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Preface 

W
hile the paper-setting pattern and assessment methodology have been revised many times ov~r and 
newer criteria devised to help develop more aspirant-friendly engineering entrance tests, the need 
to standardize the selec~ion proces~es and their outcomes at the nation~l level has always been felt. 

The Joint Entrance Examination (JEE) to India's prestigious engineering institutions (llTs, fliTs, NITs, ISM, 
TISERs, and other engineering colleges) aims to serve as a common national-level engineering entrance test, 
thereby eliminating the need for aspiring engineers to sit through multiple entrance tests. 

While the methodology and scope ~fan engineering entrance test are prone to change, there are two basic 
objectives that any test needs to serve: 

1. The objective to test an aspirant's caliber, aptitude, and attitude for the engineering field and profession . 
. 2. The need to test an aspirant's grasp and understanding of the concepts of the subjects of study and their 

applicability at the grassroots level. · 
Students appearing for various engineering entrance examinations cannot bank solely on conventional 

shortcut measures to crack the entrance examination. Conventional techniques alone are not enough as most 
of the questions asked in the examination are based on concepts rather than on just formulae. Hence, it is 
necessary for students appearing for joint entrance examination to not only gain a thorough knowledge and 
understanding of the concepts but also develop problem-solving skills to be able to relate their understanding 
of the subject to rea1-1ife applications baseq on these concepts. 

This series of books is designed to help students to get an all-round grasp of the subject so as to be able 
to make its useful application in all its contexts. It uses a right mix of fu~damental principles and concepts, 
illustratiohs which highlight the application of these concepts, and exercises for practice. The objective of 
each book in this series is to help students develop their problem-solving skills/accuracy, the ability to reach 
the crux of the matter, and the speed to get answers in limited time. These books feature all type~ of prob­
lems asked in the examination-be it MCQs (one or more than one correct), assertion-reason type, matching 
column type, comprehension type, or integer type questions.- These problems have skillfully been set to help 
students develop a sound problem-solving methodology. 

Not discounting the need for skilled and guided practice, the material ·in the books has been enriched with 
a number of fully solved concept application (fxercises so that every step in learning is ensured for the under­
standing and-application of the subject. This whole series of books adopts a multi-fac'eted approach to master­
ing concepts by including a variety of exercises asked in the examination. A mix of questions helps stimulate 
and strengthen multi-dimensional problem-solving skills in an aspirant. · 

It is imperative to note that this book would be as profound and useful as you want it to be. Therefore, in 
order to get maximum benefit fr~m this book, we recommend the foHowing study plan for each chapter. 

Step 1: Go through the entire opening discussion about the fundamentals and concepts. 
Step 2: After learning the theory/concept, fol1ow the illustrative examples to get an understanding of the 

theory/concept. 
Overall the whole content of the book is an amalgamation of the theme of mathematics with ahead-of-time 

problems, which equips the students with the knowledge of the field and paves a confident path for them to 
accomplish success in the JEE. 

With best wishes! 

G. TEWANJ 

,.-
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1.2 Trigonometry 

EXPONENTIAL FUNCTION 
Exponential functions are perhaps the most important class of functions in mathematics. We use this type of 
function in the calculation of interest on investments,· growth and decline rates of populations, forensics 
investigations, and in many other applications. 

Definition 

y ""'j{x) = cl, where a> 0; a :t: I, and x e R. Here t/::::.: 0 for 'V x e R. Thus, the range of the 'function is (0, oo ) . 

· Exponential functions always have some positive number other than I as the base. If you think about it, 
having a negative number (such as -2) as the base would not be very usefu·l, since the even powers would 
gi~e you positive answers (such as "(- 2)2 = 4") and the odd powers ~ould give you negative answers (such as "(-,.2)3 = 

- 8"), and what would you even do with the powers that are not whole numbers? Also, having 0 or I as the 
base would be a kind of dumb, since 0 and 1 to any power are just 0 an~ I, respectively; what would be the 
point? ...... This is why expone~tials always have something positive and other than 1 as the base. 

Graphs of Exponential Function 
When a> I 
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From the graph, the function is increasing. For x2 > x 1 ~aT:.> t/'. 
WhenO < a < I , 
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Fig. J.2 

From the graph, the function is decreasing. For x2 > x1 ~ t/2 < cl~ . 

,) 
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y = (0.4)~ ·y= (0.2)x 
' . 
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Fig. 1.3 

Logarithm and Its Applications 1.3 

y = (0.4)x 
~--.:..- y = (0.2)x 

The logarithm of a number to a given base is the exponent to which the base must be raised in order to 
produce that number. For example, the logarithm of 1 000 to base 1 0 is 3, because 10 to the power of3 ·is 1000, 
i.e., I 03 

;::;; 1000. Logarithm function is an inverse of exponential funct ion. Hence, domain and range of the. 
logarithmic functions are range and domain of exponential function, respectively. · 

Also graph of function can be obtained by taking the mirror image of the graph of the exponential function in the line! 
y =x. If we consider point (x1,y1) on the graph ofy=d, then we find point (y1, x1)on the graph ofy= Jogcx. 

Definition 
Logarithmic function is defined as y = lo& x, a> 0 and a'# 1. 
Domain : (0, oo ), 
Range: (-oo, oo). 

Graphs of Logarithm Function 
When a > 1 
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1.4 Trigonometry 

When a> 1,./{x) = lo&rX is an increasing function. Then for x2 > x1 => JogaX2 > logaX1• Also lo&,X2 > x1 

=>x2 > a'"t 
When 0 <a< 1 
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Fig. I .5 

When 0 <a< l ,j{x) ='lo&X is a decreasing function . Then for x2 > x 1 => lo&,X"2 < lo&,X1• Also lo&X2 > x1 
=> O<x2 <cit 
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Fig. 1.6 

The· natural logarithm is the logarithm to the base e, where e is an irrational constant approximately 
equal to 2.7 I 828 J 828. Here, e is an irrational number. Also, e is defined exactly as e= (1 + 1/m)m as m increases 
to infinity. You can see how this definition produces e by inputting a large value of m like m =: 10,000,000 to get 
( I + 1/10000000)10000000 =2.7182817 (rounded), which is very close to the actual value. The natural logarithm 
is generally written as ln(x), lo&(x). · 
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Logarithm and Its Applications 1.5 

The common logarithm is the logarithm with base I 0. Jt is also known as the decadic logarithm, named 
after its base. 1t is indicated by log10(x) On calculators, it is usually written as " log", 
but mathematicians usuaiJy mean nalllral logarithm rather than common logarithm when they write "log". 
To mitigate this ambiguity~ the /SO specification is that log10(x) should be lg (x) and lo~(x) should be ln (x). 

FUNDAMENTAL LAWS OF LOGARITHMS 
I . Form, n, a> 0, a ;to I; lo~ (nm) =log,, m + log0 n 

Proof: Let logu m = x and log.., n = y . 
Then lo~ m = x ~ cl = m and, lo~n = y ~ a''= n 
:. mn = cl·a'' 
=> mn = a~Y ~ lo&(mn) = x + y ~ log..,(mn) = lo&! m +log,., n 
In general for x1, x2, .... xn are positive real numbers~ 
log,(x1 x2 ... x,) = lo&,x1 + log0 x2 + ... lo&, Xn. 

2. Form, n, a > 0, a" I; log.(:~)= log, m-log, n 

Proof: Let lo~ m = x ~ a'C = m and IOR.a n == y ~ d' = n 

:. - = -. ~ -=a => Joga - = x - y ~ loga - = log0 m- Jog0 n m ax m x-y (m) (m) 
11 a ·\ n n n · 

3. Form, n, a> 0, a;;; I ; lo~(mn) = n. log, m 
Proof: Let log, m = x ~ cl = m => (a-c)n = m" ~ c1n = mn => .loga(mn) = nx ~log.., (mn) = n. lo&, m 

4. lo&, I :::0. 
Proof: Since a0 = I. Therefore, by definition oflog, we have log0 1 = 0. 

5. lo&, a== 1 ~ 
Proof: Since a1 =a. Therefore, by definition of log, we have lo&, a,.. I .. 

· logbm 
6. Form, a, b > 0 and a;;; 1, h* I, then loga m = ~..___ 

logh a 

Proof: Let Jo~ m = x. Then, a-c = m 
Now, cl = m ~ Iogb( d)= logh m 
=> x Iogb a= Iogb m => lo&u m. logh a= logh m 

logb'm 
=> loga m = .-......;;;.;~ 

1ogb a 

Replacing b by m in the above result, we get 

[Taking log to the base b] 
[ ·: log"' m = I ] 

log m 
log m = 111 => log m = [ ·: logm m = 1] 0 Iog

111 
a a log

111 
a 

7. For a, n > 0 and a* I ; Jos~ = n 

j. 

Proof: Let lo~ n = x. Then cl = n. Therefore, a10
llan = n. [Putting the value ofx in cl = nJ 1 

8. log
0

q nP =!!. lo~n, where a, n > 0, a;;; 1 
q 

Proof: Let log q n" = x and lo~ n = y . Then, (d't = rf and a~·= n 
(l 
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1.6 Trigonometry 

Therefore, aqx = rl' and ay = n ~ d'x = rf an<! (a'r = 'rf ~. cflx = (a"'f ~ dlx = r}'P ~ qx = yp ~ x = (p/2)y 

~Jog" nP = p logan. 
(l q 

9. a log" c = clogb a ' 

· Jo c loge log p log a log p · . 
Proof: Let a &b = p ~ logbc = lo&z,D => -

1 
b = -

1 
- ~ -

1 
b = -

1 
- ~ logha = logJJ 

og og a. og ogc 

Solve (ll2tL2x < 1/4. Ex<Hllple 1.1. · 

Sol. Wehave(J /2y2
-2x< (1/2)2 

ltmeans~ -2x > 2 · 

~ (x-(1 + J3 )) (x- (1- J3 )) > 0 

~ x > 1 + J3 or x < I - ..[3 
~X E (- oo, l -.J3)u(l + .J3 ,oo) 

Example 1.2 
1 - sx 

Solve ~ 0 
7- x - 7 

sx - 1 
Sol. g(x) = ~ 0 . Now 5x- 1 = 0 ~ x = 0 and Tx - 7 = 0 ~ x = - J 

T x -7 . 

Sign scheme of g(x): 

+ 

- 1 · 0 

Fig. 1.7 

Hence, from sign scheme of g(x),xE (-oo,- l) u [0, oo) . 
. . 

Example 1.3 . Which of the following numbers are positive/negative? 

(i) log2 7 (ii) lo&l.23 

(iv) log43 (v) log2 (log2 9) 
Sol. (i)Letlog27 =x~7 = 2x ~x> O 

(i i) Let lo&l.23 = x ~ 3 = 0.2x ~ x < 0 
(iii) Letlog113(1 /5) =x~ 115=(l /3f~5=3x~x> O 
(iv)Let lo&3 = x ~ 3 =4x ~x < O 

(v) Let log2 (log2 9) =x ~ 1og2 9 =2x ~ 9 = 22:r ~ x > 0 

Example 1.4 What i~ logarithm of 32~ to the base 2..fi ? 

(iii) log 1/3( l/5) 

.!. 5+!. 2 27 . 18 
Sol. logu'2 32{/4. = log<23n > (2

5 
4 5 ) = log<23,2) (2 5 ) = 3 5 tog2 2 = S = 3.6 

Find the value oflog5 log21og31og2 512. 

Sol. Jog5 log2 Jog3 Jog2 2
9 = log5 log2 Jog3 (9 log2 2) 

= log5 log2 log3 3
2 ( log0 a = 1 if a > I a-:/::. I ) 

= log5 log2 2 = log5 1 == 0. 
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Logarithm and Its Applications 1.7 

Example 1.6 
. 1 

If log.rs ~ = 3 3, then find the value of b. 

1 . 2 10 . 
Sol. log.;s b = 3 3 ==> 3 log2 b = 3 ==> ~og2 b = 5 => b = 25 = 32 

Exampfe 1. 7 Jfn > 1, then prove that = -
1
- + -

1
- + · · · + 1 = --1

--
log2n log3n log53n log53 1 n 

Sol. The given expression is equal to logn 2 + logn 3 + ··· + logn 53 = log11 (2.3 ... 53) = log11 53! = 1 

. . log531 n 

Examp~c: 1.8 Which is greaterx = log3 5 or y = log17 25? 

Sol. 
1 1 1 1 
- = log25 17 = -log5 17 and - = log5 3 = -log59 
Y 2 X 2 

1 1 
:. - >- =>x>v y X • 

Example 1.9 y = 2 101h 
4

, then find x in terms ofy. 

1 
- · 1 

Sol. Sincey= 210
g·'

4
, wegetlog2y= -­

logx 4 

. 1 
=> log2 y = log4 x = -log2 x 

2 
=> 2 log2 y = log2 x 

==> log2 j = log2 x 
:. x=y2 

ExanfJ)I~ L I 0 

(·: x>O,x:;i: 1) 

Sol. 81(l/log~3) + 27 tog9 36 ~ 34/log7 9 = (3~)1og:1 5·+(33)1og32(6
2 ) +34log9 7 

= 3to~3 5
4 + (J3 ) log3(6) + 34tog32 7 

= 54 + 3tog3 6
3 + 321og3 7 

•i 
= 54 + 63 + 3Jog3 7 

= 625 + 216 + 72 = 890 . 

. Exampk I. II Prove that number log2 7 is an irrational number • 

Sol. Let log2 7 is a rational number 

=> Iogz 7 = p => 7 = 2p!q ==> 7q = 2P which is not possible for any integral values of p and q. 
q 

Hence, log2 7 is not rational. 

I 
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1.8 Trigonometry 

Example 1.12 Find the value of log3 41og4 5log5 6 log6 71og7 8 Iog8 9. 

· Iog4 log5 log6 log7 log& log9 
Sol. log1 4 lo& 5 log5 6log6 7 log7 8 log8 9 = -

1 3 
x-

1 
_ 

4 
x--

5 
x-

1 6 
x-

1 7 
x-

1 8 · og og Jog og og og 

Jog9 . 
=--=log 9=2 

log3 3 

Example 1.13 
(
a+ b J -1 - . . 

lfloge -
2

- = 
2 
(lo~a+lo~b),thenfindtherelat~o-nbetweenaandb. · 

Sol. 
(

a+bJ 1 loge -
2

- = 
2 

(loge a + loge b) 

· . (a+b] r. ' a+ b ~ 
=>loge y = (logevab) => -

2
-. = " .ab · ... 

=> a + b - 2J;;b = 0 => ( ~-~ )2 = 0 => a = b 

If a,; = b, IY = c, c' = a, then find the value of xyz. 

Sol. cl = b, bv = c, c! =a==> x = logab, y = logbc, z = iogca 
' I 

Iogb loge Ioga 
=>xyz=(Io&b)(logbc)(logca)= -

1
--

1 
b-

1
- = 1 

oga og_ ogc 

Jf
x(y+z -x) y(z+x - y) z(x+y-z) . h .. v·,,x _11 ,.z ~..x _..;;..__ _ ____.;_ = · = ,provet at~· .Y =:c .Y =r" . 

logx logy log z · 

x(y + z - x) y(z + x- y) z(x + y - z) 
Sol. Let = = = k 

loga X · loga y loga z 

x( v+v-z) 
. x(y + z-x) · · : 

=> Io~x = =>x= a k 

Similarly,y = a 

k 

y(z+x- z) 

k 

xy(y+z- x) 

NowxYy~= a k 

z(x+ y- z) 

andz= a k 

a 
yx(z+x-y) 

k 

2xyz 

=a 
xy2 +X)-•z-x2 y+ xyz+x2 y-xy2 

k 

Similarly, zY y = r .cf = a k • 

\ . 

2xy.z 

=a k 

Example 1.16 Which of the following is greater: m = (log25)2 or .n = log220? 

Sol. m - n = (log25)2
- [Log25 + 2] 

Let log25 =x =:=> m -n =x2 - x - 2 = (x -2)(x + 1);.(1og25 - 2)(log25 -i;' 1) > 0 
Hence, m > n. . 

Example J :11 If log 12 27 =a, then find log6 16 in terms of a. 

a.2(~-J 3+a b.3(~J 
3+a 

c. 4(3 -·a) 
3+a d.s(~J 

3+a 
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-Logarithm and Its Applications 1.9 

Sol. Since .a= Jog12 27 = log12 (3i = 3 log12 3, we get 
3 3 3 

--- = ---- = ----
log3 12 :1 + Jog3 4 I + 2 log3 2 

3-a 
; . log3 2 = -

2
--. a 

Then, lo& 16= lo&;24 =4 lo&;2 = -- = = ;;;4 -a . 4 4 4 (3 ) 
log2 6 · 1 + 1og2 3 1 + ~ 3 + a 

3-a 
Exnm pic .1. J 8. Simplify 

1 
+ 

1 
+ 

1 

1 + loga be 1 + logu ca 1 + loge ab 

Sol. 
1 I I 

----+ +----
1 + Joga be I + 1ogb ca 1 + loge. ab 

log a , Jog b log c = + + ;;;1 
log a + log b + log c log a + log b + log c log a + Jog b + Jog c 

Jfyl =xz and a'' =b•· =cZ, then .prove that Iogb a= lo&.b. 

. Sol. cf = b" = cf ~ x log a= y log b == z log c 

y z log a log b 
. -=-::::::>--=--
.. x y log IJ Jog c 

:::::> Iogb a= lo&. b 

EXHII!(liC L20 Suppose x,y, z > o. and no.t equal to 1 and log x +logy+ log z = 0. Find the value of' 
I I 1 I 1 'I 

- +- - +- - +-
. x ~~ Y log z x y log z lop )( z log x logY {base 10) 

I I I I I 1 . -+-- --+-- --+--
Sol. LetK;;;:: xlog y togz xylogz log .f ~zlog.r logy 

log K= logx[--
1 

- + - ·
1
- ] + log y[-1

- + -
1
- ] +log z [--

1
- + -

1
-] 

log y log z log z log x log x log y 
Putting logx +logy+ logz = 0 (given), we get · · 

log x log z log y log. z log x log y 
--+--- =-)·--+-- =-1 and --+--=-1 
log y Jog y ' log x log x log z log i 
Therefore, R.H.S. ofEq. (i) = -3 => Jog10.K= - 3 ~ K~ 10-3 

2lor.l"~.r - 31ogn(.rl +1)3 - 2x 
Prove that 

41 
> 0; 'V x E R. 

7 og..,.r - X - 1 

x2 -x-1 

=~+x+ I 
= (x + ] /2)2 + 3;4 > 0; 'r;f X E R. 

(i) 
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1.10 Trigonometry 

3jlt ~""fUJ•~~Rif~to ~-· .. f.:• , .. ~ ~~~A1..,•; \. ~C'·"'·'~lt~.tl , 'ljjflf, 18~ ..... i';;~ :.tl41 ... ·-ie--•' 
,--------f. Concept ·Applu~atlon:Exerctse =1 ~ 1 :·1----------, 

·.,"~ ~H~;:t.::sr · : . .. -~·~tnt:: .... IJ •• ·~fits ~~~.,.k~J..t ... ~a;~w~: ~~:mr~.,.,...M:t.:l."~,.r...,..,"~ 

-t. Prove that log7 log7 ~7~(7.f7) = 1 -3 log7 2. 

2. Solve for x andy: y~ = x>'; x = 2y. 

3. Find the value of 32 
log9 3

. 

4. Iflog10 x = y, then find log1000 x
2 in terms ofy. 

5. Iflog7 2 = m, then find lo&19 28 in terms ofm. 

6. Find the value of ~(log~_5.4). 

7. Fmdthevalueof7log- +S log- +31og - . . (16) (25) (81) 
. 15 24 80 

8. If a2 + b1 ~ 7 ab, prove that log( a; b)~~ (log a+ Iogb). 

9. Prove the fo llowing identities: 

(') loga n 1 1 · b (") 1 loga x Iogb x 
1 = + oga ll Ogab X = 
. logab n , . log0 x + logb x 

1 0. 1 f loga ( ab) = x, then evaluate log" ( ab) in terms of x. 

11. Compute logah (~ tJb) iflogab a=4. 
. ' 

• J (1 1 1\ 
J 2. If cl = bY = cz = cr' show that loga (bed) =X - + - + -j . 

' y z w . . 

13. Solve for x: 114x-s ·32x = 53-x . 7-x. 
14. [flog,; n = 2 and logn2b = 2, then find the value of b. 
15. Suppose that a and bare positive real numbers such.that log27a + log9b = 7/2 and log27b + log9a = 2/3 . 

· Then find the value of ab. 

LOGARITHMIC EQUATIONS . 
While solving logarithmic equations, we tend to simplify the equation. Solving equation after simplification 
may give some roots which are not defining all the terms in the initial equation. Thus, whi1e solving equations 
involving logarithmic function, we must take care of domain of the equation. 

Example 1.2 Solve log48 + Jog..(x + ~) - logix - l) = 2. 

Sol . .lo&8 + lo&(x + 3) - lo&(x- 1) = 2 

=> log
4 

8(x + 3) = 2 => 8(x +_ 3) = 42 
x-1 x-1 

=>x+3=2x-2 => x=5 
Also for x = 5 all terms of the equation a·re define~.· 
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Logarithm and Its Applications 1.11 

Exam11lc 1.23 Solve log (-x) = 2 log (x +.I). 

.Sol. By definition, x < 0 and x + I > 0 . => - I < x < 0 
Now log (-x)= 21og(x+ l) ~-x=(x+ 1)2 ::>x2 + 3x + I = 0. 

-3+J5 .-3-../5 
=>x=------

2 2 

- 3+J5 . . I . Hence, x = . 1S the only so utton . 
. 2 . 

Examph.' 1.2 Solve log2 (3x- 2) = log"1 x. 

log2 x -1 
Sol. logi(3x-2) = log112 x = _

1 
= Jog2 x 

. log2 2 . 

~ 3x- 2 =x·1 => 3x2 - 2x = 1 =>x =lor x =- 113 . But log2 (3x-2) and log112 x are meaningful ifx > 2/3. · 
Hence,x= I. 

ExamJliC 1.25 Solve 2x+l27x/(x- I) = 9. . 

Sol. Taking log ofboth sides, we have (x+ 2)1og2+2.._ log27 = log9 
x-1 

=> (x + 2) log 2 + .2:..._ 31og 3 = 21og3 
x- I 

=> (x + 2) log2 + ( 
3
x - 2) log 3 = 0 

x -l 

=> (x + 2) [Jog2 + log
3

] = 0 
. x-1 

log3 
=>x =-2 orx-1 =--­

Jog2 

Jog3 
=>x =-2, 1---. 

log 2 

Ex:nnplc 1.26 Solve log2(4 x 3x -6)-log2(~·- 6) = 1. 

Sol. log2( 4 x l" - 6) -log2(9""- 6) = I 

4x3'" -6 
=> Jog2 = 1 

9.\" -6 

4 x3'" -6 
=> =2 

9"' - 6 
'= 4y-·6 = 2;?- 12 (putting 3:r = y) 
=>y2 -2y-3 = 0 
=>y=- 1,3 
=> 3 ... =3 
=>x = l 
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1.12 Trigonometry 

Exan~rk 1.27 Solve 6(1ogx2 ~ log~)+ 7 = 0. 

Sol. 6(lo&2 - log4x) + 7 = 0 

1 
:=} 6(logx2 -

2
tog2 x)+7=0 

=> 6( ~-; )+ 7 ~o (wherey~Iog,x) 

(
2 ~ 2 J ' 

=; 6 ;: +7 ~ 0 

=> 3( 2 -;' } 7 = 0 
~6-3y + 1y= O 
=> 3i - 1y- 6 =0 
~ 3i + 2y- 9y - 6 = 0 
:=} (y - 3)(3y + 2) =0 

· :=} y = 3 or y = - 2/3 
=> log2x = 3 or - 2/3 
~ X= 8 or X = T 213 

Find the number of solution to equation log2 (x + 5) ::; 6 - x. 

Sol. ' Here, x + 5 = 26 -x. 

I 
I 
I 
I 
I 
I 
I 
I 
I 

-----------~---------· 5 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

. ' 
I 
I 

y = 26- X y = X + 5 

Fig. 1.8 ' 

·Now graph·ofy = x + 5 andy = 26 -x intersect only once. 
Hence, there is only one solution. 

Solve 410gzlogx.= logx- (log xi.+ 1 (ba~e is e). 

Sol. Jog2 1ogx is meaningful ifx> 1. 
Since 41og21ogx = 221og21ogx = (21og21og:r:i = (logx)2{alogc1 = x, a> 0, a =t:. 1) 

So the giv~n equation reduces to 2(1og x)2 - log x- 1 = 0. 
Therefore, log x ~ 1, log x = 1/2. But for x > J, 

log x > 0 so log Jog x "':' 1, i.e., x = e. 
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l~xamph.' 1.3U Solve 41og.r/l ( J;)+ 21og4 ... ( x2
) = 3log2 ... { x~} 

4 log2 .Jx + 2 Jog2 (x
2

) = 3 log2 (x
3

) 
Sol. 

log2 (x/2) log2 (4x) Jog2 (2x) 

· 4 x .!.log2(x) 
=> 2 + 41og2(x) = 9log2(x) 

log2 x -l 2+ log2(x) 1 + log2(x) 
Let log~ = I, given equation reduces to 

21 41 9t 
-+--=-
/-] 1+2 t+l 

. 2 4 9 
=> I =·Oor - + --=-

1- 1 · 1 + 2 I+) 

21 + 4 + 41-4 9 
=> = -

(1 - J)(t + 2) I + I 

=>r+ r-6=o 

=> (t+ 3)(1- 2) = 0 

:::) 1 = 0, 2 or- 3 

::)X= 1,4, J/8 

E'xamplc .1._31 Solve 410Jl,.r - 6x10~2 + 210.1!3
27 = 0. 

Sol. Let 2101l9" = y, we get Y- 6y + 8 = 0 

:::) y=4 or2 

lf210S<r=22 => lo&X = 2 =>x = 81 

lf210Str=21 => log~= J =>x=9 

Logarithm and Its Applications 1.13 

r--------~ Concept Application Exercise 1.2 1---_ ------....., 
:-.. 

I. Solve log2(2Sx+J- I) = 2 + log2(sx+J + I). 

2. Solve log.,(2 x 4x-2 -I )+ 4 = 2x. 

• 1 
3. Solve log5(5 11x + 125) = log56 + I + - . 

2x 
·4. Solve lo& (x-I)= log2 (x- 3). 

5. Solve lo&9- lo&27 + log'8x= lo&4x- lo&;4. 

6. Solve log2 ( 2.J1 7-2x} = l-log1/ 2 (x - 1). 

7. Solve 31ogr4 + 21~&1.r4 + 3log16x4 = 0. 

8. Solve (Jog~)(log59) -log;s + log32 = log354. 

. . 
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1.14 Trigonometry 

LOGARITHMIC INEQUALITIES 
Standard Logarithmic Inequalities 

{

X> \',if {I> I 
· 1. IflogaX> lo~' => ·· -

. 0 < x < y, if 0 <a < l 

{
X> {I )', if a> 1 

2. JflogaX' > y => 
O<x<a>'. ifO<a<l. 

3. log..rY > 0 => x > 1 and a > I 
or 0 < x < I and 0 < a < 1 

Frequently Used Inequalities 

I. (x-a)(x-b)<O(a<h)=>a<x <h 

2. (x- a)(x - b)>O (a < b) =>x< a orx > b 

3. lxl < a => - a< x < a 

4. lxl > a ~ x <- a or x > a' 

Example 1.32 Solve log2(x- J) > 4. 

Sol. log2(x - l) > 4 => x- 1 > 24 => x > 17 

Example I .JJ· Solve log3(x- 2) ~ 2. 

