MATHEMATICS - 1A

AIMSTUTORIAL

DEFINITIONS, CONCEPTS AND FORMULAE

1.

9.

If a, b, ¢ are complex numbers and a # 0,
then ax? + bx + ¢ = 0 is called a quadratic
equation.

The roots of the quadratic equation ax?+ bx +c=0

L \b? - 4ac

2a

ar

If o, B are roots of ax?+ bx + ¢ = 0, then
_b ._c
a+f= a ,(xB—a.

A=Db?-4ac s called discriminant of ax?+ bx + ¢ =0.

If a, b, c are real, then the nature of the roots
of ax?+ bx + ¢ = 0 is as follows :

i) If b2- 4ac < 0, then the roots are imaginary and
they are conjugate complex numbers.

ii) If b2- 4ac = 0, then the roots are real and equal.

iii) If b?- 4ac > 0, then the roots are real and
distinct.

If a, b, c are rational, then the nature of the roots
of ax?+ bx + ¢ =0 is as follows :

i) If b2- 4ac < 0, then the roots are imaginary and
they are conjugate complex numbers.

ii) If b2-4ac = 0, then the roots are rational and equal.

iii) If b2- 4ac > 0 and b2- 4ac is a perfect square,
then the roots are rational and distinct.

iv) If b2- 4ac > 0 and b?- 4ac is not a perfect
square, then the roots are irrational and distinct.
They are conjugate surds.

The quadratic equation whose roots are a, B is
x2-(a+B)x+ap=0.

If o, p are the roots of ax2+bx+c=0, then
ax2+bx+c=a(x - a)(x - B).

A necessary and sufficient condition for the
quadratic equations a x>+ b, x +c, = 0 and
a, x>+ b.x + ¢,= 0 to have a common root is
(c,a,-c,a,); =(a,b,-ab,)(b,c,-b,c,).

48, "C3

Here the common root is
a1b2 -a2b1

10.

11.

12.

13.

14.

15.

If the roots of ax?+ bx + ¢ = 0 are imaginary
(complex roots) then for x € R, ‘ax?+ bx + ¢’ and
‘a’ have the same sign.

If the roots of ax?+ bx + ¢ = 0 are real and equal to

o= ,thenfora#x € R, ‘ax?+ bx + ¢’ and ‘a’
a

have the same sign.
Let o, B be the real roots of ax?+ bx +c=0
and a < 3, then for

i)xeR, a<x<p ='‘ax®+bx +c and ‘a have
opposite signs.

ii)x e R,x<a orx>f = ‘ax*+bx+c’ and ‘a’ have
the same sign.

Let f (x) = ax?+bx+c be a quadratic function.

-b
i) If a> 0, then f (x) has minimum at x = and
o dac -b?
the minimum value = .
4a
-b
ii)Ifa< 0, thenf (x) has maximum atx = 2a and
) 4ac -b?
the maximum value =
4a

Let o, B be the roots of ax?+bx+c = 0, then the
equation whose roots are

1 1 1
i) —and  isf(—)=0
a B X
i)ao+kandpB+kisf(x-k)=0
ii)a-kand p-kisf(x+k)=0

iv)-a.and - is f(-x) =0
v) ka and kp is f [Ej =0

If ax? + bx + ¢ is a quadratic expression, then
ax2+bx+c>0orax?+bx+c>0orax?+bx+c
<0orax?+ bx +c <0 are called a ‘quadratic
inequations’.
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1. Form a quadratic equation whose roots are
-3 + 5i.

A: The quadratic equation whose roots are
-3+5iand -3- Siisx?-(a+B)x+af =0
=x?-(-3+5i-3-5i)x+(-3+5i)(-3-5i))=0

--(a+ib) (a-ib)=a?+b?

= Xx?+6x+34=0.

2. Obtain a quadratic equation whose roots are
P-q {p+q
p+q p-q °

p-q -(p+q)
’ IS
P+q p-q

Xz_[p-q _(p+q)}+(p-qj{-(p+q)}=o
p+qa p-q | \p+a)l p-q

(p-a) -(p+q)’
= X2 - p2_q2 x-1=0

A: The quadratic equation whose roots are

=(p?-q%) x* +4pgx - (p’- %) =0

3. Find the quadratic equation, the sum of whose
roots is 7 and the sum of the squares of the
roots is 25.

A: Let a, B be the roots of the required quadratic
equation.

