Properties of Triangles

Key points:
i a b c ) ) )
1. Sinerule: In AABC, — = = = 2R WhereR isthe circum-r adius.

snA snB snC
=a=2RsnA,b=2RsnB,c=2RsnC
a:b:c=snA:snB:sinC.

2. Cosinerule: In AABC,
a=b*+c?*—2bccosA
b?=c¢? + & — 2ac cos B
c>=a+b’—2abcosC

or

cosA=M' cosB:M' cosC=M = COSA :cosB :cosC
2bc 2ca 2ab ' ' '
=ab?+c?—&) : b(c? + & —b?) : c(&@ + b* = ?)

3. Projectionrule: In AABC

a=bcosC+ ccosB, b=ccosA +acosC, c=aCosB + bcos A
4. Mollwiedesrule: In AABC
nA_B o A-B
a-b _ S 2 a+b S
¢ cosg ¢ sing
2 2

Similarly the other two can be written by symmetry.

5. Tangent rule (or) Napier'sanaogy : In AABC

6. Half angleformulae:

i. A _ b0 o B _ w anC = (s—a)(s b)
, > >
i, cosh = /s(s—a); cosB = |s=Db). cos— _ [S(s=¢)
2 bc 2 ac ab



tan—

ity = [ BV, 0. o el

s(s-a) A 2 s(s—b) A
C_ [(-a)fs—b) _ [(s-a)s—b). A s(s-a) s(s-a).
s g SV A M oty \/s b)s-0) \/
B[S0 _ [§5B.  C_ [ss9 _ [0
t2 \/(s c)s-a) \/ A P \/(s a)(s-b) \/ A
7. cotA:M; cotB:M; cotC:M.
4N 4A 4A

8. Areaof AABCisgiven by

i. A= labsinC: 1bcsinAzlcasinB
2 2 2

ii. A= ,sls-a)s-b)s-c).

iv. A=2R*SnAsnBsinC

V. A=rs

Vi. A= \rrr,r,

9. If‘r isradiusof incircleandry, rp, rzaretheradii of ex-circles opposite to the vertices A, B,

C of AABC respectively then

) A A A
|-r:—,r1:_,r2: lr3:
S s—a s—-b s—C

i.r=4rsn” snB gnC
o SN 95

ri=4R siné cos cosE
2 2

r,=4R cosA sinE cosE
2 2

2

r;=4R cosA cosE Si nE
2 2

2
iii. r= (s—a)tan'g = (s—b) tan% =tan(s—c) —
A C B
ri=stan —= b)cot— = (s—c)cot—
1= stan 2 = (s-b)oot > = (s-c)cot -
B A C
=St — = — t— = — t—
r2=Stan - (s—c) co 5 (s—a)co 5
C B A
r3=stan— = (s—a)cot— = (s—b)cot—
o=stan’s = (s-a)cot- = (s-b)oot>



11.

i) rrarors = A
) Fafo + o3 +rary = °
ii) r(rp+r,+r3) =ab+bc+ca—s.
D) (ri=r)(ra+r3) =&
(r2—r)(rs +ry) = b?

(r3=r)(ri+r2) =¢°

i)a=(rz+r) X,  b=(ra+r) |2, c=)ntr) o
2'3 3'1 1'2

12. i)rl—r:4Rsin2é, r2—r:4Rsin2%, r3—r:4Rsin2%

ii)rL+r.=4R coszg, r,+r3=4R coszg, rs+r;= 4R coszg
13. ri+ra+r3=4R, r+ry+r3—r;1 =4RCcosA, r+rs3+r;—r;=4R cosB,

r+ry+r,—r3=4R cosC
14. Inan equilateral triangle of side ‘&

2

i) area= */ia i)R=a/ /3

ii)r=R/2 iV)ri=rp+rz3=3R/2

V) r-R:n=1:2:3

PROBLEMS
VSAQ'S

1. If thelengths of the sides of a triangle are'3,4,5 find the circum radius of thetriangle.
Sol. sidesof thetriangle are 3,4,5
Therefore, the triangleisrt. Angled triangle and its hypotenuseis 5

Circum radius = % (hypotenuse) = g

2. Showthat )  a(sinB-sinC)=0

Solutoin: -

D 2RsinA(snB-sinC)--a=2RsinA
2R{sin A(SinB-sinC)+sinB(sinC —sin A) +sinC(sin A—sinB)} =0



3. If a=+/3+1cms ZB=30° £C =45 thenfind C
Solution ; -

/B=30° «ZC=45" but A+B+C =180°= A+ 75° =180"

A=105°

a c J3+1 C J3+1 C

— = = =

snA snC  sn105° sin45 J3+1 (1]
2.2 J2

4, Ifa=2,b=3,c=4thenfind cosA
Solution : -
b? + c? — a?

Cosine Rule we known that cosA =
2bc

9+16-4 21 7
COSA=—"" = CosA=—"—=—
2x3x4 24 8

5. Ifa=26b=30 cosC:% then find C
Solution : -
From cosinerule ¢® = a*+ b?> —2ab cosc

c?=(26)" +(30)° - 2(26)(,3/6)E = ¢? = 676+ 900 - 1512

85

5
c*=64=>c=8
6. If theanglesareintheratiol: 5: 6 then find theratio of sides
Solution : -
LetA=x B =5x C=6x
Weknow that A+ B+ C =180° = 12x=180° = x =15
~A=15" B=5x15° C=6x15
A=15° B=75" C=90°
Ratio of sides =a:b:c=2Rsin A:2RsinB: 2RsinC
=sinA:sinB:sinC
V3-1.43+1,
22 22

=sin15’:sin75%:sin90° =

=(\/§—1)2(\/§+1)22\/§

7. Provetht 2{bccosA +cacosB +abcosC}=a’+b*+c’

L.H.S 2bc cos A+ 2ca cosB + 2ab cosc

. b? +c? - a? a?+c?—-b?
Fromcosinerule cosA=——— cosB=———
2bc 2ac



a’+b?-c?

cosc="—"
. {b2+02_a2}+ a2+ c2 — b2 . {a®+b*-c?}

B+ e -+ +— o+ &+ — & =i+ b+

2 2 2
+ b— tanB
8..  Provethat a2 2 02 =
c+a —-b° tanC

b 2
tanB—SinB— (ZR) _D X 2ac = Z(AFS 4) {-abc=4RA}
cosB a*+c*-b> 2R a*+c*-b? 2F€(a2+c2—b2) '

2ac

4A
VtanC=————
i a’+b*-c?

4A
tanB _a*+c’-b*> _ a*+b’-c’
tanC 4A Ca+ -1
a’+b? —c?

4A
tanB=———
a’+c’>—-b?

RH.S

9. Provethat (b+c)cosA +(c+a)cosB+(a+b)cosC=a+b+c

Solution : -

(b+c)cosA+(c+a)cosB+(a+b)cosC
bcos A+ ccosA+ ccosB+acosB+acosc+bcosc
(bcosA+acosB)+(bcosc+ ccosB)+(ccosA+acosc)

c +a+b {from projection rule}
=a+b+c
9. Provethat (b—acosc)sinA=acosAsinc
Solution : -
From projection rule b=a cosc + c cosA
L.H.S =(acosC+ccosA—acosC)sin A=ccosAsin A
=2RsinC cosAsin A
=(2Rsin A) cosAsinC
=acosAsinC
10. If 4,5 aretwo sides of atriangle and theinclude angleis 60° find the area
Solution: -
Givenb=4 C=5 A = 60°
Areaof triangle A :%bcsin A:%x4x53in 60° =5V3



11.  Showthat bcosZ%+ coszgz S

Solution : -
We known that cos< = S(S-C) cosB _ |S(S-b)
2 ab 2 ac
S(S-C)  S(S-b
beos? S + ccos B b ( )+ c (S-b)
2 2 ab ac

S S S
:g{s—c+ s}:g[ZS—b—c]:g{a+b+z—b—z}

=S
a b C . , .
12. If = = then show that triangle ABC isequilateral
cosA cosB cosC
Solution: -
a b ¢ :ZRsinA_ZRsinB_ZRsinC
CcosA cosB cosA COSA cosB cosC

tanA=tanB=tanC= A=B=C
. Triangle ABC is equilateral
13. Show that Zacot A =2(R +r).