Sol. Jog3(~---2)::;; 2_=> 0 <x-2 ~ 32 => 2 <x ~ II 

Example 1.3-:S Solve logu(xl - x + 1) > 0. 

Sol. lo&u (x2 - x + I) ?' 0 => 0 <xl - x +I < (0.3)~ 
=> 0 < :\.2 - x + J < 1 => x2 - x + I > 0 and ~ .- x < 0 => x(x - 1) < 0 

=>0 <x < I (as.xl-x + 1 = (x-112i + 314 > 0 for all realx) 

Example 1.3:' Soh•e 1 < log2(x- 2) ~ 2. 

Sol. i < log2(x - 2) ~ 2 => 21 <x - 2 S22 

=>4 < x < 6 

Example 1.36 Solve log2~\· - 11 < 1. 

Sol. log21x - I!'< 1 => 0 < 1x - II < 2 1 

=> - 2 < x - l < 2 and x -1 * 0 
~- I <x < 3 andx-:t; 1 

=>X E (- 1, 3) - {1} 

E.\amplc 1.37 Soh•e lo~.2J,t· - 31 ~ 0. 

Sol. lo&ulx- 31 ~ 0 ~ 0 < ~- 31 ~ (0.2)0 

=>O<~Y- 31~ 1 =>-1 <x-3::;; 1 andx - 3 ¢0 

=>2 <x::;;4 aridx¢3 =>XE (2, 4]- {3} 

downloaded from jeemain.guru



Exiunplc .1.38 
· x-1 · 
Solve log2 --> 0. 

x-2 

x-1 x-1 o 
Sol. log?--> 0 ~ --> 2 

-x-2 x-2 · 

x-l x- I 
:::::}-->] =>---1>0 

x-2 x-2 

x-l - x+2 1 · 
~ > 0 => -->0 =>x>2 

x-2 x-2 

Exam11lr 1.39 
3-x 

Solve log0.s - - < 0. 
x+2 

3-x 3-x o 
Sol. log0 s --< 0 :::::} --> (0.5) 

· x+2 · x+2 

3-x 3- x "' 
=>--> I~ ---1>0 

x+2 x+2 

3 - x - x - 2 2x -1 
=> >0::::;:) <0 

x+2 x+2 
:::::}-2·<x<J/2 

Exam ph.• '1.40 Solve log3(2xl + 6x- 5) > J. 

Sol. log3(:a2+6x ...:5)> I =>2x2+6x-5>31 

:::::} 2x2 + 6x- 8 > 0 => x2 + 3x- 4 > 0 
=> (x- l)(x + 4) > 0 :::::} x <- 4 or x > l 

Example 1.4 r Solve log0.0 4 (x - 1) ~ lo~.2 (x - J ): 

Sol. Jo~.04 (x- I) ~ lo~.2 (x- 1) 

=> Jogc
0

.
2
,, (x- 1) ~ Jog0_2 (x-I) 

=> ~ log0_2 (x- J) ~ log0.2 (x -1) 

~ log0.2(x-l)~ 21og0 _2 (x-1) 

=> Jog0.2(x-J)~ log0_2 (x-1)2 

=> (x - I) $; (x - 1 )2 

=> (x- I )2 - (x - J ) ~ 0 
=> (x .:.. l)(x - I - 1 ) ~ 0 
:::::}(x-l)(x.-2)~0 

=>x ~ 1 or x~2 
Also, x > 1; hence, x ~ 2. 

E\illllfliC 1..&2 Solve log(x+l)(xl -x) <I. 
Sol. log,1'+ 3(il -x) < 1 . 

x(x - I).>. 0 => x > 1 or x < 0 
lfx+3> I =>x > -2 
then x2 - x < x + 3 

- =>~-2x-3 < 0 

.. 

Logarithm and Its Applications 1.15 

'. 

l -

I 

j 
1. 

. I 
(1) I 

. ' 

( 
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1.16 Trigonometry 

~ (x - 3 )~' + I) <:: 0 
Hence,xe (-1 , 0) u(J , 3) 
lfO <x+ 3 < t- 3 <x<-2, then 
x2- x>x + 3 
~.x2-2x-3>0 
~ (x - 3)(x + 1) > 0 
~XE (-3, -2) 

Sol\'e 2 log.l-t' - 4 log,.27 ~ 5 (x > 1 ). . . . 
Sol. Let log3x == y ~ x = 3y . 

Therefore, the given inequa.lity 2 log3x- 12 log_..3 ~ 5 

12 
~2y- -:$;5 

y 
=>2i - 5y- l2:$;0(asx > 1 =>y>O) 
~ (2y+ 3)(v-4):$;0. 

[ 
3 ] 3 . => ye - 2. 4 =>- 2 ~ log3x s;4 

=> 3-312 ~x$ 81 ' · 

(i) 

(ii) 

(i) 

,..-----------.Concept Application Exercise 1.3 .------------, 
J. Solve log31xl > 2. 

x - 4 2. Solve log2 · < J. 
2x +5 

3. Solve log10(x2- 2Y -2):$;0. 

4. Letf{x) = ~log10 x2 
. Find the set of all values ofx for whichf(x) is real. 

5. Solvei0 g2(x-t) >x+5. 

6. Solve log2 14-5x I> 2. 

x +2 
7. Solve JooA 2 -- ~ 1. ou. X 

8. Solve log112 (x
2 - 6x + 12) ~-2 . 

9. Solve log1 _x (x-2)~-1. 
. 1 

10. Solve log3(x + 2) (x + 4) + tog113 (x + 2) < -log../3 7. 
. 2 

J t. Solve logr (x2 - I)~ 0. 

FINDING LOGARITHM 
To ca1~ulatc the logarithm of any positive number in decimal form, we always express the given positive 
number in decimal fonn as the product of an integral power of 10 and a number between J and I 0, i.e., any 
positive number kin decimal form is written in the form as 

K = mx 10", 

where pis. an integer and I ~ m < I 0. This is called the standard frof!l of k. 
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Characteristic and Mantissa of a Logarithm 
Let n be a positive real number and let m x J 0" be the standard fom of n. Then n = m x 1 ()P 

where p is an integer and m is a real number between J' and I 0, i.e., l ~ m < I 0 

=> log10 n = log10 (m x I 0") 

= log10 m + Jog10 1 ()P 

= log10 m + p log10 10 

=p+ log10 m 

Here p is an integer and I $; m < J 0. Now, 1 ~ ni < 10 
~ log10 1 $; log10 m < log10 10 
=> 0$;log10 m<l. 

Thu~, the logarithm of positive real number n consists of two parts: 

(i) The integral part p , which is positive, negative or zero= is called characteristic. 
(ii) The decimal part log m, which is a real number between 0 and I, is called mantissa. 

Thus, log n =Characteristic+ Mantissa. 
Note that it is only the characteristic that changes when the decimal point is moved. An advantage of using 

the base I 0 is thus revealed: if the characteristic is known, the decimal point may easily be placed. If the 
number is known, the characteristic may be determined by inspection; that is, by observing the location of the 
decimal point. 

Although an understanding of the relation of the characteristic 'to the powers of I 0 is necessary for 
thorough comprehension oflogarithms, the characteristic may be detennined mechanically by the application 
of the following rules: 

1. For a 'number greater than I, the. characteristic is positive and is one less than the 'number of digits to 
the left of the decimal point in the number. 

2. For a positive number less than I, the characteristic is negative and has an absolute value one more 

I 

than the number of zeros between the decimal point and the first non-zero digit ofthe number. I . . 

Write the characteristic of each of the following num bcrs by using thci r standard forms: 

(i) 1235.5 

(v) 0.35792 

Sol. 

' 

Number 

1235.5 

346.41 

62.723 

7.12345 

0.35792 

' 0.034239 

0.002385 

0.0009468 

(ii) 346.4.1 (iii) 62.723 (iv) 7 0 t 2345 

(\'1) 0.034239 (viii) 0.002385 (viii) 0.0009468 

Standard Form 

1.2355x 103 

3.4641 X lo2 

6.2723x 101 

7.12345 X 10° 

3.5792 X I o-t 
3.4239 X 10"2 

. 2.385 X 10"3 

Characteristic 

3 

2 

J 

0 

-) 

-2 
-3 
-4 

I 
l .I 
l 
! 
I 

I 
Mantissa of the Logarithm of a Given Number i 
The logarithm table is used to find the mantissa oflogarithms of numbers. )t contains 90 rows and 20 column.! 

I 
I 

I 
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Every row beings with a two-digit number 10, II , I 2, .. :, 98, 99 and every column is headed by a one-digit 
num~er 0, 1, 2, 3; ... , 9. On the right of the table, we have a big column which is ~ivided into 9 sub-columns 
headed by the digit 1, 2, 3, ... , 9. This column is called the colurnri of mean differences. 

Note that the position of the decimal point in a number is im.material for finding the mantissa. To find the 
mantissa of a numbet:, we consider first four digits from the left most s ide of the number. If the number in the 
decimal form is less than one and it has four or more consecutive zeros to the right of the decimal peint, then 
its mantissa is calculated with the help of the number formed by digits be~inning with the first non-zero digit. 
For example, to find the mantissa of0.000032059, we consider the number 3205. lfthe given number has only_ 
one digit, we replace it by a two-<!_igit number obtained by adjoining zero to the right of the number. Thus, 2 is 
to be replaced by 20 for finding the mantissa. 

Significant Digits 
The digits used to compute the mantissa of a given number are called its significant digits. 

Exa·mplc 1.45 Write the significant digits in each ofthe following numbers to compute the mantissa of 

Sol. 

their logarithms: 

(i) 3.239 

(v) 0.0367 

Number 

3.239 

8 

0.9 

. 0.02 

0.0367 

89 

0.0003 

0.00075 

(ii) 8 
(vi) 89 

NEGATIVE CHARACTERISTICS 

(iii) 0.9 

(vii) 0.0003 

. (iv) 0.02 

(viii) 0.00075 

Significant digits to find the mantissa 
of its logarithm 

3239 

80 

w 
20 

367 

89 

30 

75 

When a characteristic is negative, such as -2, we do not perform the subtraction, since this would involve a 
negative mantissa. There are several ways of indicating a negative characteristic. Mantissas as presented in 
the table in the appendix are a1wa~s P.OSitive and the sign of the characteristic is indicated sepMately. For 

. . 
example, where log 0.023 = 2.36173, the bar over the 2 indicates that only the characteristic is negative, that 
is, the logarithm is - 2 + 0.36173. 

Examplr 1.46 Find the mantissa ofthe logarithm ·of the number 5395. 

Sol. To find the mantissa of log 5395, we first look into the row starting with 53. In this row, look at the 
'number in the column headed by 9. The number is 7316. 
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0 1 2 3 4 5 6 7 8 9 
Mean Differences 

1 2 3 4 5 6 7 8 9 
t I 
I 
( . 

I 
t 
I 
I 
I 
I• 
I 
I 
' II 

51 :: 7076 
II 7084 7093 7101 7110 7118 7126 7135 7143 7152 1 2 3 4 5 6 7 8 
:: 7160 7168 7177 7185 7193 7202 7210 7218 7226 1 2 2 5 6 7 7 

7251 7259 7267 7275 7284 7292 7300 7308 1 2 2 5 6 6 7 
7332 7340 7348 7356 7364 7372 7380 7388 1 2 2 5 6 6 7 

Fig. 1.9 

Now, move to the column of mean differences and look under the column beaded by 5 in the row 
corresponding to 53. We see the number 4 there. Add this number 4 to 7316 to get 7320. This is the . 
required mantissa of log 5395. 
If we wish to find the log 5395, then we compute its characteristic also. 
Clearly, the characteristic is 3. So, Jog 5395 = 3.7320. 

Example I A1 Find the mantissa of the logarithm of the number 0.002359. 

Sol. The first four digits beginning with the first non"zero digit on the right of the decimal point form the; 
nurnber2359. To fmd the mantissa of log (0.002359), we first look in the row starting with 23. In this row, 
1ook at the number in the column headed by 5. The number is 3711. 

0 1 2 3 4 5 6 7 8 9 
Mean Differences 

1 2 3 4 5 6 7 8 9 

I I I 

21 3222 3243. 3263 3284 3304 3324 3345 3365 3385 3404 2 4 6 8 10 12 14 15 18 

~3424 3444 3464 3483 3502 

~ 
3541 3560 3579 3598 2 4 6 8 10 12 14:~ 3617 3636 3655 3674 3692 1 3729 3747 3766 3784 2 4 6 7 9 11 13 1 17 D 

3802 3820 3838 3856 3874 2 3909 3927 3945 3962 2 4 5 7 9 11 12 14 
25 3979 3997 4014 4031 4048 4065 4082 4099 4116 4133 2 3 5 7 9 10 12 14 15 

Fig. 1.10 

Now, move to the colum11 of mean difference and look under the column headed by 9 the row 
corresponding to 23. We see the number 17 there. 
Add this number to 3711. We get the number 3 728. This is the required mantissa of log (0.002359). 
Mantissa oflog 23.598, log 2.3598 and 0.023598 is the same (only characteristic are different). 

E:xamplc 1.48 Use logarithm tables to find the logarithm ofthe following numbers: 

(i) 25795 (ii) 25.795 
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Sol. 
(i) The characteristic of the logarithm of25795 is 4. 

To find the mantissa of the logarithm of25795, we take the first four digits. 
The number formed by the fll'st four digits is 2579. Now, we look in the row starting with 25.ln this row, 
look at the number in the column·headed by 7. The number is 4099. Now, move to the column of mean 
differences and look ·under the column headed by 9 in the row corresponding to 25. We see that the 
number th~re is 15. 
Add this number to 4099. We get the' number 4114. This is the required mantissa. Hence, log (25795) 
= 4.4114 

(ii) The characteristic of the logarithm of25. 795 is I , because there are two digits to the left of the decimal 
point. The mantissa is the same as in the above question. Hence, log 25.795 =!A 114. 

· Similarly, log2.5795 = 0.4114. and log (0.25795) = - 1 + 0.4114. = 1.4114 . 
Here - 1 :+- 04114 cannot be written as - 1 .41 14, as -· 1.4 114 is a negative number of magnitude 1 .4 114, 

whereas- 1 + 0.41 14 is equalto - 05886. In order to avoid this confusion, we write 1 for - 1 and thus 

log(0.25795)= 1.4114.· 

ANTILOGARITHM 
The positive number n i~ called the antilQgarithm of a number ~2 if log n = m. If n is antilogarithm of m, we write 
n = antilog m. For examp 1e, 

(i) log 1 00 = 2 ~ antilog 2= I 00 

(ii) log 431.5 = 2.6350 ~ antilog (2.6350) = 43 1.5 

(iii) log 0.1257 = 1.993 ~ antilog (1.993) = 0.1257 
To find the antilog of a given number, we use the antilogarithm tables given at the end ofthe book. To .find 

n, when log n is given, we use only the mantissa part. The characteristic is used only in determining the 
number of digits in the integral part or the ~umber of zeros on the right side of the decimal point in the required 
number. 

To Find Antilog of a Number 
Step 1: Determine whether the dedmal p·art of the given number is positive or negative. If it is negative, 

make it positive by adding 1 to the decimal part an~ by subtracting 1 from the integral part. 
For example, in - 2.5983) the decimal part is- 0.5983 which is negative. So, write 

-2.5983 = - 2-:0.5983 

=-2- 1 + 1- 0.5983 

=-3+0.4017 

= 3.4017 
Step H: Jn the antilogarithm table, look into the row containing the first two digits in the decimal part of the 

given number. . . 
Step Ill: In the row obtained in step II, look at the number in the column headed by the third digit in the 

decimal part. 
Step IV: In the row chosen in step J I I, move in the colum.n of mean differences and lo~k at ~e number in the 

column headed by the fourth digit in the decimal part. Add this number to number obtained in step Ill. 
Step V: Obtain the integral part (Characteristic) of the given number: 

If the characteristic is positive and is equal ton, then insert decimal point after (n + 1) digits 'in the 
number obtained in step IV. 
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If n > 4, then write zeros on the right side to get (n + I) digits. 
If the characteristic is negative and is equal to-n or n, then on the right side of decimal point write 
(n - 1) consecutive zeros and then write the number obtained in step IV. 

Example 1.49 

(i) 2.7523 

(v) I .7523 
Sol. 

Find the antilogarithm of each of the following: 
(ii) 3. 7523 (iii) 5. 7523 

(vi) 2.7523 (vii) 3.7523 

(i) The mantissa of2.7523 is positive and is equal to 0. 7523. 

(iv) 0.7523 

Now, look into the row starting 0. 75. In this row, look at the number in the column headed by 2. The 
number is 5649. Now in the same row move in the column of mean differences and look at the 
number in the column headed by 3. The number there is 4. Add this number to 5649 to get 5653. 
The characteristic is 2. So, the decimal point is put after 3 digits to get 565.3. 
Hence, antilog (2.7523) = 565. 3. 

(ii) The mantissa of3 .7523 is the same as the mantissa ofthe number in (i), but the characteristic is 3. 
Hence, antilog(3.7523)= 5653.0. 

(iii) The mantissa of 5. 7523 is the same as the mantissa of the number in (i), but the characteristic is 5. 
Hence, antilog (5 .7523) = 565300.0. 

(iv) Proceeding as above , we have antilog (0.7523) = 5.653. 

(v) In this case, the characteristic is 1, i.e., -I. 

Hence, antilog (1.7523) = 0.5653. 

(VI) In this case, the characteristic is 2 , i.e., -2. So, we write one 7..ero on the right side of the decimal point. 
-

Hence, antilog (2.7523);;; 0.05653. 

(vii) Proceeding as above, antilog.(3.7523) ;;; 0.005653. 

Exmnplc I.SO' Evaluate ~72.3 , if log 0. 723 = i.SS91 . 

Sol. Let x = ~72.3 . 

1 
Then, logx=(72.3)113

:::) logx= 31og72.3 

I 
:::)logx= 3 x 1.8591:::) logx=0.6197 

:::) x = antilog (0.6197) 
:::)X= 4.166 (using antilog table) 

Example 1.51 Using logarithms, find fhcvalue of6.45 x 981.4. 

Sol. Letx=6.45x981.4, 
Then, lgx =log(6.45x981.4) 

= log 6.45 + log 981.4 
= 0.8096 + 2.991 9 (using log table) 
""3.8015 

:. x= antilog (3 .8015)= 6331 (using antilog table) 
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. E\:lmplc.1.52 Letx = (0.15)20• Find the characteristic and mantissa ofthe logarithm ofxto the base 10 . 
Assume log102 = 0.301 and log310 = 0.477. 

Sol. log x = log(O. l5)20 = 2o log(~J 
. 100 

= 20[log 15 - 2] 
"""20[1og 3 + log 5 - 2] 

= 20[log 3 + 1 - Jog 2-2] (·: log10 5 = log10 
1~ J 

= 20(-J + log 3 - log2] 
= 20[- 1 + 0.477 - 0.301] 

= -20x0.824.= - 16.48 = 17.52 

Hence, characteristic = - 17 and mantissa = 0.52. 

./ 

Example 1.53 In the 2001 census, the population oflndia was found to be 8. 7 x 10 7.lfthe population 
increases at the rate of2.5% every year, what would be the population in 2011 ? 

Sol. Here,P0 =8.7x107,r=2.5 andn=lO. 

Let P be the population in 20 I I . 

Then, P = P0 1 + _!_ . ( J" 100 

= 8.7 X 107 ( 1 + 2.5 JlO 
. 100 

= 8.7 X 107 (1.025)10 

Taking log of both sides, we get 

log P =log [ 8.7 x 1 0'(1.025)10
] 

=Jog 8.7 + log l 07 +log (1.025)10 

=log 8.7 + 7 log 10 + 10 log (1.025) 

= 0.9395 +7 +0.1'070 

=8.0465 
.· 

=> P = antilog (8.0465) = 1.1 I 3 x l 08 (using antilog table) 

Example 154 Find the compound interest on ~ 12000 for 10 years at the rate of 12% per annum 
compounded annual~y. 

S9l. We know that the amount A at the e~d of n years at the rate of r% per annum when the interest is 
compounded annually is given by 

A= P(l+ 1~ J 
Here, P =~ 12000, r = 12 and n= 10. 

:.A = ~ . [12000(1 + l~O rJ. 
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~ f[l2ooo(J + ;5 n 
- f [!2oof~; 3 rJ 
- f [ 12000( ~: )'"] 

. (28)'0 

Now, A=~ 12000 
25 

~logA=log 12000 + 10(log28-log25) 
=4.0792 + 10(1 .4472-) .3979) 
= 4.0792 + 0.493 ~log A= 4.5722 

~A= antilog(4.5722)=-37350. 
So, the amount after 10 ;years is~ 37350. 
Hence, compound interest:;;;;~ (37350- '12000) c: ~ 25_350. 

If P is the number of natural numbers whose logarithms to the base 10 have the 
characteristicp and Q is the number of natural numbers logarithms of whose reciprocals 
to the base 10 have the characteristic-q, then find the value of log10P -log10Q . 

Sol. 1 <Y' ~ P < 1 o~'+1 =:::; P = 1 ~~- 1 0" ~ P = 9 x 1 OP 
similarly, 1 oq- 1 < Q s 1 oq ~ Q = 1 oq- 1 oq-1 = 1 oq- 1 ( 1 o - t ) = 9 x 1 oq -• 
:. log10P-Iog10Q = log10(PIQ) = log10 l OfHJ + 1 = p-q+ I 

. 

E~amplc 1.56 Let I .. denote antilog31 0.6 nnd !.1 denote the number of positive integers which have the 
characteristic 4, when the base of log is 5 and N denote the value of 49<J-Io~t,2> + s-Jo~:~-4. 
Find the value of L!t1/N. 

Sol. L = antilog32 0.6 = (32)6110 = 2(Sxfl)/IO = 23 = 8 
M= Integer from 625 to 3125 = 2500 

N = 49o - log1 2) + 5-log,4 

= 49 X 7-21og1 2 + 5-togs 4 

1 I 50 25 
=49x-+-=-=-

4 4 4 2 
LM 8x2500x2 :. N= 

25 
= t6oo 

EXERCISES 

Subjective Type 
l. lfx = Jog2a a,y = log3n 2a, z = log40 Ja,.prove that 1 + xyz = 2yz. 

. . 
2. Solve the equations· for x andy: (3x)10S3 = (4y)10g4, 4logx = 3los.''. 

3. If a= log12 18, b = log24 54, then find the value of ab + 5(a- b). 

Solutions on page 1.30 
. --. .. . .... . 
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l I 

4. lfy= a 1- loga x and z = a 1- log" Y, then prove that x = a!-loga z. 

5. Solve logx 2 log2x 2 = lo&x 2. 
6. Let a, b, c, d be positive integers such that log0 b = 3/2 and logcd= 5/4. If(a - c)= 9, then find the value 

of(b-d). 

7. SoJve ~log(-x) =logV (base is 10). 

8. If a~ b > I, then find the largest possible value of the expression loga(alb) + Jogh(bla) . 

10. ·solve the inequality log2 ( 
2
x-

3 J· < 1. 
X -1 

.11. Find the number of solutions of equation 2x + 3x + 4x- 5x = 0. 

12. Solve x10gY x = 2 and y10
gxY = 16 . 

13. Solve log2x2 + lo~2x = -3/2. 

14. Solve for x: (2x) 10
gb

2 
= (3x)10

gb
3

. 

15. If 1ogb a lo&;a + lo~b logcb + lo&c logbc = 3 (where a, b, care different positive real numbers*- J ), theri 
find the value of abc. 

log N log N - Iogb N 
16. If '1 = a , where N > 0 and N:;; I, a, b, c > 0 and not equal to 1, then prove that 

loge N 1ogb N - log, N 

b2 = ac. 
11: Given a and bare positive numbers satisfying 4(log10 a)i + (Jog2 b)2

;;: I, then find the range of values 
of a and b. 

Objective Type Solutions on page 1.35 

J. log4 18·is 
a. a rational number b. an irrational numb~r c. a prime number d. none of these 

2. Iflog4 5 = a and log5 6 = b, then log3 2 is equa1 to 

1 I 1 
a. b. c. 2ab + I d. 

2a + 1 2b .+ 1 2ab-1 

3: 
· .J3-4+21og.[s x 

The value of x satisfying 3 s = 1 I 9 is 

a.2 b.3 c.4 d. none of these 

4. log5 X 5 • )" x > unp tes 

a.XE (0, oo) b.x E (0, I/S)u(5, oo) C.X E ( J,oo) d.xE (1,2) 
5. The number N= 6 log10 2 + 1og10 31 lies between two successive integers whose sum is equal to 

a. 5 b. 7 c. 9 d. 10 

6. The value of 49(Hog7 2) + 5 - logs 4 is 

a.27/2 b.25/2 c. 625/16 d. none of these 
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7. Jf .jlog2 x- 0.5 ""1og2 .[;,then x equals 

a. odd integer b. prime number c. composite number d. irrational 

8. Jflogyx + logxy = 1, x2 + Y"" 12, then the value of.\)' is 

a. 9 b. 12 c. 15 d.2l 

9. lf lo&, 3 = 2 and log" 8 = 3, then loga b is 
a. 1og3 2 b. log2 3 c. log3 4 d.lo~ 3 

10. If (4)10g93 + (9)10g24 ;; (10)1
og, 83, thenx is_equal to 

a. 2 b. 3 c. I 0 · d.30 

11. The value of log ab- loglbl = 

a. log a b. log lal · c. -log a d. none of these 

12. If (.x + l)10g1o(..t·+ l) =:: JOO(.x + 1), then 

a. all the roots are positive real numbers. b. all the roots lie in .the interval (0, I 00) 
c. all the roots lie in the interval [ -1 , 99] . d. none of these 

13. If a, b, c arc djstinct positive numbers different from l such that (Iogb a lo&;a - log0 a)+ (lo&, b loge b 
-Iogb b)+ (lo&! c Iogb c- lo&; c)= 0, then abc is 
a. 0 b. e c. I · d. none of these 

14. Given that log (2) = 0.30 I 0 ... , the number of digits in the number 20002000 is 

a.6601 b.6602 c.6603 d.6604 

Th I f 
log2 24 log, 192. 