Giventhata + B =7, o2+ p2=25.
(a+p)=72

=02+ B2+ 20p =49

= 25+ 2af =49
=20B=49-25=24

=ap=12

.. Required quadratic equation is
xX2-(at+Bx+af=0

=Xx?-7x+12=0.

. [f a, B are the roots of the equation ax? + bx +c=0.

1 1
Find the value of — % .
a B

. a, p are theroots of ax? +bx+c=0

. If a and B are the roots of the equation

ax? + bx + ¢ = 0, then find the value of
1 1

I P

q2 BZ .

. o, B are the roots of ax? + bx + ¢ = 0.

-b c
:>oc+B=;,(xB=;

1,1 _B*+a?®
Now 37" 37 = “(ap)?
(a+B)?-2ap

(aB)?

(b/a)-2c/a

T (cla)

_b%?-2ac a?
a? c?

_b?-2ac

CZ

. Faand B are the roots of the equation x? + x+1=0,

a
find the value of % o«

B

: aand B are the roots of x2+x +1=0.

—a+p=-bla=-1;ap=cla=1

2 2
Now S+ BB
B o aB
_(a+B)*-2ap

ap
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7. If a and B are the roots of the equation
2x? + 3x + 6 = 0, find the quadratic equation
whose roots are a® and f3.

A: o, B are the roots of 2x> + 3x +6 =0

-b -3 c_6 3
o+ P a 2 op a 2
o+ p2=(a+B)’-3ap(a+p)

27 27
- —

8 2
-27+108

8
81
8
odp® =33=27
Required quadratic equation is

X2_(a3+B3)X+a3B3=O

81
X2-—x+27=0
8

8x?-81x +216 = 0.

8. If the equation x2-15 - m(2x - 8) = 0 has equal
roots, then find the values of m.

A: Given equation is x2-2mx + (8m -15) =0
since it has equal roots b?-4ac =0
=(-2m)?-4(1)(8m-15)=0
=>4m?2-4(8m-15)=0
=>m?2-8m+15=0
=>(m-3)(m-5)=0
~.m=3 orb.

9. f(m+1)x2+2(m+3)x+m+8=0 has equal
roots, find m.

A: Given equationis (m+1)x2+2(m+3)x+(m+8)=0
Since it has equal roots b?-4ac =0
=>{2(Mm+3)P2-4m+1)(m+8)=0

>m?+6m+9-(m?+9m +8)=0

+4

=-3m+1=0

=m = 1/3.

10. Prove that the roots of (x - a) (x - b) = h? are
always real.

A: Given equationis (x-a) (x-b) =h?
=x?-(a+b)x+(ab-h?)=0
Its discriminant
={-(a+b}*-4(1) (ab - h?)
=a®+ b?+ 2ab - 4ab + 4h?
=(a-b)*+(2h)
>0
Hence the roots of the given equation are always
real.
M. Ifx2-6x+5=0and x2-12x + p =0 have a
common root, then find p.
A x2-6x+5=0
=>(x-1)(x-5)=0
=x=1,5
=>lfx=1,1-12+p=0=>p=11
=Ifx=5,25-60+p=0=>p=35
L p=11or35

12. If the quadratic equations ax? + 2bx + ¢
and ax?+2cx+b =0, (b = c) have acommon
root, then show that a + 4b + 4¢c = 0.

A: Let a be the common root of given two equations.
ac?+2ba+c=0
ac?+2ca+b=0
on subtraction 2(b -c)a-(b-¢c)=0
20-1=0
a=1/2
=a (1/2)2+2b (1/2)+c=0

=a+4b +4c=0.

‘rb-c 20

13. For what values of x, the expression
3x2+ 4x + 4 is positive.

A: Given expression is 3x2 + 4x + 4

Consider 3x2+4x+4 =0

-b ++/b? - dac

2a

Roots are x =
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_ -4£16-4(3)4)

2(3)

_ -4£+/-32
6

41442
6

which are complex numbers.

Thus, V x €R, 3x2+ 4x + 4 is positive.

