MATHEMATICS - IIA

AIMSTUTOTIAL

DEFINITIONS, CONCEPTS AND FORMULAE:

1.

If nis an integer, (cos6 + isinG)" = cos nO + i sin NO
If nis a rational number, then one of the values of
(cos 0 + i sin 0)"is cos nO + i sin no.

If z=rcis 6 =r cis (2kn + 0), then

Z'h = cis (2“}27+e) wherek=0,1,2,...,n-1.
If x = cosb + i sind then X cos 0 +isin 0.

and i) X s 1= 2cosB jj) x L 2isin®
X X

Ifx=cose+isin9then; =cos 0-isin 0 and

i) x" +in= 2cosn@
X

i) X" -in= 2isin n© .
X

Cube roots of unity :
The roots of x* = 1 are called cube roots of unity

which are 1, o, ®? where
_1+iW3 , -1-iW3
0= , ®° = .
2 2
cis0,.cis, = cis(0, + 0,)
cis@ :
—1=cis (6,-6,)
cis0, '
cis0,.cis0, .cisO,.............. cisO,
= Cis (0, 0,+ O,*............ +0).

LEVEL -1 (VSAQ)

. Find the value of (1 +i)'.

V16 = i+ i *
e
= (\/5)16 [003450 + isin45°] 16

= 28 [cos16(45°) - isin16 (45°)]
= 256 [c0s720° + isin720°] = 256 [1 - i.0] = 256

. Find the value of (1 + I\/§)

oo [{1 3] 4]

. Find the value of (1 - i)

vl

. Find the value of [—+ -

3

= 8(cos60° + isin60°)?

By applying De Moivre’s theorem for an integral
index.

= 8[cos3(60°) + isin3(60°)]

= 8(cos180° + isin180°) = 8 [-1 +i(0)] = - 8.

= (ﬁ )8 (cos 45° - i sin 45°)°

By applying De Moivre’s theorem for an integral
index.
= 2*[cos8(45°) - isin8 (45°)]

=24 [cos360° - isin360° =16 [1-i(0)] = 16

B i) (V3 Y
2 2/ |2 2/

(£4459

= (cos 30° + isin 30°)° - (cos 30° - isin 30°)°
= cos5(30°) +isin5(30°) - [cos5(30°) - isin5(30°)]

081500 +isin150° -[;08’1’560/- isin150°:|

= 2i sin150° = 2i(1j=i.
2

De Moivre’s Theorem
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5. If A, B, C are the angles of a triangle such that
x =cis A, y = cis B, z = cis C, then find xyz.
A: Given thatx =cis A,y =cis B,z=cis C
Now xyz = cis A.cis B.cis C = cis(A+B+C)
=cos(A+B+C)+isin(A+B+C)
=cos 180° +isin 180°=-1 +i(0) = - 1.

1
6. If x = cis 0, then find the value of (XS + FJ

A: Given that x = cos 6 + i sin 6.
= x% = (cos 0 + i sin 0) = cos 660 + i sin 66.

1 _ 1
x5 cos68 +isin6d

Now, = c0os60 - i sin60.

6 -
Hence, X~ + — =
X

= cos60 + jsin6B0 + cos6O - sin6B

= 2cos 60.

N

Find the cube roots of 8.
A:Letx= 3/8=>x%=8
X3 =29 = (2.1
= x=2(1"3)
=2(1, o, ®?)
=2, 20, 207 .

8. If a, B are the roots of the equation x2+ x +1 =
0, then prove that a* + * + o' ' =0.

(o bab?—dac  AxV1-4_ A£3i_ oo

2a 2 2 '

Aa4+84+a'18‘1=w4+(w2)4+1.i2—w+w2+1—0
w w
. . 4
- (cosa+isina)
9. Simplify (sinB+iCOSB)8'
. (cosowisincx)4 _ (cosu+isinox)4

(-izsinB + icosB)8 [i(cosp - isinB)]8

(cosa +isina)® _ cosda +isinda
" (cosp -isinB)®  COs8P -isin8p
= (cosda + isinda)(cos8P+isin8f)
= cos (4o + 8B) +isin (4o + 8B) = cis(4a + 8)

10.Solve x* -1 =0.