COSA

sSnA

Sol. XacotA=X2RsinA

= 2RX> cosA

:2R(1+ 4sin%s’ngsin%j (* from transformations)

=2 R+4RsinésinEsin9 =2(R+r)
2 2 2

14.1n AABC, provethatry +ro+rz3—r =4R.

Sol.ri+rp+rz3—r= 4RsinécosEcosE+ 4RcosésinEcosg+4RcosécosEsinE
2 2 2 2 2 2
—4RsinésinEsinE
2 2 2
A B C . B.C Al . B C B. C
=4Rsin—| cos—cos——-sSn—sin— |+ 4R cos—| Sih— coS— + COS— SIN—
2 2 2 2 2 2 2 2 2 2
:4Rsin%cos(B+C)+4Rcos%sin(B+C]

= 4Rsinésiné+4R cosécosé
2 2 2 2
= 4R[sin2é+coszé}
2 2

=4R ('.-sin25+coszézlj
2 2



c—bcosA cosB

15. Show that =
b—-cosA cosC

Hint: Apply projection formulai.e.,, C = b coA + acosB

b=acosC + C cosA

16. Prove that a{bcosC —c cosB} =b* - ¢

Solution : -
a{bcosc — c cosB]} = ab cosc — ac cosB
2 2 2 2 2 2
Write cosC :$ cosB :m and simplify to get R.H.S
ac

17. 1n AABC, show that X(b + c) cos A = 2s.
Sol.L.H.S.
=(b+c)cosA + (c+a)cosB + (a+ b)cosC
=(bcosA +acosB) + (ccosB +bcosC) + (acosC + ccosA)

=c+a+b=2s=RH.S

18.In AABC,if (a+b +c), (b +c—a)=3bc, find A.
Sol. 25(2s— 2a) = 3bc

_ 5= _3_ oA 3
bc 4 2 4
V3

= cosé =— =c0s30°
2 2

.'.%:300:>A:60°

19. In AABC, provethat 1+£+1=}.
[ PR A

Sol.LHS =Lyt 1 58, s-b s=c
n o, I A A A

_3s—(a+b+c) 3s-2s

S-Z=RHs
A A A r
20. Show that rmr,r, = A2,
A A A

A

Sol.L.H.S. = rrrn=—- . .
287 s s—a s—b s—c
A4

_P:AZ =RHS



21. In an equilateral triangle, find the value of %

. A . B. C
; 4RsSn—sSn—sn—
Sol. — = 2 2 2_agn?30°
R R

3
:4(% =2 (-A=B=C=60)
2 2

22.1f rrp=rqr3, then find B.

Sol.rrZ:rlr3:>é‘ A _4. A
s s-b s-a s-c

= (s—a)(s—c)=s(s—h)

(O CR L
s(s—b) 2

:tanE:1:E=45°:B:90o
2 2
23.1f A =90° show that 2(r + R)=b +c.
Sol.L.HS. =2r+2R=2(s—a) tan%+2R-l
=2(s—a)tan45° + 2Rsin A
=(2s—2a)1+a(.-A=90°

=b+c

=RH.S
. A .
24. 1n atriangle ABC express Z rlcotE intermsof.S
Solution : -
Zrlcot Al2=r cotA/2 +r,cotB/2+r, cot%

n=stanA/2 r,=stanB/2 r,=stanC/2

= stangcot Al/2+stanB/2cotB/2+ stan% cot%

=S+S+S=3s

r 3
25. Show that Z Wl(s_c):?

Solution : -




_ A . A s A
(s—a)(s-b)(s-c) (s—a)(s—b)(s-c) (s-a)(s-b)(s-c)
3 3As 3% 3 3
~s(s—a)(s-b)(s—c) A’ _(AJ_F
S
SAQ'S

26. Provethat in atriangle ABC acosA+ bcosB+ C cosc=4Rsin AsinBsinC

Solution : -
LHS=acosA+bcosB+ CcosC=2Rsin AcosA+ 2sinB cosB + 2RsinC cosC

= R{sin2A+sin’ B+sin’C|
Giventhat A+ B+ C=180°
~.LH.S =R{sin(A+ B) cos(A-B)+sin2C}
= R{2sinC cos(A- B)+ 2sinC cosC} = 2RsinC {cos( A- B) + cosC]}

= 2RsinC{cos( A- B)+ cos(180° - A+ B||
= 2RsinC{cos(A- B) — cos( A+B)} =4Rsin AsinBsinC

27.Provethat > a’sin(B—C)=0
Solution : -
> a’sin(B-C)=) (2RsinA)’ sin(B-C)=8R*>  sin’Asin(B-C)
8R’Y sin”AsinAsin(B—C)=8R’)  sin“Asin(180°-B+C)sin(B-C)
{-+ A=180° - B +C}
= 8R*Y’ sin*Asin(B+C).sin(B-C)=8R’) sin*A(sin’B-sin’C)
:8R3{sin2A(sin2B—sin2C)+sin2B(sin2C:—sin2 A)+sin*C (sin* A—sin’ B)}

=0



asn(B-C) bsin(C-A) Csin(A-B)

28. In atriangle ABC provethat . T 2y

Solution : -
asin(B-C) 2RsinAsin(B-C) -~ a=2RsinA:b=2RsnB
b? — ¢? _4R2{sinzB—sin2C} C=2RsinC fromsine Rule

1 sin(B+C).sin(B-C

) _ _
‘*SinA =sin(B+C) Inatriangle ABC
2R sin?B-sin’C { ( ) g }

1 sn*B-sn’C_ 1
2R sin’B-sin’C 2R

bsn(C-A Csin(A-B
[y we have prove that % = 1 and % = 1
c’-a 2R a“-b 2R

cosA_ b  cosB

29. Provethat > + _ ¢ cosC
bc a ca b ab ¢

Solution : -
a  cosA_a’+bccosA
bc a abc
2,2 2
We knonw that cosA:b+C—a
2bc
, Jaé[b2+cz _az]
a + 2 2 2 2
a’+bccosA 2be 2a%+b’+c*-a
abc abc 2abc
a’+b* +c?
2abc
, A(a+e7=b)
+
”lly £+COSB:b2+aCCOSB: 2&6 :a2+b2+C2
ca b abc abc 2abc

cosc _a*+b*+c?
c 2abc

c
Il P



1+ cos(A-B)cosC 2 1 p?
30 Provethat ( ) = a2 T b2
1+ cos(A-C)cosB a’+c

Solution : -

Inatriangle ABC A+B+C=180°=C =180°- A+ B
B=(180"- A+C)

1+ cos(A—B)cosC 1+ cos(A-B)cos(180° - A+ D)
1+cos(A—C)cosB 1+ cos(A-C). cos(180°- A+ C)

_ 1-cos(A-B)cos(A+ B)
" 1-cos(A-C)cos(A+C)

{cos2 A-—sin? B}
{cos® A-sin®C}

1-
= 1

a’ b?

