Mathematics - IIA

AIMSTUTORIAL

DEFINITIONS, CONCEPTS AND FORMULAE

C 2!’1 _1
V) -3+ S =
1. Ifnis a positive integer, (x + a)"="C x"+"C x"".a 2 4 6 n+1
+"C2X”’2.a2+ ...... +"CrX”'r.a’+....+”Cn.a”. 13. COCr+C1Cr+1+CZCr+2+ """ +Cn-rCn (2 )|
n)!
"C,,"C,,"C, ....."C_ are called binomid coefficients. ="Cr= (n-nl(n+r)!
3. No.of terms in (x+a)"is n + 1. jj) C2+C2+C3+....+C2=2"C_
+1)(n+2 i i
4. No. of terms in (x+y+2)" is (n )2(n ) . 14. If nis a rational number and |x| < 1, then
, n(n-1),2_ n(n-1)(n-2) 3
General term in (x+a)"is T, ="C_x™".a". ) (1+x)=1+nx+ = o7 X F 5 XoFe®
6. In(x+a)", nin+1 nn+1(n+2
i) (1-x)"=1+nx+ (1 5 )y 1 2)(3 )33 +...c0
i) if n is even then the middle term is Tg+1 ' o
15. If |x|<1 and p,q are positive integers then
ii) If n is odd, then the two middlemost terms are (0+) 2
; g — pP(Xx),PP+q)[X
2T ) (1xee = 145 (X[ PORAX
2 2
7. Term independent of ‘x’ or constant term is the 2
o n pa=q- P (X ] P(P+a) (X )
term containing x°. i) (1+x)Pla=1 1![q]+ 21 {qj ....... ©
8. In(1+x), 16. If |x| < 1, then
n+1)|x i v} = 2443 n
i) if (|x|)+|1 I=p (an integer), then the two ) (1-x TN AX 0
numerically greatest terms are [T | &[T, .| ) (1X)7 = AX X A APX 00
i) (1-x)2 = 142x +3x%+.....+(n+1)x"+......00
ii)IfM=p+fwherepisaninteger 0<f<1 :
[ x|+1 ’ iv) (14x)2 = 1-2x +3x%.....+(-1)"(n+1)x"+......0
then the only numerically greatest term is |T | V) (1-x)® = 1+3x +6x*+10x%+.....
(N+1)(n+2) n,
9. i)C +C,+C,+....+C =2" o T
i) C .+C,+C,+....=C +C +C_+.=2"" Vi) (1+x)3 = 1-3x+6x2-10x3+.....+(-1)"
10 i)a.C +@a+d)C,+@+2d)C,+...+(@+nd)C =(2a+nd)2"" WXM _____ "
ii)a.C_-(a+d)C,+(a+2d)C,-......n+1 terms =0 . .
17. If [x| <1 and n is a rational number,
11. i) C,#2.C x+3C x*+....+n.C_x""'=n(1+x)""
ii)C,+2.C,+3.C,+....n.C =n.2"" (T+x) U1+ %x if x2 and higher powers of x
iii) C,-2.C,+3C,-...+"C _(-1)~'=0 are neglected.
c, .C C (1+x)"1-1
B 1 2 2 n_ N — -1
12.0) Cot g Xt X X = e X i) (1+x)" 1 1+ %x+ %xz if x and higher
+1
iy C +&+&+_m+&=2” -1 powers of x are neglected.
0 2 3 n+1  n+1
n
cC C C 1 i) (1-x)" 1 1+ X if x2 and higher powers of x
iif) Cy-mrt 2t P (1) = —— :
2 3 n+1 n+1 are neglected.
2" +1
iv) Co+ 2t = = iv) (1-x)" 1 1+ %x+ %xzifxaandhigher
powers of x are neglected.
Binomial Theorem
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LEVEL -1 (VSAQ)

1. Find the number of terms in (2a + 3b + c)°.

A: Number of terms in (2a + 3b + C)®
_ (n+1)(n+2)
- 2!
_ (5+1)(n+2)

2. Findthe 3™ t%rm from the end in the expans
s .2
o X2 .

8
3
A: In [X3 ——2] , 3rd term from the end

=8C, (x23)8® (-3/x2)°
= 5C, X X3 x 36/x'2

= 5C, x 38/x%,

3. Find the coefficient of x® in (3x - 4/x)"°
T,,,="C, (3x)"" (-4/x)
= 1OCr .310-rl(_4)r' x10-r-r
To get the coefficient of x®,
10-2r=-6
=2r=16
=r=8
Coefficient of x®="1°C, . 32 (-4)°
=1C,.3%. 4%

2x
4. Find the coefficient of x7 in ( 3 "

7
(205
"3 s )

ion

10 -r
X —4Y
- Generalterm Tr =10 Cr.[_ ( . ]

7-r
_, 2X2 5 r
Tr+1_ Cr' T E

7-
= 7Cr . (%) ' (;)r . X14—7r

To get the coefficient of x7,
14-7r=7
Tr =21
r=3
.. Coefficient of x7

NG
S

4375
- 324

10
x4
Find the term independent of in ?—X—z .