A:

1.

x-1=0=>(x+1)(x2-1)=0

= x2+1=00rx?-1=0

= x2=-1orx* =1

= x = Jqorx=1

= X =tijorx= 1.

If the cube roots of unity are 1, ®, @?, then find

the roots of the equation (x -1)*+ 8 =0.
(x-1P3=-8=(-2=-2(1)""=-2(1, , 0?)
=Xx-1=-2,- 20, - 207
AXx=1-2,1-20,1- 202
=-1,1-20, 1-2u?

LEVEL - | (LAQ) @
If cosa + cosp + cosy =0 = sina + sinf} + Yy
then show that
i) cos 3a + cos 3p + cos 3y = 3cos (at+f +y)
ii) sin 3o + sin 3 + sin 3y =3sin (a+f+y)
Given: cosa + cosP + cosy =0 = sina + sinf + siny
Let a = cosa +isina,
b = cosp + isinp
C = cosy + isiny
.. a+b+c=(cosa+cosp+cosy) +i(sinatsinp+siny)
=0+i(0)
atb+c =0
= a®+b®+c®=3abc
(cosa +isina)® + (cosp + isinf)® + (cosy + isiny)®
= 3(cisa) (cisp) (cisy)
By applying DeMoivre’s Theorem for an integral
index, we get
cos 3a. +isin 3a + cos 3P +isin 3p + cos 3y +isin 3y
= 3cis(a+ B +7)
(cos 3o+ cos 3P + cos 3y) +i(sin 3a. + sin 3B + sin 3y)
= 3[cos(a.+ B +y ) +isin(a+p +7)]
Equating of the real and imaginary parts on
bothsides, we get
cos 3a + cos 3B + cos 3y = 3cos(a + B +y)
&
sin 3a + sin 3B + sin 3y = 3sin(a + B + ).

De Moivre’s Theorem
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2. If cosa + cosP + cosy = 0 = sina + sinf + siny,

show that cos?a. + cos?p + cos?y = %
= sin?a + sin?B + sin?y.
A: Leta=cosa +isino, b =cosp +i sinf, ¢ = cosy +i siny

= atb+c=(cosa+cosp + cosy) +i(sino + sinf + siny)
=0+i.0
=0.

On squaring, we get

(atb+c)*=0
=a’?+b?+c?+2@+bc+ca)=0
=a?+b?+c2=-2(ab + bc + ca)

= Cis2a + Cis2f + cis2y = -2abc (c+;+t1))
= -2abc[cosy - i siny+cosa - i sina + cosP - i
sinp]
=-2abc[cosatcosp+cosy)- i(sinat+sinB+siny)]
= -2abc[0-i(0)]
=0.
= C€0S2a +isin2a+cos2fB+isin2B+cos2y+isin2y=0
= (cos2a+cos2B+cos2y)+i(sin2a+sin2B+sin2y)=0+i(0)
Equating the real parts, we get
cos2a + cos2PB + cos2y =0 ................ (1)
= 2cos?0.-1 + 2cos?B—1 + 2cos?-1=0
= 2(cos?a + cos?p + cos?y ) =3
". cos?q, + cos?f + cos?P = %
Also from (1) cos2a + cos2p + cos2y =0
= 1-2sin?a + 1-2sin?p + 1-2sin?y = 0
= 3 = 2(sin%a + sin?p + sin?y)

. sin%a, + sin?B + sin?%y = % .

3. Prove that (1+cos0 + isin0)" + (1+cos0-isin0)"

) ne)
2" cos (z)cos(2

A: Now (1+cos6 + isinf)" + (1+cos0 -isino)"

_ 20 9.8\ ( 20 ;B Q)”
_(2003 2+|23|n20032) +|2cos 5 |23|n20032

= |:20082 (oosg + ising)]n + [20088 (COS% ) ismg)]n

By applying DeMoivre's theorem for an integral index
=2"cos" (9)[cos ”26 +isin ne}

2
+2"cos" (%)[cos% —isin ne}
= (2)[cosgzg+|sm%9+cos%9 |S|n%9]
= 2"cos" (% (Lze)

= 2" cos"

) 2
(8) eosl%)

4. In n is a positive integer, show that

n+2

(1+i)" + (1-i)" = 2 2 cos (TR)