15. e va ue o - - ts 
Jog96 2 log12 2 

a.3 b.O c.2 d. I 

I 6. The set of all values ofx satisfying x1
og .. <I-x)

2 

= 9 is 

a . . a subset of R containing N b. a subs~t of R cont~ining Z (set of all integers) 
c. is a finite set containing at least two e1ements d. a finite set 

17. lfln (a+b)=(lna+lnb),then ab+!!_isequalto 
3 2 · . . a 

a. 1 b.J c. 5 d.7 
J 8. The value of b for which the equation 2 log1125 (bx + 28) =-log5 (12 - 4x-x2) has coincident roots if 

a.b=-12 b.b=4 c.b=4orb=-12 d.b=-4orh=12 I 
i 

19. lfS= {xe N :2+ Jog2 F+'i > 1-log112 ~4-x2}, then 

a.S={l} b.S=Z c_.S=N d. noneofthese 
20. If a4 • b5 = I, then the value of lo&a(a5b4) equals 

a. 9/5 b.4 c. 5 d. 8/5 
21. If the equation 2x + 4>' = 2Y + 4x is solved for yin tenns ofx, where x < 0, then the sum of the solutions is : 

a. x logi I - 2~ b. x + log2( I - 2~ c. log2( 1 - 2X) d. x log2(2x + 1) 
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22. The minimum value of the expression 2log1oX - logxO.O 1, where x > 1, is 

a.2 b.O. l c. 4 d. I 

23. The ~alue of 31084 5 
- 5

10
g

4 3 
is 

a.O b. l . c. 2 d. none of these 

24. If a, b, care consecutive positive integers and log (l + ac) = 2K, then the value of K is 

a. log b b. log a .c. 2 d. 1 

10 
25. lflogr + Iogx2 = 3 = log:z.Y+ logy 2 andx-:t=y then x + y = 

a. 2 b.65/8 c. 37/6 d. none ofthese 

26. Iflog 10 [ • 
1 ] = x [ log10 5 - .I], then x = 

2x +X - 1 

a.4 b.3 c. 2 d. 1 
27. If S = { x E R : (log0.6 0.2 1~) log5 (5 - 2x) ~ 0} , then S is equal to 

a. [2.5, oo) b. [2, 2.5) c. (2, 2.5) d. (0,2.5) 

28. Solution set of the inequ.ality log3(x + 2) (x + 4) + log113 (x + 2) < (1/2) log./3 7 is 

a. (- 2, - 1) b. (-2, 3) c. (- 1, 3) d. (3, oo) 

29. lflog3 { 5 + 4 log3 (x- 1)} = 2, then xis equal to . 

a.2 b.4 c. 8 

30. If 2x1084 3 + 310
g4 x = 27, then xis equal to 

a. 2· b.4 c. 8 d 16 

31. Equation lo~ (3 - x) + log0.25 (3 + x) = lo~ (1 -x) + log0.25 (2x + 1) has 

a. only one prime solution 

c. no real solution 

· · 1 + 2log3 2 · 2 
32. The value of ( )2 + (log6 2) is 

1 + Jog3 2 · 

a.2 

33 P d f f h 
. .Jogs (8/ x2) 3 . 

. ro uct o roots o t e equatiOn 
2 

= ts 
(log8 x) 

a. 1 b.1/2 

b. two real solutions 

d. none of these 

c.4 

c. 113 

·d. I 

d. l/4 

34. Let a > 1 be a real number. Then the number of roots equation a 210
g2x = 5 + 4x10

g2a has 

a. 2 b. infinite c. 0 d. 1 

1 1 
35. If(2 1.4)a = (0.002 14)b = 100, then the value of; - b is 

a.O b. 1 c. 2 d 4 
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36. The solution set ofthe inequa1ity Jog10 (x
2 - 16)::;; log10 (4x - II) is 

a.(4,oo) b.(4,5] c.(ll/4,oo) d. (11/4, 5) 

37. The number of roots of the equation 1og3.;; x + log3.t J; = 0 is 

a.l b.2 c.3 d.O 

38 Th f II ·h.· h . .log3 .?+(1og3 .-i - 10 .11 2. . e set o a x satJS.jmg t e equat1on .x = x 1s 

a. {1,9} b. {1 , 9, "1/81} c. {1 , 4, 1/81} d. {9, 1/81} 

39 • . lfxy = 4 and log3 (log2 x) + log113 (log1n)') = I, then x equals 
a.4 b.8 c. 16 d.64 

40. lf2x+y = 6v and J'"-1 = 2>*1 
, then the value o~ (log 3 - log 2)/(x - y) is 

a. I b. log2 3 - log32 c. log (3/2) d. none of these 

41. lflog2 x + log2y~ 6, then the least value ofx + y is 
a. 4 b.8 c. 16 d.32 

42. Jfj{x) = log(
1 
+ x). then 

1- X 

a.j{x1) .f{x2)= ft..x1 + x2) b.j{x+ 2)-2./(x+ I)+ ft..x)= 0 

c.f(x) +f(x+ 1) = .JfF + x) d.j(x1) + ft..x2) = f 1 2 
(

X -l' X ) 

l+x1~ 

43. Which. of the following is not the solution of log{%_ ~) > (%- ~) ? 

··G· ~) b.(l.2) c.(~· !) d. none of these 

44. lfx1 and x2 are the roots ofthe equation r? · -Jnx =x3 withx1 > x2, then 

a.x1 =2x2 b.x1 = ;r; c. 2x1 =xi d. x~ = x~ 
45. The number of real values of ~he parameter k for which (log16 x)2 

- Jog16 x + log16 k = 0 with real 
coefficients will have exactly one solution is 
a. 2 b. 1 c. 4 d. none of these 

Multiple Correct Answers Type Solutions on page 1.41 
• 

Each question has four choices a, b, c, and d, out of which one or more answers are correct. 

1. For a> 0, ¢:. I, the roots of the equation lo&u a+ log.t cf + Joga2x a3 = 0 are given by 

a. a-413 b. a- 314 c. a d. a-112 

l 

2. The real solutions of the equation 2x+2• 56 -x = lOx is/are 
a. I b.2 c. -log10 (250) 

log x log y log z 
3. lf -- ::;;: -- = --b , then which ofthe following is/are true? 

b-e c-a a-

a~xyz= I c. xb+c yc+a fl+b = I d.xyz=xA/'7! 

., 
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4. lflogkx . log5 k= logx5, k'#:- 1, k > 0, thenx is equal to 
a. k b. 1/5 c~ 5 d. none of these 

5. I.f p, q E N satiszy the equation x . .JX = ( .JXt; then p and q are 

a. relatively prime b. twin prime 
c. coprime d. if log"p is defined, then logPq is not and vice versa · 

6. Which of the following, when simplified, reduces to unity? 

21og 2 + log3 b.-....;;:,_ _ ___;;;;__ 
log48 - log4 

I (64J 
d. 6 Joglf 27 

7. If log ax= b for permissible values of a and x, then identify the statement (s) whi~h can be correct. 

a. If a and bare ~wo irrational numbers, then x can be rational. 

b • .1f a is rational and b is irrational, the'n x can be rationaL 

c. If a is irrational and b is rational, then x can be rational. 

d. If a is rational and b is rational, then x can be rational. 

8. The equation logx+l (x - 0.5) = logx-o.s (x + 1) has 

a. two real solutions b. no prime solution c. one integral solution d. no irrational solution 

9. The equation ~l + logx .ffi log3 x + 1 = 0 ha~ 
a. no integral solution b. ,one irrational solution c. two real solutions d. no prime solution 

10. Iflog112( 4 - x) ~ 1og1122 - log112(x - I), then x belongs to 
a.(1,2] b.[3,4) c.(J ,3) d. [1,4) 

k-2 

ll. jfthe equation x10
ga x

2 

= 7, a :;t; 0, has exactly one solution for x, then the v~lue of k is/are 
a 

a. 6+ 4J2 b. 2+6J3 c. 6- 4.Ji d. 2 ~6J3 

Matrix-Match Type Solutions on page 1.44 
. . 

Each question contains statements given in two columns which have to be matched. 
Statements (a, b, c, d) in column J have to be matched with statements (p, q, r, s) in column II. lfthe correct 
matches are a-p, a-s, b-q, b-r, c-p, c-q and d-s, then the correctly bubbled 4 x 4 matrix should be as follows: 

p q r s 

a@@0@ 
bl ®®00 
c @'(§)00 
dl ®®0® 
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l. 

Column I Column II 

a. The smallest integer greater than p. 10 
I ] 

is + 
log3 n log4 n 

h Let3a=4~4h=5, 5c=6, 6d=1, 7r:;:;; 8 and 81=9. 
q.3 Then the value of the product (abcdej) is 

c. Characteristic of the logarithm of2008 to the 
base 2 is r. I 

d If log2(1og2 ( log3 x)) = log2(log3 ( log2 y)) ;::; 0, 

then the value of (x-y) is s. 2 

2. 

Column I Column U . 

-/22 . . p.l 
a· The value oflog2 Jog2 lo&1256 + 21og IS 

h lflog3 (Sx-2) -2 log3 ~3x + 1 = l-log3 4, 
q.6 

-
then x = 

c. Product of roots of the equation r. 3 

7tog1 (x~--4x+S) ( ) • 
= x-l IS 

d Number of integers satisfying log2 
s. 5 . 

f;- 2 (log114 _,} x + :t > 0 are 

3. 

Column I Column II 

21ogU.fiJ IS is 
p. rat10nal 

a 

b. ' ( s"''''' + . J J is 
q. irrational 

~ ~(- 'log10 0.1) 

c. log35 - log25 27 js r. composite 

d Product of roots of equation 

X10810 .r = lOOx is 
s. prime 
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·Integer Type · Solutions on page 1.4~ 

.1. If logjJ = 2; loghc = 2 and Jog3c = 3 + log3a, then the value of cl(ab) is------' 

. 2. The value of (log102)3 + log108 · log105 + (log105)3 is-------' 

3. If log.A ~ log6B ~ log9(A + B), then [ 4 !] (where [·] represents the greatest integer function) 

equals ___ _,; 

4. lntegral value of x which satisfies the equation lo&54 + log.\' 16 = 1og.J2 x -log36 ~ is--------' 

S. If a= log245 175 and b = log1715875, then the value of l-ab is------' 
. a-b 

6. The difference of roots of the equation (log27x
3) 2 = log27x

6 is ___ _ 

7. Sum of all integral values of x satisfying the inequality (351210
g3(1

2
- 3x)) _.:. (310

g2 .r) > 32 is 

8. The least integer greater than log2 J 5·1og1162_- log31/6 is--------' 

9. The reciprocal of 
2 

6 + 
3 

6 is -------' 
log4 (2000) Jog5 (2000) 

10. Sum of integers satisfying ~log2 x- 1 - ·1 /2 log2 (x
3) + 2 > 0 is ___ _ 

l 1. Number of integers satisfying the inequality log112 ~,.- 3 I> - I is----' 
. . 

12. Number of integers~ I 0 satisfying the inequality 2 log112 (x- 1) ~ .!. - is ___ ____; 
3 logxz -.c 8 

13. The value of log{ ~ ~) 29 is ___ ___;; 
v3+2.12 + v3-2v2 

ANSWERS AND SOLUTIONS 

Subjective Type 

1. 1 + xyz = I + (log20 a )(log30 2a )(lo&a 3a) 

log a log 2a log 3a 
= I + ----..;:'----- --=- --=-

log 2a log 3a log 4a 

log a 
= 1 + ____;::;....... 

log 4a 

= log4a4a + log.,0 a 

= IO&t04a2 

=21o~a2a 

= 2(1og3a 2a)(IOS40 3a) = 2yz 
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2. (3x)log3 ==(4y)log414logx=Jiog.\' 

=>(log 3)(1og 3x) =(log 4)(log 4y) and (logx)(Jog 4) = (logy)(log 3) 

=>(log 3)(1og 3 +log x) =(log 4)(1og 4 +logy) and (logx)(log 4) = (logy)(log 3) 

=>(log 3)(1og 3 + p) = (log4)(1og 4 + q) andp(log 4) =q(Jog 3) (where p = Jogx and q =logy) 

=> (log 3)(1og 3 + q log 
3

) =log 4(log 4 + q) (elirninatingp) 
log 4 

(log 4)2 (log 3)2 

=>(log 3)2 -(log 4)2 = - q 
log4 · 

=> q = - log 4 =>logy = Jog 4- 1 :::) y = 1/4 
Now p(log 4) = q(log 3) 
=> p(log 4) = -(log 4)(1og 3) 
:::::> p = - log3 
=> logx = log3 - I 

=>x= 113 

Jog2 18 __ I + 21og2 3 and b = lo.g
24 54 __ Jog2 54 __ I + 31og2 3 3. We have a= log12 I 8 = --=-==--

log2 12 2 + log2 3 log2 24 3 + log2 3 

Putting x = Jog2 3, we have 

b 5( b) _ 1 + 2x l + 3x s( I+ 2x I+ 3x) a + a- - ·--+ ---
2+ x 3+x 2+x 3+x 

6x2 +5x+l+5(-x2 +1) 
= 

(x + 2)(x + 3) 

= x
2 

+5x + 6 = ~ 
(x + 2)(x + 3) 

1 I - log x 
4.- lo&ay = , therefore, I - 1o~y = l - = n 

J - log0 x 1 - log0 x J - log0 x 

or I = 1- log0 x 
1 -log0 y -log0 x 

1- log v 1 But z =a 4 
• :::) lo&, z = =- + I 

1 - log0 y 1og0 x 

l I 
=> = J - lo&, z=> lo&,x = ---

loga x I - Jog0 z 

5. Since log.r 2 log2x 2 = lo&~x 2 , we havex > 0, 2x> 0 and 4x > 0 andx:t: I, 2x.;e 1, 4x:.f 1 
1 . 1 

=> x > 0 and x .;e I , - , -
2 4 

1 1 1 
Then, · =---

log2 x log2 2x 1og2 4x 

(i) . 
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::::> log2 x . log2 2x = log2 4x 

.:=} logrx( l + log2 x) = (2 + log2 x) 

:=} (log2 x )2 ='2 :=} log2 :X = ± ...fi 

:. x = 2±-fi, i.e., {TJ2, 2J2} 
6. b = c?12 and d = c514 

Let a = x2 and c = y4, x, y· E N 
:=} b =x3; d= i 
Given a- c = 9, then x2 - y4 = 9 

.:=} (x - i)(x +i) = 9. Hence, x - i= 1 andx +y = 9. 

(No other combination in the set of+ ve integers will be possible.) 

x = 5 andy= 2. Therefore, b-d= ;X3 -i = 125-32 = 93. 

7.- Since the equation can be satisfied only for x < o·, hence H =I x I ~ - x. That is, 

~log( -x) = log(-x) :=} log(- x) = [log(-x)f 

:=} log(-x)[l - log(-x)] = 0 

iflog(-x) = 0 :=} - x = 1 :=} X := -1 

iflog10(-x)= 1 :=}-x= lO ::::>x=- 10 

8. Let x = 1o&t(alb) + logh(bl a) = lo&,a - log0 b + logbb - logha = 2 - (logba + log0 b) 

=-{~1ogb a - Jlog0 b f ~ 0 

Hence, the maximum value is 0. 

9. We have (log9 x)2-
9 

log9 x + 5 = ~ (taking log on. both sid~s to the base 3) 
2 2 

Putting Jog9 x = y, we havey2 -
9 

y+ 5 = l 
2 2 

:=}2y - 9y+7=0, i.e., (2y- 7)(y .:.. J) = O 
:=} y = 7/2, 1 
Therefore, either log()X = I or log9 x = 7/2 
i.e., either x = 9 or x = 9712 = 37 

10. Inequality is t':lle if 

0 ~ log2( 2x - 3) < f :=} I ~ 2x - 3 < 2 
x-1 . x-1 . 

2x - 3 2x - 3 - 2x + 2 
Now - 2 < 0 :=} < 0 

x- 1 x-l 

-] 1 • 
~ --<0=>-->0 :=} x > 1 

x-1 x- l 

,·. 

(i) 
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2x-3 2x-3 
and ~ 1 :=::} - 1 ~ 0 

x-1 x-1 

2x - 3 - X + 1 X - 2 
:=::} ~ 0 => -- ~ 0 => x ~ 2 or x < 1 

x- I x-1 

Taking intersection ofEqs. (i) and (ii), we havex ~ 2. 
11. 2x + 3x + 4x- 5x = 0 => zx + 3x + 4x == 5x 

Now the number of solutions of the equation is equal to number oftimes. 

(2Jx (3)x (4Jx , y = S + S + S andy·= l intersect. 

y 

y=1 

~------+-----------------------~X 
0 

Fig. 1.11 

From the graph, equation has only one solution. 

12. Let log_..x = t =}X = y 1 

Also x1 = 2 and y 111 = 24 

=>x =zltt 
=> y = 241 

Putting the values ofx andy in Eq. (i), we have 

21/1 = z4t2 :=::} 4? = 1 

... t= (~ r 
UsingEq. (iv) in Eq. (ii), we get x = (2)<4

>
113 

= 2lf4. 

Using Eq. (iv)in Eq. (iii), we gety = (2)<
4

>
413

• 

13. Given equation is 

1 log2 2x 3 
---+ =--
1 + log2 x 2 2 

1 · I+ log2 x 3 
:=::} + =--

1 + log2 x 2 2 

' 

(iO 

(i) 

(ii) 

(iii) 

(iv) 
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1 y . 3 
Let 1 .+ log~ = y => Y + 2 = -

2 

=> 2 +y+ 3y =O => y=-1 or-2 
:::::> I + log~=-1 or-2 
=> log2x = - 2 or - 3 
::::>x = 2- 2 or 2- 3 

14. (2x)log~ 2 = (3x)logh3 

:=; logb2[log 2 + logx] = 1og~3 [log 3 + logx] 

=> ( logh2)(1og 2) - logh3 · log 3 = ( log,3 - log62) log x 

=> ---·log2 - --·log3 = --· - -- logx log 2 log 3 · ( log 3 log 2 J 
. log b log b Jog b Log b · 

=> = logx 
(log 2)

2
- (Jog 3)

2 
( log 3 - log 2J 

log b log b .. 

=> logx = - (log 3 + log2) = log (6r1 

=>x= 1/6 
15. logha . Jogca + Jo~b. log,h :J- Iogac : Iogb c = 3 

:::::> log a log a+ log b. log b + log·c log c = 
3 

log b log c log a log c log a log b 

=> (log a)3 +(log b)3 + (log c? = 3(log a)(log b)(Jog c) 

=> log a + log b 1 log c = 0 (as a, b, care different) 

=> log ~be = 0 => abc = 1 

Ioga N loga N - Iogb N 
16. = 

loge N log1, N - loge N 

1 I 

logN c logN a logN b => = ___;;;..:,.;._ _ __..:::..:..:__ 
logN a 1 1 

logN b logN c 

=> IogN b - logN a = 1 
logN c- logN b 

=> l ogN b-logN a = logN c-logN b 

=> bla = c/b 
=> b2 = ac 

17. (log2bi = J - .(2 log1 ~ a)2 ~ 0 
2' =>(2 log10 a)- J ~ 0 

=> (2 1og10 a- ~ )(2log10 a + 1) ~ 0 
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2 ' 
1- (log10 b) 2 Similarly, (log10a)2 = 

4 
;;:: 0 ==> (log10 b) -1 ~ 0 

~(log10 b- J)(log10 h + 1)~0 

=> log10 b e [- 1, I ] =>be [ 1~ . 10 J 

Objective Type 

·1. b. Let lo&s 18 = plq, where pJ q e 1 

~ lo~ 9 + lo&s 2 = !!.. ~ !x 21og2 3 +.!.=E. ~ log2 3 = l!..-.!. = m (say) 
q 2 2 q q 2 II 

where m, n E I and n * 0 ~ 3 = (2)mtn ~ 3n =2m (possible only when m = n == 0 which is not true) 
Hence, lo~ 18 is an irrational number. 

2. d. Here, 5 = 4° and 6 = 511• 

Let log3 2 = x, then 2 = 3'". 
Now, 6 :::; 511 =(4'}b=4°b or3:::::: 22ab-l 

Therefore, 2 = (22ob - ly = 2x<2uh-l) ~ x(2ab- I)= 1 . 

3 d 3- 231og.,nx -3-2 31osJS x - 1 I -0 - I 
• , - ~ • -,a ~ Og.J5 X - ~X-

4. b. Taking logarithm with base 5, we have 

xlog, .t >5~(log5x)(log5x) > 1 ~(log5 x-l)(log5 x+ J)>O~ Iog5x> I orlog5x<-l =>x >5or 

x< l /5 
Also we must have x > 0. Thus,x E (OJ l /5) u(5, oo). 

5. b. N= log10 64 + log1031 = Jog10 1984 . Therefore, 3 < N <4 ~ 7. 

6. b. 49(1-log,2) + s-log~4 = 49x T21og72 + s-log,4 = 49 X..!+..!;; 50= 25 
4 4 4 2 

7. b. ~log2 x - 0.5 = log2 .[; 

S.a. 

9. c. 

~ ~log2 x-0.5= 0.51og2 x~y-0.5 = 0.5y2=>),2-2y+ 1 = O~y= I =>log2x= 1 ~x=2 

1 
Lett= logvx(x,y> 0, and ;i: 1), then t + - = 2 or (t- li = 0 . ( . 

:. t = log,_x= I, i.e.,x =y . Wegetx2+x - 12 = 0 x= -4,3. 
x = 3 ohly (-4 rejected) 
Iogb 8 = 3 ~ 3 Iogb 2 = 3 => Iogb 2 = I 
lo~ b = log2 b. lo&, 2 = log2 b. log3 2. lo~ 3 = 1.1og3 2.2 = 2 log3 2 = log3 4 

I . 

=> ( 4 )21og3 ~ + (9)21og2 2 = (1 O)log, 83 ~ 2 + 81 = (1 O)log, 83 => 83 = (l o)'os. 83 =>X= 1 0 
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ll. b. log ab is defined if ab > 0 or a and b have the same sign. 

12. c. 

13. c. 

Case (i): a, b > 0 
~.log ab - loglbl = log a+ log b - log b = log a 

Case (ii): a. h < 0 
::=} log ab - Joglbl = log(- a) + log(- b) - Jog(- b) = log (- a) 
From Eqs. (i) and (ii), we have log ab - loglbl = log laJ. 
(x + l)log,o(x+l) = lOO(x + 1) ~ Iog

10
(x + 1)10g10(x+l) = log10 (100(x + 1)) 

. " . 
1og10(x + 1) 1og10(x + 1) = 2 + log10 (x + 1) 
Let log10(x + I) =y · .. · 
=>i - y-2=0=>y=2or- J =>log10 (x+ )) = 2,-1 =>x+ 1 = 100, l/l0=>x=99or- 9/l0 
(Iogb a loge a - 1) + (log0 b.Iogc b - 1) + (to~ c Iogb c- 1) = 0 · 

log a log a log b log b log c log c 
=> -- ·--+--·-+--·--= 3 
. log b log c log a log c log a log h . 

=>(log a)3 + (log b)3 + (log c)3 = 3 log a log b log c 
=>(log a + Iogb + log c) = O [·: IfcJ + b3 + c3 -3ahc = O, then a + b + c= 0 ifa~b ;e c) 

=> log abc = log 0 => abc = I 

14. c. Let x = 20002000 

logx = 2000 log10(2000) = 2000 (log102 + 3) = 2000 (3.301 0) = 6602 

Therefore, the number of digits is 6603. 

15. a. Let log2 12 = a , then 
1 

· = log2 96 = log2 2
3 x l ~ ~ 3 + a 

log96 2 

. I 
. log2 24 = 1 +a => log2 192 = log2 (16x 12)=4 +·a and = log2 12 =a. 

. · log12 2 

Therefore, the given expression = ( 1 + a) (3 + a)- ( 4 + a )a = 3. 
16. d. Taking logarithm of both the sides with base 3, we have 

2 log3(1- x)2 · 
log (1 - x) log x = 2 => log x = 2 

~ 3 1 3 og3 .x 

=> log3 (1 - x)2 = 2 => (1.-x)2 = 9 (clearly x ;;t. 3) 
=> x = 4,- 2. But x > 0, hence the solution set is {4} . 

17.d. In ( a + b J = In ab = In . .J;;J; => a +_ b = J;;b => cJ + 2ab + b2 = 9ab => a + 2 + b = 9 
3 2 · . 3 · b a . . . 

a b 
. - + -=7 
· ·.b . a 

. IS. c. 
210

g 5 (bx+
2

S) =-log5 (12-4x-x2)·::=>bx+28 = 1 2 -4x-~·=>x2 +(b+4)x+ 16 = 0 
1og5 (1 I 5)2 

·· . 

For coincident roots, D ~ 0 => (b + 4)2 = 40 6) => b + 4 = ± 8 

(i) 

(ii) 
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19. a. 2 + Jog2 F+J. > 1 - login J4- x2 

~I+ 1og2 F+J.- Jog2 J4-x2 >0 

~ log22 + log2 F+J.- 1og2 J4- x2 > 0 

2F+J. 2F+J. 
~ log2 I 2 > o ~ I 2 > 1 

v4-x v4-x 

~ 4(x + 1 )2 > 4 - :(l ~ 4x2 + 8x + 4 > 4-:(l ~ 5x-2 + 8x > 0 =>X> 0 

A I sox + 1 > 0 and 4 - x2 > 0 
=> x > - J and - 2 < x < 2 

From Eqs. (i) and ( ii), 0 < x < 2 
=>x= J asxE N 

20. a. Given 4 lo&p + 5log,b = 0 ~ lo&,b = -4/5 

Now to~( a5 b4
) = 5 + 4 log,b = 5 + 4 (-

4 J = 5 - ~ = 2 
5 5 5 

21. b. 22>' -2>'+2x(l-2-l)= O 
Putting 2Y = 1, we get · 

t2 -I+ 2x(1 - 2x) = 0 where t, = 2>'• and ,2 = 2>"2 

f1t2=2x(l-2} 

2J'J+.l'2 =2x(l-2~ 

Y1 +y2 =x+ Jog2(l-2) 

2 I 
log10 O.OJ I 

22.c. og1oX- , x> 
Jog10 X 

=>21og1oX+ 
2 

=2 [_!_+ y]~4 
log10 X )' 

(where log1oX = y) 

log s log 5 log a 
23.a. Let 3 • =a=>1o&5= log3a=> --=-­

log4 log 3 

log a log 3 · 
~ --= -- => log5a = lo&t3 

log 5 log 4 

=> a= slog. 3 => 31og,. 5- slog,. 3 = 0 

24.a. Leta=x-l,b=x,c=x+ 1 
Now log (I + a c)= log [ 1 + (x- 1 )(x + I)] = Jog~ = 2 log x = 2 log b ~ K = log b 

10 I J 1 1 · 
25. d. 3 = 3 + 3 . The given equation is of the fonn p + p = 3 + 3 = q + q, where p * q as x-:~;: y 

~log~= 3. log2-v = 1/3 =>x = 23,y = 2113 =>x +y = 8 + 2 113
• 

(i) 

(ii) 

(i) 
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26.d. 
5 1 . 1 1 . . 

R.H.S. = x= [log10 5 - 1og10 10] = x log10 - = log10 - => =-, thereforex-1 =Oorx= I. 
. 10 2x 2 x + X - 1 2x 

27. b. (logco.6) (0.6)3) log5(5 - 2x) =:; 0 => 5 - 2x ~ 1 => :x ~ 2 (i) 
Also, 5 - 2x > 0 (ii) 

28.b. 
From Eqs. (i) and (ii), we havex [2, 2.5) 
(x + 2)(x. + 4) > 0 and x + 2 > 0 · 
=> x >-2 
Now the inequality can be written as !og3 (x + 2) (x + 4) - log3(x + 2) < log3 7 
=> log3 (x + 4) < 1og3 7 => x + 4 < 7 or x < 3 

29. b. We must have x- 1 > 0 => x > 1 (i) 
and 5 + 4 log3 (x - 1) > 0 => 4 log3 (x- l) > - 5 

5 
=> log3 (x- 1) >-

4 
. 3- 5/4 514 =>X- 1 > =>X > I + 3-
From Eqs. (i) and (ii), we get x > 1 + 3"514. Therefore, 5 + 4 1og3 (x - 1) = 9 ==> 4 log3 (x- I) ~ 4 
=> log3 (x- 1) = 1 => x - I = 3 => x = 4 

(ii) 

30. d. 2 x10g4 3 + 31084 x = 27 => 2. 310
g4 x +. 3log, x = 27 => 310

g4 x = 9 = 32 ==> log4 x = 2., therefore x = 4 2 = 16. 

31. d. IOJS4 (3 - x) + lo&.25 (3 + x) = lo~ (1 - x) + lo&.25 (2x + 1) 

=> 1og4 (3 -x) - lo& (3 +x) = 1og4 (1 - x) - log4 (2x + I) 

.=> 1og4 (3 - x) + log4 (2x + I)= log4 (1-x) + lo~ (3 + x). 

=> (3 - x)(2x+ 1) = (1 - x)(3 +x) 

==> 3 + 5x- 2x2 = 3 - 2x - x2 

=>x2- 7x =O 

=>x = 0, 7 

Only x = 0 is the solution and x ~ 7 is to be rejected. 

1 + 21og3 2 + (log3 2)2 = (1 + log3 2)2 = 
1 32.d. 