3 X

0 (_4)r 10-r
= Cr \?)']T'X 2

=2r

To get the term independent of x, 10-r

10-5r=0 = r=2.
.. Term independent of x
2
(-4)
38
_45x16 _ 80
o3 729

-2r=0.

_ 1OC
- 2

Find the numerically greatest terms the
expansion of (3 + 2a)'"® when a = 5/2.

15
(3+2a)®=3" (1+%)

2a

x| = 3

3

(n+1)Ix  (15+1).5/3
IX+1 8/3
- |T,land [T, | are numerically greatest.

|25 5
1372

Now =10

Binomial Theorem
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5 9
IT,ol = °C, 3° (2. §) =15C, . 36, 5°
5 10
IT,|="%C,3° (2. §) =15C, . 3%, 310
and [T, |=T,,|

7. Find the numerically greatest term in the
expansion of (3x+ 5y)'2 when x =1/2, y = 4/3.00

12
A: (3x + 5y)'2 = (3x)™ 172
' 3x
542 40
IX1=13379| 79 40
13x 2
(n+1)|x|_ 9 _@_
ow x| +1 49 =74 =10.4

.. Numerically greatest term
= | T 10+1 |
=|"1C,,(3.%2)"1°(5.4/3)"|
=12C,. (3/2)* (20/3)"

8. If the coefficients of (2r + 4)* and (r - 2)" terms
in the expansion of ( 1 + x)*® are equal, find r

ArIn (1+%), T, =T, g,
:1802r+3
T 2™ T
=1C_,
But™C,,, ="C_,
=r=s n=rt+s
—2r+3=r-3 18=2r+3+r-3
—r=-6 18 =3r
is not possible r=6
. r=6.

9. If 2C is the largest binomial coefficient in the
expansion of ( 1 + x)? find the value of °*C_.

A: ="C_, ifnis even
:22C11
r=11.

Now "*C ="C,,
= 1302
_ 13x12
T2
=78.

then prove that (i) a +a, +a,+ ... +a, =2

. — A0
(ii)a,-a, +a,-... +a, =4

. 2\10 = 2 20
Ar (1+3x-2x3)"0=a +ax+ax+..+a,Xx

Put x =1 in the above relation,
fa, .120=(1+3-2)°

0 - = 210
Sa’+a ta,+... =a, =2

2
a,ta.l+a,-12+ ..

Put x = -1 in the given relation,
a,*a, (-)+a, (-1 +.... +a, (-1°=(1-3-2)°

11. Obtain the values of x for which the binomial
expansion of (2 + 3x)?? is valid.

A (2 +3x)29 + 225 (1 + 3x/x)2°

The above expansion is valid if
| 3x/x | <1
=|x|<2/3

53
€|z
=X 3’3

12.Find the values of x for which the binomial
expansion (7 + 3x)?® is valid.

5
A: (7 +3x)5=7"° (1 + 3?)()

<1

3x
The avove expansion is valid if ‘7

<7
= |x] 3

(53]
=X € ?! § .
13.1f C_denote "C , then prove that

aC +(a+d)C, +(a+2d) C, + ...+ (a+tnd) C_=2""".
A: Let

S=aC,+(a+d)C, +(a+2d)C, +.....+ (a+nd)C —(1)

Cr=Cn—r
S=(a+nd)C,+[a+(n-1)d]C, +[a+ (n-2)d]
C, +. +aC - (2)

(1)+(2)=>28=(2a+nd)C +(2a+nd)C, +
(2a+nd)C,+..... +(2a+nd)C .
=2S=(2a+nd)[C;+C, +C,+ ... +C ]
= 2S = (2a + 2d)*
.. S=(2a+nd) 2"

10. If (1 +3x-2x?)"Y=a+a x+ax*+...

Binomial Theorem
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2.

AilIn(@+x), T,=T

. State and prove ‘Binomial theorem’ for a

positive integral index.
If n is a positive integer, then
(x+a)"="C x"+"C x"".a + "C x"2.a*+....+"Cx"".a'
+.+"C a".
Let S(n) be the given statement.
Ifn=1, LHS=(x+a)'=x+a
RHS='C x"+'C,x'"".a=x+a
LHS = RHS.
Thus S(1) is true
Assume that S(k) is true.

S(x+a)= C X +KC, x T a+C, X2 at+ Lt
+HC x*TLat+ L +C,_ak
Now (x + a)*' = (x + a) (x + a)
=(x+a)[[C x+C, x*'.a+*C,x?.a’+ ...+
+HC x*TLat+ L ++C,_a"
=KC X1 +KC x* La+C X at+ .
+kCer—r+1 .
+C x“.a+*C x'.a%+C x".a" + ... .+C_a“
=X+ (KC +C)x.a+ (C,+*C ) x*". @
+...+(C +*C _)xTriat+ +akr!
w"C +°C =""1C
=G XK T+ KIC Xk a+ ! TIC, X @i+ L +
+KHIC X< an+ +kr1C
- S(k + 1) is also true.