A: 1+i =\/§(\/1§+i'\/1§]
= \/E(COS%H sin %)

. T_iain IT
1-i —x/i(c:oy4 |sm4)

(1) + (1 -y

- [\/E(cos%ﬂsin%)}n + [\/E(cos%—isin%)}n

—\/7 (COST+ISII'IT) \/7 (COST |smT)

By applying DeMoivre’s theorem for a +ve integer
n

= ? D_E isi D_E_. i
2 {cos4+|5|  +eoshft—isi 4}
n
2 nm

=2 2008(7)
N4

_92 nw

=2 Acos(T)

=2 cos(T)

5. If o, B are the roots of the equation

- 2x + 4 = 0. Show that a" + g = 2!
con (7).
A: Given equation is x2-2x +4 =0
_ -b+x+b?- 4ac
2a

De Moivre’s Theorem
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_2%4-16
=252

_ 24127
==2
_ 2423
—2£2431
13
7.
Leta=1+3i,p=1- 3]
Now o + B = ( 1+ /3 i) + (1 - Y3 i)

- [2(712“.[})}“ +[2(%—i_[§)}n
= [2(cos%+ i.sin %)]n +[2(cos% ~i.sin %)T
=2" (COST+I S|nﬁ§)+2n (cosT—| sm%@)

i |

*.* cos0 - isind

_ 1
~ cosO +isind

=2" [cos”“ﬂs AT | cos T

=2" Zcosj\’r

6. If n is an integer, Show that

nTT
(1+i)>+(1-i)>= 2 cos 2

A 1+i = ﬁ(%“%)
= ﬁ(cos%ﬂ.sin%)
= 1-i= ﬁ(cosg—i.singj

Now (1 +i)2 + (1 + )"

_ {\/ﬁ (cosg +i.sin ngn + {\/E (cosg =i Sin%ﬂzn

\/52" n . ) \/52” no. )
_( ) COSZHst +( ) COSZ—I.SIHZ
Using the De Moivre’s Theorem for an integral index

=2" [cosZnE + i.sin2n£j+2“ (cosZnE —i.sinZnEj
4 4 4 4

n nrr/.y.ﬂ(m{ nTr /m/w{
=2"| cos— +i. — +CcO0S—- i. Sjipr—
2 2 2 2

Nt
=2" 2C0S—
2
nTT
= 2™ cos— .
2
If n is an integer and z = cis0, then show that

Z2n-1
20 +1

=i tan no.

: Given: Z = cis0

= cos0 + isinod.

z%"1 _ (cos0 +isin0)"- 1
Z"+1  (cos0-isin®)”"+1

_ cos2n@ +isin2nB - 1
~ c0s2nB -isin2nB +1
By applying DeMoivre’s Theorem for an integ

index

Now

_isin2n6—(1-cos2nb)
~ isin2n6 + (1+ cos2n0)

_ i2sinn6 cosno - 2sin’nd
i 2sin N cosno + 2cos2n6

_ i2sinn® cosne +i?2sin’n6
i 2sin nB cosnd + 2cos?no

_ 2isinnB[ cosnd +isin nB]
~ 2cosnB[cosnb +isinnb]

=itanno .
If n is a positive integer, show that
(piq)"" + (p -iq)""
= 2(p?+q?)"?" cos [1 arcTan g}

Given: nis a positive integer
Now (p+iq)" + (p - iq)"

Sl

2 p +i q

\/pZ +q2 \/pZ +q2

=|4/p% +q

Sl

,p +q2 p - q
\/p2 +q2 \/p2 +q2
By applying DeMoivre’s theorem for a rational

index, we get one value as

De Moivre’s Theorem
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(p?+g?)"?" [(cosa. +isina)"" + (cosa. -isina) ']

Where coso = P , sino = q
:IP2+q2 p2+q2

2n 2cos [;arcTan(gjj

9. Show that

one value of

8
in T +j T3
[1+sm8+|coss}3=_1
1+smI[8 |cosI[8
1+sink + icoslsi
I - iy
1+sm8 icosT

A: Consider

1+ cos(IZE-ISEj + isin(IZLISE]
1 cos(zg)-isin3-g]

