Mathematics- IIA

AIMS TUTORIAL

DEFINITIONS, CONCEPTS AND FORMULAE:

1) Ifa,bRandi= /-1, thena+ibisacomplex number.
2) Conjugateofz=a+ibis 7 =a-ib.
3) Additive inverse of z=a +ibis-z=-a-ib.
a-ib
4) Multiplicative inverse of z=a+ibisz'= 5.
a +b
\/a2+b2 +a N \/a2+b2 -a
i

5) Ja+ib=t 2 2
6) Modulusofz=a+ibis |z| = /32 +p2
7) Mod - amplitude form of a + ib = r(cos g + i sin q)

where r= g2 4p2,cosq=2

sing=2,q1[p, p]
8) e%=cosqg+ising

e =cosq-ising
9) Ifz,=rcisq,z =r,cisq,then

(i) z,z,=rr,cis (g9, +q,)

(i) z,/z, = r /r, cis(q,-q,)
10) cis q, . cis q, . cis q, = cis (q,+q,+q,)

1 _ .

11) CosB+ising =cosda-ising.

12) The cube roots of unity are
A+4/3i -1-4/3i
, W=
2 2
wi=11+w+w?’=0
13) The fourth roots of unity are 1, -1, i, -i.
14) The nt'roots of unity are 1, a, a?

= cis (ZJ)
i) Sum of n* roots of unity is 0.

n
ii) Product of n™ roots of unity is (-1)""
15) Arg(z,z,)=Argz +Argz,.

1,w =

a" " 'wherea

Z
16) Arg [z_] =Argz -Argz,.
2

AIMST[_\

(VSAQ)
1. Represent the complex number 2 + 3iin Argand
diagram.
oy
©
c
E)-(_n_ 3 o 2 + 3i
Es |2
= Iy 2
| real axis
2 Find the real and imaginary parts of the complex
b a—ib
number a+ib’
Aa—ib_ a-ib\(a-ib
"a+ib a+ib/la-ib
(a® ~b) +(~2ab)i
- a% +b?
Realpart= ﬁ imaginar art=ﬂ
p 2 + b2 g yp 2 + b2

3. If(a+ib)?’=x+iy, find x>+ y%
A: Given that (a +ib)?=x+iy
Now, |a+ib|?=|x +iy]|

TORIAL

2
—/6(7a2 +b2) =2 +y? = a +b =% +y?

x2 +y2=(a2 +b2)2

4. Find the square roots of - 5 + 12i.
A: We know that
iJ

V25+144 +(-5) | i\/\/25+ 144 -(-5)}
2

JaZ +b? -a

2

Ja? +b? ta

Ja+ib >

=+

Herea=-5,b=12

[-5+12i=+ N

2
—y f13-5+i f13+5
2 2
=+ (2 + 3i).
“ Complex Numbers
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. . 8. Find the additive inverse of (\/5, 5) .
5. Find the square roots of 7 + 24i.

A: We know that A (\/g, 5) _ \/g +5i
. VaZ+b® +a . [\a®+b®-a
va+ib=% [\/ 5 + 5 [b>0] Its additive inverse = -(\/5, 5) = - /3 -5i
= (-+/3,-5).
e mn m 7 ( )
tedl= 9. Write the multiplicative inverse of (7, 24).
A (7,24) =7 +24i.
[ =57 VY 1
-+ 625 +7 +i 625 -7 Multiplicative inverse of 7 + 24i= /.
x 5 5 7+ 24i
) 1 7 24i _ 7 -24i _ 7 - 24i
'\/25+7 _\/25-7} 74241 “7-24i 72-24°% 49+576°
=t +1
Vo2 2 7-24i_ 7 24 (7_24)
- © 625 625 625 625’ 625
=+ 24.' E
_\J 2 \ 2 1

. 29—
10.Ifx+|y—1+cose+isine,showthat4x 1=0.

=+[ V16 +iv/9 |=£(4 + 3)) 1

A NOWKE Y= 1 o b isin

6. Find the complex conjugate of (2 + 5i) (- 4 + 6i).
A (2 +5i) (-4 +6i)=-8+12i-20i +30i® 1
=-7-8i-30=-38-8i = 2cos? 9 +i2sin @ cos &
. . . . 2 2 2
Hence, its complex conjugate is - 38 + 8i.

0 _isinB
2 +11i 2 +i - 1 cos 5 -isin 5
7. Showthatz, = —5 .7, 2,= (1 9;)2 ar€ RIVEIETORIA cosz[cosgﬂsin%} X cos%-isin%

to each other.