_1-co? A+sin’B_sinA+sin’B 4R T aRE @+ Db’

1-cos® A+sin’C  sin? A+sn’C a2 ¢ a’+c?

7+7
4R?>  4R?
311 C=60° then show that (i) —— + -2 =1 (i) =2+ 2
' b+c c+a c—-a? c?-b?
Solution : -
Given C =60°

C?=a’+b?-2abcosC

C’=a’+b’ - Z/ab(%j

C?’+ab=a’+b?
a b

- 4 =

b+c c+a

ac+a’+bc+b®  a’+b’+ac+bc
(b+c)(c+a) bc+ab+c®+ac

But a®>+b*=c?+ab

c’+ab+ac+hbc _

=1
bc+ab+c? +ac




b a __ b{c-p’}+afc’-a’]
c>-a Cz_b2_0:> (cz—az)(cz—bz)

e
=

N

N
+

bc? —b* +ac’—a® € (a+b)—(a+b){a’+b’—ab

- (Cz_az)(cz_bz) - (Cz_az)(cz_bz)

(a+ b)[c2 —{a*+b’ -ab} }: (a+ b)[c2 ~(¢? +)ai§—)ai§)}
(CZ_aZ)(CZ_bZ) (CZ_aZ)(CZ_bZ)

=0

1 1 3
+

= show that ¢ =60"
a+c b+c a+b+c

@iii)  Inatriangle ABC

Solution : -

) 1 1 3 a+b+c a+b+c
Given + + =

= 3
a+c b+c a+b+c a+c b+c

b
(a+c)+b+a+(b+c):3:>,a{+c+ b , a +/|/C:
a+c b+c A-c arc b+c b+C
b a b? + bc+ a’® + ac
+ =1= 2=1
a+c b+c ab+ac+bc+c

a® + b’>- ¢® = ab = 2ab cosC = ab { a® +b® - c? =2abc cosC}

cosC=2 -1 . c_g cosC=ﬁ=%:>C=6o°

2ab 2 2eb

32. Ifa:b:c=7:8:9thenfind cosA=cosB =cosC

2, 02 _ g2 2 2 2 12
Solution : - cosA:b+C a” _ 64k" + 81k - 49k° )gek/f

2bc 2(8K)(9k) " 2x 8K x 9K

a’+c>—b®* 49k*+81k*-64k* 662 11

cosB = = - —==

2ac 2% Tk x 9k Zx63 21
0sC = a’+b®—c® _49k® +64k* -81k* _ 32k* 2
2ab 2x 7Tk x 8k 20kx8k 7

cosA:cosB:coC:Z:E:E:gx 21:E>< 21:E>< 21

3 21 7 3 21 7

=14:11:6



cosA  cosB  cosC _ a’ +b*+c?
a b c 2abc

33. Show that

CosA N cosB N cosC bccosA+ cacosB + abcosC
a b Cc abc

LHS

_ 2bc cos A+ 2ca cosB + 2ab cosC
2bac

:b2+02—ﬂi+ﬁz+ﬁi—b{+a2+bz/—gz

2abc

-+ 2bc cosA=b? + ¢ —a®:2accosB =a® + c>— b?
2ab cosc = a’ + b® + ¢?

_a’+b*+c?
2abc

34. Provethat (b-a) cosc+c(cosB—cosA):csin(%) c:osec(AJr Bj

Solution : - (b —a) cosc+ c{cosB —cosA}
bcosc —acosc + cosB — cos A= (bcosc + cosB) — cacosC + cos A
a—b{ from projection Rule}

=2R{sinA-sinB}

2]

2R Zsingsin A-R cosg 2R Zsingcosg sin &8
2 2 2 22 2

C c
CoS— cos -
2 2

2RsinCsin(A_ B

2 ) . . (A-B A+ B
= =csnCsn| —— |cosec| ———
. (A+B 2 2
sin
2
. Inatriangle ABC

EZ(QOO_AJFBJ, A+B_gp_C

2 2 /2 2



_ _b _b)(s—
35. Express asin 9+csm2£‘—;5((s 3)(s-b) +c(S J(s=¢)
2 2 Ab bc

(s—b){s-a+s-c}
b

(s—b){2s—ac} (s-b){&+b+£- &£}

b B b

=(s—b)

36. If b+ c=3a then find the value of cotE cot%

Solution : -

B_c | s(s-b) s(s—c)
COtE COtE_\/(S— a)(s-c) \/(s— a)(s—b)

:\/ s(s—b) s(s-c) S 2s
(

s—a)(s—c) (s—a)(s—b) s—a 2(s-a)

b+c+a 3a+a 4a
" b+c—a 3a-a 2a

37. Show that (b—c)’ coszg +(b+c)’ sinzg‘za2

Solution : -
—¢) o=+ (b+c) sin?2
b-c)’ 22 b 22

A
2 2
{b +C —2bc}cos —+{b +C +2bc}sm 5

b? (:oszé+sinzé +c? coszé+sinzé —2bc coszé sm2é
2 2 2 2 2 2

b®+ ¢® — 2bc cosA =a’® (from cosinerule)

II” prove that () (c-a)° cos’ = + (c +a)'sin’ = =b*

(ii) (a—b)2c032§+(a+ b)* sinzgzc2



38.1n AABC, provethat r +ri+r,—r3=4R cosC.
Sol.

r+r1+r2—r3=4RsinésinEsinE+4RsinécosEcosg+4RcosésinEcosE—4RcosAcosEsin9
2 2 2 2 2 2 2 2 2 2 2 2

A B C .B.C Al . B C B C
=4Rsin—| cos—cos—+sSn—sin— |+ 4R cos—| Sih— c0S— — COS— COS—
2 2 2 2 2 2 2 2 2 2
:4Rsinécos B-C +4Rcosésin B-C
2 2 2 2
= 4R cos B+C cos B-C +4Rsin B+C sin B-C
2 2 2 2
B+C B-C) . (B+C). (B-C
=4R| cos Cos +sn sn| ——
2 2 2 2

:4Rcos(B+C—B;Cj
2 2

(B+C—B+Cj

= 4R cos

=4R cos% =4RcosC

39.Ifri+ro,+r3=r,then show that LC = 90°.

n+r,

Sol. p+r=r-rp=

1 (1)

rL+r,=4Rsin é cosE cosE +4R cosési n E cosE
2 2 2 2 2 2

Cl . A B A . B
= 4R cos—| sSih—Ccos— + coS—Sin—
2 2 2 2

:4RcosE[SinA+B}
2 2

=4R cosE . cosE
2 2

= 4R cos? ¢
2



r—r3:4RsinAsinEsinE—4RcosécosEsinE

2 2 2 2 2 2

. C[. A_. B A B

=4Rsin—| sin—sin—-C0S—CoS—
2 2 2 2

i 2
:4Rsin% —cos(AJrBﬂ

:4RsinE —sing}
2| 2

—_arsn®S
2

4Rsin29
2

r—ry B
2 C

tanzg
2

- tan? % =tan45°  From(l)

Ne)

=45° . ZC=90°

o N

40. Provethat 4(riro + rors+rary) = (a+b +¢)2

Sal. 4(r1r2 + Iorg + r3r1) = 4|: A A A A A A :l

S-a S-b S-b S-c¢c S-c S-a

:4A2_S—C+S—a+8—b}

| (S—a)(S-D)(S-¢)
| 3S—(a+b+0)
| (S—a)(S-D)(S-0)

= 4A® s }
| S(S-a)(S-b)(S-c)

= 4A?