(1 + log3 2)2 (1 + log3 2)2 (1 + log3 2)2 

33. d. Let log8x = y, then the given equation reduces to (l - 2y)ly =·3. 

=> 3y +2y- I =0 ==> 3y +3y-y- 1 = 0 

=>3y(y+ 1)- l (y + 1) = 0 => logg.x =y = 1/3,- 1 · 

=>x =2, 1/8 · · 
G. • ·b · ( log2x)2 5 4 log2 x 34. d. lYell equatLon can e wntten as a = + a 

Let a
10

g2 x .= t, then the given equation is r2- 4t - 5 = 0. We get (t - S)(t + 1) = 0 
=>t = 5ort= - I (rejected) 

:. alog2 X = 5 ::::> X log2 a = 5 ==>X :::: 5logn 2 

35. c. (21.4)a= 100 =>a log{2 1.4) =2 

:. Iog(21.4) = 2/a 

Again (0.00214)b = 100, we getb(log0.00214) = 2 

==> h Iog(21.4 >< 1 o-4) = 2 

(i) 
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Logarithm and Its Applications 1.39 

2 2 l 
~b= Jog21.4-4 = -2- = -~­

--4 - -2 
a a 

a l J-2a 
==>b=-·-=-

l-2a' b a 

1 1 
~--- =2 

a b . 
36. b. x?-16 ~ 4x- I I ~ x2-4x - 5 ~ 0 ::) (x- 5) (x + I) ~ 0 =>- 1 ~ x ~ 5 • 

37. b. 

Also:Xl- 16 > 0 ~x <-4 or x> 4 
And 4x- I I > 0 :::::> x > 11/4 

From Eqs. (i), (ii) a~d (iii), we havex e (4, 5J 

log x • (.1/2) log x 
--~-:---- + ---''----.::..-
log 3 + (1/2) Jog x log 3 + log x 

Jog3 x 1 log3 x _
0 => +- -

1 + (1/2) log3 x 2 (1 + log3 x) 

y y 
Let log3x = y, we get 1 + (y/2) + 2(t' + y) = 0 

=> y(-2-+ I J =O 
2 + )' 2(1 + y) 

==>J{4+4y+2+y)=O 
=> y = 0 or y=-6/5 

==> log3x = 0 or log3x = - 6/5 
=> x = 1 or x = 3-615 

38. b. Taking log of both the s ide with base 3, we have (log3 x
2 + (log3 x)2 - 1 0) (Jog3 x) = -2 log 3x. 

=> log3 x = 0 or 2 log3 x + (log3 .li- 8 = 0 
=> x = I, log3 x =-I ± 3 or log3 x = 2, log 3 x = -4. 

Hence,x=1,32,3-4 = 1, 9, 1/81. 
39. d. log3 (Jog2 x) + log113 (log1f2}') = 1 

=> 1og3 (log2 x) - log3(log1n,.v) = 1 
==> log3 (log2 ( 41/)) -log3(1og111y) = J 
=> log2 (4/l) = 3(1og112y) 
==> log2 ( 4/y) =-3(Iogy') => log2 ( 4/y) +(logy?)= 0 => 4y = 1 => y = I /4 => x = 64 

40. c. Taking log, we have (x + y) log 2 = y (log 2 +log 3), therefore x log 2 = y log 3. 

x y x-y 
or log 3 = log 2 = log 3 - log 2 = ,l say 

Also (x- I) log3 = (y + I} log 2. 

or x log 3 - y log2 = log 3 +Jog 2 

Using Eq. (i), we get A ( (log3 )2 - (log2)2] = log 3 + log 2 

1 1 3 }, = therefore - = Jog 3 - log 2 = log -
log 3 - log 2 ' A. 2 

(i) 

(ii) 

(iii) 

(i) 
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1.40 Trigonometry 

41. c. Given log2 x + log2y~6 => log2 (xy) ~ 6 

=>xy~64 

Also to define log2 x and log2y, wehavex > O,y > 0. 

Since A.M .. ~ GM. 

x+y 
:. -2-~ J;y =>x+y~ 2-.JxY ~ 16 

42.d. j{x1) +j(XJ.) = log(
1+4 .. 1 +X2) 
1- x1 l- x2 

= )og(l +XI X2 ~XI + X2) 
1 + x1 x2 - x1 - x2 

43. c. Given inequality is defined ifx > 2/5; x -:t. 1 

' . 5 1 . 1 5 
Case I: If x > 1 => - - - > x => x + - < -
. 2 X X 2 

=> 2(x2 + 1) < 5x 

=:> 2x2 - 5x + 2 < 0 

=> 2x2 - 4x - x+2 <·o 
=:> (x-2)(2x- 1) < 0 
=>X E (1, 2) 

5 . . 
Case H: 2 < x < 1, the~ (x - 2)(2x- 1) > o .. 

=>x E (
2 .!.J . 5' 2· 

From Eqs. (i) and (ii), we get x E ( ~, ~) u (I, 2). 

44. e2. xlnx = x3 

Taking log on both sides, "we get In (il · x1nx) = ln (x3) 

=> (In xf- 3 In x + 2 = 0 

=> ( lnx-2)(lnx- 1) =0 

Jfln x = 2=>x = e2 

Jflnx = 1=>x = e 

Sincex1 > x2, we get x1 = ;.and x2 = e 

__., y} -
--.- --t. - Xt 

1 ± v'l - 4 log16 k 
45.a. log16x= . Forexactlyonesolution, 4log16 k= 1. 

2 
:. k~ = 16, i.e., k= 2, - 2, 2i,- 2i. 

.. 

(i) 

(ii) 
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Multiple· Correct Answers Type · 
. ... -··--

1. a,d. 

lo&ax a+ logx tl + log
0

2.r a3 = 0 

1 2 3 
~ + + =0 

logq a + ·Jog0 x log0 x (2 + log
0 

x) 

1 2 3 
Let lo&;' =y, we have--+ - + - -=0 

y+l y 2+y 

~61+ lly+4 =0 

1 4 
~ y = lo&,x=-2, -3 
=:} x = a-4fJ, a-•n 

2. b,c,d. 

=> (6 -x-x2) log10 5 = (xl -x- 2) log1o2 (base 10) 

=> (6 - x - x2) [I -log2 1 0] = (x-2 -x -2) log102 

=:) 6 -x- xl = (log10 2) [(.xl -x- 2) -.xl - x + 6] 

= 6-x - x-1 = (log10 2) [4 - 2x] 

:)x-2 +x-6-2 (log10 2) (x-2) 

~ (x + 3) (x-2) = (log10 4) (x-2) 

The~efore, either x = 2 or x + 3 .= log10 4 

=>·x~ log104~3 ~ log10 ( 1~) ;x~-log10 (iso) 
3. a, b, c, d. 

logt x logk y logk z 
Let = = =p 

b - e c-a a-b 

~X= Jf'{h - c), Y = Jf'{c- a)
1 

Z = Jl'<a- h) 

~ xyz = Jl'<b - c) l('<c -a)JI'{a - h)= ~h- c) + A C-a) + p(o- b) = ko = l 
~~Z.c = ~h-e) lth(c- a)~a-h) = ko = 1 

Xh+c yc+a zo+h = ft(h + c)(h - c) If'{<:+ a)(c- o)JI'{a + b)(n - 6) = ko_ = 1 

4. b,c. 
logkx. Jog5 k =Jog:< 5 

log x log k 
1 5 =:)---:::: og 

log k log 5 x . . 

Logarithm and Its Applications 1.41 

...... 
I 
I 

. ·-··------- -· '· . - _, 

) 
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'· 

1.42 

log x 
=>-- = log 5 

log 5 x 

1 
=> log5 x =--

. log5 x 

Trigonometry 

=> (log5 x)2 = I => log5x = ± 1 

=:>x= 5±1 =>x = ..!.. 5 
5 ' 

5. a,c,d. 

XJX = ( .rxr, p, q E N 

=> .fx log x = x log .fx 

=> logx[ .Jx- ~] = 0 

=>lilgx = Oor[ .Jx- ~] =0 

=>x = 1 or4 
6. a, b, c. 

a. log10c~) . log10(1 0 x 2) + (log102f = (1 - log1o2)(1 + log102) + (log102)',:= .I · 

log 22 x 3 
b. = I 

· log(48/4) 

c. - log5 log3 9
1110 = - Iog5 log3 3

115 = - log5(1 /5) = I 

d. ~ log1 (~~) = i log,q (;'f = - I 

7. a; b,c, d. 
Jog0 x = b =:>x = ah 

. -12 ( -12 )./2 . 
· a. For a= Ji ~ Q an~ b = fi fe Q; x = .J2 which is rational. 

b. For a = 2 E Q and b = log23 fe Q;x = 3.which is rational. 

c. For a= J2 and b = 2; x = 2 
d. T he option is obviously correct. 

. 8. b, c, d. 

log2 (x - 0.5) = Jog2 (x + 1) 

. log2 (x + 1) • log 2 (x- 0.5) 

=> [Jog2(x + 1)]2 = [log2(x - 0.5i] 

=> log2(x + 1) = log2(x - 0.5) or - log2(x - 0.5) 

lflog2(x + 1) = log2(x - 0.5) =>x + 1 = x - 0.5 '=> no solution 

lflog2(x + .t) = log(x - 0.5t1 
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. 1 2 
:::::)X + I =. =--

x - (1/2) 2x - 1 

~(.r+ 1)(2x- 1)=2 

:::>al+x - 3=0 

:::> 2x2 + 3x - 2x - 3 = 0 

:::> (x- 1)(2x+ 3) = 0 

:::> x = 1 (x = -3/2 rejected) 
9. a,d. 

( 1 + 
3 

. J Jog3 x + I = 0 
21og3 x . 

Let log3.r = y , we get 

( UJ · . ( 3 ) 1 · 2y + 3 · r VI ~ 2J y = .:- J :::::) 1 + 2 y = ~ :::::) . 2 y = y2 

. . 

:::::)2y + 3y-2 ='0 ~2),2+4y-y-2=0 ::>(y+2)(2y- I)=O 

y = 1/2 or y =-2 =>x = 3112 (rejected) or x = 1/9 
10. a,b. 

Jog112(4 -x) ~ log1122 -log112(x- 1) 
:::::) log112(4 - x)(x-1) ~ log1122 

:::::)(4 - xXx - l)S2 

:::::)xl - 5x+6~0 

:::::)-(x- 3)(x-2) ~ 0 

::::)X~ 3 or x ~ 2 

But x E ( I , 4) 

:::::)XE {1 , 2)u(3, 4) 
11. a, c. 

(Jo~ xl) lov = (lc- 2) lo& x- k 

Let loga x = t, we get 

2r- Ck - 2)t + k = o 
Putting D = 0 (has only one solution), we have 

(k - 2)2 - 8k = 0 

:::::) I? - 12k + 4 = 0 

=>k = ' I2±~ 
2 ' 

~k= 6±4~ 

Logarithm and Its Applications 1.43 

(taking log on base a) 
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1.44 Trigonometry 

-Matrix-Match· Type 
~--~-~- -- · --· -··· . - .. ~~-., 

I. a~ q; b ~ s; c ~ p; d ~ r · 

. 1 1 
a. We have + = log~ + logn4 = log"12 

Jog3 Tt Jog4 Tt 

But til< 12 <'If, we have 2 <log" 12 <3. 
h 3°·= 4; a;:; log34 

Similarly, b = lo&S etc. 
Hence, abcdef= Jog34 · log..5 · log56 · lo& 7. · log78 · logg9 = log39 = ~ 

~ We have to find charac~eristic oflog22008. : 

We know that.log21 024 ""' I 0 and log2204S = 11, therefore 

10 < log22008 < 11 

Hence, it has characteristic= I 0. 

d log2 {log2 ( log3 x)) = 0 :=) log2(log~) = 1 ~ log~= 2 :=) x = 9 

Similarly, we have log3(1og2y) "= 1 
~ log,y = 3 :=) y = 8 
Therefore, x - y = I . 

2. a~ s; b-+ p; c ~ q; d ~ r 

a. A = log2 1og2 1o&t 256 + 21ogJ2 2 

= log2 log2 lo~ 4 4 + 21og21122 

= log2 log2 4 + 4 log2 2 + 4 = I + 4 = 5 

b log3 (5x - ·2)- 2 log3 )3x + 1 = 1-log3 4 

=> log3 (5x - 2) - log3 (3x + 1) + log3 4- I 

1 (
(Sx- 2)(4)) (Sx -2)(4) · 

~ og3 = 1 ~ = 3 ~ x = 1 
3x + 1 3x+ l . 

7
1og7 <xl -4x+5) _ ( ) 

c. - x-1 

:=)x2-4x+ 5 =x- 1 
=> x2- Sx + 6 = 0 

=> (x - 2)(x- 3);;;; 0 =>x- 2 or x = 3 

Also we must havex2- 4x + 5 > 0 and.x-1 > 0 
=)X > I (as x2-4x-+ 5 > 0 is true for all real num~ers) 

1 ( log2 x)2 

d x>O, 21og2x - 2 
2 

+I> 0 

~ log2 x-(log2 x)2 +2>0 
~ (log~i -log2 x - 2 < 0 
Let log2 x = t, we have P -t-2 < 0 
~ (1 - 2)(t+ 1) <0~- 1 < t<2 

~ 
I 
I 
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. I 
=>-1 < log2x <2 =>- <x<4 

2 

Hence, the number of integers is 3, i.e., { 1, 2, 3}. 
3. a~ q; b ~ p, s; c ~ p; d ~ p, r 

a. 21ogcl.J2)15 = 21o~_:zll215 = 211.llog215 = 21ogz1S,I3 = 152/3 

log 5 log 27 log 5 3 log 3 . 3 
c. log3 5 · log25 27 = log 3 Jog 25 = Jog 3 x 2 log 5 ;::: 2 

d (logu>~i = log 1 OOx = 2 + log I Ox 
Putting log x = t, we get 12 = 2 + t 
=>P - t -2=0 

=> 1 = 2 or 1 = - 1 
=>log I Ox= 2 or log lOx=-1 
~x- 100 orx= 1/ 10 

Hence, the product of roots is 1 0. 

Integer Type 

1.(3) 
c 

log3c = 3 + Jog3a => log3 - = 3 => c = 27a 
a 

log0 b = 2; logbc = 2 
=> lo&P · loghc = 4 => lo&c = 4 => c = a4 

From Eqs. (i) and (ii), we get a= 3, c = 81. 
F'rom relation (i), we have b = a2 = 9. 
Hence, c/{ab) = 3. 

2.(1) Let log21 0 = p and log51 0 = q 
Hence,p+q= I 
X = p3 + Jpq + cl 

=(p +q)3 - 3pq(p + q) + 3pq 
= l-3pq+3pq 
= ] 

3.(6) Let lo154A = lo&B = log9(A + B)= x 

=>A =4x. 8=6·~ and A+ 8= ~ 
' 

A+ B=~ ==> 4x +6·r=~ 

=> 22x + 2"f . 3x = 32l" 

(3)2x (3)'r => 2 - 2 - 1=0 

= (~J = 1 +2./5 

Logarithm and Its Applications 1.45 

(i) 

(iQ 
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1.46 Trigonometry 

. 4 
4.(4) Jog654 + logxl6 = log../2 x - log36 9 

5.(5) 

2 
::::> 1 + 2 log63 + logx 19 = 2 log2x - log6 3 
::::> 1 + 2 log() + logx 16 = 2 logzX - log62 + logti3 

::::> 1 + logx 16 = 2 logzX- (log62 + lo~3) 
~ 1 + logx 16 = 2 1og2x - 1 

4 
::::> 1 g = 2 1ogzX - 2 

0 2 X 

Let log2x = t, we have (t - 2)(t + 1) = 0 
~t = 2ort = -J ~ 

::::> x = 4 or 1/2 

log5 175 2 + log5 7 
a= = 

logs 245 1 + 2log5 7 

=> a+ 2a log5 7 = 2 + logs 7 

a -2 
.=> logs7 = 1- 2a 

. log5 875 3 +logs 7 

b = log5 1715 = 1 + 3log5 7 

=> b "!" 3b log5 7 = 3 +log5 7 

b-3 
=> logs 7 = 1 - 3b 

·a - 2 b - 3 1 - ab 
From Eqs. (i) and (ii); we get 1 2 = -- => --= 5. 

. . - a 1 - 3b · a - b 

6.(8) (log27x
3

)
2 = log27x

6 

::::> (3 Jog27x i = 6 log27x 

::::> 3 log27x (3 log27x-2) = 0 
' ~ 

2 
::::> x = I or log x = -

27 3 

::::>X= (27)213 = 9 

Difference = 9 - I = 8 

(i) 

(ii) 
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7.(3) We must have 12- 3x > 0 and x > 0 =>x E (0, 4) 
Therefore, the integral values are 1, 2, 3. 

For x = I ; 32 - 3 •• = 35-3° > 32 
( 

~ log3 
9 J ( 10 1 ) 

Similarly, x = 2 satisfies but not x·= 3 
Hence, the required sum= 3. 

8.(3) log2 I 5 . log116 2 . log3 1/6 . 

log 15 log 2 -log 6 = --. _,;::.___ 
log 2 -log 6 log 3 

=log315 . 
9.(6) Let N = 2 1ogx4 + 3 log_t5; where x = (2000)6 

= logx42 + lo&53 

Hence reciprocal of given value is 6 

10.(5) )log2 x-1-~log2 x+2>0(x>O) 
2 

=> )lo~2 x-·1-l(tog2 x-1)+.!_>0 
2 2 

Let )log2 x- I = t ~ 0, we have 

log2 x 3 I => x ~ 2 

Then from Eq. (i), we have t- ~ P +.!. > 0 
2 . 2 

=> 3?-2t- I <0 
=> 1/3 <t< I 
From Eqs. (i) and (ii), we have 0 ~I< 1.· 

0 ~ )log2 x- 1 < 1 

0 ~ log2x- 1 <I 
l ::;;.log2 x <2 
2~x<4 

Hence, the integral values are 2 and 3, and their sum is 5. 
11.(2) log1n!x- 3 I > - I 

=>lx-31<2 
=> -2 <x-3 <2 
=> 1 <x<S,xi3 
.'.XE·{2,4} 

12.(9) We must be x > 1 

1 l 
21ogtn (x- 1)::;; -

3 
-

log_~ -x 8 

L~arithm and Its Applications 1.47 

(i) 

(ii) 

(iii) 
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1.48 Trigonometry 

1 log2 (x
2 

- x) 2 1 ( 
1
) > 

0 ~ - - + og2 x- _ 
3 3 

~ log22 - Jog2(x2 - x) + 6log2 (x - 1) ~ 0 

2(x -1)6 

~ 1og2 x(x - 1) ~ 0 

2(x - 1)5 

1 => ~ 
X 

PutJ:ing x- I = y, we have y > 0. 

2i 
~--- 1 ~ 0 

y + 1 
. 5 
2 y - y- 1 

=> ~ 0 
y + 1 

2i -2y+.y-l ~ 0 
. => 1 y+ 

2 y(y4 -1) + y - 1 
~ ~ Q. 

y+ l. . 

(y- l ) [2y(y+ l) (l+l) + t] . 
~ ~0 

y+ l 

y - I 
~--~O=> y~ l 

y +l 
::>x~2 

13.{6) 3 + 2h = ( .fi + 1 t and 3 - ~.fi = ( J2- 1 t . 
9 1 . 

~ log 2 = -----------,-
(~3+~.fi+~J-2J2) Jogil ((h + I) + (J2 - 1)) 

1 
=---

log 2312 
z9 

9 
= 3/2 = 6 

' 
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2.2 · Trigonometry 

MEASUREM.ENT OF ANGLES 

Angles in Trigonometry 
1n trigonometry,. the idea of angle is more general; it may be positive or negative and has any magnitude 
(Fig. 2.1). 

B 

Fig. 2.1 

In trigonometry, as in case of geometry, the measure of angle is the amount of rotation from the direction of 
one ray of the angle to the other. The initi'al and final po~itions of the revolving ray are respectively called the 
initial side (arm) and terminal side (arm), and the revolving line is called the generating line or the radius vector. 
For example, if OA and OB are the initfal and final positions of the revolving ray, then the angle formed will be 
LAOB. . 

Angles Exceeding 3 60 o 

In geometry, we confine ourselves to angles from 0° to 360°. But there may be problems in which rotation 
involves more than one revolution, fqr example; the rotation of a flywheel. In trigonom.etry, we generalise the 
concept of angle to angles greater than 360°. This angle can be formed in the following way: . . -

The revolving line (radius vector) starts from the i~itial position OA and makes n complete revolutions in 
anticlockwise direction and also a further angle a in the same direction. We then have a certain angle f3n given 
by f3n = 3 60° x n + a, where 0° < a < 360° and n is a positive integer or zero. 

Thus, there are infinitely many f3n angles with 'initial side OA and final side OB. 
For example, {30 = a, /31 = 360° + a, f1L. = 720° + a, etc. 

B 
B 

a= f3o 360° + a .= /31 

B 

Fig. 2.2 

Sign of Angles 
Angles formed by anticlockwise rotation of the radius vector are taken as positive, whereas angles fonned by 
clockwise rotation of the radius vector are taken as neg~tive. -
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Trigonometric Ratios and Identities 2.3 

B 
B 

Fig. 2.3 

Relation between Degree and Radian 

Radian is a constant angle. One radian is the angle sobtended by an arc of a circle at the centre. It is equal 

to arc/radius. It is expressed as rad.' 

Fig. 2.4 

Consider a circle with centre 0 and radius r. Let A be a point on the circle. 
Join OA and cut ofT an arc of length equal to the radius of the circle. 
Then, LAOP = 1 rad. ProduceAO to meet the circle at B. 
~ LA OB = a straight angle ~ 2 right angles 
We know that the angles at the centre of a circle are proportional to the arcs subtending them. 

LAOP arcAP ::;:::) = 
LAOB arcAPB 

LAOP r 
=> - -

2 right angles rrr 

=> LA OP = 2 right angles 
Tr 

180° 
Hence, l rad = -- => 1l' rad = 180°. 

1C 

Note: 

[-:are APB ~ ~ (cireu~ference)] 

• When an angle is expressed in radian, the word radian is generally omitted 
• ]

0 =60'(60min)and 1'= 60"(60sec) 
• Since 180° = 1t rad. Therefore, I 0 = 1t' /180 rad. 

1l' 1l' 
Hence, 30°::1 - x 30 = - rad, 

180 6 
1C 1t 

45°= -x45=- rad 
180 4 ' 

Tr 1C 
60°= -x60=- rad, 

180 3 
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2.4 Trigonometry 

1C 1r 
90° = -x90 =- rad, etc. 

180 2 
• Wehave.rrrad= 180° 

=> 1 rad = 
1800 

= ( 
180 

x 7)o ;::: 57° 16'22" (appro.,·) 
1t 22 

• 180° = n rad => 1° = ..!!_ rad = ( 22 
) rad- 0.01746 rad. 

180 7 x l80 
• Sum ofimerior angles on convex polygon ofn sides is (n- 2)rr rad. 

E:\amplc 2.1 Express 45°20'10" in· rad measure (1r = 3.1415). 

Sol. 
10 . JO J 

IO" =- mtn;::: degrees=- degrees 
60 60 X 60 360 

20 I 
20' =- degrees = -degrees 

60 3 

45
CY'l·

0
, 
1 0

, _ (
45 

:1 1 ) d _ t6200 + 1 + '120 _ 16321 
.. .e. - + - +- egrees- - --

360 3 360 360 

Now (1632'1)" = 1632'1 x ...:!:_rad = 16321 x 3.1416 = 51274.054 =0.79 rad 
360 360 180 360 180 64800 

·Example 2.2 . Express 1.2 rad in degree measure. · 

Sol. (l.2)R= l.2x -degrees= 1.2 x ·:;r=-(approx) 180 180 X 7 [ 27 ] 
rr n 7 

= 68.7272=68°(.7272x 60)'=68°(43.63)'=6S0 43'(.63x 60)" =68°(43'37.8") 

Example 2.3 Find the leng1h of an arc of a circle of radius 5 em subtcndinga central angle measuring .15°. 

Sol. Lets be the length of the arc subtending an angle 9R at the centre of a circle of radius r. Then, 6= sir. 

Here, r = 5 em and 9= 15° = (15 x _E_)R = (!!_)R 
180 12 

s 1C s 5Tr 
6= - => -=- =>s= -em 

r 12 5 12 

Find in degrees the angle subtendcd at the centre of a circle of diameter 50 em by an arc of 
length 11 em. 

Sol. Here, r = 25 em and s = I J em. 

(sJR _ (J:IJR -(II l80)o .. (}= - ~ 8- - - -x-
r 25 25 1C 

0 

= (.!..!. X 180 X 7 J 
25 22 
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• 
Trigonometric Ratios and Identities 2.5 

Examplc2.5 I fares of same length in two circles subtcnd Angles of60° and 75° at their centres, find the 
ratios oftheir radii. 

Sol. Let r 1 and r2 be the radii of the given circles and let their arcs of same lengths subtend angles of 60° 
and 75° at their centres. 

Now,6o•= (6ox ,;a)"=(;)' andW= (1sx ,;o)' = (~;)' 
·TC s Str s tr 51C 1C 51C 
-=-and - · =- => - lj =sand -r2 =s=> -lj =-r2 =>4r1 = 5r2 =>r1 : r2 = 5 :4 
3 'i J 2 '2 3 12 3 12 

Hence, r 1 : ~2 == 5:4. .. 

Exnrnplc 2.6 Assuming the dista nee of ca rth from the moon to be 38,400 km and the angle su btended by 
the moon at the eye of a person on earth to be 31', find the diameter of the moon. 

Sol. 
A 

c 0 

B 
.Fig. 2.5 

Let A B be the diameter of the moon and 0 be the observer. 

. 0 3 , 31 1C d G1venLA 8= 1 =- x -ra 
60 180 

Since the angle subtended by the moon is very small, its diameter will be approximately equal to the 
small arc of a circle whose centre is the eye of the observer and the radius is the distance of the earth 
from the moon. Also the moon subtends an angle of3l' at the centre of this circle. 

I 31 n AB 
=> f)= - therefore - x -

r' 60 180 38400 

3.1 22 8 . 
=> AB=- X X 38, 400 = 3464- km 

60 7 X 180 63 

Exam pic 2. 7 Find the angle between the minute hand and the hour hand of a clock when the time 
is 7:20AM. 

Sol. We know that the hour hand completes one rotation ·in 12 hr, while the minute hand completes one 
rotation in 60 min. 
Therefore, the angle traced by the hour hand in 12 hr c 360° 

Angle traced by the hour hand in 7 hr 20 min, i.e., 
22 

hr = ( 360 
x 

22
)

0 

= 220° 
3 12 3 

Also, the angle traced by the minute hand in 60 min= ~60° 
0 

The angle traced by the minute hand in 20 min = ( 
3
: x 20) ~ 120~ 

Hence, the required angle between the two hands = 220°- 120° = I 00°. 
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2.6 Trigonometry 

E\amplc 2.S ·For each natural number, k, let Ck denote a circle with radius k centimeters and centre at 
origin 0 . On the circle Ck a particle moves k centimetres in the counter-clockwise 

Sol. 

· direction. After completing its motion on Ck, the particle moves to Ck + 1 in the radial 
direction. The motion of the particle continues in this ma,.ner. The particle starts at (1, 0). 
If the particle c'rosses the positive direction of x-axis for the first time on the circle en, 
then find the value ofn. 

Fig.2.6 

The motion of the particle on the·first four circles is shown with bold line in Fig. 2.6. Note that on every circle 
the particle travels just 1 rad. The particle crosses the positive direction of x-axis first time on Cm where n is 
the least positive integer such that n;;:: 2n ==> n = 7. 