1+ cos%ﬂi + isin%IE

- 31 _isin3n
1+cos8 |S|n8

237 +i9gin3T 3n
_2003 16+|2$|n1600316

31 cos 3L
16 %516

2 0032;1%‘1 -i2sin

16 16 16

B 31 cos X - isindk
200516(00516 |S|n16)

2 Coseﬂ(cosﬁ +isin3—“)

_ 37 4 icin 31\

—(cosmﬂsmm)
By applying DeMoivre’s Theorem for an integral
: _ 3T 4 icin 3T
index = COs “g= +isin 5=

Now by applying DeMoivre’s Theorem for a rational
index, then one value of

8
[1 + sin18l + icosfgl}s

T - I
’I+S|n8 I0088

= one value of Cos3n+isin3n)§
8 8

= cosn + isinm

=-1+i(0)

=-1.

10. Solve the equation x° - x*+ x*-1=0.
A: Given equation is x° - x® + x*-1 = 0.
x5 (x*-1) +1(x*-1)=0
(x*+1) (x*-1)=0
Now x®*+1=0
x5=-1
= cosm + isinn
=cisn
=cis(2kn + n), k € z
=cisk + 1), k e z

x = [cis(2k+1)n]"s

= cis(2k+1)% where k =0, 1, 2, 3, 4.

= cis%, cis%ﬁ, cism, cisZ5’I, cis%E
Also x*-1=0
(x-1) (x2+1)=0
X=+1,+i
Hence the required roots are
+1, +1, cis%, cis%ﬁ, cism, cisZg‘, cis%ﬁ.

LEVEL - 1l (VSAQ)

1. If 1, ®, ®? are the cube roots of unity, then prove

11
that o, , " 1:20 1+0
1 1 1+20+2+®

2+0 1420 2+40+0+20°

_ 3(t+e) :3(1+@):(1+@)2:(1+m+oo2)+oa
2(1+0)+c02)+3(x) 3w (0(1“9) “’(1+@)

De Moivre’s Theorem
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2. Prove that - ® and - »? are the roots of
z2-z+1=0, where ® and »? are the complex
cube roots of unity.

A:z2-z+1=0.

_-bx+b?—4ac

2a

z

117 -4 (0)
2(7)

1243
2

J3i 14431
-1+

1-
2 2

(5858

=—m, -0 .

3. If 1, ®, &? are the cube roots of unity, find the
value of (1 -+ ?)®.

(1 -o+w?)? = [(1+c02)—0)T

A+ o+ol =0

4. If 1, o, & are the cube roots of unity, find the
value of (1 - ®) (1 - ®?) (1 - @*)(1 - &°).

A (1-0)(1-0?)(1-0*(1-0°
=(1-0)(1-?)(1-0)(1-?)
=[(1-0)(1-?)P
=[1-0-0? + P
=[1- (o + ?) + 1]
=[2- ()P
=32
=9,

. T .
=Cis—, Ccis—
7 7

LEVEL - 11 (LAQ)

1. Find all the roots of x" - x" + x*-1 = 0.
A: Given equationis x" -x"+x*-1=0

= x7(x4 —1)+1(x4 —1):0
:>(x4—1)(x7+1)=0
Now x*-1 =0.

= x* =1=cis0 = cis(0 + 2k) = cis2kT
1
= x = (cis2kr)# = cis2kTTr, k=0,123

= cis%-r,kzo, 1,23

. N . 3m
=cisO0, cis—, cisTr, cis—
2 2

Alsox"+1=0
x’ = -1 = cisn = cis(rn + 2kn)
x = [cis (2k+1) «]"7

— cis (2K + 1)%, k=0,123,4,56

3n . 5n . 7n . 9n . 1Mn . 13m
,CIS—,CIS—,CIS—,CIS—, CIS——,
7 7 7 7 7

Hence the required roots of the given equation are

. LT, . 3r . n . 3n . bn
= CISO, CIS—, CISw, CIS—, CIS—, CIS—, CIS—,
2 2 7 7 7

n . 9n . 11n 13w

cis—, cis—, cis——, cis——
7 7 7
2. f(I+x)"=a , +ax +ax’ + ... a x", then

show that

n
i) ag-ay+a,............ =22cos—

. nm
ii) a;-az +ag........... =22sin—.