Hence, by the principle of mathematical induction
S(n) is true for all n e N.

If 27, 3 and 4" terms in the expansion of (a +
x)" are respectively 240, 720, 1080, find a, x, m.

1+1

"C,a"?x* 720
I = nrc,a'x T 240
n(n-1) a" x%a

= — =3

2 a2 a%.n

n(n-1)x

=" =3

= (n-1)x=6a--------- (4)
nCSan—SXS 1080

= nc,a2x® T 72

:n(n-1e);(n-2) %

x*.2.2%> 1080
nin-1)a"? =~ 72

(n-2)x
3a

= (n-2) (2X) = 9@ - (5)

_ 3
3

(-2)(2) _ 9a
4 = (-1)x ~ 6a

=4n-8=3n-3
= .n=5
From (4), 4x = 6a
X = 32a -—------ (6)

Now (1) becomes °C, a* x = 240

= 5a*. 3a =240

2
= a*=32=2°%

La=2

_3a _ 3(2) _
From(G)X—T —T—3

. If the coefficient of x' in the expansion of

="C,.a"". x =240 --moev (1) (ax2 + l))()11 is equal to the coefficient of x°
T,=T,,, 1 \"
="C,.a" 2. x2=720 --—--- (2) in the expansion of (ax - bxz) , find the
T,=T.., relation between and a and b, where a and b
="c . an-® x3=1080 -—————- (3)

Binomial Theorem
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are real numbers.

1
A: In (ax2 +1) ,
bx?

1 r
Tr+1 = 11Cr . (ax2)11—r (bx)

1M-r

="C,. o X223
To get the coefficient of x'°,
22-3r=10
12=3r
r=4
, 1 \" a7
.. Coefficient of x'%in (ax +bx2) ="C,. ot
In (ax2 - b>1<2 )11 ,T.,,="C, . (ax)"r (bx12)r
="C, .(-1). a1b1r'r CxM-d
To get the coefficient of x°,
11-3r=-10
21=3r
r=7.

1
Thus, coefficient of x'%in |ax - L is
bx?

4

=(_1)711C i
7" b7
a’ a*
But 11C4 . bT = -11C7 . ? . nCr = nCn_r
-1

S ad= b3
= (ab®)=-1
s ab=-1. (-ra,beR)

4. If (7+4 /3 )"=1+fwhereIand n are positive
integers and 0 < f < 1, then show that
i) I is an odd positive integer
iiyI+f)(1-f)=1.

A: i) Given that I, n are positive integers.

O<f<1and(7+4/3)=1+f.

Clearly 0 < 7-4+3<1
=0<(7-443)<1

Let (7 - 43 " = x
O0<x<1
0<f <1 given
on addition 0<f+x<2 -----—-- (1)
Now (I +f) + x

=(7T+43 )y +(7-443)

=nC,.7"+"°C, 7" (44/3)+"C, 72 (432 + .....
+7C_ (448 )" +1C,7"-"C, . 7" (4/3)

+1C, 7" 2 (43 2~ ... +C, (-43 )"
=2["C,.7"+"C,. 7" 2 (43 + .......... ]

=2 (some integer)

.. I+f+x=aneven integer
= f+ x=aneven integer - (I)
= f + x =some integer ------ (2)
Combining (1), (2) the only possibility left is f + x = 1.

Now I + f + x = an even integer
I+ 1 =aneveninteger
=1 =aneveninteger - 1

= [ is an odd integer

iy I+f)(1-f)=T+f)x
=(7+4y3)y+(7-43)
= (49 - 48)"
=1qn
=1.
5. If R, n are positive integers, nis odd,0 <F <1
and if (5+/5 + 11)" = R + F, then prove that

i) R is an even integer
ii) (R + F)F = 4"

A: i) Given that R, n are positive integers, n is odd,

0<F<1andR+F = (55 +11)".
Clearly 0 < 55 -11<1
=0<(5v5 -11) <1
Let (545 - 1) =x

Binomial Theorem
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=0<x<1
=0>-x>-1
=-1<-x<0
Also0<F <1
on addition -1 <F-x <1 - (1)
Now (R +F)-x=(5v5 +11)"- (535 - 11)
="C,. (5v5 )"+ "C, (545 )1 (1) +"C, (55 )-2
(11)7? + ... +C_(-11)"
=-{"C,. (55 )"-"C,(5+5 )1 (11) +C, (55 )2
(112 oo #7°C_(-11)7}
=2{"C,(5+5 )1 (1) +"C, (5+5 )" (119)+ ...... }

=2 (some integer)

. R+ F-x=aneven integer

= F-x=aneveninteger- (R)

= F - x=some integer ------ (2)

Combing (1), (2) the only possibility leftis F - x = 0.
F-x=0

=>F=x
Now R + F - x = an even integer

= R+ 0 =aneven integer
So Ris an even integer
ii)(R+F)F =(R+F)x
= (545 + 1)+ (545 - 11y
=(125-121)"
=4n,
6. If P and Q are sum of odd terms and sum of

even terms respectively in the expansion of
(x + a)", then prove that

i) P2- Q%= (x2-a?)".
ii) 4PQ = (x + a)* - (x - a)*".
A: Now

(x+a)"="C x"+"C x"'.a+"C x"2.a*+....+"Cx".a’+....
GiventhatP =T + T, + ...