14. For what values of x, the expression 15 + 4x - 3x?
is negative.

A: Given exprssion is 15 + 4x - 3x2.
Herea=-3<0.
Consider 15 +4x -3x2=0
=3x2-4x-15=0
=3x2-9x +5x-15=0
=3x (x-3)+5(xx-3)=0
=(3x+5)(x-3)=0
>a=-5/3,p=3 --a<pP

Thus for x € R and x <-5/3 or x > 3, then
15 + 4x - 3x? is negative.

15. Find the maximum value of 2x - 7 - 5x2
for x € R.

A: Comparing 2x - 7 - 5x2 with ax? + bx + c,
wegeta=-5 b=2¢c=-7.
Maximum value of 2x - 7 - 5x2

4ac -b?
4a
4(-5)(-7) - 27

~4(5)

140-4

~ 20
136

© 20
34

=

. Find the range of

LEVEL - 1 (SAQ)

. Determine the range of the experssion

X2 +x+1
— ,XeR
X -x+1
L X2 +x+1
et ——— =y
X% - x+1

SX2+x+1=yx2-yx+y

= (y-1)x*-(y+)x+(y-1)=0.

Forx e R,b?-4ac>0

= {-(y+ DP-4(y-1)(y-1)20
=-3y2+10y-3>0 x(-1)
=3y?-10y+3<0

=3y?-y-9y+3<0
=Yy@By-1)-3(@By-1)=<0
=@y-1)(y-3)<0 +3

= (Y'%j (y-3)<0

et
2

X"+ x+1 1
Hence the range of —— is [f, 3} .

X" -x+1
2x*-6x+5

X" -3x+2
2x2-6x+5

if x e R.

clet ——— =y

X% -3x+2
= 2x2-6x +5=yx%2-3yx + 2y
= (y-2)x*+3(2-y)x+(2y-5)=0
Forx e R,b?-4ac>0
={3@2-y)-4(y-2)(2y-5)>0
=(y-2)[9(y-2)-4(2y-5)1>0
=(y-2)[9y-18-8y+20]>0
=(y-2)(y+2)=0
=1[y-(-2)] (y-2)20.
2x° -6x +5 .

2 is (-0, -2] U [2, ).

Hence the range of
X" -3x+2
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. Prove that

3. If x is a real number, find the range | 5.
xX+2
2x% +3x+6
X+2
e e Y
= X + 2 = 2yx? + 3yx + 6y A

=2yx2+ (3y-1)x+23y-1)=0
Forx e R,b?-4ac>0

= (3y-1)*-4(2y) (2) (3y-1)=0
= @By-1)[By-1-16y]>0

= (3y-1)(-13y-1)>0

= @By-1)(13y+1)<0

=[(3)] (v-3)=0

3l
=YeE 13’ 3

x (-1)
+3(13)

x+2 [-1 1}
.. Range of o +3%+6 Is 1730 3 |-
1 1 1
+ -
3x+1 x+1 (3x+1)(x+1)
not lie between 1 and 4, if x is real.

1 .\ 1 1 X+1+3x+1-1

T 3x+1 x+1 Bx+1)(x+1) | (Bx+1)(x+1)

does

4x +1 6.

T Bx+1)(x+1)

4x +1 A:

Let —— =
3x% +4x +1 y

=4x+1=3yx2 +4yx +y
=3yx?+4(y-1)x+(y-1)=0
Forx e R,b%-4ac>0
={(4(y-1)¥-4@By) (y-1)20
=(y-1)[4(y-1)-3y]=20
=(y-1)(y-4)20

=vye (-0, 1]Ul4, o).

Hence the given expression does not lie
between 1 and 4.

If x is real, show that the values of the

x2 +34x - 71

x2 +2x-7

expression do not lie between
5 and 9.

X2 +34x - 71

cLlet ——— =y

X2 +2x-7
= X2+ 34x-71 =yx? + 2yx - 7y
=S(y-1)x2+2(y-17)x+(71-7y)=0
Forx e R,b?-4ac>0
={2(y-17)-4(y-1)(71-7y) >0
= 4(y?- 34y + 289) + 4(7y?- 78y + 71) > 0
= y?-34y+289+7y*-78y+71> 0
= 8y?- 112y + 360 >0
=Vy?-14y+45>0
=Vy?-9y-5y+45>0
=y(y-9)-5(y-9)>0
=(y-9)(-92>0

+8

:>y € ('oo! 5] U [9! oo)
X% +34x - 71

X" +2x-7

Hence the values of

do not

X -1

between 5and 9.