4

Now (1 +x)"=a +ax+ax+.... +a X" .
Put x =i, then
ag +aji+ay ... +ai" =(1+i)

—{ﬁ(cos%ﬂsin%ﬂ .
By applying De Moivre’s theorem for an integral
index

De Moivre’s Theorem
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Q
S

+
o

|

Q
N

|

Q
w—.
+
Q
IS

*

Il
N

N
Q
o
(7]

| >

a
x
28
I
N—

n
> nt .., . Nu
=22cos— +i22 sin—.

Equating real and imaginary parts both sides.

3. fz2+z+1=0, where zis a complex number,

12 12 12
prove that (Z+—] +(22+—J +(z3+—j +
z z? z3

4, 1V s. 1Y 6. 1Y
Now z2+z+1=0.

1+ 1-4  —1+./3i 5
Z = 2 = 2 = 0

Taking z = , we get

1V (5 1Y (5 1Y
Z— | H 2+ | H| |+
V4 Z z
1

4. State and prove De Moivre’s Theorem for an
integral index.

A: De Moivre’s Theorem for an integral index:
For any real number 6 and any integer n,
(cos6 + isinB)" = cosnb + i sin no.

Part1: Let n be a positive integer. We prove the
theorem by using the principle of mathematical
induction.
Let P(n) be the statement:

(cos6 + isinB)" = cosnb + i sin nO
If n =1, LHS = (cos0 + isin0)’

= cos0 + isin®
RHS = cos10 + isin16
= cosf + isin®
. LHS =RHS

Thus P(1) is TRUE.
Assume that P(k) is true.
= (cosO + isinB) = cosko + i sinkd
Multiplying bothsides by cos6 + isinf, we get
(cosO + i sinB)<*" = (cosk0 + isinkd) (cosO +
= cosk0 cos6 + i sink6 cos6 + i cosk6
sin0+ i2 sinkd sind
= cos(k6 + 0) + i sin(k6 + 0)
=cos (k + 1)0 +isin(k+1)0 .
P(k+1)is TRUE
By induction, P(n) is true for all positive integers n.
i.e. (cosO + i sinB)" = cosno +isin no for alln € z*.
Part 2: If n =0, LHS = (cos6 +isind)°
=1
RHS = cos06 + isin06
=1
LHS = RHS
If n =1, the statement is TRUE.
Part 3: Let n be a negative integer and n = -m,
where m e z*
So for m, part 1 is applicable.

Now (cos6 + isinf)" = (cos6 + isinf)™

_ 1
(cose+ isine)m

_ 1
~ cosmO+isinmo fromPart 1

= cos m0 - isin moO
= cos(-m)0 + i sin(-m)0

= cos no + i sin no.

De Moivre’s Theorem
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5. If 1, , ®? are the cube roots of unity, prove
:)h(a‘]t- at@?)® + (1-w0+w)° = 128 = (1-wtw?)” + (1+o-w?)’
ii) (a + b) (am + ba?) (ae? + bo) = a° + b3,

A: Given that 1, o, w? are the cube roots of unity,
then1+w+w?=0and o =1
N(1-o+w®)+(1-0+w?)s

= (-0- )+ (-0 - ?)°

= (-20)° + (-207)°

= (-2)8 [0 + ©'7]

=64(1+1)

=128
(1-0+0?)+(1+o0-0?)

= (-o- @) + (-0? - @)’

= (-2m)" + (-20?)

= (2) [0 + "]

=(-128) (o + &?)

=(-128) (-1)

=128.

ii) (@ +b) (amw + ba?) (aw? + bw)

= (a+b) (a%w® + ab &? + abe* + b? »?)
= (a+b)[a%+ ab(e? + ©) + b?]
=(a+b)[az+ab(-1) + b?
=(a+b)(a?-ab +b?

=a3+b3

6. Find all the values of (1 + i)?3.
A: Now1+i:\/5[1+i.1j

V22
= \/E(cos% +i sin%)
=2 cis%tf

_ 20is(2kn+%), kez
2
1+| =2 [ cis(8k+1) ]3

Z:

[on
s(8k+1) T, k=012
cis

cis(8k+1) %, k=0,1,2

De Moivre’s Theorem