="C,x"+"C,x" % . a’+ ...

=(x+a)(x-a)
=[x +a)(x-a)
= (x?-a?)".
i)4PQ=(P+Q)*- (P-Q)?
={(x+a)P-{(x-a)}
=(

X +a)* - (x-a)>.

7. With usual notation, prove that
C,+C,+C +..... =C,+C,+C, + ... =21,
A: We know that

(1+x)"="C_ +"C x+"C,x*+"Cx*+...+"C_X".
=(1+x)"=C_+C x+C,x*+Cx*+...+C_x"---(1)
Put x = 1in (1), we get

CO+C1(1)+C2(12)+C3(13)+ ______ +Cn(1n):(1+
1)

L C*+C +C,+ ... +C =2"—-(2)
Put x =-1in (1), we get

C0+C1(‘1)+C2(-1)2+C3(_1)3+ ______ +C (-1)=(1-
1)

2 C,-C,+C,-C,+ .t (-1)'C, =0 - (3)

1 2 3
(2)+(3)=2[C,+C,+C,+...]=2"+0=2"
n
—C,+C,+C,+.... =27=2n-1 ------- 4)
(2)-(3)=2[C,+C,+C_ +...]=2"-0=2"
n
R R )
Combing (4) & (5), we get
C,+C +C,+........ =C+C, +C.+ ... =201

8. With usual notation, prove that
C,+2C,x+3C, x*+...... +nC x""'=n(1+x)""
Deduce that C, + 2C,+3C, +....4#nC_=n.2""".

A: We know that
(1+x)=C +C,x+C,x*+Cx*+..+C_Xx".

Differentiating w.r.t. x,

Q=T,+T,+ ... g g g
= "Cx"a+ "Cx™.a’+......... = ax (Co) +Cy g W) +C, g 0+t C !
NowP+Q=(x+a)"and P-Q=(x-a)"
DP2_Q2=(P+ O\ (P_-0Q)
Binomial Theorem
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d Put x =1in (1), we get
= &(1 +X)n
C C n+1 _
=0+C,.1+C,.2x+C,.3x*+....... +C .nx"' C+71(1)+72(12)+ +_" (1n)=w
(M ——(19)+ ... (1
=n(1 +x)-" ? 3 n+1 (n+1)(1)
=C,+2Cx+3C, x>+ ... +"C x"' . c, C, o on*1 4 2
= Nt =>C o+ —+ ——+ ... + =
=n(1+x) (1) ° 3 N+l n+
Putx =1in (1), we get ;
X in (1), we g Put x =-11in (1), we get
C, +2C, (1)+3C, (19)+........ +nC_(1"")=n(1+1)"
= n-1 C C C
=C,+2C,+3C, +....... nC =n(2"") C+ 1 1)+ 2 (124 . 0y
2 3 n+1
C, C, C, et
9. Prove that C, + 7x+—x2+ ..... X @1
" (n+1)(-1)
(1+x)n+1 -1
* mex S i B S
n X - + - + (-1) = -
0"yt -1) 1 e 3)
C, C, C, _ 2" .1
Deduce that — + —+ ry o = . c. o c N4
n+
RRRESIL I D R
C, C C, n
A:NowCO+7x+—x2+ ....... +71xn
+
" [01 C; ,Cs } 2(2" -1)
=2 |2+ T3+ 70 4 =
2 4 6 n+1
nC n nC
—n 1 2 2 n n
=Cp+ — X+ —= X2+ ... + — X
2 3 n+1 -&-'-&4-%4— " _1
ot 5
n n(n-1) 1 n+1
=1+ — x+ X2+ ... + — X
1.2 1.2.3 n+1 10.Prove that
COcr-'-c1 Cr+1+c2cr+2+ """ +c -rcn=2ncn+r
= ! (e DN 2 (0 DN0-1) s, +n+1x“”} Deduce C2+C2+C2+.... +C2=2C .
n+1) 2 3! n+1 n "
A: We know that
1 (1+x)'=C +Cx*+...4C x"+..4C X"---mmm- (1)
= [FC, x+"1C, X2+ " 1C, X+ L. +1.x"1
(n+1)x Also (x + 1)'=Cx"+Cx™ + ... +#C X"+ C_ X"
1 +C x4 +C ——- (2)
=+ )x [*1C, +"M1C, x +171IC, X2 + .+ MIC X - 1] Multiplying (1) & (2) and equating the coefficient
of x"-" on bothsides,
(14 )" -1 C,+C+C C,  +C,C +.... +C C
- (n+1)x = coe. of x""in (1 + x)" (x + 1)
=coe. of X" "in (1 +x)" (1 +x)"
cC, C C 1+x)" " -1 =coe. of x"-"in (1 + x)> In (1+x)2n
G X n=¥"-—(1) ) T( =2n)C X
2" 3 N+l (N+1)x 1 =2C,.
=200
" Binomial Theorem
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=2n
Can-0en n! n! n!
=2C 2 — +
T mentnt T === =D+ )
Put r = 0 in the above relation, we get ) )