Show that —,—— lies between ——, 1.
x"-5x+9 11
X
Let 70— =
x% -5x+9 y

= X = yx? - 5yx + 9y
=>yx®-(5y+1)x+9y =0

Forx e R,b?2-4ac>0

= {-(5y + 1)}*- 4(y) (9y) 20
=25y +10y +1-36y2>0
=-1y?+10y+1>0 x(-1)
= 1y?-10y-1<0

=>My?-My+y-1<0
=>My(y-1)+1(y-1)=<0

= (11y+1)(y-1)<0 s 11
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= (My+1)(y-1)=<0

[ ()] 6-neo

-1 1
= y S ﬂ!
X -1
Hence —5—— lies between ——, 1.
X" -5x+9 11

7. If x is real, find the maximum and minimum

x? +14x +9
values of the expression ————.
X" +2x+3
X% +14x+9
A let ———— =y
X" +2x+3

=>x2+14x+9 =y x2+ 2yx + 3y
=>((y-1)x2+2(y-7)x+(3y-9)=0
Forx e R,b?-4ac >0
= {2(y-7)P-4(y- 1) (3y-9)>0
=Vy2-14y+49 - (3y?-12y +9) >0
=-2y?-2y+40>0 +-2
=y?+y-20<0
=y2+5y-4y-20<0
=Yy(y+5)-4(y+5)<0
=(y+5)(y-4=<0
=>yel5 4]

X2 +14x+9

X% +2x+3

.. Maximum value of is 4 and the

minimum value is -5.
8. Solve 4<'-3.2x1+2 = 0.
A. Given4<'-3.2¢"+2=0

:>4——3'2 +2=0
4
Let 2x=1t

— 4x = 22x = t2
The above equation becomes

2
SN L
4 2

= t?-6t+8=0

= t?-4t-2t+8=0

= t(t-4)-2(t-4)=0
(t-2)(t-4)=0
t=2 (or)4

Case (i): Ift=2 Case - (ii): Ift=4

2x=2 2x =22

- x=1 X=2

. If the roots of ax? + bx + ¢ = 0 are imaginary,

show that for all x € R, ‘ax? + bx + ¢’ and ‘a’
have the same sign.

: Given that the roots of ax? + bx + ¢ = 0 are

imaginary.
=b?-4ac<0
4ac-b%*>0 - (1)

ax® +bx +c

Consider —
a
b c

>0

o For all x € R, ‘ax? + bx + ¢’ and ‘a’ have the
same sign.

10.Let a, B be the real roots of ax2+ bx +c =0

where a < B, then prove the following.

i) for a < x < B; ‘ax? + bx + ¢’ and ‘a’ have
opposite signs.

ii) for x<a orx>f; ‘ax’+ bx +c’ and ‘@’
have the same sign.
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A:

Given that o, B are the real roots of ax? +bx +c=0

with o < f.

= ax?+bx+c=a(x-a)(x-p) +a
ax? +bx+c

= =X a) (X B) e (1)

i) Suppose x e Rand a<x<f

—0 a X B 0

Nowx-a>0andx-p<0
= x-a)(x-p)<0

ax? +bx +c
>—<0
a
Thus for x e Rand a < x <, then ‘ax? + bx + ¢’
and ‘a’ have opposite signs.
ii) Suppose x e Randx < a

from (1)

—o0 X o B ©
Nowx-a<O0andx-p<0
=>x-a)(x-p)>0

ax? +bx +c
>—>0 from (1)
a
Supposex e Rand x>
—0 o B X 0

11.

. Let

Nowx-a>0 andx-p>0
=x-a)(x-p)>0

2
ax” +bx+c
> >0
a

from (1)

Thus forx e R, x<a or x>, then ‘ax?+ bx +
¢’ and ‘a’ have the same sign.