B _isin@
24 cos 5 -isiny
A 2,2 (1202 = 2003%[0032%+sin2 %J
- 2+ cos%-isin%
1-4-4i — < £
. 2003%
_ -2+
-3-4i 1 an®
2 2 2
2 i 3 4i Equating the real parts on both sides,
T 3+4i 3 4i 1
6-8i-3i-4 . . X2
9+16 ~ (a+ib) (a-ib) 2x=1 5.0.8
=a’+b? 4x*=1
2-11i 4x*-1=0.
25

z, and z, are conjugate to each other.
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11.1fz=2-3i,show tht z2-4z+ 13 =0.
A Giventhatz=2-3i
P z-2=-3i
Squaring on both sides,
(z-2)*=(-3i)
bz?-4z+4=-9
Pz?2-4z+13=0.

12.Find the least positive integer n, satisfying

(

1+i

T

1-i

| Y (1 Y
A: Given that 121 1 1+i
(1+i)° n_ 142 +2i) _
sl | = 1e| | =
P 141

A-A+2i

1+1

2
7

} =1=i" =1

S

\ Required least positive integer is 4.

1
13. Ifz=(cosq, sin q) then find Z——
z AIMSTU
A Given that z = (cos q, sin q) = cos g + s
1_ 1 cosH -isin®
then —= . T
zZ cosO +isin@ cosb -isin®
cos0 -isinB cosO -isinB

= (cosB)’ - (isinB)’ ~ 0520 + sinZe
cosq - i sin q

= cos® + isine-(gos’g-isine)

>z -l= 2isin®
z

S Z-

N|= n

14.
A Giventhatz =-1,z =-i

If z,=-1,2,=-i then find Arg ( z, zz)

) . T
thenz =cisp, z,= CIS(—EJ

\Arg(z,z,)=Argz +Argz,.

%

15.1fz = -1,z =i then find Arg(
2

j |

A Giventhatz =-1,27 =i

. T
=CIs 7

then z, =cisp, 2, 5

4

\Arg[ :

Z] =Argz -Argz,.

1
N3

N3

m m
— and

5 3

16.1f Arg 21 and Argz, are respectively, find

Argz +Argz,.

T
g and Z, =§

> Arg z, =% and Arg 22=E

A: Given Arg Z,=

\Argz +Argz,= T S ——— ~

5 5

2m
_\.'.Arg z,+Arg z, = 5

TORIAL

—Find the modulus and amplitude form of the complex
number 1+ ﬁi .
Let x + iy = 1+\/37i

Herex=1,y= \/5
Now,r= \x% +y2 =/1+3 =/4 =2

X 1
cos® =—= cosB =—
r 2
Hence, . . 3
sinB = y. sinB = £
2
T .
\ ‘q’ lies in | quadrant and q = 3 I (- p, p]

\ Modulus amplitude form of 1+ \/gi

o 5 T T
= + = -+ -1
r (cosq + ising) = 2[cos 3 isin 3 |

Complex Numbers
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18.Express —1—i«/3 in polar form.
Letx+iy= -1-i/3

Herex=-1,y= - \/5

Now, r= \[x? +y? =1+ 3=/4 =2

A

S x2+y?=1>

X2+y2=1

ZZ.If(\/§ + i)100 =2%(a +ib) showthata*+b?=4.

Given that (\/§ + i)100 =2% (a + ib)

A
X -1
cosb = —= cosb = — 100
r A >3+ =[2% (a+ib)
sing=Y- sin6=% 100
r 2
. 2n > (\/5) +(1? ] =2%Va? +b?
\ ‘g’ lies in lll quadrant and g = — Tf—g = B
\ Polar form of -1-i</3 =r(cosq + ising) - 2100 — 599 /az +b2
2n o 27

= 2{cos T3 ) tisin{ 7371 :2=\/a2+b2 Sla2+p2=4

19.6 /3 +i= r(cose + isine).FindthevaIueofq. 23.1fz=x+iyand |z| = 2, find the locus of z.
2 b A: Giventhatz=x+iyand
A a+ib= a2+b2[ a +i J lz| =2
Va2 +b2 a2 +b2 [x+iy| =2
(2, .2 -
J3+i=2 NE xTHy" =2
2 2 xX2+y?=4
o . so, the locus of z is x* + y? = 4.
=2| cos—+isin—
6 6 ™
- 24. If the amplitude of z-1is E, find the locus of z.
"e:E' A Letz=x+iy
AIMSTUTORIAL) ,_1-x+ iy-1

20.1f (cos2a +isin2a)(cos2B +isin2B) =bx-1) +iy

=cos q +isin q find the value of q.