C0+ C0+ C1 C0+1 + C2 C0+2+
L C2+C2+Cr+ .. +C2=2C

11.Prove that (C,+C,) (C,+C,) (C,+C,) ... (C, , +C,)
(n+1)"
== 7 GGG C,
A: Now (C,+C,) (C,+C,)(C,+C,)....(C, , +C,)

=C, (1‘“80]01 [1+(éf]cz [1+ng ..... o [“CCLJ

n nn-1) 1
26,6y, (127 (14000 1)

= (-0n-r+ D=1 -1 (-0 [n- @+ (r-1)!

1
T -+ )] I(r 1) r(r-1)!

2 1 1
= (n-nr = (n-r+N(n-r T r+Dr

2 (r+Dr+(n-r+1)(n-r)
=

(n-nNr = (n-r+1)(n-r)(r+1yr
=2n-r+1)(r+N)=(+Nr+(n-r+1)(n-r)

= 2(r+n-rP-y+y+1)=rr+ y+n?-2nr+rP+n-y
= 0=n’*-4nr-n+4r>-2

= n*-(4r+1)n+ (4r°-2) = 0.

13.If the coefficients of 4 consecutive terms in the
expansion of (1 + x)" are a,, a,, a,, a,

a, a,
1+1 respectively, then show that a+a ta+a
......... n 1 2 3 4
2a
_ 1+n) (1+n)(1+n 2
=C,C,C,....C,, C, (7] (TMT) ..... -
2 93
(1;”] A: In (1 +x)",
n
(1 ) Tr_T(r 1)+
+n _n .
=C,C,C,....C ., C ' = CM-X 1
" ="C .x
12.If the coefficeints of rt", (r + 1)®, (r + 2)™ terms LI P
in the expansion of (1 + x)" are in A.P., then =1C _Xm
show that n? - (4r+1)n +4r2-2=0. '
Tr+ _Tr+2
A:In(1+x)",
= nCr+2 . Xr+2
Tr= T(r—1)+1 H
=C_, X' Given thata, ="C_,a,="C,
Tr+1=nCrXr a _nCr+1’a4_nCr+2
Tr+2=T(r+1)+1 a a
=C X+ 1 + 3
- LHS= 5 +a &, +a
Itis giventhat"C_,"C,"C_,  areinA.P. 1 3
2 ) nCr = nCr-1 + nCr+1
Binomial Theorem
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"C "c

r-1 r+1

nC +nC + nC

n
+
r-1 r r+1 Cr+

2
nCr—1 + nCr = n+1Cr

n n
C C
r+1 r+1

= n+1C + n+1C

r r+2

n! (n+1-r)r! n!

S In-(r-DIr-1) 0 (n+1)! +[n-(r+1)]!(r+1)!
[N+1-(r+2)1(r+2)!

(n+1)!
_ T +rt2
n+1 n+1
2(r+1)
n+1 = (1)
2a2
RHS_a2+a3
2."C
_ r
- n(: + n(:
r r+1
2."C
]
= n+1
Cr+1
2.nt _[n+1-(r+ 1) (r+1)
= (n-ntr! (n+1)!
_2(r+1)
T on+1 T (2)
From (1) & (2),
a, . a, ) 2a2
a,+a, a,+a, a,+a,’

14.If n is a positive integer, prove that

2
v o( nc, [ _nin+ 172 (n+2)
1 "C,._1 12 )

r=

X[n-(r-1)]!(r-1)!T

n-r)!r! n!

_ irg[n-rﬂf
r=1

r

_ S rl(n+1)-r?

r=1

= % ri(n+1)?-2(n+1)r+r?]

r=1

3 [(n+1)?r-2(n+1)r2 +r3]
r=1

=(n+ 1) 5 r-2(n+1) S 2s 3
r=1

r=1 r=1

=+ 1y " g 4 gy MOEDERED
, M(n+1y
4

= ”(”1‘;1 P 160 +1)-4(2n + 1) + 3n]
= ”(”1;1)2 [6n + 6 - 8n - 4 + 3n]
= 7”(”121)2 [n + 2]
_ n(n+17(n+2)

12 '

15.Show that for any non - zero rational number
X . x(x -1) . x(x-1)(x-2) .

x, 1+
2 24 2.4.6

x+x(x+1)+x(x+1)(x+2)+

=1+ —
3 3.6 3.6.9

x(x-1)+ x(x-1)(x-2)+
2.4 2.4.6

X
A: LHS =1+ —+
2

Binomial Theorem
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1+x(1]+x(x-1)(1f+x(x-1)(x-2)(1j3+
12 21 2 3! 2) 7

n n(n+1)
c(1-x)"=1+ —x+
1! 2!