:4A25—2 437

A

=(29)* = (a+b+c)?

41. Provethat 1 11 111 :ﬂ,f:g_R,
rolr p)ir o A r2s?

SO|_1'_£:§_S_a:S_S+a a
rn A A A A

Similarly we get



L_H_s:(z_ij(z_ij(z_gj
r rl r I‘2 r I’3

_abc_abc
AAA A8
_4R-A 4R 4R

o - 7 _RHS
A2 A% (r9)?

n(r,+r;)
N, + Ll + 1l
Solution: - LHS

A A A A?
s—a{s+b+s—c} (s—a)(s—b)(s—c){s_b+s_c}

A? AZ? A2 A2
J<s—a><s—b)+<s—b><s—c>+<s—c>(s—a> \/(S—a)(s—b)(s—c) (s=2)(s=b)+(s-9)

N e e [ I
(s-a)(s-b)(s-¢) A J3s-2s

aA aA
=—=a

Js(s—a)(s-b)(s-c) A

42. Provethat =a

43.Provethat r(ri+ro+rs) =ab +bc+ca—S.
Sol.L.H.S. =r(ry +r2+13)

Al A A A
=— + +
S[S—a S-b S—cj

[ (S—b)(S—c)+(S—a)(S-c)
A? +(S—a)(S-h)
S (S—a)(S—b)(S-c)

_ A?[S-Sc-Sb+be+S* -Sc-Sa
A?| yac+ S -Sb-Sa+ab

=35 —29a+b+c)+bc+ca+ab

=35 -4’ +bc+ca+ab

—ab+bc+ca-S
=R.HS



44. Show that (r, + rz)tan% =(rz—r) cotg =C.
Sol. (rn+ rz)tan%

= 4R cos® %tan—

Cos——
2

:4RsinEcosE
2 2

=2RsnC=c (D

(r3—r)cot9=4Rsingcot9
2 2 2

:4RsingcosE
2 2
=2RsinC=c (2
From (1) and (2)

(r1+r2)tan%=(r3—r)cot%:c

45.1n a AABC, show that thesidesa, b, carein A.P.if'and only if r1, rp, rzarein H.P.

Sol.rq, 1y, rsaein H.P. & 131 aeinA.P.

hnhL

S_a,s_b,s_carein AP.
A A A

& s—a,S—b,s—-caein A.P.

& —a,—a, —CcareinAP.

< a b, carein AP



46.1f A, A, A, A, aretheareasof incircleand excircle of atriangle respectively then prove

that

1 1 1 1
A TR IR VA
Solution : -

Here A=zr? A =1l A =nxr}; A =rr}

1 1

LHS L + L + t_ + + !
VA A VA e e

1 [3s—(a+b+c)| 1 s 1 o1
a2 O EY
S
111 1
Nr ot Jmrr JA
LAQ'S
2 2 2
47.In atriangle ABC provethat cot A+ cotB+cotC=—a +§A+C
Solution : -
cotA:C.OSA
snA
2 2 2
cosAZ P te-a
2bc
b? + ¢ —a’
.cot—T_b2+ c>-a’®  b+c-a’
sinA 2bcsin A 4{1bcsinA}
2
2 2 2
ot A=t [ L hdna
4A 2
2, 2 2 2 2 2
”||y COtB:u (;Qt(';:M
4A
2 2 2 2 2 2 2 2 2
cotA+cotB+cotC=b re-a,arce b +2 th e

4A 4A 4A

:b2+cz—/¥+}¥+/—bz+a2+)a{—/
4A

_aM+b*+c?
4A



C

48. If cot?:cotg cotE:3:5:7 showthata:b:c=6:5:4

Solution : -

coté:cotE:cot—:
2 2

C s(s-a) s(s-c)
i

=6:5:4

..S—a:s—-b:s-c=6:5=4

Let s—a=3k s—-b=5k s—-c=7k

(s—a)+(s—b)+(s—c)=3k+5k+7k

3s—2s =15k = s=15k

s—a=3k=>15k-a=3k=a=12k

S—b=5k =15k — 5k =b = b =10k

s—c=7k=15k -7k=c=>c=8k

a:b:c=12k:10k:8k => a:b:c=6:5:4

49. In atriangle ABC show that (a+b+c){tan§+ tanE}: 2c cot%

Solution :

A

i (a+b+C)[tangﬂang}:Zs{(s_b)A(s_c) + (s—c)(s—a)}

:@{s—b+ s—a}

:ZCot%{Zs—b—a}: Zcot%{;s{+kf+c—k{—;s{}

=2C cotE
2

50. Show that cos A + cosB + cosC = 1+L.

Sol.L.H.S.=cosA +cosB + cosC

:1+4sinésinEsinE

=1+

4Rsin';sinBsin

2

C
2

R (" From transformations Prove This In Exam)

1+ =RHS
R



51. Show that cos® é+ cos’ E+ cos? C_ 24
2 2 2 2R

Sol.L.H.S. = cos,2%+coszg+cos22

2
=2+23inésinEsinE
2 2 2
(from transformationsPROVE THIS IN EXAM )
4Rsinésin§sinE
—o4 2 2 2
2R
—2+__=RHS

2R

2
52. Provethat (i) c:ot£‘+cotE+cotE S
2 2 2 A

Solution : -

cot 2 4 cot 2 4 oot & = s(s-3) + S(s=b) + s(s=¢)
2 2 2 A A A

S S S
=—JS-a+S-b+s-ct=—13s—(a+b+c);=—(3s—-2s
Lls-ats-bis—ch="{3s—(arb+c)}= (35-25)

=3(5)=2

_ 2
(i)  Provethat tanP s tan B 4 tan C o Petcatab-s
2 2 2 A

Solution : -

A B C
tan— +tan— +tan—
2 2 2

(s—-b)(s—c) . (s—c)(s-a) . (s—a)(s-b)
A A A
s~ cs—bs+bc+s’*—as—cs+ac+ s’ —bs—as+ab
A

3s? —2as—2bs—2cs+bc+ca+ab
A

bc+ca+ab+3s®—2s(a+b+c) bc+ca+ab+3s® - 25(2s)
A - A

bc+ca+ab+3s°-4s’ bc+ca+ab-§
A A




coté+cotE+ cot —
2 2

i
(i) cot A+ cotB + cotC

Solution : -
coté+cotE+ cotE: s(s—a) + S(S_b) + S(S_C)
2 2 2 A A A

s s s s?
—JiSs—a+S-b+s-ct=—i3s—-a-b-c}=—x(3s—-2s)=—
> =24 b= (3s-25) ==

b? +c?-a?
__COsA 2bc _

b? +¢? — a? b*+ ¢ — a?
O A= ShA~  snA  ~ besnA (1
sin sin csin A{z bcsinA}

2 2 .2
:ﬁ# {-.-%bcsinA:A}

2 2 2 2 2 2 2 2 2
cotA+cotB+cotC:b rc-a +C ta b +6l +hb —c
4A 4A 4A

_bPP+c-ai+c+ai-b+ai+b’-c®  a*+b*+c?
4A 4A

cot 24 cotB 4 et s
22 2_ A _s 4L
cot A+cotB+cotC  a*+b*+c® A~ al+b’+c?
4A

42 _ (23)2 (a+b+c)2

a?+b?>+c? a‘+b*+c® af+b*+c?