=cosq+ising
(cis 2a) (cis 2b) = cos g + i sin q.
cis (2a +2b) =cisq

S 0=2a+23

21.If z = x + iy = cisa.cisb, then find the value of

+y2

Given that x + iy

= (cosa + i sina) (cosb + i sinb)

= (cosacosb + sinasinb) + i (sinacosb + cosasinb)

i.e., x+iy=cos(a+b)+isin(a+b)

Ix +iy| = \/cosz (a+B)+sin® (a+B)

Given that (cos2a +isin2a)(cos2pB +isin2B)

x2

m
Given that amplitude of z-1is —

2
1l
Tan? (X¥1) = E
UL
X'1 =tan 2—0
x-1=0

Locus of zis x = 1.

Complex Numbers
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1. Show that the triangle formed by the points in the
Argand plane represented by 2 + 2i, -2 - 2i,

-2./3 +2./3 i isan equilateral triangle.
A Let A(2, 2), B(-2, -2) C(-
given complex numbers in the Argand diagram.

A2,2)

B
(

(SAQ)

-2,-2)

AB= (2 +2)"

+(2+2)

=J16+16

=32

23, 2./3) represent the

BC= (243 - 2)? +(-2-2/3)?

C
(-243, 243)

= 12-8,/8 +4+4+8, +12

- 3

CA= \J(2+

4+8%+12+4 8)5+12

=32

-+ AB =BC = CA, so DABC is an equilateral triangle.
2. If z=x+ iy and if the point P in the Argdnddidgiam|TORIAL
represents z, find the locus of z satisfying the ion - 4 = 2

o o3 (o3 33

|z-2-3i] =5.

A: Given that z = x + iy is any point on the locus.

and |z-2-3i| =5.

| x+iy-2-3i|=5.
| (x-2)+i(y-3)|=5.
(x-2)+ (y-3) =5

X2-4x+4+y?>-6y+9-25=0.
Locus of Pis x? +y2-4x-6y-12=0.

. Showthat the four pointsin the Argand plane represented
by the complex numbers2 +i,4 +3i,

vertices of a square.

: Let the given four points in the Argand plane be A, B, C,
(4,3),C=(2,5),Db=

DwithA=(2,1),B=

2+ 5i, 3iare the

0, 3).

2

1)
)2

BC=(2- 4)2 +(5-3

CD=(0-2/+(3-5) =V4+4
) +(

=J4+4=8=22
-22
=222

1-3)" =J4+4 =22

-.AB=BC=CD=DA

Now AC = (2-2)?

+(5-1) =

0+16=4

BD = (0-4) +(3-

AC=BD.

Hence, the given four complex numbers are the

vertices of a square.

Show that the points in the Argand plane
represented by the complex numbers -2 + 7i,

-3

— + — |
2 2
rhombus.

Let the given four complex numbers in the Argand

planebe A, B, C,DwithA=(-2,7),B= (

77
C=(4,-3),Db= (Eij

16+0 =

4 .
4-3i, §(1+I) are the vertices of

-3 1
22

o= 2937 -3

1+169 170

121449 170
4 2

14169 170
4 2

oo- (34 (33 =2 (%)

on [+ 35

121449 170
4 2

Complex Numbers
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- AB=BC =CD =DA
Also AC = [(4+2) +(-3-7)" =/36+100
=136 = /4 x 34 =234

7 3V (7 1Y
BD=\/(—+—) +(_+_j _\259-\3
2 2 2 2
\ AC'BD.
Hence, given four complex numbers are the vertices
of a rhombus.

If z=3 - 5i, then show that 2> - 10z + 58z - 136 = 0.
Givenz=3 - 5i
z-3 5i
(z - 3)% = (- 5i)~
z22-6z+9=-25.
72-62+34=0.
Now z3-10z2+ 58z - 136
=2(z2-6z+34)-4z* + 24z - 136.
=2(0) -4 (2%- 6z + 34)
=0-4(0)
=0.

3 +2isind
Find the real values of q in order that m .

AIMSTU

i) real number
ii) purely imaginary number.