X2+ . 0

n n

N N
w I[N -

;_/* W =

~

x

1
7\
N | W
N—
x

—

»

From (1) & (2),

1+5+X(X-1)+X(X_1)(X-2)+ ....... ©
2 2.4 2.4.6

_ 1+§+x(x+1)+x(x+1)(x+2)+
3 3.6 3.6.9

16.Find the sum to infinite series

7 1 1.3 1 1.3.5 1
— 1+ S R P
5 102 1.2 10* 123 | 10°

A: Comparing the infinite series with

2
1 a1+ P[ X LPRFa)(x)
(T-7= 10 g 21 \q
711 1)1.3 1Y 135 (1Y
1+ — |+ — | ] — | +
5/ 1 \100) 20 (100 3 100

Herep=1,p+q=3

q=3-1=2
X 1
q 100
2 1
=>X= ——F—
100 50

( 1 ]-1/2
1-
50
(49 ]-1/2
50

50
49

&

N2

o | N

17.Find the sum of infinite series
3 3.5 357
+— + +

-+ —+—+ ... o |
4 48 4.8.12
3 3.5 357
A: Now —+—+——+ ... )
4 48 48.12

3(1 3.5(1)2 3.5.7(1}3
=1+ — |+—| — + — + ... 0
mla) 24 3 \4

Comparing the infinite series with

1 -plq = 1+B i +p(p+q)(sz+
(T-07= 40 g 21 \q

Herep=3
p+q=5=q9=2

x 1 2 1

S y= =

a 4 T4 2
.. Sum of the given infinite series

= (1-x)%a-1

1 -3/2
=[1-— -1
2
312
2

=232 _1

= — [1 - X]'P/q

5 <D = 0J2- 1.

Binomial Theorem
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1 13 1.3.5
18.1f x = —+ +

5 510 5.10.15
value of 3x? + 6x.

1.3 1.3.5
A: Givenx= —+ +
5 510 5.10.15

1

13 (1Y 1.35
+ -+ + +
21 |5 31

1 13 (1Y
x4+ 1= 1+—+ +—+| — | +....0
nls) 20 5

Comparing this with

1 -plq = 1+B X +p(p+q)(yj2+ e
( _y) = 1 q o1 q) T

Herep=s

p+q=3:q=2

LA
q

Al =

SXE 1= (1-y)P!

12
=[1-—
5
5
X+ 1=,
3

Squaring on both sides,

5
X2+ 2x+1=—

= 3x?+6x+3=5
= 3X*+6x=5-3=2.

1.3 135 1357
+ +

3.6 3.69 3.6.9.12
prove that 9x2 + 24x = 11.

1.3 135 1357
A: Givenx= —+ + +

36 3.6.9 3.6.9.12

19.1f x =

Sy=

2
5

Comparing RHS with

2
Py pp+a)ly
(1-y)yra= 1+1!(qj+ ’ (qj +

Herep =1

p+q=3=>q=2

_ 2
= jy:g

o<
[SSI RN

3x+4
3 ~ V3

= 3x+4=3/3

Squaring on both sides,

Ox? +24x + 16 =27

92+ 24x =11,
20.Find the sum of the infinite series
3.5 . 3.5.7 3.5.7.9

+ +
5.10 5.10.15 5.10.15.20

3.5 3.5.7 3.5.7.9
A: Now + +

+
5.10 5.10.15 5.10.15.20

35(1Y 3.5.7 (1Y
= —| — + + + ... o0
21\ 5 31 5

Binomial Theorem
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3(1).3.5 (1Y ( 3)
e e - I £
1mMs) 2t \5 5

Comparing this with

1 -plq = 1+B i +p(p+q)(x)2+ 0
( _X) = 1 q o1 q)

Herep=3
p+tq=5=>q=2

1 2
5:)(_5

o | x

Sum of the given infinite series

1
= (1-X)-P/q - —
5

LEVEL - 11 (VSAQ)

1. Find the number of terms with non-zero
coefficients in (4x - 7y)* + (4x - Ty)*°.
A: The number of terms in the expansion (x + y)" + (x
- y)" when ‘n’is odd is
n+1 49+1
2 2
2. Write down and simplify 6% term in
(2x 3yj9
b A
3 2)°
A:6"term=T =T,

(3] ) (3]

126.[%} 4y5 =189 x*y°.

25 .

3. If A and B are coefficients of x" in the
expansion of (1 + x)* and (1 + x)2

A
respectively, then find the value of B

A: A = coefficient of x" in (1 + x)*" =*"C .
B = Coefficient of x" in (1 + x)?"-"=2"-'C .
A ?C, (2n)! (2n—1-n)!n!
—= = X
B 2'c, (2n-n)n! (2n-1)!