53. Show that (i) 3 (a+b) tan(%j 0

Solution: - ) (a+bh) tan[%j from Napiries Rules

A-B a-b C
tan = cot—
2 a+b 2

A-B

2¥ (arb)en A58y (9"“5>[9,m

y PS5 (ab)sq)

A

iz s(a-b)-c(a-b)=0



i[s(a—b)+s(b—c)+x(c—a)}—{c(a—b)+b(c—a)+a(b—c)} =0

(i) Hcoté+ﬁtané:2003ec(8—c)
b+tc 2 b-c 2

Solution : - Hcot A/2+MtanA/2

b+c b-c

From Napiers Rule D=C At B=C
b+c 2 2

b+c A (B—Cj
— ~tan—=cot —

cos| ——
%)
2 2
= — =2cosec(B-C)
zgn(B_Cjcos(B_Cj sin(B-C)
2 2
54..() It snd=—2_ then show that cosg = 2V cos™
b+c b+c 2
Solution : - siné’:b;acjcoszezl—sinze
+
2 b 22
ncosO=1-—2 :coszezw
(b+c) (b+c)
o g Dt C2be—a® (b* +c?—a%)+ 2bc
(b+c)2 (b+ c)2
_ 2bccosA+2bc  2bc{l+cosA}
(b+c)2 (b+c)2
2bc><2(:oszé
00529:—22
(b+c)
Ccosd = 2\/5 cosé

b+c 2



(i)  1f a=(b+c)cosé then provethat sing =

Solution: - a=(b+c) C0S6 = —>— = cos#

b+c
2 b 2_ 2
sin?6=1—cos’ §=1— (ba )2:>sin2<9=—( (;C) )2a
+cC +cC
2, 2 _ g2 b’ + ¢ —a®) + 2bc
e S Loty
(b+c) (b+c)
2bcil A
d§n2g :2bc(ct())sA)J;2bc:>Sm29: c({b+c;)zs )
+C +C
2bc(2coszAj
sin?6 = 22 :>sin<9:2—\/Ecosé
(b+c) b-c 2
(iii) If a=(b—c)secd provethat tan49=2\/E ] g
Solution : -
2
sech=—2 = tan’f=sec’—1=—> =1
b-c (b-c)
2_(p=c)? 2 K2 _ Q2
tanzeza(b( )S) —tan?g =2 (bb c):erc
-c -C
e 2bc —{b’ +c’- a’}
an =
(b—c)’
1an? g — 206~ 2bccosA _ 2bc[1- cosA|
(b—c)’ (b—c)’
. 2 A
2bc(23|n2j
tan’ @ = 22 :>tan9:2—\/asiné
(b_c) b-c 2

(iv)  For any angle 8 show that acosé =b cos(C + &)+ ccos(B - 6)
Soluton : -
RHS=bcos(c+ &)+ ccos(B — 6) =b{cosc cosd —sincsing}
+ c{cosB cosé +sinBsin 4}

=bcosc cosd@ —bsinsind + ccosB cosé + csin Bsing

:cosH{bcosc+ccosB}—%/sin0+;—gsin0=acosé?



55. If the angles of atriangle ABC arein AP and b:c=+/3:+/2 then show that A=75
Solution : -
Anglesof atriangle ABC arein AP
2B=A+C=3B=A+B+C but A+ B+C =180
-.3B=180° = B=60°
Given that b:c=+/3:+/2
2RsinB=2RsinC=+/3:1/2=snB=sinC=+/3 =2
sin60° =sinC =+/3:/2
?:énC:ﬁ:ﬁzéxﬁ:)ﬁénC
s SnCc=—L = C = 45°
J2
A+B+C=180°= A+60° +45° =180° = A=75"c (proved)
a’ +b’? snC

56. If ———==— then provethat triangle ABC iseither isoscelesorright angled
a’-b*> sin(A-B)

Solution : -

a’+ b? sinC

Given (a®-b?) " sn(A-B)

= (a*b?)sin(A-B)=(a*-b?*)sinC

Using sine rule we have

4R [sin? A+sin B} sin(A— B) = 4R {sin® A~ §in? B} sinC
{sin? A+sin? B} sin(A-B)—sin(A-B)sin(A+B)sinC=0
But in triangle ABC sin(A+ B)=sinC

~.(sin? A+sin?B)sin(A-B)-sin(A-B)(sinC) (sinC)=0
sin(A-B){sin” A+sin®B-sin’C}=0

sin(A—B)=0or sin? A+sin’B=sin’C

A=Bor a*+b*=c’

. triangle either isosceles or right angled



57.1f cosA+ cosB+cosC=§ then show that thetriangleisequilateral

B] (A— Bj 3
cos| —— | +cosC =—
2 2

Solution: - cos A+ cosB+cosC:g = 2005(A+

A-B

2cos(900 - %) coS J + cosC = 3

2

ZsinE cos A-B +1—Zsin29:3/2
2 2 2

Zsingcos A-B —2sin :C_1
2 2 2

4sin9cos A-B — 4sin? 9—1:>1+4sin29—4singcos A-B =0
2 2 2 2 2

2
(251an ZSn—cosAZ_Bj+cosz(¥j—co§£A_B] +1=0

2
{ZSm——cos(A Bj} +sin2(ﬂj:0
2 2

j Oand smA

B:0

vy}

Zsmg—cos(
2

Zsin% = cos(%j and A-B=0

ZSin%:1:>%:3O°:>C:6OO

A=B.. A=B=60"

Hence trangile is equilateral

58. It cos® A+ cos® B + cos’ C =1 then show that triangle ABC isright angled

Solution: -

cos’ A+ cos’ B+ cos’C =1 = cos” A+ cos’ B—1+cos’C =0
cos’ A —sin? B+ cos’ C =0=> cos(A—- B) cos(A-B) +cos’C =0
cos(180° - ¢).cos(A—B) +cos’C =0

— cosC cos(A—-B) +cosC =0

—cosC {cos(A—B)—cosC} =0

— cosC{cos(A-B)—cosC} =0



= cosc{cos(A— B) - cos(180° - A+ B)} =0
— cosc{cos(A— B)+cos(A+ B)}=0
— cosc{cos(A—B)+cos(A+B)}=0

2cosAcosBcosC=0

= cosA=0or cosB=0(or) cosC=0
A=90° (or) B=90" or C =90°
. Triangleisright angled triangle

59. If a® + b* + c® =8R’ then provethat thetriangleisright angled
Solutin :

- Given a’+b’+ ¢? =8R°= 4R*{sin” A+ sin” B+sin’ C}=8R’
sin? A+sin?B+sinC=2=1-cos’ A+sin’B+sin’C =2
1-{cos” A-sin’ B} +1-cos’ C =2

— cos(A— B) cos( A— B) —cos’ C=0

cosCcos(A— B) - cos” = 0= cosC {cos(A— B) - cosC} =0
cosC{cos( A- B) + cos(A+ B)} =0= 2cosAcosB cosC =0

cosA=0or cosB=0(or) cosC=0= A=90° (or) B=90°(or)C =90°

60. I f cotg , cot% cot% arein AP then provethat.a, b, carein AP
Solution ; -

coté, cotE cotE arein AP
2 2 2

ZcotE:coté+cot9:> ZS(s—b) = s(s—a) + S(S_C)
2 2 A A A

= 2(s—-b)=(s-a) +(s-c)=>a-b+c=2s-a—

a+c-b=a+pP+e-a-g=a+c=2Db



61. If sin g smzz) sinZ% arein HP then show that a, b, carein HP

Solution : -
sinzé,sinzg,sinzg arein HP
2 2 2

(s-b)(s—c) (s—c)(s-a) (s-a)(s-b)

