation to the plane parallel to the ZX plane and passing through
(O, 4, 4).

Ans.y =4

4. Find the equation of the plane through the point (a, B, y) and parallel tothe
planeax + by + cz = 0.

Sol. Equation of the given planeisax + by + cz=0
Equation of the parallél planeis ax+by+cz = k
This plane passes through P(a, B, y) > a0 + b3 + cy=K
[J Equation of the required planeis:
ax+by+cz=an +bp +cy
l.e.ax—a)+b(y—pB)+c(z-y) =0.



5. Find theangle between theplane2x -y +z=6andx+y +2z=7.
Ans. 8 =173

6. Find the equation of the plane passing through (2, 0, 1) and (3, -3, 4) and
perpendicular to
X—2y+2z=6.

Ans.3x+2y+z-7=0