: ~·"i~..tmm~r. '·,.f." n~·:1WI.t····~ ·htiiili~ • u~ii.,Jit~;,.••~-t=:~.···,.,~. l 
r-----------1 Q.~.~.~~~~--~pp"1.1~~~.1-~!l.:§~~~h~i.!!.~~~.lf--------....., 

I. A horse is tied to a post by a rope. If the horse moves along a circular path always keeping the rope tight 
and describes 88 m when it has tra~ed out 72° at the centre; find the length of the rope. 

2. Jfth~ angular diameter of the moon is 30' , how far from the eye a coin of diameter 2 .2 em can be kept to 
hide the moon? . 

3. Find_jn degrees and radians the angle between the h~ur hand and the minute hand of a clock at half past 
· three. 
4. There is an equilateral triangle with side 4 and a circle with the centre on the one of the vertex of that 

triangle. The arc of that circle divides the triangle into two parts of equal area. How long is the radius of 
the circle? 

TRIGONOMETRIC FUNCTIONS 
Trigonometric Functions of Acute Angles 
An angle whose measure is greater than 0° but less than 90° is called an acute angle. Consider a right-angled 
triangl~ ABC with right angle at B. The side opposite to the right angle is called the hypotenuse, side oppos ite 
to angle A is called the perpendicular for angle A and side opposite to the third angle is called the base for 
angleA. · 
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Trigonometric Ratios and Identities 2.7 

C' 

c 
p' . 

p 

A' b' B' 

Fig. 2.7 

The ratio of any two sides of the triangle depends only on measure of angle A, for if we take a larger and 

smaller right angle triangles as shown in Fig. 2.7, we have -4. = b,;:: p, (as these triangles are similar). 
h b p . · 

Thus, the rali<? of the lengths of any two sides of a triangle is completely determined by angle A alone and 
. is independent of the size of the triangle. There are six possible ratios that can be formed from the three sides 
of a right-angled triangle. Each of them has been· given a name as follows. 

·Definitions 

(i) sin A= P (ii) 
b 

(iii) tan A= P cos A= -
h , ' b 

(iv) 
b 

(v) 
1l 

(vi) 
,. 

cot A=- sec A=- cosec A = -
p b p 

The abbreviations stand for sine, cosine, tangent, cotangent, secant, and cosecant of A. respectively. These 
functions of angle A are called trigonomctrical functions or trigonometrical ratios. 

Example 2.9 The circumference of a circle circumscribing an equilateral triangle is 24nunits. Find 
the area oft he circle inscribed in the equilateral triangle. 

Sol. 2rrR = 24rr(R is the radius of circumcircle) 
R= 12 

sin 30° =.!.... (r is the radius ofincirclc) 
R 

r=.!.3.=6 
2 

Therefore, area of incircle = 7rTl = 36rr 8 Fig. 2. 

E~am pic 2.10 'In triangle ABC, BC= 8, CA = 6 and AB = J 0. A line dividing the triangle ABC into two 

regions of equal area is pcrpcndic~lartoABat the point X. Then find the ''alucof~X/.J2. 
c 

(
xx)•) 8x6 

Sol. From the figure, 2 - - = -- = 24 
. 2 2 

x xx tan B = 24 

x2 x ~ =24 
4 

>.J. = 32 ~X =4 Ji_ 
At----+.-----~8 

~ X X .. I 
Fig~2.9 
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2.8 Trigonometry 

·Let PQ and RS be tangents at the extremities ofth'e diameter PRof a circle of radius r. Jf PS 
and RQ intersect at a point X on the circumference of the circle, then prove that 2r 

=~PQxRS s 

Sol. From the figure, we have PQ = tan (rr/2- f:J) = cot 8. Q 
. PR 

RS 
and- = tan 8 

PR 

=> PQ xRS = l 
PR PR 

=> (PRi = PQx PS 

=> (2r)2 = PQ x PS 

~2r= ~PQxPS Fig. 2.10 

-Exmnplc 2.11 1\vo circles of radii 4 em and J em touch each other externally and 6 is the angle contained 

Sol . 

. 8 3 
Sin-=-

2 5 

(] 4 
cos-=-

2 5 

by. their direct common tangents. Then find sin 8. 

. 3 4 24 
:. sm 8= 2 x - x - = -

5 5 25 
Fig. 2.11 

2 . 

"If angle C oftriangleABC is 90°, then prove that tan A+ tan B =E._ (where, a, b, car~ 
sides opposite to angles A, B, C respectively) ab A 

Example 2. q 

Sol. Draw M BC with LC = .90° · 

a b 
tan A + tan 8 = - + -

b a 

a 2 + b2 c2 

= 
ab ab 

Fig. 2.12 

Examplc2. 14 In the following diagram LBAO= tan- 13, then find the ratio BC: CA 

Sol. :. tan B= 3 

oc oc 
:. AC =tan 8, BC =cot 8 

BC tan8 
=>- =-- =tan2 9 = 9 

AC cot9 

... 

. B • 

0 
Fig. 2.13 

b 
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Trigonometric Ratios and Identities 2.9 

Trigonometric Functions of Any Angle 

Let A be a given angle with a specified initial ray. We introduce a rectangular coordinate system in the plane 
with the vertex of angle A as the origin and the initial ray of angle A as the positive ray of the x-axis (Fig. 2. 14) .. 
We choose any point P on the tcm1inal ray of angle A. Let the coordinates of P be {x, y) and its distance from 
the origin be r, then we define 

(i} sin A= 1.. (ii) 
X 

cos A=- (iii) tan A= 1. 
r r X 

(iv) 
X 

(v) 
r 

(vi) 
r 

cot A=- sec A=- cosec A=-
·y X . )' 

y 

L' L 0 X 

Fig. 2.14 

. These quantities are functions of angle A alone. They do not depend on the choice of point P and the 
terminal ray. Jfwe choose a different point P' (x',JI) on the terminal ray of A at a distance r' from the origin; it 
is clear thatx' andy' will have the same sign as that ofx andy, respectively, because of similar triangles llOPL 
and !lOP' L'. 

Also, any trigonomctrical function of an angle A is equa·l to the same trigonometrical function of any 
angle 360n +A, where n is any integer since all these angles will have the same terminal ray. ·For example, sin 
60° =sin 420° =sin (-300°). After the coordinate system has been introduced, the plane is divided into four 
quadrants. An angle is said to be in that quadrant in which .its terminal ray lies. For positive acute angles, this 
definition gives the same result as in case of a right-angled triangle since both x andy are positive for any 
point in the first quadrant. Consequently, they are the length of base and perpendicular of angle A. 

Graphs and Other Useful Data of Trigonometric Functions 
1. y = f(x) =sinx 

Domain ~ R, Range~ [- I, J] 
Period~27r 

sin2x ~ lsinxl E [0, I] 
s inx = 0 :::::> x = n1r, n e I 

sinx= I ::::>x = (4n +I )ro'2, n e I 

sinx=-1 ::::>x=(4n- J}ro'2,nE 1 

sinx = sina=>x = n1r+(-Jta, ne 1 

sin x ~ 0 => x E .U [2mr , 1r+ 2mr] 
liE/ 

•,, 
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2.10 Trigonometry 

2 . . y = f(x ) = cosx 
Domain ~ R, Range~ [- 1, 1] 
Period~2n 

cos2x , JcosxJ E [0, I] 
cosx = 0 :::::> x = (2n + I )m'2, n E I 
cosx= 1 :::::> x= 2mr,ne 1 
cosx = - 1 :::::> x = (2n + 1 )n, n E I 
cosx= cosa::::::> x= 2m~± a , n e .] 

y 

cosx ~ 0 ::::::> x e U [2mr- n , 2mr+ 1l12] 
ne l 2 · 

3.- y=f(x ) =tan x 
Domain ~ R- (2n + l.)m'2, n E I 
Range~ (-oo, oo) 

· Period~ n 
Discontinuous at x = (2n + 1) 1l12, n E I 
tan2x , itanxl E [O,.oo) 
tanx = 0 ::::::> ~ = nn, n E I 
tanx = tan a:::::> x = nn+. a, n E ·f 

Fig. 2.15 

y 

Fig. 2.16 

y 

Fig. 2.17 
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Trigonometric Ratios and Identities 2.11 

4. y = f(x) = cotx 
Domain -> R - mr, n E 1; Ra~ge ~ (-oo, oo ); Period ~ 1L, 

Discontinuous at x = mr, n E 1 
cot2x, lcotx/ e [0, oo) 
cotx = 0 ~ x = (2n + 1) m'2, n e 1 

5. y = f(x) = secx 

7r 
I 
I 
I 
I 
I 
I 

y 

0 

I 
I 
I 

'I 
I 
I 

Fig. 2.18 

TC 
I 
I 
I 
I 

Domain~ R- (2n + ] )7i/2, n E 1; Range~ (-oo, - 1] u [1 ' oo) 
Period~ 2rr, sec2x ' jsecxl E [I , oo) . 

y 

1 

. : :u: I I I 
I I I 
I I I 

-- -- _!_ --- -- -- ---- -L---- -----L ---
I I 

I 
I 

----+-----~~-----+------~------~~----+-------~~x 
Q I 7r 1C I 31t 21t I 51t Ttl 

-2: -- --r-- --- -
1 - 1 

6. y = f(x) = cosecx 
Domain ~ R - nrr, n E J;. 
Range~ (-oo, - 1] u [1 , oo) 

1- 1 - 1---

--- -- -!-r\6_-- -----i-_2 __ -- --- --- - r -~--
• I I I 

I I I 
I I I 
I , , I I 
I I I 
I I I 
I I I 

Fig. 2.19 

Period ~2rr, cosec2x , lcosecxl E [I , oo) 
y 

1 ----1 -- ----- ---
\J

I I 
I I 
I I 

' ' 
j ___ ____ ____ l_ __ 

--~-----;----~~----r-----+---~~----~~~x 
1t1 3n 1 27r 
' 2 ,. 

0 1l' 

2 -={ --- -- ---rn-- -- --r---
1 I 
I I 
I I 
I I 

Fig. 2.20 
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2.12 Trigonometry 

Signs of the Trigonometric Ratios or Functions 
The signs of trigonometric functions depend on the quadrant in which the terminal side of the angle lies. We 
always take the !ength OP = r to be positive. Thus, sin ()= ylr has the sign ofy and cos 6= xlr has the sign of 
x. The sign of tan 6 depends on the signs of x andy and ·similarly the signs of other trigonometric ratios are 
dctennined by the signs of x and/or y. Sign can also be determined by the graphs. Thus, we have the following: 

Function lst 2nd 3rd 4th 

quadrant quadrant quadrant quadrnnt 

sin 8 +ve +ve -ve -ve 
cosec 8 

cos 0 +ve -ve -ve +ve 
sec 8 
tan 8 +ve -ve +ve - ve 
cotO 

Variations in the Values of Trigonometric Functions in Different Quadrants 

1 ~• quadrant 2"d quadrant 3nt quadrant 41h quadrant 

sin 0 i from Oto I -1- from 1 to 0 ! from 0 to -I i from-l toO 

cos 8 ! from I to 0 ! from 0 to - I i from-1 toO i from 0 to I 

tan6 i from Otooo i from -oo to 0 i from Oto oo i from -oo to 0 

cot 6 ..L from oo to o .! from 0 to -oo ! from oo to 0 J, from 0 to -oo 

sec 0 i from 1 to oo i from-ooto-1 J. - 1 to-oo .J, frorn oo to I 

cosec 0 ! from oo to I i from I tooo i fro m -oo to-I ..L from - 1 to -oo 

Note: 
+oo and - oo are two symbols. These are not real numhers. When we say that tan() increases from 0 to 
oe~ as () varies from 0 to rr/2, il means thai tan 6 increases in the interval (0, 7r/2) and it allains 
arbitrarily large positive values a,,. 6 lends to rc/2. Similarly, this happens for other trigonomelrical 
functirms as well. 

Trigonometric Ratios of Standard Angles 

Angle( D)--+ JOO 45° 60° 
T-.RatioJ. 

sin 8 112 Jt...fi ../312 

cos 8 ...J312 Jt.../2 1/2 

tan 0 11.../3 I .J3 
cosec 8 2 J2 2/../3 

sec 8 21$ -J2 2 

cot 6 J3 ] It.J3 
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Trigonometric Ratios and Identities 2.13 

Transformation of the Graphs of Trigonometric Functions 
1. To draw the graph ofy= j{x +a)~ (a> 0) from the graph ofy=j{x), shift the graph ofy= j{x), a units left 

along the x-a~is. 
Consider the following illustration. 

y 
y =sin (x + 1) 

.Fig. 2.21 

To draw the graph ofy = j{x- a);·(a> 0) from the graph ofy = j{x), shift the graph ofy== j{x), a units right 
along the x-axis. 
Consider the following illustration. 

y 

y =cos (x- 2) 

' ' 1 
---J-------~-----~~ .... ' ' .-........... 

I I 

' 

-1 

:Fig. 2.22 

2. To draw the graph ofy = j{x) +a·; (a> 0) from the graph ofy = j{x), shift the graph ofy = j{x), a units 
upward along they-axis .. 
To draw the graph ofy =j{x)- a; (a> 0) from the graph ofy =j{x), shift the graph ofy = j{x), a units 
downward along they-axis. 

y 

:- : : 2 
-------~----------r-- -·-----t-----·-~-r~ 

I I I 
I I 

t ' I I I ------- ·----------r---------

' I 
I 
I 
I 

I I I 

--~--------- ----------k---------1 I I 
I I 

' ' ' ' 

Fig. 2.23 

y= COS X+ 1 

y= COS X 

:· y.=cosx-2 
I 
t 
I 

I I I 

---------~ ------ --- ---------~----1 t I 
I I I 

I I 
I I 

' . ' ' ' ' 
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2.14 Trigonometry 

3. lfy = j(x) has period T, then period ofy= j(ax) is T~al. 

Fig. 2.24 

Peri.od ofy =sin (2x) is 211'/2 = n 

y 

y =sin (x/2) 

Fig. 2.25 

Period ofy =sin (x/2) is 211'/(J /2) = 4n 

4. Since y ::::' [f(x)l ~ 0, to draw the graph ofy = [f(x)l, take the mirror of the graph ofy =.f{x) in x-axis for 
f{x) < 0, retaining the graph forj(x) > 0. 

Consider the following illustrations. 

y 
r= !sin XI 

Fig. 2.26 

Here period ofj(x) =I sin xI is n. 

y 
y = Ieos x1 

Fig. 2.27 
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Here period ofj{x) = lcosx I is 11: 

·y =tan x 

I 
~ -.--

1 
I 
I 
I 
I 

__ I_-' 
I 
I 
I 
I 
I 
I __ , ___ _ 
I 
I 
I 
I 
I 

y 

5. Graph ofy = aj{x) from the graph ofyj(x} 

.Y 
y = 2 sin x 

Fig.2.28 

Fig. 2.29 

Example 2.1 S Which of the following is possible? 

. 9 5 a SID =-
3 
1+p2 

c. cos 8 = 2 ' (p*±J) 
1-p 

Sol. b. sin()=~ is not possible as-1 ::;; sin()::;; 1. 
3 

Trigonometric Ratios and Identities 2.15 

y = ltan xl 

h tan 8= 1002 

1 a. sec 9= ­
. 2 

7d2 1r 3tr12 21r 5m2 
·+· .t••' I ·· ••• 

----t-:m/-- : --·\-. 1 -----r -: -- ~ -· 
I : I ~ 1 I I 

,. I : I ~ I I I 
I : I ! I I 1 
I : I ~ I I I 

----+~ ---~-- ~~-----~----~-· 
I : I tl I ' 

! : 

1+ 2 
cos 9 = p 

1- p 2 
is not possible, as in .] + p: 'numerator is always greater than the denominator f<;>r 

1- p 

1+ 2 
any value of p other than p = 0. Hence, P 

2 
does not lie in [ -1 ; I ]. 

1-p 

downloaded from jeemain.guru



2.16 Trigonometry 

sec e=..!.. is not possible as sec (J.E (-oo, - I] u [1, oo). 
2 . 

tan (J = L002 is possible as tan 8 can take any real value. 

Example 2. 16 Which ofthe following is greatest? 
a tan 1 · b. tan 4 c. tan 7 

Sol. a. tan4 = tan(n + ( 4 - 1r)) = tan( 4 - 1r) = tan(0.86) 

tan7 ;;;;; tan(2n+ (7 - 2n)) = tan(7 - 2.TC) = tan(O. 72) 

tan 10 = tan(3n+ (1 0 - 3n)) = tan(1 0 - 3 n) = tan(0.58) 

Now 1 > 0.86 > 0. 72 > 0.58 

d tan 10 

==> tan] > tan (0.86) > tan(0.72) > tan(0.58) [as 1, 0.86, 0.72, 0.58lie in the first quadrant and tan 
functions increase in all the quadrant] 

Hence, tan 1 is greatest. 

Example 2.17 Which ofthe following is least? 

a sin 3 h sin 2 c. sin l d sin 7 
Sol. d. sin 3 = sin[n- (1r- 3)] = sin(n- 3) = sin(0.14) 

sin 2 = sin[n- (n- 2)] = .sin(n- 2) = sin(1.14) 

~in 7 = sin[2n+ (7-2n)] = sin(7-2rr) = sin(0.72) 

Now 1 :14 > 1 > 0.72 > 0.14 

==> sin( 1.1 4) > sin 1 > sin(0.72) > sin(O. J 4)[as J.14, 1, 0.72, 0.14 lie in the first quadrant and sine 
functions increase in the first quadrant] · 

Hence, sin 3 is least. 

Alternative solution: 
y 

. . ' 
I • I I 
I I . I 

~.--..c-------~- - -------T-------- -,-------

2 
' ' 

I I I 
I I I 

3: : : 

' ' ----- -------- -t---------1--------
-1 2: : 

Fig. 2.30 

From the graph, obviously sin 3 is least. 

Example 2.18 If A = 4 sin 9+ cos2 8, then which oft be following is not true? . 

a Maximum valueofA isS h Minimum value of A is-4 
c. Maximum value of A occurs when sin9:= 1/2 d Minimum value of A occurs when sin8= 1 

Sol. a, c, d. 
f(B) = 4sin9+cos26 = 4sin8+ 1 -sin20 

= 5 - (4 - 4sin0+ sin29) = 5 -(~in8~2)2 

Now maximum value off((}) occurs when'(sin8- 2? is minimum. 
Minimum value of(sin0-2i occurs when s'in6= 1, then maximum value of/(9) is 5 -(1-2i =4. 
Also minimum value of/(8) occurs when (sin8- 2i is maximum. 
Maximum value of(sin8-2ioccurs when sinO=-], then minimum value off( B) is 5 - (- l - 2i=- 4. 
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Tligonometric Ratios and Identities 2.17 

Sol. 

4xy 
Is the equation sec2

(J ;;; 2 possible for real values of x andJ'? 
(x + y) 

G. 2 a - 4xy 1ven, sec - . 2 (x+ y) 

Exarnple2.19 

2 · 4xy 
Since sec 8 ~I , we get 2 ~ 1 

(x+y) 
~ (x + y)2 :S 4xy 
~ (x + y)2-4xy~ 0 or (x-y)2 ~ 0 
But for real values ofx andy, (x-y)2 ~ 0 
Since (x-y)2 =0, x=y. Alsox + Y* 0 ~x *O,y:# 0 

4xy 
Therefore, the given equation sec? 8 = 2 is possible for real values of x andy only when x = y (x :# 0). 

(x+y) 

Example 2.20 Show that·the equation sin9c x+.!. is impossible ifx is real. . ~ 

S G. . (} 1 
Ol. JVCO, Stn =X+ -

X 

.. sin28==x2 + -
1 

+2x .!...=x2 +-
1 

+2=(x-.!...)
2 

+4~4 
· x2 x x2 x · 

which is not possible since sin rP ::;; 1. 

Example 2.21 If sin281 + sin2~ + sin283 = 0, then which of the following is not the possible value of cos61 
+ cos 82 + cos 83• 

a. 3 h -3 c. -1 d -2 

Sol. d 

sin281 + sin292 + sin293 = 0 

=> sin28, = sin2~ = sin28J =: 0 ~ cos291, cos2~, cos28J = 1 
cos81 + cos82 + cos83 can be -3 (when all arc-1) 
or 3 · (when all are + 1) 
or - 1 (when any two are -1 and one+ 1) 
or I (when any two are +1 and one -I) 
but ""72 is not a possible value. 

Exn 111 pic 2.22 For real values of 6, which of the following is/are positive? 

a. cos(cos B) b cos (sin·9) c. sin (cos 9) 
Sol. a, b. cos 9, sin 8 E (-1, 1] or (value lies in JS' or 41h quadrant) 

For which cos (sin 9) is always greater than 0. 
sin (cos 8) < 0, when cos 8 E (-1, 0] and sin( sin 8) > 0 when sin 8 e [0, 1] 

] 
Exam pic 2.23 Find the range ofj{x) = 

4 3 
· 

Sol. - 1 s; cos x s; 1 
=> -4 $ 4cosx $4 
=> -7 S 4cosx-3 $ I 

COS X-

I 

d sin (sin B) 
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2.18 Trigonometry 

=> -7 S 4cos x-3 < 0 or 0 < 4cos x- 3 s 1 ( ·: 4cosx - 3*0) 
1 . 1 ] 

=> .-- ~ > - oo or oo > ~ I 
7 4cosx-3 4cosx - 3 

=> . ] E (-oo, _!] U fl , oo) 
4cosx-3 7 

E.x:'IIUJliC 2.24 . 
1 

.Find the range off{x)""' 
5 

i 
6 

· 
s n x-

Sol. -IS sinxS I 
=> -5 S 5 sin x::;; 5 ) 

=>-11 S5sinx-6S- I 

1 
=> -J S . S- 1/1 I 

5smx - 6 · 

I 
=> . 

6 
E (-1 ,-1/11] 

5sm x-

Exmnplc 2.25 Find the range of j{x) = cos1 x + sec2 x 
Sot. We have 

j(x) = cos2 x + sec2 x . 
= (cos x - sec x )2 + 2 cos x sec x 
= 2 + (cos x - sec x )2 ~ 2 

Ex:Hnplc 2.26 .Find the range ofj{x) = sin2 x- 3 sin x + 2 

Sol. j{x) = sin2x - 3 sin X+ 2 . 

=(sin x- 3/2)2 + 2 - 9/4 

=(sin x - 312i- l/4 

- IS sin xS 1 

=> - 512 S si.nx-3/2 S - 1/2 

=> I /4 ~(sin x-3/2)2 ~ 25/4 

=> 0 ~(sin x- 3/2)2 - I /4 ~ 6 

Example 2.27 Find the rangc'ofj{x) :0: ~sin1 x- 6 sin x + 9 + 3. 

Sol. j(x) = ~sin2 x - 6sin x + 9 + 3 

= ~(sin x- 3)2 + 3 

=isinx-3 1+3 

Now- 1 SsinxS J 

=> - 4 ~sinx-3 S-2 

=> 2 ~ lsin x - 31 ~4 
=> 5 Sjsin x- 31 + 3 ~ 7 
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Trigonometric Ratios and Identities 2.19 

Ex;fmplc 2.28 Find the range offt.x) = cosec2 x + 25 sec2 x. 

Sol. f (x) = (I +cot2 x) + 25(J + tan2 x) 

~ 26 + cot2 x + 25 tan2 x 
= 36 + I 0 + (cot2 x + 25 tan2 x- 2 cot x 5 tan x) 
= 36 + (cotx- 5tan x)2 ~ 36 

Example 2.29 Find the value ofx for whichft.x) = .Jsin x -cos x is defined, x E 10, 21t]. 

Sol. f(x) =~sin x - cos x is defined if sin x;:::: cos x, 

y 

I 
I 
I 

I I I I I I 

----L-----
: y = sin: x : · . : : : 

~....,.~-;.::- -_I_ --___ .J------ .1.------'------ .J _ _ --
1 
I 
I 
I 
I 

: : : :v = cos:x 

I 
I 

-~/4 7tl4 
I I 
I I 
I I 

: - 1 • : I : ----r----- -----,------r- -----r---
' I t I 
I I t I 
I I I I 

Fig. 2.31 

I I 
I I 
I I 
I I 
I I 

I 
I 
I 

I I 
I I ---,------T·--
1 I 
I I 
I I 

From the graph, sin x:?: cos x, for x E [TC 5TC]· 
4 ' 4 

Exam pi~ 2.30 Which of the following is highest? 

a. cosec 1 h cosec 2 · c. cosec 4 d cosec (-6) 

Sol. d. Consider sin 1, sin 2 and -sin 6 (sin 4 is negative; hence, cosec 4 cannot be maximum). 

y 

I 
I 
I I 

~.--~--------r-------- - , ------
1 
I 
I 
I 
I 

1t/2 
i 
I 

I 
I I 

I I I -------,----------T·--------,---· 
I ' I I 

I 
I 
I 
I 

I I 

- --------~----------1--------1 I 
I I 

Fig. i.32 

From the graph, sin (-6) is Jea_st, hence cosec (-6) is maximum. 

Example 2.3 ~ Solve tan x > cotx, wherex E 10, 2~r]. 
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2.20 

Sol. 

I 
I ___ J __ 

I 
I 
I 
I 
I 
I 
I ___ .J __ 
I 
I 
I 
I 
I 
I 
I ___ .J __ 
I 
I 
I 
I 
I 
I 
I ___ .J __ 
I 
I 
I 
I 
I 
I 

I 
I 
I 
I 

---~---1 · 
I 
I 
I 
I 
I 
I 

---~---2 · 
I 
I 
I 
I 
I 
I 

---~---3 

Trigonometry 

y 

I t I I I t I 
I I I I I I t 

- .J---- -~-- ----L - ---J·-- ~------L-----~--· I I I l I I I 
I I I I I I I 
I I I . I I I I 
I I I I I I I 
I I t I I I I 
I I I I I I I 
I I I I I I 

- ~ - ---- · y = cot.x --{-- ----~ ----- ~ -.-· 
I I I I 
I I I 
I I I 
I I 
I I 

I I I I I I 

y =::tan x·:------r--- ---:------r-----t--· 
I I I I I 
I I I I I 
I I I J I 
I I I I I 
I I I I I 

I I I I I I 

---- ---- - ~ -----~------L----- -----~- -----L-----~- --1 I I I I I 
I I I I I I 
I I I I I I 
I I I I I I 
I I I I I 
I I I I I 

I 
I 
I 

I I _ __ _ ,L ____ _ J ____ _ 

I I 
I I 
I I 
I I 
I I 
I I 
I I 

----'------.J---1 I 
I I 
I I 
I I 
I I 
I I 

' ' ____ a. ___ __ .J __ 
' ' t I 
I I 
I I 
I I 
I I 
I I 

---- .L ---- -..1-, ' 
I I 

I 
1 
I 

I I ~ I I I 

-----L----- ~---- - ~------ -----i--. I f I 1 
I I I I 
I l I I 
I I I I 
I I I ' I 
I I I I ___ L _____ J _____ j___ _ __ l ___ . 
I I I I 
I I I I 
I I I I 
I I I I 
I I I I 
I I I I 
I I I I 

- - L---- - .J-- ---~-- -i- • • I I I I 
I I I 
I I I 
I I I 
I I I 
I I I 
I I I I 

- L- ----~-----..J- - ..! - - . 
I I I I 
I I \ I 

Fig. 2.33 

We find that tan x ~ cot x 
Therefore, values o~tan x are more than the values of cotx. 
That is, values of x for which graph of y ""' tan x is above the graph of y = cot x. 
F~om the graph, it is c1ear thatx e· (.ro'4, 7r/2) u (31d4, tr) u (5m'4, 3.ro'2) u (7m'4, 2n'). 