3+2isind
1-2isin®
3+2i sinex1+2isin9
- 1-2isin6 1+ 2isin6
_ 3+6isin0+ 2isind - 4sin’ 0
- 1+ 4sin’ 8
3-4sin’8 8sin®
= +i
1+4sin’8  1+4sin’0
~ 3+2isinb
) 1"2isin6
its imaginary part is zero.
8sinb
1+4sin?0
sinq=0.
General solution is q = np, n1Z.
3+2isind
1-2isin®
its real part is zero.
3-4sin’6
1+4sin%0

is a real number

i) is a purely imaginary number

b 3-4sin2q=0.
3

=sin?0 =

General solution is = n1r iE, neZ.
3

7. If the point P denotes the complex number z
=1
= x + iy in the Argand plane and if ; is a purely
imaginary number, find the locus of P.
A: Given z = x + iy is any point on the locus.

Z—i_ X+iy—i
z-1 _x+iy—1
_x+i(y-1) y (x—=1)—iy

(x=1)+iy ~ (x=1)-iy
_ X))y =) —ixy +y(y =)
(x=1) +y?
:(x2+y2_x—y)+i(}<,y/_x_y+1_%)
(x=1)"+y?

Z—i
— is purely imaginary.
71 p y ginary.

its real part is zero.
2, .2
X“+y —x-—
:#:o
(x=1)" +y?

x2+y?-x-y=0and (x,y)'(1,0)
TORIAL The locus of P is the circle x> + y>-x -y =0
Cluding the point (1, 0).

8. The points P, Q denote the complex numbersz,z, in
the Argand diagram. O is the origin. If

2,Z,+Z,z, =0 then show that |POQ = 90°.
A Letz =x +iy,z,=x,+ly,.

Now z,Z, +Zz, =0.

=(X; +iyy) (% =iY2) +(X; 1) (X, +y,) =0

= XiXp —IX1Y, +DGY; +Y1Y, XX +iXiY, XYy Yy, =0
=2(X%, +Y3Y,) =0

=X, +YpY, =0

=YY = XX,

L [¥1=0)fy.-0
x,—0){x,-0

-1

Slope of OP x slope of OQ = -1.

Complex Numbers
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=cis(a + b)

= COoS (a + b) +1isin (é_IMS TUTORIAL

= 0P 1L 0Q

POQ =90°.

9. Show that the points in the Argand diagram
represented by the complex numbers z,, z,, z, are
collinear if and only if there exist three real numbers
p, q, r not all zero satisfying pz, +qz,
+rz, =0andp+q+r=0.

Now pz, +qz,+rz, =0andp+q+r=0.
U pz,+qz,=-rz, =0andp+q=-r.
Z,+Qz
o P2tz =z;andp+q=-r
Z, +Qqz
o P71tz _ ,
p+q
0 z, divides the line segment printing z, z, in the
ratioq : p.
Uz, z,z, are collinear.
Z3-2,
10.1f z -7 is a real number, show that the points
274
represented by the complex numbers z,, z,, z_ are
collinear.
Z; -2,
A: Let z,-2," k(a real number)
z,-2,=kz,-kz,
(k-1)z, =kz,-z,
kz, -z
=2z = 72 73
k-1

Pz, divides the line segment joining z,, z, in

1: k externally. AIMSTU

Hence z,, z,, z, are collinear.

7 7 oS (A *P)-1SNA+E)
Pab ~ cos(a+B)+isin(a+p)* cos(a+B)+isin(a+p)
_ cos(a+B)-isin(a+p)
- 1
=cos(a+b)-isin(a+b)

ab + b =cos(a +b) +isin (a+p)
+cos(a+b)-isin (a+p)
=2cos(a+hb)
1 1
—_|lab+—| =
5 ( abj cos (a + b).

3. Find the equation of the perpendicular bisector of
the line segment joining the points 7 + 7i, 7 - 7iin the
Argand diagram.

A A(7,7),B(7,-7) representgiventwo complex
numbers in the Argand diagram.

P
@, 0) B
(7 7)
Q
' ) (7 +7 7- 7]
Mid point on AB = 2 o (7,0)
Slope of -7 _ 4
opeof AB = 7.7 0
Slope of BQ =0 (- AB L PQ)

\ Equation of PQ is
0=0(x-7)