) , aein HP
bc ac ab
bc ac ab .
, , HP
(s—b)(s—c) (s—a)(s—c) (s—a)(s-b) aein
- —b)(s-
Multiplying with (s=23)(s=b)(s-¢) we have

abc

%(—a)(sbscﬂéMSbMﬁﬁMMsc i
T [ P [P e P T

s—a Ss-b s-c

a b ¢

arein AP

Adding ‘1 to every term we here

s—a s-b s—C

+1, +1, +1 arein AP
a b C
E E S arein AP :l,l,i arein AP
ab'c abec
a, b, careinHP
abc

62. Provethat a®cot A +b?cot B+ c?cotC ==

Solution: -

a’cot A+b?cotB +c’cotC

4R2;'rrffo;°ﬁ—32 +4R2%B;2—S:+4den20%

2R*{sin2A +sin2B+sin2C}

2R?{2sin( A+ B) cos(A- B) +sin2C]

2R?*{2sinC cos(A-B) + 2sinC cosC]

2R’[ 2sinC{cos( A- B) + cosC} | = 4RsinC{cos( A— B) - cos( A+ B)]

2[2R?9n Asi smC}
4R*’sinCsin AsinB= =

R




(2Rsin A) (2RsinB) (2RsinC) abc

R R

63. Show that acoszg+ bcoszE+ ccoszgz s+%

Solution: -

acoszé + bc:032E + ccoszg
2 2 2

a(1+ cosA) . b(1+ cosB) N c(1+ cosC)
2 2 2

a+acosA+b+bcosB+C+ccosC _ (a+b+c)+
2 2

(a+b+c)+{acosA+bcosB +ccosC}
2

2s+ 2Rsin Acos A+ 2Rsin B cosB + 2RsinC cosC
2

2S+ R(sin2A+sin2B+sin2C)
2

2S+ R{2sin( A+ B) cos(A- B)+sin2C}
2

2S+ R{2sinC cos( A- B) + 2sinC cosC]}
2
2S+ 2RsinC{cos( A- B) + cosC}
2

2S+ 2RsinC{cos( A- B) - cos( A+ B)}
2

2S+4Rsin AsnBsinC
2

=S+ 2RsnAsinBsinC

S+2R?’sinAsinBsinC _
R

S+é
R



64. Show that sin2é+sin25+sin29= .
2 2 2 2R

Sol.L.H.S.= sin2%+sin25+sin2%

1-cosA 1-cosB 1-cosC
2 2 2

= g_%(cosA + cosB +cosC)

31 . A . B.C
=———|1+4sin—sn—sin—
2 2 2 2 2

(.- from transformations)

4RsinésinEsin9
2 2

I
w Nlw Nlw
|
Nl N
HI
+
| =
L 1

1+ 2

N
N
N
py)

65. Show that i.A=rnr, m.ii.az(r2+r3) n

n+h r,rs
Sol. )RH.S. fp, [Tl
n+r,
4R —-(r +1y)
:rlr2 - - ¢£7
V' n+n

[ I, +1, = 4R cos® gj




_ A? (S—-b)(S-a)
(S-a)(S-b)\ S(S-¢)
A? A?

= \/S(S— G DGO = N =A=RHS

. rr A A
i) RHS =(r, +1,) /ﬁ:{s—b+ -
2'3

:A{s—c+s—b}\/ A*  (s—b)(s-c)
(s=b)(s-c) \s(s-a) A?

A.(2s-b—c) (s= —C):A/{a+k§+z—kf—;z}:a
([c-D)s-0) s(s-a)  s(s=aps=b)(s-0)

66. Provethat r?+rf +r2+r’=16R%—(a®+b® +c?).

Sol.
(6413 =0)7 =1 415 15 417 = 20(5 + 1y +13) + 2(58, + ol 4+ 131)... ()
But [1, +1, + 1, — 1] =4R and rjr, + 1,ry + 156 =S°
16R? =[r, +1, + I, —r]?
16R? = 12 + 12 + 12+ 12 = 2r(Fy + Ty + I3) + 210, + oy + 1)

=I2 12 P2 = 20(r 41y + 1) + 257

16R? = 12 + 12 + 12 + 1% = 2(r1, + 11, + 113) + 25> Consider 2(rry + Iry + rr3) =

A? A? A?
=2 + +
S(S-a) SS-b) $S-¢)




_2l(6-D(E-0) +(S-a)S5-0) +(S-a)S-b)]
S(S-a)(S-b)(S-9

2
=2AA2[SZ—Sc—Sb+bc+82—SC—Sa+ac+SZ—Sb—Sa+ab]
=2[ 352 -25(a+b+c)+ab+ bc+ca}

—2[32 42+ ab+ bc+ca]

= 2:ab+ bc+ca—82}

=2[ab+bc+ca] - 25

From (2)

S +rZ+r2+r?

=16R? +2r(r, + 1, + 1) — 25°
=16R? — 2% + 2(ab+ bc+ ca) — 25°
=16R? — 4S? + 2(ab+ bc+ ca)

a+b+c

2
:16R2—4( ] +2(ab+bc+ca)

=16R? —[(a+ b+c)? —2(ab+bc+ ca)}

=16R? - (@ + b* +¢?)

67. 1f P,, Py, Pz arethealtitudesfrom the vertices A, B, C tothe opposite side of atriangle
respectively, then show that

2 3
(|) i+i+i:} (||) i+i_i:l (|||) PZLP2P3=@:8A
R B B r B B B 8R abc

Sol. We know that

a=tapa=top,a=1cp
2 2 2

a b c

1 1 1 a b c

AR TR TP
_atb+c_25_1

2A 2A v

1 1 1 a b ¢

) —+———=—+——
)Pl R B 24 2A 2A
_atb-c_25-2c_S-c_1

2A 2A N




68.If a=13, b =14, c =15, show that R:%,r:4,r1=%l,r2:12and rs=14.

Sol.Giventhata=13,b=14,c=15
_at+b+c 13+14+15 42

S 21

2 2 2
S-a=21-13=8,S-b=21-14=7
S-c=21-15=6

A=/S(S-3a)(S-b)(S-0)
=/21(8)(7)(6) = 21x16x 21
=~21x21x4x4 =21x4=84

_abc _13x14x15 _ 65
4N 4x84 8

R

69.1fri=2,r,=3,r3=6andr =1, provethat
a=3,b=4andc=5.

Sol. A% =rmrr,=1-2-3-6=36
A?=36=>A=6

r:é:§:>8=6 (-r=2
S S



C=S—é= 6-1=5
3

70. Show that acot A + b? cot B+ c? cosC = % .

Sol. L.H.S. a®cot A +b? cot B+c? cosC
=4R23in2ACf)iA+4stin2 BC?—SB +4R? sin? CCF)—SC(by sinerule)
SinA sinB sinC

= 2R?(2sin A cosA +2sinBcosB + 2sinCcosC)
= 2R?(sin2A +sin2B +sin 2C)
= 2R?(4sinAsinBsinC)

:%(ZRsinA)(ZRsin B)(2RsinC)

_ & _pHs
R
71.1n AABC, if ! + ! = 3 , show that C = 60°.
a+c b+c a+b+c
Sol. L + 1 3

a+c b+c a+b+c

b+c+a+c 3
(a+c)(b+c) a+b+c

= 3(a+c)(b+c)=(a+b+2c)(a+b+c)

— 3(ab+ac+bc+c?)
= (a® + b? + 2ab) + 3c(a+ b) + 2¢?
= ab=a’+b*-c? = 2abcosC

(from cosinerule)

:cosC:%:C:60°



a’+b%+c?