'" .. "r.u"'tl :-t,..-o~, • .o.t ............ ~~ .. "1·~1 ... " ":J:~·N·· '"e.twr:u.,..... .. "".._r,-..r:a.. · ..• ll .. i~, "i ··-... ~ ,---------1 Concept 1AppUcation ;Exercise 2.2 . ...,_ ______ _ 
~t'*"'!'•-··_. •. ., #.I!Wft•4 ... .1 .. -t'~l~--tU~"""·••ar»R.:::!t,!•l--..,._.,.. !!""'t.._ ill.:. 

J. Find the least value of2 sin2 8 + 3 cos2 8. 
2. Find the range off (x) = sin (cos .X). 
3. Find the range of 12 sin 8 - 9 sin2 8. 
4. Find the minimum value of9 tan2 (} + 4 cot2 8. 
5. Which offollowi~g is correct (where n E N)? 

. 
9 

n + 1 n2 + 1 n + 2 n 
a. sm = - .- h sin 9 = -- c. sec lJ = -- d sec 9 = 

n n+l n-1 )n2 + 1 

6. If sin2 81 + sin2 82 + ... + sin2 811 = 0, then find the minimum value of cos 81 +cos 82 +···+ cos Bw 
7. Ifsin2 8= x2- 3x +3 is meaningful, then find the values ofx. 

8. Find the range ofj{x) = ~4- ~I + tan2 x . 
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Trigonometric Ratios and Identities 2.21 

1 
9. Find the range ofj{x) = 21 I 

3 
. 

cosx -

10. Find the range ofj{x) = cos4x + sin2x- I. 

11. Find the minimum value of the functionj{x) = (1 +sin x)( I + cosx), 'V x E R. 

J 2. Prove that (sin 6 +cosec 8)2 +(cos 6+ sec 6)2 ~ 9. 

PROBLEMS BASED ON TRIGONOMETRIC IDENTITIES 

Example 2.32 Show that 2(sin6x + cos6 x) ...:. 3(sin4 x + cos4x) + 1 = 0. 

Sol. 2(sin6x + cos6 x)- 3(sin4 x + cos4x) + 1 

= 2[(sin2x)3 + (cos2 x)3]-3(sin4 x + cos4x) + I = 2[(sin2x + cos2 x)3
- 3sin2xcos2x(sin2x + cos2x)] 

- 3[(sin2 x + cos2x)2 - 2 sin2 xcos2x] + I = 2[1- 3sin2xcos2x]- 3[1- 2 sin2 xcos2x] :+ 1 = 0 

Example 2.33 Prove that 
l+~no H H = secO + tanO, -- < 0 <-. 
1-~nB 2 2 

Sol. L.H.S. = 
l+sin 6 

l-sin6 

1 +sin 6 l+sin 6 
1- sin8 1 +sin 8 

= 
(I +sin 8)2 = (I +sine? 
1 -sin 2 8 cos2 (} 

l +sinO 1 sinO = = --+ - - = sec9 +tan6 
cos9 cos 9 cos O 

= R.H.S. 

1 1 1 1 
Example 2.34 Prove that A A --A = cosA sec - tan cos sccA +tanA · 

Sol. 
I I I 1 

To prove - -- = --- ----
sec A -tan A cos A cos A sec A + tan A 

I .I J 1 2 
or + =--+-- =-- · 

' sec A -tan A sec A + tan A cos A cos A cos A 

S 
1 J secA+tanA+sccA -tan A . 2 

NowL.H .. = + = . = - -
secA-tanA secA+tanA (secA - tanA)(sccA+tanA) cosA 

Example 2.35 lf3 sin 9+ 5 cos 6= 5, then show that 5 siri 6-3 cos 8=±3. 

Sol. Given, 3 sin 6 + 5 cos 8= 5 
Let 5 sin 9-3 cos 8 = x 
Squaring and adding, we get 
(9sin28+ 25cos29+ 30sin9cos fJ) + (25sin29+ 9 cos28- 30sin 9cos 6) = 25 + x2 
~ 9(sin2 8+ cos29) + 25 (sin29+ cos29) = 25 + xf:. · • 
~ 34 = 25 + x2 or x2 = 9 - · · -

(i) 

(i) 
(ii) 
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2.22 Trigonometry 

=> x=±3 · 

Exam ph.' 2.36 U(secA +tan A) (sccB+ tan B)(secC+tan() c(sec~ -tanA) (secB-tanB) (secC- tanC), 
pro\'c that the value of each side is_± 1. 

Sol. Let (secA +tan A)(sec B +tan B) (sec C + tan C)= x · (i) 

(sec A - tan A) (s.ec B - ·tan B) (sec C - tan C)= x. (ii) 

Multiplying Eqs. (i) and (ii), we get_ 

(sec2A - tan2A)(sec2B - tan2B)(scc2C - tan2C) = ~ 

or~= I 

:.x=± I 

Hence, each side is equal to ± 1. 

Ex;uuplc 2.37 lftanO+ sec8= 1.5, find sinO, tan8, and sec8. 

Sol. Given, sec8+ tan9= ~ 
. 2 

1 2 
Now, sec8- tan8::: 

8 9 
=-(see Fig. 2.34) 

sec +tan 3 · 

Ad~ing Eqs. ( i) and (ii), w~ get 2s~8 = ~ + ~ = 
1
: 

13 
.. scc8= -

12 
5 

tan8 = -
12 

and sin8 = 2._ 
13 

Exampl_l' 2.38 If cosec 6-sin O=mand s~c8-cos6=11,eliminatc 6. 

Sol. G. . () . () I . 9 tven cosec -sm =m, or-- - sm = m 
· sin9 

1 - 'sin2 9 cos2 9 
or, =m or = m 

sinO ' sinO 

1 
Again sec 8 - cos8= n, or--- cos8=n 

cosO 

I-cos2 0 sin2 9 
or, =n, or--=n 

cosO cos 8 

F E (.) . 8 cos
2 

9 rom q. 1 , sm = · · 
m 

P . . E (") cos
4 
8 3 () 2 uttmg m q . 11 , we get 2 =n. or cos = m n 

· m cosO 
I 2 

· ·~as 0 = (m2n)3 , or cos2 8 = (m2n)3 

A 

5 

12 

Fig. 2.34 

(i) 

(ii) 

(i) 

(ii) 

(iii) 

(iv) 
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Trigonometric Ratios and Identities 2.23 

2 

F E ( ... ) . 8 cos 9 rom ·q. 111, sm = --

2 

sin28= (mn2)3 

m 

Adding Eqs. (iv) and (v), we get 

2 2 

{1n2n)3 +(mn2)3 =cos29+ sin29 

2 2 

or, (m2n)3 + (mn2 )3 = 1 

m Ill 

cos4A sin4 A 
.If 2 + 2 = 1 , then pro,•e that 

cos B sin B 

a. sin4A + sin4B "" 2 sin2A sin2B 
cos4 8 · sin 4 B 

1 b. + = 
cos1 A sin1 A 

4 A . 4 A 
G. cos SIO . 1 ( 2 . 2 A) Sol. 1ven, 

2 
+ 

2 
= cos A +sm 

·cos 8 sin B 

4 A . . 4 A 
cos 2 A . 2 A sm 
- - - COS = SIO - --:--
COS2 B sin2 B 

=> 

=> 
cos2 A (cos2 A -cos2 8) . (sin2 8 -sin2 A) 
-----'---::------= sm2 A....;.._--~----

cos2 B . sin2 B 

=> cos 
2 

A ( ) · 
2 

A [ ] --2 - cos2 A - cos2 B = s~n 
2 

(1 - cos2 n) - (1 -cos2 A) 
cos 8 sm 8 

cos 
2 

A ( 2 2 . ) sin 
2 

A ( ., 2 ) -~2 - cos A - cos B = . 
2 

cos· A - cos 8 
cos B Sin B 

=> 

2 

h 
cos A 

wen - -
cos2 B 

sin2 A 2 . 2 
-..,...-

2
- = 0, cos Asm B = sin2 Acos2 B 

sin B 

=> cos2A(1 - cos2B) = (l - cos2A) cos2B 

=> cos2A - cos2 A cos2 8 = cos2 B - cos2 A cos2 8 

=> cos2 A = cos2 B 

Thus, in. both the cases, cos2 A =:=" cos2 B. 

(v) 

(i) 

(ii) 

. . 

downloaded from jeemain.guru



2.24 Trigonometry 

(iii) 

a. L.H.S. = sin4A + sin4B 

= (sin2A- ~in2B)2 + 2 sin2A sin2B = 2 sin2A sin2 B= R.H.S. 

= cos2B + sin2B = I 

lfx=sec 8-tan 8andy = cosec 9+ cot 8, then prove thatxy + l =y-x. 

Sol. 
] -sin 9 1 +cosO 

1 
1-sin 9 +cos 9 

xy+J= + =--- - -
cos8 sin 8 sin 9cos8 

= 
(sin2 9+cos2 8) (sin8-cos8) 

sin8cos9 sin8cos8 

-= _(tan 8+ cot 8)- (sec 8- cosec fJ) 

= (cosec 9 + cot 8) - (sec 8- tan 6) = y - x 

Concept Applif;ation Exercise 2.3 

1. Show that 3(sin x- cosx)4 + 6(sin x + cosx)2 + 4(sin6 x + cos6 x) = 13. 

2. 'If sec 9+ tan 9= p, then find the value of tan 9. 

3. If (I +sin A)(l +sin B)(l +sin C)= (1 - sin A)(1 -sin B) (1 -sin C), then find the value of( l +sin A) 
(l +sin B) (1 +sin C). 

4. lf (sec 8 + tan 6) (sec¢ + tan ¢)(sec Vf+ tan 'I'}= tan 9tan If> tan lJI, then (sec 9- tan 8) (sec <P- tan¢) 
(sec 1Jf- tan 'II) is equal to 

a. cot 9 cot If> cot lJI b tan 8 tan <P tan lJI 

.c. tan 8 + tan If>+ tan lJI d cot 8 + cot If>+ cot lJI 

5. Jf x cos9 + Y sin 9 = I , x sin 9- Y cos9 = 1, then eliminate 8. 
a b a b 

6. If a+ b tan 8 =sec 8 and b - a tan 9 = 3 sec 9, then find the value of c1- + b2
• 

7. If a sin2 x + b cos2 x = c, b sin2 y + a cos2 y = d and a tan x = b tan y, then prove that 

a2 
= (d-a)(c -a) 

b2 (b-c)(b-d) 

TRIGONOMETRIC RATIOS FOR COMPLEMENTARY AND SUPPLEMENTARY ANGLES 
In each ofthe following figures,x andy are positive. Also triangles OPM, OP'M', or OP'Mare co.ngruent. . . 
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sin(-8) =-sinG 

cos(- 6) = cos9 

sin(90°- (/) = cos9 

cos(90° - 9) = sin9 

sin(90° + (/) = cosO 

cos(90°+ 8) =-sin8 

sin (180° - 8) = sinG 

cos (180° - 8) 

= - cose 

sin (180° + 8) 

=-sin e 

cos ( 180°+ B) 

-=- cos 9 

Trigonometric Ratios and ldentiiies 2.25 

. -y y . . 
sm (-9)=- = - - =-sm e. y 

r r 
X V 

cos ( -(/) = - = cos 9, tan( -8) = - ~ = tan 6 
r x 

Taking the reciprocals of these ---*---'T-- ---4- -x 
trigonometric ratios, we have cosec(- 6) x' 

= - cosec 8, sec(-9) = sec 8 and cot( -8) 
=- cot 9 

sin(90 - 8) = ~= cos 0 
r 

cos(90- 8) = 1. = sin 9 
r 

X 
tan(90 - 8} = - = cot 8 

y 

X 
sin(90 + 8) = - = cos 0 

r 

- y 
cos(90 + 8) = - = - sin 6 

r 

x -x 
tan(90 + 6)=-=-=-cot 9 

-y y 

Now, sin(180 - 6)= 1.::::: sinO 
r 

X 
cos( 180 - 8) = - - = - cos 9 

r 

·v 
and, tan(J 80 - (/) = -" =-tan 9 

-x 

- y 
=sin(180+8)= :- =-sinG 

r 

- x 
cos(180 + B) = - :;;: - cosO 

r 

- v Y 
tan( ISO+ 8) = -· =- = tanG 

-x X 

x' 

A' 

x' 

x' 

y' 

y A' 

0 M' M 

y' 

A' 
y 

y' 

y 

M' M 
y' 

y A 

A 

y ' 

A 

X 

A 

A 

X 

X 
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2.26 Trigonometry 

Since the terminal sides of co-terminal angles coincide, hence their trigonometrical ratios are same. 
Clearly, 360°- 8 and -8 are cotenninal angles. · 
Therefore, sin(360°- 9) = sin(-9) = - sin ·e, cos(360° - B) = cos(-8) = cos 8, and tan(360°- 8) = tan(- 9) 
= - tan 8. Similarly, cosec(360°- 9) =-cosec 8, sec(360°- B)= sec ()and cot(360°- B)= -cot B. 

Also Band 360° + Bare co-tenninal angles. Therefore, sin(360° + 8) = sin 9, cos(360° + 9) =cos B, tan(360° 
f B) = tan 8, sec(360° + 9) = sec 9, cosec(360° + B) :;: cosec 9 and cot(360° + 9) = cot B. 

ln fact, for any positive integer n, (360° x n + 8) is co-terminal to B. Therefore, for any positive integer n, we 
have sin(360° x n + fJ) =sin 8, cos (360° x n + 8) = cos 8, tan(360° x n + 9) :;: tan B, cosec (360° x n + 8) = cosec 8, 
sec(360° x n + B) = sec Band cot(360° x n + 9) = cot 8. ' 

Example2.41 Prove that sin (-420°) (cos 390°) +cos (- 660°) (sin 330°) =-1. 
o( 

Sol. L.H.S. = sin(- 420°) (cos 3~0°) + cos (-660°) (sin 330°) 
= -sin 420° cos 390° +cos 660° sin 330° [ ·: sin (-9) = - sin 8, cos(- 9) = cos 6] 
=-sin (90° x 4 + 60°) cos (90° x 4 + 30°) + cos (90° x 7 + 30°) sin(90° x 3 + 60~) 
=-(sin 60°) (cos 30°) + (sin 30°) (- cos 60°) 

= - J3 X Jj +!(-.!.) = - 1 = R.H.S. 
2 2 2 2 

Example 2.42 
cos(90° + 9 )sec(-O)tan(180° - fJ) 

Prove that = -1. 
sec(360° - O)sin(180° + O)cot(99° - 0) 

cos(90° + 8) sec( -6) tan(180°-8) = (-sin 8)(sec 8)(- tan 8) = _
1 

= R.H.S. Sol. L.H .S = _ _ .;._ __ _;._.:._....;.._ __ ;..__ 

. Exam pit 2.43 

sec(360° - fJ) sin(180° + 8)cot(90°-8) (secfJ)( -sin fJ)(tan 9) 

Jf A, B, C, Dare angles of a cyclic quadrilateral, then prove that 

. cos A + cos B '+ cos C + cos D = 0. 

Sol. We know.thatthe opposite angles of a cyclic quadrilateral are supplementary, i.e., A -:1- C = 1t and B + D = 1t. 

:. A=n-CandB=n-D 
=> cos A = cos(n- C) = -cos C 
and cos B = cos (n- D) :;: - cos D 
. . cos A + cos B + cos C + cos D ;.:; - cos C- cos D + cos C + cos D = 0 

Example 2.44 Show thattan 1° tan2° . .. tan 89° = .t. 
Sol. L:H.S. :;: (tan] o tan89°) (tan2° tan88°) ; .. (tan44° tan46°) tan45° 

Exampk2.45 

= [tan I o'tan(90°- 1 °)] [tan2° tan(90° - 2°)] ... [tan 446 tan(90° -44°)]tan45° 

= (tan I 0 cotl 0 ) (tan2° cot2°) ... (tan44° cot44°)tan45° 

= 1 [·: _tanBcotfJ= l andtan45°= l) 

Show that sin2 5° + sin2 1 0° + si~2 l5° + · · · + sin2 90° = 9.!. . 
. 2 

Sol. L.H.S. = (sin25° + sin285°) + (sin21 0° + sin280°) + ··· + (sin240° + sin250°) + sin245° + sin290° 

= (sin25° + cos25°) + (sin2 10° + cos210°) + ··· + (sin240° + cos240°) + sin245° + sin290"0 

( 
1 y 1 

= (1 ~ 1 +1 + 1 + 1 + 1 + 1+1) + .J2) +1=9 2 
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Exam pic 2.46 
• :z 1r 2 3tr 2 Str 2 111 

Fmdthevalueofcos -+cos -+cos - +cos -. 
16 16 16 16 

Sol. L.H.S. =cos -+cos"-+cos --- +cos - --2 1r · ')3tr. · 2 (1r 3n) · 2(1r n) 
16 16 2 16 2 16 

2 1r 2 3n · . 2 3n . 2 n 
= cos - +cos - + san - +sm -

16 16 .16 16 

= (cos2 2:.. + sin2 2:..) +(cos2 3
1r + sin2 3n) 

16 16 16 16 

= 1 + I = 2· 

Example 2.47 If sin (120°-a)=sin (120°- fJ), 0 <a, fJ< x, then find the relation between a and f! 
Sol. If sin A = sin B, where A = 120°- a and H= 120°- f3 

==} A== BorA= Tt- 8, i.e., A + B == n 
~ 120°-a= 120°-fJ,or 120°-a+ 120°-{3= 180° 
==) a= f3 or a+ {3 = 60° 

~-------1 Concept Application Exercise 2.4 t--------....., 

1. ln triangle A_BC prove that 

a. sin A = sin(B +C) 
n sin2A = - sin(28 + 2C) 
c. cos A == - cos(A + B) 

·d tan(A+B)=.cot C 
. 2 2 

2. Prove that sin (- 420°) (cos 390°) + cos(..:..660°) (sin 330°) = -1 . 
3. Prove that 

b. sin 780° sin 480° +cos 120° sin 150° = .!.. 
2 

4. If a= n , prove that cos a cos·2acos 3a cos 4o:cos Sa cos 6a= __ :J • 
·3 16 

. n 3n 5n 7n 9n 
5. Fmd the value of tan- tan- tan-tan- tan- . 

20 20 20 20 20' 

6 F .. d h 1 f cot54° tan 20° . m t eva ue o + 
ran 36° cot 70° 

7 P h . 2 1{ • 2 7r . 2 71r . 2 41Z' 2 
• rove t at sm -+sm -+sm -+sm -= . 

18 9 18 9 

8. Prove that sef; -9 }ec( 9-s; )+tan( s; +9) tan ( 9 -
3
; )=-I. 

9. In any quadrilateral ABCD, prove that 
a. sin(A+B)+sin(C+D)==O 
h cos( A + B)= cos ( C + D) 
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2.28 . Trigonometry 

TRIGONOMETRIC RAnOS FOR COMPOUND ANGLES 

Cosine of the Difference and Sum of Two !\ngles 
1. cos (A -B) = cos A cos 8 + sin A sin 8 
2. cos (A + B) = cos A cos B - sin A sin 8 

for all angles A and B. 

Proof: 

I. cos (A- B) 
Let X' OX.and YOY' be the coordinate axes. Consider a unit circle with 0 as the centre (Fig. 2.35). 

Y P1(cos A, sin A) y 

___,........._P3 [cos (A- 8), sin (A - 8)] 

P2(cos B. sin 8) 
Pt{COS A, sin A) 

x'-+-----,_.:;.....J..~,..;;;;...,_----ll~ x 
Po(1,0) 

p3 
[cos (A- 8). sin (A - .8)] 

y' y' 

Fig. 2.35 

Let P1, P2 and P3 be the three points on the circle ~uch that LXOP1 =A, LXOP2 = 8 and LXOP3 =A - B. 
As we know that the terminal side of any angle intersects the circle with centre at 0 and unit radius at a 

point whose coordinates are the cosine and sine of the angle. Therefore, coordinates of P1, P2 and P3 are 
(cos A, sin A), (cos B, sin B) and (cos (A- 8), sin (A - B)), respectively. 

We know that equal chords of a circle make equal angles at its centre and chords P0P3 and P1P2 subtend 
equal angles at 0 . Therefore, 

Chord P0P3 =Chord P1P2 

~ )tcos(A - B) - 1}2 +{sin(A-B)-0}2 = )CcosB-cosA)2 +(sin B-sinA)2 

~ {cos(A- B)·- I } 2 + sin2(A - B) = (cos 8 - cosA)2 + (sin B - sin A)2 

::::) cos2(A -B) - 2 cos (A -B)+ I + sin2(A -B)= cos2 B + cos2 A - 2 cos A cos 8 + sin2 B 

::::) 2-2 cos( A-~) '= 2-2 cos A cos B- 2 sin A sin B 
=> cos(A -B)= cos A cos B +sin A sin 8 
2. cos (A+ B) 

""cos (A- (-B)) 
=cos A cos (- B)+ sin A sin(-8) [Using Eq. (i)] 

+ sin2 A - 2 sin A sin B 

(i) 

= cos A cos B- sin A sin 8 [ ·: cos (-B)= cos B, sin (-B)= -sin B) 
Hence, cos (A +B) ::::cos A cos B- sin A sin B 

~ -~~~ .. ---- ··-~ ·· ~~-~----- : 
I Thi; 71Jethod of proof oft he above formula is true for all values of angles A and B whether positive,' 

zero or negatNe. · 
I .. - .. ..- - -· ., ___ . 
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Sine of the Difference and Sum of Two Angles 
1. sin(A-B)=sinAcosB-cosAsinB 
2. sin (A+ B)= sin A cos B+ cos A sin B 

Proof: 

I. We have 
sin (A- B) = cos(90°- (A - B)) 

= cos ((90°-A)+ B) 
= cos (90°- A) cos B- sin (90°-A) sin B 
=sin A cosB- cosA sinB 

2. sin(A+B)=sin(A - (- 8)) 
=sin A cos (-B)- cos A sin (-B) 
= sin A cos B +cos A sin B 

Tangent of the Difference and Sum of Two Angles 

(A B) 
tan A +tan B 

I. tan + = - ----
1- tan A tan B 

2• tan (A _ B) = tan A - tan B 
l+tan A tan B 

Proof: 

). We have 

(A B) 
sin( A+ B) sin AcosB +cos A sin B 

tan + = = --------
cos(A +B) cos A cos 8- sin A sin B 

Trigonometric Ratios and lden1ities 2.29 

( ·: cos (90°- 8) =sin 8] 

[Using equation (i)] 
[ ·: sin(-B) =-sin B] 

(j) 

tan A +tan B = 
1-tanAtan 8 

(i) [On dividing the numerator and denominator by cos A cos B] 

2. tan(A -B)= tan (A+ (-B)) 

tan A+ tan(-B) 

1- tan A tan( -B) 

tan A- tan 8 
= 

1 +tan A tan B 
Similarly, it can be proved that 

·cot (A+ B) = cot A cot B - 1 
cot B+cot A 

d (A B) 
cot A cot B +1 

an cot - = ----­
cot 8-cotA 

Some More Results 
J. sin(A +B) sin (A- B)= sin2 A- sin2 B= cos2 B- cos2 A 
2. cos(A +B) cos(A- B) = cos2 A- sin2 B = cos2 B- sin2 A 

[Using Eq. (i)] 

3. sin(A + B +C)= sin A cos B cos C +cos A sin B cos C +cos A cos B sin C - sin A sin B sin C 
4. cos(A + B + C) = cos A cos B cos C- cos A sin 8 sin C- sin A cos B sin C- sin A sin 8 cos C 

S. tan(A + 8 +C)= tan A +tan B +tan C- tan A tan B tan C 
J - tan A tan B - tan B tan C - tan C tan A 
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2.30 Trigonometry 

Proof: 

I. sin(A +B) sin(A- B)= (sin A cos B +cos A sin B) (sin A cos B- cos A sin B) 

= sin2 A cos2 B- cos2 A sin2 .8 

= sin2 A (I - sin2 B)- ( I - sin2 A) sin2 B 

= sin2 A- sin2 A sin2 B- sin2 B +.sin2 A sin2 B = sin2 A- sin2 B 

= (I - cos2 A) - (I - cos2 B) = cos2 B - cos2 A 

2. cos (A+ B) cos (A- B)= (cos A cos 8- sin A sin B) (cos A cos B +sin A sin B) 

= cos2 A cos2 B - sin2 A sin2 B . 
= cos2 A (I - sin2 B)- (1 - cos2 A) sin2 B:::: cos2A- sin2 B 

= (1 - sin2 A) - (I - cos2 B)= cos2 .B- sin2 A 
5. tan(A + B + C)= tan((A +B)+ C) 

tan A +tan B C 
-----+tan 

= tan(A + B)+ tan C = 1- tan A tan B = tan A +tan B +tan C- tan A tan B tan C 

I-tan(A+B)tanC .1-( tanA+tanB )tanC :1-tanAtanB-tanBtan C -tan CtanA 
1- tan A tan B 

Example 2.48 
sin(B- C) sin(C -A) sin(A-B) 

Prove that + + = 0. 
cosB cosC cosC cos A cos A cosB 

Sol. First term of L.H.S. is 

sin(B -C) sin 8 cosC - cosB sinC sinB cosC _...;..__..;... = = ----
cos 8 cos C cos B cos C cos B cos C 

Similarly, second tenn ofL.H.S. = tanC -tanA 
and, third term ofL.H.S. =tanA -tanB 

cosB sinC 
8 

C . :;:;: tan -tan 
cosBcosC 

Now L.H.S. =(tan 8- tan C)+ (tanC- tan A)+ (tanA -tan B)= 0. 

Example 2.49 If sin a sin fJ- cos a cos /3+ I = 0, then prove that J +cot a tan /J= O. 

Sol. Given, sin a sin f3- cos a cos /3 + 1 = 0 
or cos a cos /3 - sin a sin f3- 1 
or cos (a+ /3) = I . 

N l /3 1 
cos a sin f3 

ow +cot a tan = + -- x --
sina cos/3 

= sin a cos/3 + cosasin/3 

sin acos/3 

= sin(a + /3) 

(i) 

sin a cos/3 
0 = =0 

sin a cos f3 
[ ·: sin2 (a+ /3) = 1 -cos2 (a+ /3) = 1- I= 0] 

Example 2..50 Show that cos28+ cos2(a+ 8)-2 cos a cos 8cos (a+ 8) is independent of 8. 

Sol. cos2 6 + cos2
( a + 6) - 2 cos a cos 6 cos (a+ 6) = cos2 8 + cos( a+ 8)[ cos( a+ 8) - 2 cos a cos 8] 

= cos26 +cos( a+ 8)[cos a cos e.- sin a sine- 2 cos a cos 0] 
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Trigonometric Ratios and Identities 2.31 

= cos29 - cos(a+ 9)[cos a cos 9+ sin a sin 9] 
= cos2 0- cos( a+ 9) cos( a - 8) 
= cos2o.:.. [cos2a- sin2o) = cos28+ sin29- cos2a 
= 1 - cos2a, which is independent of e. 

Exan1Jllc 251 lf3tan Btan rp= I, then prove that 2 cos (9+ q>) ~ cos(O- rp). 