X-p
If the expression —; takes all real

x°-3x+2
values
for x € R, then find the bounds for p.
X-p
X2 -3x+2 -
= X -p =yx3- 3yx + 2y
=yx*-@y+1)x+(2y+p)=0

: Given equation is 3x? + 7x + 2 = 0.

Forx e R,b?2-4ac>0
={-@y+ 1)} -4(y) (2y +p) 20
=>9y*+6y+1-8y*-4yp>0
=Y¥*-2(2p-3)y+12>0

Here, coefficientof y2=1>0

So, the roots of y2- 2(2p - 3)y + 1 =0 are imaginary
orreal and equal = b?-4ac <0

={-2(2p-3)}*-4(1) (1)<0 +4
=4p?-12p+9-1<0
=4p*-12p+8<0 +4

=>p?-3p+2<0

=>((pP-1)((P-2)<0

=>pe[1,2]
X-p

2

X" -3x+2

s pe(1,2).

LEVEL - 1l (VSAQ)

But is not defined forp =1, 2.

. Find the nature of the roots of 3x?+ 7x+ 2 =0.

Now, A =b?-4ac = (7)?-4(3) (2)
=49-24=25=52>0.

.. Roots are rational and not equal.

. If o, p are the roots of the equation ax? + bx + c =0,

. a” +p?
then find the value of aZ+p2’

-b c
: Clearly, a+B=—,apf=—,
a a

OL2+B2 B 0,2'1‘[32

Now

a?+p? 1
1.1
(1.2 BZ
_ %‘F/Ef =(OLB)2=(§)2=%
p-+a a
W
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3.

A:

If o, B are the roots of ax? + bx + ¢ = 0, find the
values of a2 + B2 and o® + 3.
If a, B are the roots of ax? + bx + ¢ = 0 then

c

(X+]3=_—b,OLB=—
a a

(i) o® + p* = (o + B)* - 20

:(—_bf_z(g):bz—i_
a a a’
(if) 0@+ p* = (o + B)* - Bap(o + B)
3
(2G5
a a a
b’  3bc _3abc-b®

—+
a® a® a

Find a quadratic equation, the sum of whose
roots is 1 and sum of the squares of roots is 13.
Let a, b be the roots of required equation then
oat+B=102+p2=13
We have, (o + B)? = a2+ B2 + 20
= (1)2=13 +20p
= 1-13=20f =>20p=-12

=[op =]

.. Required equation : x2- (o + B)x + ap =0
(60 [Fx6-0]

Ifx2+bx+c=0and x2+cx+b=0(b=c)have
a common root then show that1+b +c=0.

: Let a be the common root of the given equations
theno?*+ba+c=0................ (1)
and o +ca+b=0 ... (2)
Solving (1) & (2)

%+ba+c=0—(p€z+0a+b)=0
= (b-clat+(c-b)=0

= (b-c)a=(b-c)=[a=1]
Substitute in (1) = (1)2+b(1)+c =0

~[irbro=0.

If the equations x?+ ax+b=0and x?+cx+d=0
have a common root and the first equation
has equal roots then prove that 2(b + d) = ac.

A:Let o be the common root.

Theno?2+ca+d=0— (1)

Also, x? + ax + b = 0 has equal roots.

=>a+oa=-a,a=b=>a=-a/2,02=Db.
(1)=>b+c(-al2)+d=0.

=b+d=ac/2

7. Determine the sign of the expression x2 - 5x + 6.
A: (i) Take x*-5x+6>0= (x-2)(x-3)>0.

= for x < 2, x > 3 the expression is positive.

(ii) Take x2-5x+6< 0= (x-2)(x-3)<0.

= for 2 < x < 3 the expression is negative.

8. Find the maximum or minimum of the
expression ax? +bx+a(a,beR anda=0).
A: Case: (i) Supposea >0
= the expression has absolute minimum at
-b
" 2a
That minimum value is

_4a(a)-b? 4a? -p?

X

4a 4a
Case: (ii) Supposea <0
= the expression has absolute maximum at
-b
X =—
2a

That maximum value is

4a(a)-b? 4a’ -b?
4a 4a

9.Find the maximum or minimum of the
expression 3x? + 2x + 11.