(2n)!X(n—1)!n! _ (2n)(2n—1)!x(n_1)n!
(n!)2 (2=t  nin(n=1)! "~ (2n-1)!

2o,

4. Find the largest binomial coefficient(s) in the
expansion of (1 + x).

A: Here n =24, an even integer.
Hence there is only one largest binomial coefficient,

n _24
that is Cg h C12.

5. Find the largest binomial coefficient(s) in the
expansion of (1 + x)".
A: Here n=19 (odd).
.. The largest binomial coefficients are
n-1:

nC nC :19(:97 19010
2 2 '

n+1

[Note that "*Cq = °Cyq |.
6. Find the middle terms in the expansion of
1
[4a+§bj }
2

. o 3\
A: Given expansion is 4a+§b .
Here [n=1], odd

T, T
So, middle terms are % % =Ts T7.

11-5(3 °
Te = Ts, =11C5(4a) ° (gbj

3)° 3\
= 11C546.a6.[§] b% =" C5.46.(§j a®b°

Binomial Theorem
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6
T, = Teuy =''Cq (4a)' " (%bj
- ”0545.a5.(%j6. b® =1106.45.(g)6 a’b®

7. Find the middle term in the expansion of

10
3x
X o
(7 yj '

A: Here ,even

So, middle term = TEH =Tg,4-

7
11
3x? 4
8. Find the coefficientof x’in | 5 *—_73| .
7  5x
11
| S
A: Given expansion is 7 Byl

Generalterm T  ="C x""“. a".

r 7 5X3 .

el o
= r r E

Ix
X 3
7[25—rj+i
_ 250r325—r5rx 3 2
tak _25+r+L—O th
aKe 3 2 en

~50+2r+3r=0=[r=10].

.. The term independent of x is

-I-11 — 25010325—10 510 — 25C1031551O-
10.Find the term independent of x in the

7\
. 3
expansion of (4X +X—2j .

A: Generalterm T ., ="C x""a".
T.,= 14Cr(4x3 )14r(l2jr :14Cr414*f7rx42—5r.
X

r+1 —

42
If42-5r=0thenr= ?

Which is not possible.
.. The term indepenent of x is ‘0.

11.Prove that C + 2.C, + 2°.c, +.....#2" . C_ .
A: We know that C ) + C .x + C,.x* +..... +C X =
(1+x)".

Let
then we get
3 11-r 4 r
= Cr-(—j X2 (_j X Co+2.C,+22Cy 4. +2"C, =3"
7 5
11-r r 12.Find the sum of 3.C +6.C_ +12.C +.......... 3.2"
RIS (g) [ﬂ] 2251 c
=" C,. . . o
7 5 A: take 3.C, +6.C, + 12.C, + ......... 3.2°C .
take 22-5r=7=5r=15 = —3.Cy +3.2C,+3.22C, + oo +3.2°C,
Coefficient of x’ )
:S[CO+2.C1+2 Co Frninnnn +2”CnJ
313 403 38 (432
e M, |2 21 Mg, |2 _ n n n+1
is Cael 7 G 317)15) :3[(1+2) ]:3.3 =3"".
9. Find the term independent of x in the 13.Prove that
25
3 C Cc Cc C, _n(n+1
ion of —+5\/;J , 1422243 284 .. +nn=21"""
expansion o (2’/; C, c, c, C... 2
A: Generalterm T, ="C x" "a'".
Binomial Theorem
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A: LHS. = &+2.&+3&+ ......... +n. G
Co G C, Cnt
n(n-1) n(n—-1)(n-2)
_E+2 2 3 3! + e +n—
=1 n n(n—1) n
2

=n+(n-1)+N-2)+...... +2+1

S142+3 +n= n(n2+1) =RH.S

14.Find the range of x for which the binomial
expansion (3 - 4x)** is valid.
A: (3-4x)%

= 3(1—ﬂj B =3%4 (1—4—")3/4
3 3

3

<1

The expansion is valid when

-3

3 3 -3 3
:>|x|<—:> —<x<=|(on)|xe|—, =
4 4 4 4 4)-

15.Write the first 3 terms in the expansion of
(8 - 5x)2./3.

5x 2/3 5x 2/3
A: (8-5x)753= 82“@—;) =4(1—?] .

2 ox. 57
N 2
=4 1+g X +3 3 XY )
3L 8 2! 8
. Bx 25x2
= 2 e
Therefore, the first three terms in the expansion of
—5x —25x?
_ 2./3 4 == ===
(8 - 5x)>” are 4, 12 576

16.Write the first 3 terms in the expansion of
(2-7x)34,

~3/4
7x
A: (2-7x)3* =2-34 (1—7j )

)

=27 {1 -

17.

18.

4)\ 2

21 1029x?
— 1+ +..... 0
8 128

The first 3 terms are
0314 534, 21X 34 1 029x”
' 8’ 128

Find an approximate value of the following
corrected to 4 decimal places 3/1g02 - 3/998 -

: 31002 —3/o98 =(1002)"*-(998)".