Sol. Given, 3 tan Btan cp = I or cot Ocot cp= 3 

cos8 coscp 3 
or, sine sin q> =1 
By componendo and dividendo, we get 

cosO cos q> +sinO sincp 3 + 1 ___ _.:... ___ ~=--
cos8 coscp-sin8sinq> 3-1 

=> .cos(8- cp) = 
2 

cos (8+cp) 
=> 2 cos (9+ cp) =cos (8- q>) 

Example 2:52 If sin (A -B)= ~ , cos (A+ B)= ~ , find the value of tan 2A where A and B lie between 
Oandm'4. vlO · v29 . · 

Sol. 
tan (A + B) +tan (A- B) ('t) tan2A =tan [(A +B)+ (A -B)] = -___:____,--....:.....-.,,.-.--~-~ 

1- tan(A+B) tan(A - B) 

Given that, 0 <A < n and 0 < B < !!.. 
4 . 4 

1l 
· O<A+B<-

2 

Also _ !!._<A-B < n andsin(A -B)= -
1
-=(+)ve 

' 4 4 ~ 

1C 
. . O<A-B<-

4 

l 
Now, sin (A -B)= r:-:. 

vlO 

1 
=> tan (A -B)= '3 

2 
cos(A+B) = ~ 

v29 

5 => tan(A+B)=-
2 

Fro.m Eqs. (i), (ii) and (iii), we get 

5 1 
-+- 17 6 

tan 2 A = 2 3 = - x- = .17 
. 1-~ X.!._ 6 J 

2 3 

(ii) 

(iii) 
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2.32 Trigonometry 

cos 10° +sin 10° 
E~:-~mplc 2.53 Prove that 

10
o • 

10
o = tan 55°. 

cos -sm 

E~arnplc 2·.54 'Prove that tan 70° = 2tan 50° +tan 20°. 

tan 50° + tan 20° 
Sol. tan70° =tan (50° + 20°) = 

1 500 200 . -tan tan 

=> tan 70° (1 -tan 50° tan 20°) = tan50° +tan 20° 

::) tan70°- tan50° tan 20° tim70° = tan50° + tan20° 

=> tan70° = tan70° tan50° tan20°+ tan50° + tan20° 

= tan(90°- 20°) tan50° tan20? + tan50° +tan 20° 

= cot 20° tan 50° tan 20° + tan 509 +tan 20° 

= ta·n 50°· + tan 50° + tan 20° = 2tan 50° + tan 20° 

(i) 

Example 2.55 Let A, B, C be three angles such that A + B + C= n. Jftan A · tan B = l . Then find the value 

f 
cos A cosB 

0 . 
cosC 

Sol. Given tan A· tan B = 2 

cos A cos B cos A· cos 8 cos A· cos 8 
Let y= C -- = 

cos cos(A +B) sin A sin B- cos A cosB 

I I ____ .._. - = -- = I 
tan A tan B - I 2 - 1 

Range of/( 6) = a·cos(J + bsin6 

Let a = r sin a and b = r cos a, then?- = c1- + b2 and tan a= alb · 

Nowf(9) = acos8 + b sin8=·r sin acos8+ r cos a sin 9 = r sin(B+ a)_= ~a' +b' sin( B+tan-1
: J 

Now-1 ~sin( 9+tan- 1 ~) ~- ., 

=> -,J a2 + b2 ,;;,j a' +b2 sin ( 8 +tan -I : J S ,J a2 +b2 

He~ce, range is [ -.Ja2 +b2
, .Ja2 +b2 J. 
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Trigonometric Ratios and Identities 2.33 

Example 256 Find the maximum value of J3 sinx+ cosx andx for which a maximum value occurs. 

Sol. J3 sin x + cosx ~ 2( ~sin x +~si~x) ~ 2 sin (x.+ ro'6) 

which is maximum when x + n/6 = n/2 or x = 60° and has a maximum value 2. 

E:xarirplc 257 Find the maximum an~ minimum values of cos2 8-6 sin 8cos 8+ 3 sin2 6+ 2. 

Sol. cos2 8 - 6 sin 8cos 8 + 3 sin2 8:r 2 

1 +cos 28 3 . 28 3 (1-cos 28) 2 = Sin + + 
2 2 

= 4 - cos28- 3sin28 

Now, -cos28 - 3sin 26 e [ -:.ftO, JiO] 

=> 4 -cos 29- 3sin 29 E [ 4 -.JiO, 4 +M] 

,...----------4 Concept Application Exercise 2.5t---------"""' 

cot A cot B 
1. 1f A + B = 225°, then find the value of x 

1 +cot A I +cot B 

2. If tan A- tan B = x and cot 8 - cot A ::: y , then find the value of cot(A-B). 
3. Ifx is A.M. oftan TCI9 and tan 5Jr/1 8 andy is A.M. of tan 1d9 and tan ?n'/18, then.relatex andy. 

tan2 28- tan2 8 
4. Prove that 2 2 =tan 3 8tan 8: 

1- tan 28tnn 8 

5. If A+ B = 45°, show that (I + tan A)( I +tan B)= 2. 
6. If tan A= '1/2, tan B = 1/3, then prove that cos 2A =sin 28. 

7. Find the maximum value of I +sin(: + 6) + 2sin (: -6) for all real values of 6. 
8. Find the maximum and minimum values of6 sinxcosx+4 cos 2x. 

9. ·.If p(x) =sin x (sin3 ~ + 3) +cos x (cos3 x + 4) + ! sin2 2x + 5, then find the range of p(x). . 2 

1 . tn t eva ueo cos- sm-+-cos- + Sm- cos--sm-. 0 F. d h I f rc ( . 5rc 1C) . 1C ( 5Tr . 1C) 
12 12 4 12 12 4 

·u. If cos( a+ ,B)+ sin( a-P> = 0 and tan {J¢ I, then find the value of tan a. 

12. If sin A+ cos 2A = J/2 and cos A+ sin 2A = 1/3, then find the value of sin 3A. 

13. If sin x + siny + sin z == 0 = cos x +cosy+ cos z, then find the value of expression cos(6-x) + cos(9-y) 
+ cos(9- z). 
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2.34 Trigonometry 

TRANSFORMATION FORMULAE 
Formulae to T.ransform the Product into Sum or Difference 

We know that 
sin A cos 8 +cos A sin 8 =sin (A +B) 

sin .A cos 8- cos A sin B = sin (A- B) 

cos A cos B- sin A sin 8 = cos (A + B) 

cos A cos B +sin A sin B =cos (A- B) 

Adding Eqs. (i) and (ii): we obtain 
2 sin A cos JJ =sin (A+ B)+ sin(A - B) · 

Subtracting Eqs. (ii) from (i), we get 
2 cos A sin B- sin' (A + B)- sin (A- B) 

Adding Eqs. (iii) and (iv), we get 
2 cos A cos B= cos (A+ B)+ cos (A -B) 

Subtracting Eqs. (iii) from (iv), we get 
2 sin A sin 8 =cos (A- B)-cos (A+ B) 

Formulae to Transform the Sum or Difference into Product 

. C+D C-D 
LetA+ B= CandA - 8 = D. Then. A= and B= --. 2 2 
Substituting the values of A, B, C, and Din Eqs. (v), (vi), (vii}, (viii), we get 

. C . D 2 . (C+IJ) (C-D) sm +sm = sm 
2

. cos -
2
-

. C . D 2 . (C-D) (C+D) . sm - sm = sm 
2 

cos 
2 

(C+D) ·(C-D) cos C + cos D = 2 cos 
2 

cos 
2 

. 

D C 2 . (C+D) . (C-D) cos -: cos . = sm 
2 

sm . 
2 

or C .D 2 . (C+D) ·. (C-D) cos - cos -== - ~m 
2 

sm · 
2 

or · (C+D) (D-C) cos C - cos D = 2 sin 
2 

sin 
2 

(i) 

(ii) 

(iii) 
(iv) 

(v) 

(vi) 

(vii) 

(viii) 

(x) 

(XI) 

(xiQ 

These four fonnulae are used to convert the sum or difference-of two sines or two cosines into the product 
of sines and cosines. · 

I. I . ) '·c;;u .. :. ~amp c -·- o If sin A= sin Band cos A= cos R, then prove that sin A-B = 0. 
2 

Sol. We have sin A = sin 8 and cos A =cos B 
~ sin A -:- sin B = 0 and cos A -cos 8 = 0 
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Trigonometric Ratios and Identities 2.35 

2 . (A- B) ( A + B) O d 2 . (A - B) . (A +B) •O sm -
2

- cos -
2

- = an - sm -
2

- sm. -
2
- = 

=> sin A-
8 

= 0, which is common for both the equations. 
2 

. Ex~1111 pic 259 Prove that cos SS0 +cos 65° +cos 175° = 0 . 

Sol. l.H.S.=cos55°+cos65°+cos 175° 

55° + 65° 55°- 65° 
;::; 2cos cos +cos 175° 

2 2 

l = 2 COS 60° COS (-5°)+ COS 175° = 2 X .:... COS 5° +COS (180°- 5°) =COS 5°- COS 5°= 0 
. 2 

Example 2.60 Prove that cos 18°-sin .18°. = .fi sin 27°. 

Sol. L.H.S. =cos 1 8°-sin 18° =cos 18°-sin (90° -72°) =cos 18~-cos72° 

18° + 72° 72° - J 8° 
= 2sin sin---

2 2 

c: 2 sin 45° sin 27° = 2 __!_ sin 27° = .fi sin 27° 
.J2 

Exnmplc 2.61 Prove that 

sin SA -sinJA A 
& =tan 

cosSA +cos3A 

sin A +sin 3A 
2

A 
· h =tan 

cos A +cos3A 

Sol. 

2 . (5A-3A) (5A+3AJ s1n cos---
a. L.H.S. = sin5A-sin3A = 2 2 2sinAcos4A 

cos5A+cos3A 2coseA;3A}oseA;3A)- 2cos4AcosA =tanA=R.H.S. 

2 . (3A+A) (3A-A) sm cos 
h L.H.S.= sin3A+sinA = 2 2 = sin2AcosA =tan2A=RHS 

cos3A+cosA 2 (3A+A) (3A-A) cos2AcosA · · .' cos cos . 
2 . 2 

Ex~1mplc 2.62 · 
. · a+P P+r r·+a 

Prove that r.os a+cosf:J+cos y+cos'(a+ /3+ ')?=4 cos-
2

- cos-
2

- cosX. 

Sol. L.H.S. =cos a+ cos {3+ cosy+ cos (a+ {3+ i? 
=(cos a+ cos jj) +[cos r+ cos (a+ p + y)] 

- 2cos( a;J}os( a;'}zcos( a+P;r+r) cos( a+P;r-r). 
- 2cos( a;P)cos( a;P)+zcos( a;P) cos( a+~+Zy) 
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2.36 Trigonometry 

• 

= 2cos(--{3J 2cos 2 2 cos 2 2 
. a + ·1 [ a- f3 + a+ f3 + 2y l [ a+ f3 + 2y a - /3]) 

2 2 2 

= 2cos( a; ilJ{2cos( a;r Jc••(il;r )} =4cos( a;jl}os(fl;r )cos( r:a J= RHS. 
E:\amplc 2.()3 

sin A+ sin2A+ sin4A +sin SA 
Prove that . = tan 3A. 

cosA+cos2A+cos4A +cos SA 

Sol. 
sin A +sin 2A +sin 4A +sin SA 

cos A +cos2A+cos4A +cos5A 

= (sin5A+ sinA} + (sin 4A+sin2A) 

(cos5A +cos A) +(cos4A+cos2A) 

_~ 2 sin3A cos2A + 2sin 3AcosA 

...,. 2cos3Acos2A +2cos3Acos A 

2sin3A(cos2A +cos A) 
= . =tan3A 

2cos.3A(cos2A+cosA) · . . 

[:\ample 2.64 (
cosA + cosB)" (sin A +sinB )n · A-B . . 

.Prove that . . + = 2 cot11 
--or 0, accordmgly as n IS 

smA - ·smB cosA - cosB 2 
even or odd. 

Sol. 
[ 

A +B A- B ]
11 

[ • A+ B A-B ]
11 

2 COS COS 2 Sin COS--

L.H.S. = 2 2 + 2 2 

2 
A +B . A - B . 

2 
. A+B . B-A 

cos sm - sm - - sm- -
2 2 2 2 

.( A -8)11 

( ·A -B)n ;:: co~-2- + -cot 
2 

[ ·: sin (- 9) = -sin 9) 

A - B ( )" A - B A- B [ . J ;:: cofl 
2 

+ - 1 cotn 
2 

= co~n -
2

- ~ +(-1r 

{

0, if n is odd 

= 
11 

A - B ifniseven. 
2cot . , 

2 

Sol. 

Provetbat(cos a+cos Jll' +(sin a+sin P1'.=4cos2 
( "'; p). 

.L.H.S. =(cos a+ cos f3f +(sin a + sin ,Bl . . · · 
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= 4cos2 (a; .B) 
= R.H.S. 

[
·: cos2 a+ {3 +sin 2 a+ f3 :::: I] 

' 2 2 

Trigonometric Ratios and Identities 2."37 

Example 2.66 · Usee (8+ a)+ sec (8- a)= 2 sec 9, then show that cos2 8= 1 + cos:a. . . 
Sol. sec (0+ a)+ sec (9- a)= 2 sec 8 

J J 2 
----+ ---
cos(B+a) cos(9-a) cos8 

cos(8-a)+cos(8+a) 2 
=--

cos(O+a)cos(fJ-a) cosO 

2cos9cosa 2 
-------:-- = --
cos2 8-sin2 a cosO 

~ cos28 cos a = cos28 - sin2a 

~ sin2a=cos28(I - cosa) 
I - cos2 a = cos2 8 ( l -cos a) ::::> 1 + cos a= cos2 8 

Example 2.(,7 In quadrilateral ABCD ifsin (A; B) cos( A; B) +sin ( C; D) cos( C; D)= 2, 

h fidh I f
.A.B.C. D 

t en m t eva ueo sm-sm-sm-sm-. 
2 2 2 2 

Sol. sin( A; 8)cos( A; 8) +sin( C; D) cos( C ;D)= 2 

~ .!. [sin A +sin B.+ sin C + sin D)= 2 
2 

::::>sin A +sin 8 +sin C +sin D = 4 
~A =B=C=D=90° 

. A . B . C . D 
114 :=)Sm-sm-sm-sm- = 

2 2 2 2 

..-----------1 Concept Application Exercise 2.6 1-----------, 

I. a. Prove that sin 65° +cos 65° = .Ji cos 20°. 
b. Prove that sin 47° +cos 77° =cos 17°. 

2. Prove that cos 80° +cos 40° - cos 20° = 0. 
3. Prove that sin 10° +sin 20° +sin 40° +sin 50° =sin 70° +sin 80°. 

n 2n 6n 7n 
4. Prove that cos-+cos-+cos·-+cos- = 0. 

5 5 5 5 

5. If sin a- sin f3 = ! and cos j3- cos a= ..!.. , show that cot a+ {3 = 3.. 
3 2 2 3 

A+B 
6. If cosec A+ sec A= cosec B +sec B, prove that tan A tan B = cot--. 

2 

7. Pro~e that sin 25° cos 115° = .!.(sin 40° -I). 
2 
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2.38 Trigonometry 

8. If cos A = ~,then find U1e valll<! of32 sin (~}in ( s: J 
9. 1rx coso= ycOs o~+ ~;) ·= z cos ( li+ ~),prove thatxy + yz+ zx = o . 

. 10. Jfy sin qJ=x sin(20+ <p), show that (x + y) cot (0+ <p) = (v-x) cot 0. 

11. lfc.os (A+ B) sin (C +D)= cos (A- B) sin (C-D), prove that cotA cotB cot C =cot D. 

12. J f tnn(A +.B) = 3 tan A, prove that 

a. sin(2A + 13) = 2 sin 8 b. sin2(A + B)+ sin 2A = 2 sin 2.8 

TRIGONOMETRIC RATIOS OF MULTIPLES AND SUB-MULTIPLE ANGLES 

Formulae for M~ltiple Angles 

t. cos2A =cos( A +A)"" cos2 A - sin2 A = l - 2sin2 A = 2cos2 A - I 
. 1 . 1 ° 

A I so sin2 A = -(1-cos 2A), cos2 A = -(I +cos 2A) 
2 2 

2. sin2A = sin( A+ A)=. sinA cosA + sinA cosA = 2sinA cosA 

tan A + tan A 2 tan A 
3. tan2A =tan( A +A) = I - tan A tan A = J -tan 2 A 

4. sin 3A = sin(2A +A) 

=sin 2A cos A+ cos 2A sin A =2 sin A cos A cos A+ {l-2 sin2 A) sin A 

= 2 sin A cos2 A +sin A-2 sin3 A 

= 2 sin A (I - sin2 A)+ sin A-2 sin3 A 

= 2 sin A -2 sin3 A+ sin A -2 sin3 A 

= 3 sin A -4 sin3 A 
5. cos 3A = cos(2A +A) 

=cos 2A cos A- sin 2A sin A = (2 cos2 A- I) cos A -2 sin A cos A sin A 

= 2 cos3 A- cos A-2 cos A ('I - cos2 A) 

= 2 cos3 A -cos A -2 cos A+ 2 cos3 A 

= 4 cos3 A - 3 cos A. 
. 6. sin 2A and cos 2A in terms of tan A 

. . 2sinAcosA 2tanA 
stn2A = 2 Sill A cos A = 

2 
= ---

cosA+sin2A l+tan2A 
[dividing numerator and denominator by cos2 A) 

2 • 2 cos2 A-sin2 A l-lan2 A 
cos 2A ""cos A - sm A .., = 

AI 2A 1-cos 2A sotan =--­
.1 +cos2A 

cos2 A+sin 2 A l+tan2 A 
[dividing numerator and denominator by cos2 A] 
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Trigonometric Ratios and Identities 2.39 

7. ln the fonnula oftan(A + B +C), putting B =A and C = A, we get 

3A 
3tanA-tan3 A 

tan = -----:---
l-3tan2 A 

. . cot 3 A - 3 cot A 
Similarly, we can prove that cot 3A = 

2 3cot A-1 
sl - s3 + Ss - s7 + ... 

8. tan(A 1 +A2 + ... An)= , 
1- s2 +S4 - s6 + .. · 

where 
sl =tan A I +tan A2 + ... +tan An= Sum of the tangents of the separate angles, 
82 = tan A 1 tan A 2 + tan A 1 tan A 3 + · · · = Sum of the product of tangents taken two at a time, 
S3 = tanA 1 tanA2 tan A3 + tanA2 tanA3 tanA4 +··· =Sum of the product of tangents taken three at a time, 
and so on. 
If A 1 = A2 = ·· · =An ::: A, then we have 

S1 = n tan A, S2 = "C2 tan2 A, S3 = nc3 'tan3 A, ·· · 

~:xaniplc 2.68 

Sol. 

sin20 tO b =co 
1-cos20 

d l+sinO-cosO =tan0/2 
1 +sin 0 .+cos 0 

cosO _tan(!!. 0) 
f. 1 +sin 0 - 4 - 2 

a. L.H.S.:::~ sin28 = 2sin8cos8 = tan 8 =R.H.S. 
J +cos 28 2cos2 () 

ll LHS= sin28 =2sin8cos8= 8 =RHS 
. . . r-cos28 2sin2 8 cot .. . 

c. L.H.S. = 1 +sin 28 +cos 28 = (1 +cos 28) +sin 28 
I +sin 28- cos 28 (1-cos 28) +sin 28 

d L.H.S. 

2cos2 6 + 2sin 6cos 9 
= 

2sin2 6 + 2sin 8cos6 

= 2cos8(cos8+sin8)_cos8 _ e-RHS -------- -cot - . . . 
2sin9(cos8+sin8) sinO 

l+sin6-cos9 (1-cos8)+sin9 = =~---------
1 +sin 8 +cos8 (1 +cos 8) +sin 9 

2 8 6 8 2 . 8 ( . 8 8) 2sin -+2sin-cos- sm- sm-+cos-
= 2 2 2_ 2 2 2 

cos -+ sm-cos- 2cos- sm-+cos-2 2 8 2 . 9 8 - 6 ( . 8 8) 
2 2 2 2 2 2 

8 
= tan - = R.H.S. 

2 
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2.40. Trigonometry 

e. L.H.S. = cos 28 
1 +sin 28 

sin(~ -28) 
= --::......,-----'-"""'" 

l + cos( ~ -28) 
2sin( ~-e )cos( ~-e) 

= 
2 coS

2 
(: -: 9) 

~ tan(: -9) ~ R:H.S. 

2sm --- cos ---cos 8 sin (%-e) 
f. L.H.S.= l +sin8 = (1'C ) = 

l +cos --8 
2 

·. (n e)· (n e) 
4 2 4 . 2 (1'C 8) 

2 (n 8) =tan 4-z = R.H.S. 
2cos ---

4 2 

. 2 

Example 2.69 P l+sin20 (l+tanO) rovethat . = . 
l-sm20 1-tanO 

Sol. L.H.S. = 1 +sin 28 
l -sin28 

= 
sin2 8+cos2 8 +2sin0cos8 

sin2 8+cos2 8- 2sin 8cos8 

= (sin8+cos9)
2 

= (l+tan9)2 

sin8 - cos8 " 1- tan 8 
(dividing numerator and denominator by cos 8) 

Example 2. 70 If a+ {j= 90°, find the maximum value ofsin a sin f3. 

Sol. Let y = sin a sin f3 = sin a sin (90°-.a) ,; sin a cos a = ..!_sin 2a 
. . . 2 

which has the maximum value 1/2 when sin 2a= 1. 

E\amplc2.71 

·z(7r ) . 1-tan 4-A . 

Prove that 
2 

( 1r ) = sm 2 A. 

Sol. 

l+tan - -A 

2(1C ) ' 4 1-tan --A 

---;--
4
----::-- l- tan

2 8 
(where: - A = e) = cos 2~~ cos(~- ~A.) =sin 2A 

I + ~an 2 ( : - A) 1 + tan 2 8 

Example 2.72 P~ove that (cos A - cos B)'!· +(sin A - sin B)1 = 4 sin2 A- B . 
. . . 2 

Sol. L.H.S. = (cosA -cos Bf + (sinA- sinBi · 
= cos2 A + cos2 B - 2cos A cos B + sin2 A + sin2 B - 2sin A sin B 
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Exampll'2.7J 

= (cos2 A+ sin2 A)+ (cos2 8 + sin2 B) - 2(cosA cos 8+ sin A sin B) 

= 2-2cos(A -B) = 2( I -cos(A -B)) = 4 sin2 A -B 
2 

If sin A= 
3 

and 0° <A < 90°, find the ~a lues of sin 2A, cos 2A, tan lA, and sin 4A. 
5 

·Sol. Given sin A= land A is an acute angle. 
5 

4 
:. cosA = - [· : A is acute] 

5 

and tan A =~ 
4 

Now, sin 2A = 2 sinA cosA = 2 x ~ x 
4 

= 
24 

5 j 25 

cos2A = l-2sin2A = 1 -2x J.... = ~ 
25 25 

2 X 3 6 6 

tan2A = 2 tan ~ = __ 4~ = 4 = ..!_ = . 6 x 16 = 24 
1 - tan A ( 3 ) 2 

1 __ 9 7 4 7 7 
l - 4 16 16 

. . 24 7 336 
sm4A =2sm 2A cos2A = 2x- x - =- . 

25 25 625 

E\ampll' 2.7.t 
1 . 1 1C 1C . 'lr 

If tan a=-, smp = ~' prove that a+2fJ= - , whereO< a<- and 0 < p < -. 
7 · vlO 4 2 2 

1 
- +tan2j} 

( 2
/?\ • tan a + tan 2{3 7 

. Sol. tan a+ JJJ = :::: --=-----
1 -tan a tan 2{3 l f3 l -..:.._tan 2 

7 ' 

(i) 

2x.!_ 
Now tan 2{3= 2 

tan f3 = --3 = ~ 
' · 1- tan 2 {3 

1 
_ .!_ 4 

[tan P> 0 as 0 < f3 < .n12] 

9 
Substituting the value of tan 2{3 in Eq. (i), we get 

. 1 3 
-+-

tan(a+2fJ)= 7 4 =
25

=1 
1 - 1-xl 25 

7 4 

K 1r 
Now, 0 < a < - and 0 < f3 <-

2 2 
3 

:. 0 < 2/3 < n, but tan 2/3= - > 0 
4 

n 
=:) 0 < 2{3 <-

2 
Hence, 0 < a+ 2/3 < rc. 
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2.42 Trigonometry 

In the interval (0, n), tan e takes value 1 at n/4 only 
. 7r 

· a + 2{3="4 

Show that ~2-+:~2+ ) 2+ 2cos 80 = 2cos 0, . 0 < 8 < n/16. 

Sol. L.H.S. = ~2+~2+)2(1+cos88) 

= /2 +~2+ ~2(2cos2 49) 

= ~2+~2+~(4cos2 48) 

= )2 + .J2+2cos48 

= ~2 + ~2(1 +cos 48) 

=. ~2+~2(2cos2 28) [ ·: I + cos48= 2cos2 28] 

= .J2+2cos28 = )2(l+cos28) = ~2(2cos2 8) = 2cos8= R.H.S. 

E:\amplc :!.76 
sec80 -1 tan80 

Prove that sec4e -1 = tan 20 • 

1" 
---1 

Sol. L.H.S. = sec88-l = cos88 = 1-cos88 x cos48 
sec48-1 1 _ 1 cos88 1- cos48 

cos48 

(2sin48cos48) sin48 
= X - - -

COS 88 2 Sin 
2 28 

= ( 2sin 48cos48J x (2sin 28cos28 J 
cos 89 2 sin 2 28 

= (sin2(48)J x (cos28J = (sin 88Jx(cos28J 
cos 88 sin 28 cos 88 sin 28 

tan88 = tan88cot28 = =R.H.S. 
tan 28 

Example 2. 77 Show that J3 cosec zoo -sec l0° = 4. 

.[3 · 1 .J3 cos 20° -sin 20° 
SoL L.H.S. '=" --

sin W0 cos W 0 sin 20° cos 20° 

·: J -cos88 = 2sin2 88 
= 2sin 2 48 

2 

and 1-cos48=2sin2 48 
= 2sin2 28 

2 
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z( ~ cos20°- ~sin 20•) 

= ~--------------~ sin 20° cos 20° 

= 2 (sin60° cos20°-cos60°sin20°) 

sin 20°cos 20° 

= 2sin(60°- 20°) _ 2sin40° 

sin 20° cos 20° sin 20°cos 20° 

4 sin 40° 4 sin 40° = ------= =4 
2 sin 20° cos 20° sin 40° 

Exampll' 2.78 Prove thai (I + cos ; W + cos 
3
;) ( 1 + cos s;) ( 1 + cos 

7
;) : i. 

Sol. We have cos ?n =cos '(n- n) =-cos " 
8 8 8 

and cos 
5
: - cos ( 1r -

3
:) : - cos 

3
: 

· L.HS.; (1 +cos:) (1 +cos 
3:) (1- cos 

3:) (1- cos;) 

- ( 1 - cos
2 

; ) ( 1 - cos 
2 3
:) 

. 2 n . 2 3n 
=stn - sm -

8 8 

I ( 2 · :2 1t) (2 · 2 3n) = 
4 

SIO g Stn g 

4 1t 4 3Tr 4 51Z' 4 71Z' 3 
Prove that cos -+cos - +cos -+cos - = - . 

8 8 8 8 2 
Example 2.79 

Sol. 
7n 1r 5n 3n 

We have- = 1!-- and-= TC ---
8 8 8 . 8 

7rr 1C 5n 31! 
=> cos-:::= -cos- and cos-= - cos-

8 8 8 8 

4 7rc 4 n 4 5rc 4 3n 
cos - =cos -and cos -=cos -

8 8 . 8 8 
4 7r 4 "37r 

L.H.S. = 2cos -+2cos -
8 8 

[':I- cos 8 : 2 sin2 ~] 
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2.44 

Sol. 