4A

72. Provethat cot A +cotB+cotC=

COsA

sSnA

Sol.L.H.S. = XcotA=X

s b%+c®—a’
2bcsinA

] (by cosinerule)

2,2 2
=Zm AZEbCSnA
4A 2

:i[bz+02—a2+cz+a2—b2+a2+b2—cz]

2 2 2
_aHb e _pys

73.1n AABC, if acosA =b cos B, provethat thetriangleiseither isosceles or right angled.
Sol.acosA =bcosB

= 2RsinA cosA =2RsinB cosB

— sin 2A =sin 2B = sin(180° — 2B)

Hence 2A = 2B or 2A =180° - 2B

— A=BorA=(90°-B)

= a=bor (A +B)=90°

=a=borC=90°

. Thetriangleisisosceles or right angled.

74. | cot%:cot%:cot%:&&?, show that a:b:c=6:5:4.

Sol. coté:cotE:cotE:B:Sﬂ
2 2 2

_, (5-8) S5-D) S5-9) _5.5.5
A A
= (s—a):(s—-b):(s-¢)=3:5:7

s—a S-b s-c
= = = k
3 = 7 (say)

Thens—a=3k, s—b =5k, s—c=4k

Adding these equations,

3s—(a+b+c) =3k +5k+ 7k = 15k
= 3s—2s=15k = s= 15k

Hencea= 12k, b = 10k, c = 8k
sa:b:c=12k:10k:8k=6:5:4



75. Provethat a® cos(B — C) + b® cos (C — A) + ¢ cos(A —B) = 3 abc.

Sol. L.H.S.=% a’cos(B - C)

=Ya’(2RsinA)cos(B - C)

= RXa?-[2sin(B + C) cos(B - C)]

= RZa?(sin2B +sin 2C)

= R¥a?(2sinBcosB + 2sin CcosC)

=¥[a*(2RsinB) cosB + a*(2RsinC) cosC]

=¥ (a’bcosB +a’ccosC)

= (a’bcosB + a’ccosC) + (b’ccosC+ b?acosA) + (c?acosA + c?bcosB)

=ab(acosB+ bcosA) + bc(bcosC + ccosB)

+ca(ccosA +acosC)
= ab(c) + bc(a) + ca(b)
=3abc=RHS

76. If p1, p2, p3 arethealtitudes of the vertices A, B, C of atriangle respectively, show that
1 1 N 1 cotA+cotB+cotC

—t— 4 —=
i P> P A
Sol. Since p1, p2, ps are the altitudes of AABC, we have

1 1 1
A=Eap1=§bp2 ZECps

L2 2
1 a’ 2 b' 3 C

1 1 1 a’+b’+c?

Now — +— =L - -

Pl P> p; 4N?

:%(cotA+cotB+cotC) =RHS
a?+b?+c?

[ cotA+cotB+cotC= ——]
4A



77.1f (ro—r1)(rs—=r1) = 2rorz. Show that A = 90°.
Sal. (I'z— rl)(l'3— rl) = 2r2r3

{ A A }[ A A }
= — _
(s—b) (s-a) ]/ (s-¢) (s-a)

A A
(s—b) (s—c¢)

A s—a-Ss+b A S—a—-S+cC
(s—-b)(s-a) (s-o)(s-a)
. 2A?
~ (s—b)(s—0)
= (b-a)(c—a) =2(s—a)?

b+c—a)2

:(b—a)(c—a)=2(
= 2(bc—ca—ab+a?)

=b?+c?+a’ +2bc—2ca—2ab
—2a’=b*+c?+a’
=b?+c?=a’

Hence AABC isright angled and A = 90°.

78.1n atriangle ABC provethat r+r)tan(BZCj 0

Solution: -
rr, :4Rsiné cosE cosg+4RsinésinEsin9
2 2 2 2

2
:4Rsinécos(B_Cj
2 2

> (n+r)t ( z 4Rsn—§@/ej/%éj
> 3R29‘n(9o°— B;C].s‘n(ﬁ]

2

x e 23] 257

> 2R{sinB-sinC} =) 2RsinB-2RsinC

Z b-c=b-c+c—a+a-b=0



2 2 2
79. Show that iz+i2+i2+i2:w.
r oo A

1 1 1 1

Sol.LH.S. = =+

S N R

_s (-3’ (s-b)° (s-0)°

A% A2 A? A?
:A—lz_sz+(s—a)2+(s—b)2+(s—c)2]
:A—lz_sz+52—2as+a2+52—2bs+b2+sz—203+cz}

1r o 2 2 2
:P_4s —-285(a+b+c)+a“+b +c}

11,5, a®+b?+c?

:F_4S —23(25)i|+T
2 2 2
_aHb A RHs
A

80. Show that i+r—2+r—3:}—i.
bc ca ab r 2R

I I I 1
Sol.LHS. = 2+24+ 3 _—_— Jar,+br, +cr
5 abc[ 1+ bry +crg]

cC ca ab
:i Ea-stané :iZZRsinAtané °.'A:@
abc 2 abc 2 4R
siné
:iz 2R-23inécosé- i (-r=Al9)
abc 2 2 | st
2
:4&2 Sinzé :iz 1-cosA
abc 2 A 2

= Zi (1—cosA +1-cosB+1-cosC)
r

= Zi[s— (cosA +cosB+cosC)]
r

-1 3- 1+4sinésinEsinE
2r 2 2 2
1 4RsinésinEsinE

—2lo_ 2 2 2
2r| R

IS YL I S Sy
2ri RJ] r 2R

J



8L Ifr:R:ri=2:5:12, then provethat thetriangleisright angled at A.
Sol.Ifr:R:r;=2:5:12,thenr =2k, R =5k and r; = 12k for some k.
L —r=12k — 2k =10k = 2(5k) = 2R

:>4F\>sinA cosEcosE—sinEsinE =2R
2 2 2 2 2

Cj . A 1 (B+Cj . A
=1=9nN“—==—| " CoS =Sn—
2 2 2 2

:sn%:i:sin%"

V2

:%:45°:>A:90°

A (B+
:>2$|nEcos

Hence the triangle isright angled at A.

82. Showthatr +rz+r;—r>=4R cosB.

Sol.r+r3
. Cl. A. B A B
=4RsSin—| SSNn—SIn—+ COS— COS—
2 2 2 2 2

= 4RsinEcos(A _ Bj
2 2

rh—r

Cl . A B A . B
= 4R cos—| sSih— CcoS——Cc0oS—Sih—
2 2 2 2

2
:4RcosEsin[A_B]
2 2

Sr+r3+ri—rn

. C A-B C. (A-B
=4R| sih—cos +cos—sin
2 2 2 2

—4rsin| S+ 2_B|_sRranf o022
2 2 2 2

2
=4R cosB



83. A lamp post issituated at the middle point M of theside AC of atriangular plot ABC
with BC=7m, CA =8m and AB =9 m. Lamp post subtends an angle 15° at the point
B. Find the height of the lamp post.

Sol.