= (1000+2)" - (1000 - 2)"®
= (1000)" - (1000 - 23 .

1/3 1/3
2 —(1000)"3 -2
1000 1000

~10[ (1+0.002)"° - (1-0.002)"” |

=(1000)" [1 +

1(_2j
=10 1+%(0.002)+¥(0.002)2+ .....

0 %D 0.0133.,

o . 4
Expand 55 in increasing powers of 5

Ty 42
55 = 552 =552 :(3] :(1—5) .

Formula :

(1—x)_n =1+nx+n(n+1). 2
I

sy

Binomial Theorem
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1. If the coefficients of x°, x'°, x'! in the expansion
of (1+x)" are in A. P. Then prove that

2.41n+398=0

A. Given expansion (1 +x)"

The coefficient of X" in the expansion of (1 + x)"is

"C, Given that coefficients of x°, x'°, x" are in A. P.

=2 "C,="C,+"C,, -+ ab,careinA. P.
= 2b=a+c

n! n! n!
2 = +
(n-10)110! (n-9)19! (n-11)11!

,_ 2 1 L]
(n-10)10 (n-9)(n-10) 11x10

2 3 110+(n—9)(n—10)
T (1-10)10 (n-9)(n-10)x 11x 10

=22(n-9)=110+nr" +191+90

=22n-198=200+n" —19n
=n’ -41n+318=0-

2. Show that the middle term in the expansion
1.3.5...... (2n-1)
nl (2x)".
A: Given expansion is (1 + x)*"
Middle term T =T
2n

—#1

of (1+x)*™is

n+1

3. Prove that
(2nco)2 - (2nC1)2 + (2nC2)2 -
A: We know that
(1+x)"=>C_+2C x +2'C, x*+...+*C, x*"

AlSO (X + 1)2n:2nC X2n_2nC X2n—1 +2nC X2n-2_
o 1 2

+ (2nC2n)2 = (_1 )n ZnCn.

Multiplying the above two expansions and equating
the coefficient of x?", we get

(*"C,)?- (*"C, P+ (*C,)?- ...+ (*C, }
= coe. of x> in (1 + x)? (x - 1)
1) (x - 1)

12 In(x2-1)2n,

T +1: 2nCr (X2)2n-r (_1)r
Herer=n

= coe. of x>"in (x +

= coe. of x2" in (x? -

=2C_(-1)".
4. Find the sum of the infinite series

21 25(1Y
. [ S +
32 362 2

258
369

|
—
+
N
TN
o) =N
~
+
I\J‘!\)
25 .
""/—\ (e}
(o> BN
~—
N
+
N
w| o
[e)
TN
(2B =N
~
w
8

Comparing this with

(oysaz 142 ( j pp+q)( j ,
q

2 Herep=s
T 256G, 17500 p+q=5=g=2
_ (2n)! < 1
= @n-n)in! X f=f:X=E=1
q 4 4 2
- (@) o
~ nint .. Sum of the given infinite series
_1234...(2n-2)2n-1)(2n) =(1-x)*
- 1.2......(n-1)n(n!) - X ( 1)'2/3
=|1-—
1.3.5.....(2n -1
= % i 2n X" 2
' 128
1.3.5.....(2n-1) _
= (2x)". = (2j
=223
= 3/2_

Binomial Theorem
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5 5.7 5.7.9
+

= —+
MX= o3 33 413

value of x2 + 4x.
5 57 5.7.9

— 4 + +

213 3132 413

35(1Y 3.57 (1)
= x=—|—| * +| — + ... 0
21\ 3 3 |3

A: Given x =

3!

1.3
+
2!

4

[

(

1Y 13501
— - — | eieeees o0 -
4 3 4

Comparing the infinite series with

(1 + X)-p/q = 1-—

p

|

X

)

+p(p+Q)(XJ2_ B
o g

= X + 2 = 11 q
3(1) 35(1) 357(1) Here p = 1
1+7 |+ | = + — + o o0
1ms) 213 3 \3 p+q=3=q=2
Comparing RHS with x 1 2 1
— T o> Xx=—==
2 q 4 4 2
ola — +£ y +M y + Sum of the given infinite series
(1-y)yrla= 1+ —| = [+——| = | +....... ')
11\ g 2! q 3
= (1 + X)'P/q - —
Herep =3 4
p+q=5=q=2 (1+1j'”2 3
y 1 2 L2 4
T=_ =2
qa 37773 412
X 2= (1 (s) 3
-3/2 2 4
=11 2
(-] ;s
N3 4
(1j-3/2
3
X+ 2= 3%
Squaring on both sides
X*+4x+4 =27
SoX2+4x = 23.
6. Find the sum of the infinite series
3 3.5 . 3.5.7
4.8 4812 481216
3 3.5 3.5.7
A: Given - + - o0
48 48.12 4.8.12.16
1.3 1.35 N 1.3.5.7
48 4812 481216
Binomial Theorem