4. Show that the complex numbers z satisfying

EXTRA QU ESTIONS z2 +Z2 = 2 constitute a hyperbola.
. . A Letz=x+iy.
1. Writez= ../7 +./21i in the polar form. Now 22 4 37 —
A Letz=x+iy
) . \2 . \2
X+iy = 7 +21i = (x+iy)” +(x-iy)" =2
7 \/_ = x% + 2§ +Py? +x% - 2ixy +i%y? =2
=28 \J28 \/ :2(x2—y2 :2).
o7 -—1+£i = x? —y? =1 which is a hyperbola.
- 2 2
o o 5. If (1- i) (2-i) (3-i)....... (1-ni) = x - iy, prove that
N {cos?ﬂ sin ?} 2.5.10......(1+n%) = x> +y%
A Given (1-i) (2-i) (3-i)....... (1-ni) = x - iy.
2. Ifa=cosa+isinaandb =cosb +isin b, then find
T
2 ab
A: Now ab = (cis a) (cis b)
G Complex Numbers
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2 2
Taking modulus on both sides. b XTHx+y" +y -1
1011 1241 (3] | 10 = [ iy Kyt 2y
SRPEIREE I -ni| = |x-iy
b + +x+y= + +2y+1
= A+ +1/9 +1.....A[1+n2 =\/x2+y2 pXZ/ )"21/ X )’2/
X-y=

squaring on both sides, we get Hence, the locus of zis x -y = 1.

2.5.10......(1 + n?) =x2 + y2.
9. Determine the locus of z, z' 2i, such that

Re(z"t_j =0,
z-2i
A Letz=x+iy
6. If Zz=2-iy7 ,show that z—4
322-422+2+88=0. NOWZ_Zi
A: Givenz = 2—iW7  x+iy—4
2-2= —WT. T X+iy-2i
(z-2)= (W7 _(x=4)+iy x-ily-2)
22-4z+4=-7 x+i(y-2) x-i(y-2)
?-4z+11=0. 2 2 .
Now 37~ 422 4+ 2 + 88, _X —4x+y —2y+|(xy—x2y+2x+4y—8)
=3z(z2- 4z +11) + 822- 32z + 88. x*+(y-2)
=3z(0) + 8(z%- 4z + 11) s
=0 +8(0). z—4:x +y —4x—2y:
=0. Real partof , _ o 2 +(y_2)2
X
7. If (x- iy)* = a-ib, then show that — "'% x*=y>-4x-2y=0and(x,y)"'(0,2)
a (x-2)2+(y-1)?2=5and (x,y)'(0, 2).
= 4(a?- b?). Hence, the required locus is a circle with centre (2,
A Given that (x-iy)®=a- ib 1) and radius \/g except the point (0,2 ).
cubing on both sides,
x-iy =(a-ibp AIMSTUTORIAL
x - iy =a*-3a’ib + 3a i’b* - i’b? 7.2 -
x - iy = (a*- 3ab?) -i (3a’b - b?) 10. If the amplitude of (Z-_Glj = 2 find its locus.

equating the real and imaginary parts,

x=a’-3ab%y=3ah-b’ A letz=x+iy

x y a®-3ab? 3a’b-bd Now 222
Now—"'E= a + b Z - 6i
=a’-3b?+3a2-b? _x+ily-2
=432 - 4p? X+iy—6i
= 4(a2 - h?
4(a+f). _(x—2)+iyxx—i(y—6)
8.Iftherea|partofz is 1, find the locus of z. ~ x+i(y-6) " x-i(y-6)

z+i

A Letz=x+iy .
Z_+1=M _ x(x—2)+y(y—26)+|[xy—2(x—2)(y—6)} —a+ib (say)
NOW 247 ™ X +iy +i X" +(y-6)

(x+1)+iy x-i(y +1) x? +y? —2x -6y b Bx+2y—12

T xHi(y +1) x-i(y +1) Thena=""y2 (y-e) 2and _x2+(y—6)2
X(x+1)-(x+1)(y +1)i+xyi+y(y+1)

i X2+ (y +1)?

+1

z
Given that real part of — is 1

° Complex Numbers
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11.

i
But amplitude of a +ib = )

a=0adb?30.

x2+y?-2x-6y=0and 2(3x+y-6) 30.

Hence, locus is the arc of the circle x> + y> - 2x -6y = 0
intercepted by the diameter 3x + y - 6 = 0 not
containing the origin and excluding the points (0, 6)
and (2, 0).

ind th Ival fx and 'fx—'1+y—'1=i
Find the real values of xand y i 3+i 3-i .
ooox=1 y-1
Given 337 3o
_ (x=0)E-)+B+(y-1)

(3+i)(3-i) a

3x-ix-3+i+3y-3+iy-i=10i
(3x+3y-6)+i(-x+y)=0+10i
Equating the real and imaginary parts, 3x+3y-6=0
and - x+y=10.
=>X+y=2
-x+y=10
2y =12

y=6
X+y_2=0bx+6-2=0PX='4 AIMSTU
\X=‘4,y=6-

TORIAL

Complex Numbers