MN isthe height of the lamp post.
Let MN =h(?)
Giventhat ZNBM = 15°

b? +c? —a?
2abc

 64+49-81 16x2 32 2

T 2x8x7  16x7 112 7

In AABC, cosC=

c:osC:Z
5
Let BM =X
2,12 2
In ABCM, cosC= /4 =X
2XTx4
2_49+16-x*
7 7x8
16 = 65— x>
x2=65-16=>Xx=7
In ABMN : tan15°=D
X

h=xtan15° = 7(2—+/3)



84. Two ships leave a port at the same time. One goes 24 km per hour in the direction N
45%E and other travels 32 km per hour in the direction S 75® E. Find the distance
between the ships at the end of 3 hours.

Sol.

72 96
60°

P isthe position of the port.

A isthe position of the North-East traveled ship after 3 hoursis= 72 km
Position of the South-East traveled ship after 3 hoursis 3 x 32 = 96 km
From the data Z/APB = 60°

In AAPB,
AP? + BP? — AB?
2APBP

(72)? +(96)% — AB?
2x72x96

cosP=

Cc0os60° =

_ 72°+96° - AB?
2X72x96
| 5184+ 9216— AB?
7296
_ 14400- AB?
6912

1
2

6912 =14400— AB?

AB? =14400- 6912

AB? = 7488

AB = /7488 = 86.53=86.4km



85. A tree stands vertically on the dant of the hill. From a point A on the ground 35 meters
down the hill from the base of the tree, the angle of elevation of the top of the treeis

608. If the angle of elevation of the foot of thetree from A is 159, then find the height of

thetree.

Sol.

BD isthe height of the tree and A is the point of observation.

LeeCD=y
AC=x

Given that, ZCAD = 15°, ZCAB =

In ACAD, sin15°=-L
35

y=35sin15° = w
22
00315":1
35
=341 o e
2./2

In ACAB, tan60° =D
X

h= x\/_ = \/§+1><35><\/§
2.2

Height of thetree=h -y

2.2 2.2

= \/25\/%1[3+\@—\/§+1}

35x4
242

f?’—”xss\/é—ﬁ_lx%:

60° and AD = 35m.

(1)



86. The upper 3/4" portion of a vertical pole subtends an angle Tan™3/5 at a point in the
horizontal plane through its foot and at a distance 40 m from the foot. Given that the

vertical poleisat a height lessthan 100 m from the ground, find its height.

AB isthe height of the tree.

AD isthe 3/4™ part of upper part of the tree.
DB isthe 1/4™ lower part of the tree.

Let AB =100 —x

C isthe point of observation.

In ABCD,

Let /DCA : eztan‘lg:tane:g

100-x_ 1 _100-X

tano X—=
4 40 160
tan(0 -+ o) = tan0+tano
1-tanBtano
3+100—x
100—x 5 160
40 —§><100_X
5 160

100—-x _ 480+ 5(100—x)
40  800-3(100-X)
100-x _ 480+ 500-5x
40  800—300+3x
100—-x  980-5x
40 500+ 3x




Sol.

[100— x][500+ 3x] = 40{980—5x]
50000+ 300X — 500% —3x? = 39200 — 200x
= 3x? +500x — 400x = 50000— 39200

3x° =10800

XZ:W:%OO

X =+/3600 = 60

Height of the tree = 100 —x =40 m.

87. Let an object be placed at some height h cm and let P and Q be two points of

observation which are at a distance 10 cm apart on alineinclined at angle 15® to the

horizontal. If the angles of elevation of the object from P and Q are 30° and 60°
respectively then find h.

A isthe position of the object.
Giventhat AB=hcm

P and Q are points of observation.

Given that, PQ =10 cm

We have,

ZBPE = 15°, ZEPA = 30°, ZEQA = 60°
In APQA,

P=230° Q=120° and A = 30°

~. By sinerule,

AP PQ

sin120° sin30°

AP 10
sin(180°—60°)  1/2




=
sin60° J3/2
J3

AP = 20><7:10\/§

In APBA, sin45°=E
AP

h

1
2 1043

h:lgfﬁ'%@:m&s@cm

88. The angle of elevation of thetop point P of the vertical tower PQ of height h from a
point A is45° and from a point B is60°, where B isa point at a distance 30 meters
from the point A measured along the line AB which makes an angle 30° with AQ. Find
the height of the tower.

Sol.

300 450

A
In the figure

PQ=h, ZPAQ = 45°

ZBAQ = 30° and £PBC = 60°

Also, AB=30m

- ZBAP=ZAPB = 15°

Thisgives, BP=AB = 30 and

h=PC+ CD =BPsin60° + AB sin 30°

=153 +15=15(+/3+1) meters.



89. Theorem : - In atriangle ABC provethat

. . A_[(S=b)(S-c)
(I)SmE_\/—bc

A [(sTp)(stc) A (s-b)(s-C)
("')tan__\/ S(s-a)  S(S-a) A

S(S-a) A S(S-a)

) COtA/Z:\/(S—b)(S—c):(S—b)(S—c): A

Proof (i)
From cosine rule we know that

a’+ b® + ¢ = 2bc cos A= 2bc cos=b*+ c*— a?

b? + ¢? — a?

2bc

COSA =

We know that Zsinzgzl— CosA

b*+c*~a® 2bc-—b’~c*+a’

=1
2bc 2bc
a’—{b’*+ c* —2bc 2_(h_c)?
.-.Zsinzéz { }3gn2ézu
2 2bc 2 4hc
Sinzé:(a+b—c)(a—b+c)
2 4hc

‘ra+b+c=2S wehave 2S-2C=a+b-c

e A_R(S-C)2(S-b) A J(s—b><s—c>
2 Abc 2 bc

Proof (ii)

b? + c*— a?

2cosZé =4 cosA=1+
2 2bc

» A_2bc+b®+c*-a’ 2é(b+c)2—a2

2cos = 2C0S
2bc 2 2bc
b+c—-a)(b
coszé:( +c-a)(b+c+a)
2 4hc
Since a+b+c =2S; 2S—-2a=b+c-a
A 2(S-a)Zs A [S(S-a)
—=— 7 = C0S—=,|——~
2 Abc 2 bc



(S-B)(S—0)

A
oA S, b-c _ [(S-b)(S-¢c)
Proof (iii) tanE—COSZA— S(5-a) —\/ S(5-a)
2 b-c
A \/(s b)(S—c) (S—b)(S-¢c)  (S-b)(S-¢) _(S-b)(S—c)
2 \ S(S-a) (S—b)(S—C)_\/S(S—a)(S—b)(S—c)_ A

A\/(S—b)(S—c) S(s-a) _S(S-a)(S-b)(S-c) A
tan— X = —
2\ S(S-a) S(S-a) S(S-a) S(S-a)
Proof of (iv)

By taking reciprocal of tan A/2 we get cot A/ 2

List of formulae related to half angles

nd BT g, B0 e [5-allsh

ac

/ S- a B S( S—- b) C S( S—- c)
cos— = COS— = COS—
2 ac 2 ab

tané_\/( b)(S-C) A (S-b)(S-c)
2 S(S-a) S(S—a) A
tanLJ(S—c)(s—a)_ A (s-0)(s-a)
2 S(S-b) S(S-b) A
tang_\/(s—a)(s_b) A (S-c)(S-a)
2 \ S(S-c)  S(S-c) A
cotPo | S(5-3a) A _S(s-a)
2 \(S-b)(S-¢) (S-b)(S—c) . A
B | S(5-b) _ A _S(S-b)
2 \(S-a)(S-c) (S-a)(S-c) A