A: Given expression is 3x2 + 2x + 11
compare with ax? +bx+c=0
thenwegeta=3>0,b=2,c=11
Sincea>0

= the expression has absolute minimum at

b 2 -1

X=—=—=
2a 2(3) 3
dac-b>  4(3)(11)-2?
4a 4(3)
_132-4 128 32
12 12 3~

That minimum value =
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LEVEL - 11 (SAQ)

1. Solve 2x* +x®*-11x2+x+2=0
A. Given equation 2x* + x* - 11x2+x+2 =0
= =+ byx?

1 2
=2 +x-11+—+=5=0

X X
, 1 1
=2 x +— |+ x+— —-11=0
X X
Letx+l=2, x2+i=zz—2

2
X X

The above equation becomes

=2(2-2)+z-11=0
2z22-4+z-11=0

= 222+6z-52-15=0
2z(z+3)-5(z+3)=0
(z+3)(2z-5)=0
z=-3, 52

Case-i: lfz=-3 Case -ii: Ifz=5/2

1 5

x+l=—3 X+—=—
X x 2

x2+3x+1=0 = 2x2-5x+2=0

L_3E\o-4

2

3+4/5
X =

2

=2X2-4x-x+2=0

= 2x(x-2)-1(x-2)=0

(x-2)(2x-1)=0
x=2,1/2

3445 1}

. - 29_
. Theroots are { b b

2. Sol ,/L+,/x—'3-§ h 0 3
. Solve <-3 » 2wenxq,s , X = 3.

A. Let =z
x-3
The above equation becomes
1 5
Z+—=—
z 2
z2 +1 B E
= z 2

= 2z2-5z+2=0

= 2z2-4z-z+2=0

= 2z(z-2)-1(z-2)=0

= (z-2)(2z-1)=0
z=2,1/2

Case-i:lfz=2 Case -ii: Ifz=1/2

o |——==2 N L
x-3 x-3 2
X X 1
=3 =~ X3 2
= X=4x-12 = 4x=x-3
= 12 =3x = 3x=3
x=4 = X =

. The roots are {1, 4}.
3. Suppose thata, b,c € R, a= 0 and

f(x) =ax?+ bx + ¢

i) If a > 0, then show that f has minimum at
-b 4ac - b*

X=5 and the minimum value of fis ———
a 4a

ii) If a < 0, then show that f has maximum at

-b 4ac-b
X=5 and the maximum value of f is A
a 4a

A: Given quadratic function is f(x) = ax? + bx + c.

Differentiating w.r.t. x successively for two times,
f(x)=2ax+b

f"(x)=2a

For f(x) to be maximum or minimum, f'(x)=0

=2ax+b=0
-b
2a

= X=
If a> 0, then f"(x)>0 and hence f has minimum

atx = 22 and the minimum value of f

—_— -b2 -b
=a % +b2a +cC

_ b®-2b% +4ac
4a
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5. Find the solution set of x? + x - 12 < 0 by

2
_ 4ac-b graphical method.
4a A: Consider y = x2+ x - 12
If a <0, then f'(x)<0 and hence f has maximum = (x+4) (x - 3)
-b
atx = 5_ and the maximum value of f Table fory = x* + x - 12
X 5 4 0 3 4
b2 -b
=al 5, tblog)tc y=x2+x-12 8 0|-12 0 8
B 4ac -b°
4a Y
4. Find set of values of x for which the
inequalities x2 -3x - 10 <0, 10x - x2-16 > 0 =x?+x-12
hold simultaneously. 10 y
A: Consider x2-3x-10<0 5
= x?-5x+2x-10<0 . . X
— Xx(x-5)+2(x-5)<0 N 0 2 4
= (x+2)(x-5) <0
=[x-(-2)](x-5)<0
=xe(-2,5) 45| Scale:
X - axis: 1 cm = 2 units
Now 10x-x2-16>0 Y - axis: 1 cm = 5 units

=x?-10x+16<0
=>x?-8x-2x+16<0 .. From the graph of y = x? + x - 12, the solu

= X(x-8)-2(x-8)<0 setof X2 + x - 12 <0 is [-4, 3].

= (x-2) (x-8)<0

=xe(2,8)
Required solution set = (-2, 5) n (2, 8)

= (2, 5).
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