Trigonometry· 

~ 2( (cos' ; )' +(cos' 3: )'] 

= 2 4 + 4 !I + cos 1C )

2 ll +cos 31C )

2 

2 2 

_ ~ { (. + cos :) \ (. + cos 3: )' r 
- ~ {(•+ Jz)' +(•- Jz)'} 
= ~ {(• + ~ + J2) +(I+ i-F2)} =% = R.H.S 

. .Jt +COS X + ~~- cos'x (X TC) 
If n<x <2n; prove that 1 1 

= cot - + - . 
'i 1 + COS X - 'i J - COS X 2 4 

_ .Jl+cosx+.Jl-cosx _ R+R 
L.H.S. - -R R ~1 +COS X - .Jl- COS X 

2 
2 X 2 . 2 X 

cos -- sm -
2 2 

·= J2lcos~I+Jilsin~~ 
Jil cos~ 1-Jil ~i~11 
I cos x I + I sin x I 

= 2 2 
X . X 

I cos21 - lsin 
2

1 

X . X 
-cos- +sm-

=--...!:::2 __ .::.2 
X . X -cos --sm-

[·: n < x < 2n , :. ~ < x < n] . . 2 2 

2 2 
~ cos x/2 is negative and sin x/2 is positive. 

X . X X l cos-- s1n- cot--
2 2 = 2 
X • ·x X 

cos- + s1 n - cot-+ 1 
. 2 2 2 

= [dividing numerator and denominator by sinx/2] 

= cot(x + ~) = R.H.S. 2 4 . . 

lfsin a+sintJ=aandcosa+cosJJ=b,provethattan a- p = ± 
. 2 

Sol. Given, sin a+ sin {3= a. (i) 
(ii) and cos a+ cos /3= b 
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Trigonometric Ratios and Identities · 2.45 

Now.(cos a+ cos /3}2 +(sin a+ sin {3)2 = b2 + a2 

=> cos2 a+ cos2{3 + 2 cos acos/3 + sin2a + sin2/3 + 2sin a sin fJ= b2+ a2 

:::> (cos2a + sin2 a)+ (cos2/3 + sin2 /3) + 2(cos a cos /3+ sin a sin /3) =if+ b2 

=> 2 + 2 cos (a- f3) = cJ + b2 

a2 + b2
- 2 

or cos (a- /3) = --
2
--

a-{3 
Now, tan . =± 

2 

1 -cos(a- {3) 
l+ cos( a- /3} 

Exam ph.• 2.R2 

= 4± 

a2 + b2
- 2 

1-----
2 ::;± 

a 2 +b2
- i 

1+----
2 

0 ~a-b 1p . acostp+6 
lftan - = --tan -,provcthatcosa= b • 

2 a + b 2 . a + cos q> 

8 j8-b q> Sol. Given, tan-= --tan-
2 a+ b 2 

() a - b 2 qJ 
l-tan2 - I - --tan -

2 a +b 2 
Now, cos 8 = ---

8
= ::; --a---b--

2
- m-

I +tan2 - 1 +--tan :r.. 
2 a+b 2 

sin2 qJ 
· a- b 2 I------=-

a +b 2 (/) cos -
= ------2~ 

sin 2 lfJ 
I+ a- b 2 
· a "+ b 2 q> cos -

2 

(a +b) cos2 qJ -(a - b }sin2 (/) 
= 2 2 

(a+b} cos2 q> +(a- b}sin2 qJ 
. 2 2 

a( cos
2 ~- sin

2 ~)+ b ( cos
2 ~ + sin

21) 
= 

a( cos
2 ~ + sin

2 ~ )+ b (cos'~ - sin
2 ~) 

= 
a COS(/)+ b 

a+ bcosqJ 
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2.46 Trigonometry 

Exam pit' 2.R3 
· 0 +a 0 -a 2 P 

If cos 9:::::cos acosp, prove that tan-- tan--= tan - . 
2 2 2 

. cosO 
Sol. G1ven, cos (}=cos a cos{J, we have cos f3 = -­

cos a 

2 f3 1 -cos/3 
Now tan - = = 

' 2 1 + cosf3 

1 
_ cos6 

cos a 

I 
case 

+-­
cosa 

cosa -cos() 

cos a +cos(} 

2
. a+6 . 8-a 

sm 2 sm 2 () + a () - a 
==----==-----=-- =tan tan 

()+a 8 - a 2 2 
2cos--cos--

2 2 

(i) 

....-------------4 Concept Application Exercise 2.7 .-..-------., 

1. Prove that cot 8- tan ()= 2 cot 26. 

cos()- sin(} 
2. Prove that =sec 28- tan 26. 

cos6+sin(J . 

3. Prove that tan (: +9 ) - tan(: -9) = 2tan 29. 

4. Prove that I+ tan 8tan 29 === sec 29. 

1 +sin 2A -cos2A A 
5. Prove that = tan . 

·1 +sin 2A +cos2A 

6. Show that 
1 

- J3 ;;;;; 4. 
sin 10° cos 10° 

7. Prove that cosec A -'- 2 cot 2A cos A = 2 sin A. 

8. Prove t at = = tan - + A . h l+sin2A cosA+sinA (n ) 

cos2A cosA-sinA 4 

9. J>rove.that cos36 sin 36+ sin3 6'cos 39= ~sin 49. 
4 

.I 0 .. Prove that tan 8 +tan( 60° + 6) +tan( 120° + 6) = 3 tan 3 9. 

11. If a and f3 are the two different roots of equation a cos (} + b sin 9 = c, prove that 

2ab 
a. tan{ a+ /3).= 2 2 a - b 

a2 - b2 
b cos( a+ /3) = 

2 2 a +b 

cos a -cos f3 () . a f3 
12. If cos 9= /3 , prove that one·ofthe values of tan - JS tan -cot-. 

1 - cos a cos · 2 2 2 
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(a -b) 
13. Jf tan 6 tan fP= ~(a +b) , prove that (a- h cos 26)(a- b cos 2(/>) is independent of 6 and fP. 

14. If 8 is an acute angle and sin 
8 

= ~ x -l , find tan 8 in tenns of x. 
2 2x · 

tan86 
15. Provethat(l +sec28)(1 +scc40)( 1 +sec86)= tanB . 

Sl.rt2 3A cos2 3A 
16 P h 8 2A . rove t at 

2 
- 2 = cos . 

sin A cos A 

1 +~1 + tan
2 2A 

.17. If A= 110°, then prove that 
2

A =-tan A. 
· tan 

. . 
18. In triangle ABC, a= 3, h = 4 and c = 5. Then find the value of sin A +sin 28 +sin 3C. 

VALUES OF TRIGONOMETRIC RATIOS OF STANDARD ANGLES 
I. Value ofsinl5°, cosl5°, sin75°, cos75°, tan I 5°, tan75°: 

2. 

sin 15°= sin (45°-30°) = sin45°cos30°-Sin30°cos45°= -1-~ _!_l_ =~-I 
J2 2 2 .J2 2../2 

Also, sin 15° = cos75° =- cosl 05° 

J3+1 Similarly, we can prove that cos I 5°= --=-
2.fi 

Also, cos15° = sin75°= sin105° 

tan 60°- tan 45° J3- 1 r::; 
tanl5°=tan (60°-45°)= = r; = 2 - 'V3 

J +tan 60° tan 45° "'3 +I 

tan 60° + tan 45° .J3 + 1 r; 
tan75° = tan (60° + 45°) = = r::; = 2 + "'3 

· 1- tan 60° tan 45° 'V3 - I 

Valucofsin l8°,cosl8°: 

Let 9= 18°, then 59=90° 
~ 29+ 36-=90° 
~ 29=90° - 39 
~ sin29=sin(90°-38) 
~ sin 29= cos 39 
~ 2 sin e cos 9 = 4 cos3 8-3 cos 8 
~ 2 sin 8=4 cos2 0- 3 
~ 2 sin 9 = 4 (J - sin2 8)- 3 = I - 4 sin2 9 
~ 4 sin2 6+ 2 sin 9- I = 0 

. -2±../4+16 - 2±2-JS - I±JS 
~ sm8= = =---

8 8 4 
.. 9= 18° 

.. 

[dividing by cos 8] 
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2.48 Trigonometry 

:. sin e= sin 18° > 0, for J 8° lies in the first quadrant. 

• l) • • 180 .[5 - 1 sm u, t.e., sm = -
4
-

Value of cos 18°: 
2 0 

cos2 18o = 1 - sin2 18o = 1 - ( J5 - I) = 1- 5 + 1-2.[5 = 10 + 2../5 
0 4 16 16 

=> cos 18° = .!~10+ 2../5 
4 

3. Value of cos 36°, sin36°: 

(..Js-1)2 
J5+I cos 36° = J -2 sin2 18° = I -2 

4 
= 

4 

Value of sin 36°: 

sin2 36o = 1-cos2 36o ·= 1_(..[5 +I )
2 

= j _ 6+2J5 = 16-6- 2JS _
0
°10- 2..[5 

4 16 16 16 

.. sin36°= ~~10-:2../5 . 
4 

.. -.Note: - o- ---- 0

-----

0

-~ 

• sin 54°= sin (90° -36°)= cos36°:::: .J5 + 1 
. 4 

[ ·: sin 36° > 0) 

. • cos 54°,; cos (90° - 36°) =sin 36° = ~ ( Jr-w---2:~150 5~) 
..____ - . --- ~- -- . . -· . . -- --: - - .. - . - ··!-- - . - ·- . . - - . . ! - . '-· --·-- -·----- _........__ _____ ·-"-------

] 0 ]0 
4. Value of tan 7-, cot 7-: 

2 2 

Let 9= 7 .!_o then 28= 15° 
2 ' 

l-cos28 
tan 8= 

sin28 
[ ·: I-cos 28= 2 sin2 8 and sin 29= 2 sin 8cos 8j 

1-cos15° 
1-../3+1 . 0 

2J2 = 2..J2-J3-J = <.J3-.J2)(..Ji-1) = --- = 

JO 
Value of cot 82-: 

2 

.J3- I .J3- l 
2.fi 

1 10 ]0 
cot82 - 0 = cot(90°- 7-·)=tan 7- = (J3-.fi)(../2-l) 

2 . 2 2 
• JO 

Value of cot 7 - : 
2 

1 0 

Let 8= 7-, then 28= 15° 
2 

• I 
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1+ J3+1 
Now cotO= l+cos26 =l+cosl5° = 2.J2 = 2.J2+J3+1 = (.J3+.fi.)(J2+l) 

' sin26 sinl5° .J3-l J3- t 

. 10 
Value of tan 82-: 

2 

2..fi 

] 0 ]0 10 
tan 82- = tan (90° - 7 -) =cot 7- = (.[3 + .fi)(..J2 + 1) 

2 2 2 

All these values arc tabulated as follows: 

7.5° 15° 18° 22.5° 

sin 
J8- 2../6- 2.J2 J3 -1 J5 - 1 J2- .J2 

4 2..fi 4 2 

J8 + 2J6 + 2Ji JJO + 2J5 ~2+J2 fj + 1 
cos 

2.fi 4 4 2 

JJO + 2.J5 
tan ( fj -Ji)( .fi.- 1) 2- J3 .J2- I ... 4 

cot ( J3 +Ji)( J2+ 1) 2+ .J3 ~ (5 + 2J5 . .J2 + 1 

36° 

Jw- 2JS 

4 

..[5 + J 

4 t 

Js - 2JS 

A 
[xarnplt• 2.H4 Find the angle Owhosc cosine is equal to its tangent. 

Sol. Given, cos 6= tan 6 =::::) cos2 6= sin 8 
=> I - sin2 8= sin 6or sin2 8+ sin 8- I = 0 

=> sinO= - l±../5 =2 ../5-J =2sin 18° 
2 4 

=> 8= sin-1(2sinl8°) 

Find the value of cos 12° +cos 84° +cos 156° +cos 132°. 

Sol. cos 12° +cos 84° +cos I 56° +cos 132° 

= (cos 12° +cos 132°) + (cos 84° +cos 156°) 

67.5° 

J2+J2 
2 

~2-J2 
2 . 

.J2 +) 

..fi -l 

= 2cos cos + 2cos . cos ---. ( 12" + 132" J (132" - 12" J (84" + 156" J. (156" - 84" J 
2 2 2 2 

= 2cos 72° cos 60° + 2cos 120° cos 36° 
= 2sin I 8° cos 60° + 2cos I 20° cos 36° 

75° 

J3 + 1 

2.J2 

J3 - 1 

2.J2 

2+ .J3 

2- J3 
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2.50 Trigonometry 

Example 2.N6 
. f 

Prove that cos 36° cos 72° cos 108° cos 144° = - . 
16 

Sol . . cos 36° cos 72° cos 108° cos 144° 

= cos 36° s'in 18° (- sin 18°) (- cos 36°) 
. . 2 2 

~ cos'36° sin2 1 8°~ ( .J5
4
+ 1) ( .J5

4
-

1
) 

/ 

1 

16 

t-• . .. . !t-t~l'l!.l.S'.,.1r ·.~,.~·,.--,,uc,·~·~~~.,. . .:!'_.. ..... .,.;a~.· .... ,J.~tr-:·.,.. •. ., 

~g·~-~~~~~:~~P.!!:~~~.~~ ... ~~~~r~~<!!~t~~~! 

.1. Prove that s in2 48°-cos2 12° = 
J5+1 

8 
2. Prove that4 (sin 24° +cos 6°) = .J3 +.Jls. 
3. Find thevalueofsin47° +sin61 ° - sin ll 0 - sin25°. 

SUM OF SINES OR 'COSINES OF N ANGLES IN A.P. 

. n/3 sm- · 
sin a + sin(a + a/3) +sin(a+·2/3)+ · · · +sin (a+n-1 {3) = 2 x sin[a+(n-1)~] 

sin {3 

Proof: 

2 

LetS = sin a+ sin (a + {3) +sin (a+ 2{3) + .. · + sin (a+ n-1 {3) 

Here angle are inA.P. and common difference of angles= {3 

Multiplying both sides by 2 sin f3 , we get 
. 2 

2S sin {3 = 2sin asin f3 +2sin(a .+ {J)sin {3 + .. ·+2sin(a + n-lfJ) sin {3 
2 . 2 2 . 2 . 

Now, 2 sin a sin ~ = cos( a- ~)-cos( a+~) 

2 sin (a+ /J)sin ~~cos( a+ ~)-cos( a+ 
3
:) 

2sin (a +21J)sin ~=cos( a+ 
3
:)-cos.( a+ 

5
:) 

2sin(a + n - 1jl)sin ~ = cos[ a+ (2n- 3) ~].-cos [ a(Zn ~ 1) ~] 

Adding, we get R.H.S. of. Eq. (i) = cos (a - n-cos[ a + (2n - 1)~] . 

(i) 
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Trigonometric Ratios and Identities 2.51 

or 2 sin f3 S = 2sin(a + (n -1) /3]sin n/3 
. 2 2 2 

. n/3 
Stn- [ /3] ~ S= . p sin a+(n-1)'2 

· sm-
2 

.In the above result replacing a by rc/2 +a, we get 

. n/3 
. sm- [ /3] 

cosa+ cos(a+/3)+cos(a+ 2/3) + .. · +cos(a+ n-l/3) = . ~cos a+(n-1) '2 
san-

Ex;t m pte 2.87 
. 27r 47r 67r 

Fmd the value of cos -+cos -+cos -. 
7 7 7 

. 2n 4tr 6tr 
Sol. S= cos-+cos-+cos-

7 7 7 

sin(3~) (n 3.1l'J 
= · ( ) cos -+-. n 7 7 sm -

7 

= 

2 . (31l'J (4.1l') . (7Tr) 0 (7r) sm . ? cos T _ sm 7 - sm 7 

2sif;) . - 2;in(2;) 
I 

2 

2 

Ex a ntplr 2J~8 
sin2 rzO 

Prove that sin 6+ sin 36+ sin 56+ ···+ sin (211 -I) 6= . 0 . sm 

Sol. 

. [ (28)] sm 11-

2 . (e + (2n - 1)8) 
sinO+ sin38+ sin59+ .. + sin(2n- 1) 8= -..::. . ....,(-

2
-
9

.,..;.)-=.sm 
2 s1n-

2 

sin2 H9 · 
=---

sine 

,.....---------~J Concept Application Exercise 2.9 1----------.., 

. Tr 31l' 5n 7rc 9n 
I. Fmd the value of cos -+cos- +cos-+cos-+cos- . 

11 IJ 1J JJ ll 
2. Find the average value of sin 2°, sin 4°, sin 6°, ... , sin 180°. 

n- 1 rn 
3. Find the value of 'Lsin2

- . 

r;:l 11 
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CONDITIONAL IDENTITIES 
Some Standard Identities in Tria':lgle 

1. tan A + tan B +tan C =tan A tan B tan C 

Proof: 
lnfl.ABC, we have A+ B + C "' ~ 

~ A + B = n-C 

~ tan (A+ B) = tan (n- C) 

tan A + tan .B = _ tan C 
1 - tanA tanB · 

~ tan A + tan B = - tan C + tan A tan B tan C 

~ tan A + tan B + tan· C = tan A tan B tan C 

,_ . 

.A B C B . C A 
2. tan- tan - + tan - tan-+ tan- tan-= 1 

2 2 2 · 2 2 · 2 

Proof: 

. A B ~ c · 
SmceA + B + C "' 7t. we have-+ -=- --

' 2 2 2 2 

(A . B) (n C) C 
~ tan - +- = tan - -- =cot -

2 2 2 2 · 2 

A B 
tan - + tan - 1 2 2 

~ ·· A a=---c 
1- tan - tan - tan-

2 2 2 
\ l 

A C 8 C. A B 
~ tan - tan- + tan - tan - = 1 - tan -tan -

2 2 2 2 2' 2 

A B B C C A 
=> tan -tan - +tan- tan -+tan- tan- =1 

2 2 2 2 2 2 

3. siri 2A + sin 28 + sin 2C = 4 sin A sin B sin C 

Proof: 
(sin 2A +sin 2B) +sin 2C = 2 sin (A+ !1) cos (A -B)~ sin 2C 

= 2 sin (~-C) cos (A - B)+ sin.2C 

= 2 sin C cos (A - B) + 2 sin C cos c· 
= 2 sin C [cos (A - B)+ cosC] 

= 2 sin C [cos·(A - B) + cos {n- (A + B)}] 

= 2 sin C [co~ (A -. B).- cos (A + B)] 

= 2 sinCx 2 sin A sin B = 4 sin A sinE sinC 
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4. cos 2 A + cos 2 8 + cos 2C =-I -.4 cos A cos B cos C 

Proof: 

(cos 2 A + cos 2 B) + cos 2 C 

= 2 cos (A + B) cos (A -B) + 2cos2C- 1 
= 2 cos (n- C) cos (A- B)+ 2cos2C - I 
= -2 cos C cos (A- B)+ 2cos2C -1 
= - 2 cos C [cos (A - B)- cos C) - 1 
=-2cos C [cos (A - B)- cos { 1C- (A +B)}] -I 
=-2cos C [cos (A- B)+ cos (A+ B)] -1 
= - 1 - 4 cos A cos 8 cos C 

5 A B C I 4
. A . 8 . C 

. cos + cos + cos = + stn - sm- sm-
2 2 2 

Proof: 

(cos A+ cos B)+ cos C- I 

A +8 A- B 
= 2 cos cos +cos c - 1 

2 2 

= 2cos(1C- CJcos A -B + cosC -1 
. 2 2 2 . 

2
. c A-B 

1 2
. 2c 

1 = sm - cos + - sm - -
2 2 2 

2
. CA-B 

2
. 2C 

= sm -cos - sm -
2 2 2 

2 . c[ A-n . . c] = SJO - COS - Stn -
2 2 2 

=2cos;[cos A;B sin(;_ A;B)] 
. C[ A-B A+B] = 2sm2 cos 

2 
-cos -

2
-

2 . C ( 2 . A . BJ 4 . A . · B . C = sm- sm- sm- = Sin -sm-sm-
2 2 2 . 2 2 2 

. A . B . . C 4 A .. B C 6. sm + sm + sm = cos- cos- cos-
2 2 2 

Proof: 

(sin A +sin B)+ sin C 

. A+B A - 8 
= 2sm- cos +sinC 

2 2 

2 . ( n CJ A - B . C = sm - - - cos + sm 
2 2 2 

C A - B . C C = 2cos- cos +2sm -cos -
2 2 2 2 

.• 

Trigonomet~c Ratios and Identities 2.53 
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2.54 Trigonometry 

"" 2 cos - cos + sm-c[ A- B . c] 
. 2 2 2 

C [ A - B . ( 1r A + B)] = 2 COS 2 COS 
2 

+ SIO Z -
2 

- 2cos- cos +cos--C [ A- B · A+ /J] 
, 2 2 2 

A B C 
= 4cos- cos-cos-

2 2 2 

Note: 

tan A + tan 8 + tan C::; tan A tan B tan Cis true for A + B + C = mr. where n E N. 

Example 2.89 Jf A+ 8 + C = 180°t prove that cos2 A+ cos2 8 + cos2 C= 1 - 2 cos A cos B cos C. 

2 2
8 2 C l+cos2A l+cos2B l+cos2C 

Sol. cos A+ cos +cos = + +---
2 2 2 

1 3 = -(cos2A+cos2B+cos2C) +-
2 2 

I 3 
= -(-l-4cos A cos BcosC)+-

2 2 

= 1 - 2cosA cosB cosC . 

Example 2.90 . Prove that in triangle ABC, cos2A + cos2 B- cos2 C= 1-2 sin A sin B cos C. 

Sol. cos2 A + cos2 B - cos2 C = cos2 A + sin2 C- sin2 8 

Example 2.91 

= cos2 A + sin( C + B)sin( C-B) 

= 1 -sin2A +sin A sin (C -8) 

=- I - sin A[sinA- sin (C- B)] 

= I -sin A[sin(B +C)- sin (C- B)] 

= 1 - 2 sin A sin B cos C 

In triangle ABC, prove ~hat 

sin (B+ C-A) +sin (C+A -8)+ sin (A+ ~-C)= 4 sin A sin B sin C. 

Sol. sin(B+ C - A)+ sin(C +A - B)+ sin(A + B- C) = sin(n-2A) + sin(n-28) +sin (n- 2C) 

= sin 2A +sin 28 +sin 2C = 4 sin A sin B sin C 
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Trigonometric Ratios and Identities 2.55 

Example 2.92 
2x 2y 2z 2x 2y 2z 

. lfx+y+z=xyz,provethat 2 .+ 2 +-- 2 = 
2 2

. 
2 

• 
· 1-x 1-y l-z l-x 1-y 1-z 

Sol. Letx =tan A,y =tan 8, z = tan C 

Nowx+y+z=xyz 
=> tan A + tan B + tan C = tan A tan B tan C 
=> A+B+ C=mr 
=> 2A + 28 + 2C =2nn 
=> tan 2 A + tan 2 B + tan 2 C = tan 2 A tan 2 B tan 2 C 

2 tan A 2 tan B 2 tan C 2 tan A 2 tan 8 2 tan C 

1 - tan 2 8 1 - tan 2 C 
+ + = 

l-tan2 A "l-lan2 B 1- tan2 C 1- tan2 A 

2x 2y 2z 2x . 2y 2z 
=> --+-- +--=----- -

. 1-x2 1- y2 1-z2 1- x2 1- i J - z2 

Example 2.93 Jf A+ R + C='" prove that sin2 A + sin2 !!_ -sin2 C = ·1-2 cos A cos 
8 

sin C 
·~ 2 2 2 2 2 2' 

Sol. sin2 ~ -sin2 ~ +sin2 ~ e sin( A;C)sin( A;C)+l-cos2 ~ 

(B) . (A-C) B =cos '2 sm -
2
- -cos2

2 +1 

(B)[ . (A-C) JJ] =cos '2 sm -
2
- -cos2 +J 

( B)[ . ( A-C) . . . ( A +C)] I =cos 2 sm -
2
- - sm ~ + 

I 2 
A 8 . C = - cos- cos- sm-

. 2 2 2 

Example 2.9 .. . The product oft he sines of the angles of a triangle is p and the product of their cosines 
is q. Show that the tangents of the angles arc the roots of the equation q.il-p.~ + (1 + q) 
x-p = 0. 

Sol. From the question, sinA sinB sinC;::. p and cosA cosB cosC = q 

p 
:. tanA tanB tanC = -

q 

. p 
Also, tanA + tanB + tanC = tanA tanB tanC = -q 

Now, tanA tanB + tanB tanC + tanC tanA 

sin A sinB cosC + sin 8 sinC cos A+ sinC sin A cosB 
= 

vOS A cos BcosC 

= -
2
1 

[(sin2A + sin2B- sin2C) + (sin2B + sin2C sin2A) + sin2C + sin2A.:.. sin2B)] 
q . . 

(l) 

(ii) 
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2.56 Trigonometry 

=·-1 
[sin2A + sin2B+sin2C] = -

1 
[3 - (cos2A + cos2B + cos2C)] =.!. [l+cosA cosBcosC] =_!_ (I +q) 

2q 4q q q 

The equation whose roots are tanA, tanB tanC will be given by 
x3 - (tanA + tanB + tanC).xl +(lanA tanB + tanB tanC + tanC tanA)x- tanA tanB tanC = 0 

or x3 - 11 x2 + 
1 

+ q x - P = 0 , or qx3 - p.xl + ( I + q )x - p = 0 
·q q q 

....----------1 Concept Application Exercise 2.10 1-------....., 

I . In triangle ABC, prove that 

2 A 2 8 2 C A ·. B . C 
a. cos -+cos - -cos- =2cos - cos-sm-

2 2 ·2 2 2 2 

b. 2 A 2 8 2 C 
2 2

. A. 8 . C 
cos -+cos- +cos - = + sm-sm-sm-

2 2 2 2 2 2 
2. If A+ 8+ C= 7d2, show that 

a. sin2 A+ sin2 B + sin2 C= I - 2 sin A sin B sin C 
h cos2 A + cos2 8 + cos2 C = 2 + 2 sin A sin B sin C 

3. a. If A + B = C, prove that cos2 A + cos2 B + cos2 C = I + 2 cos A cos 8 cos C. 
h If a+ {3 = 60°, prove that cos2 a+ cos2 {3- cos a cos {3 = ;3/4. 

4. Prove that cos2({3- n + cos2(y- a)+ cos2(a- {3) = 1 + 2cos ({3 - a)·cos (y- a) cos (a- {3). 
5 . .If A+ 8 + C = 7d2, show that 

a. cot A + cot 8 +cot C =cot A cot B cot C 
b. tan A tan 8 + tan B tan C + tan C tan Jl = 1 

6. If A + 8 + C = rr, prove that 
a. tan 3A + tan 38 +tan 3C =tan 3A tan 3Btan 3C 

A B C A B C 
h cot -+cot-+cot - =cot-cot-cot-

2 2 2 2 2 2 

cos A cos 8 cos C 
7. ·(fA + B + C = rr, prove that + + = 2 . 

· sin Bsin C sin Csin A sin A sin B 

SOME IMPORTANT RESULTS AND THEIR APPLICATIONS 
. 1 

Result 1. cos A cos (60 -A) cos (60 + A) = - cos 3A 
. . 4 

Proof: 

We have 
L.H.S.=cosA cos(60-A)cos(60+A) . . 

=cos A (cos2 60° - sin2 A) [ ·: cos (A +B) cos (A- B)= cos2 A- sin2 B) 

~ cos AG·-sin2 A) -cos A(~· - (1 -cos2 A)) ~_cos A(-! +cos2 A) 

= ~ cosA.(- 3+4cos
2 A)= ±{4cos3 A- 3cosA) 

1 
= -cos3A=R.H.S. 

4 
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Result 2. sin A sin (60- A) sin (60 +A) = .!. sin3A 
4 

Proof: 

We have 

Trigonometric Ratios and Identities 2.57 

L.H.S. = sin A sin (60 -A) sin (60 + A) 

= sin A (sin2 60° - sin2 A) [ ·: sin (A + B) sin (A - B) = sin2 A - sin2 B] 

= sinA (! -sin
2 A) = ~ sinA(3-4sin

2 A) 

= : (3sin A-4sin3 A) 

= _!_sin3A = R.H.S. 
4 

Result 3. tan a tan (60° - a) tan (60° +a)= tan 3a 
Using the above two results, we can prove this result 

Example 2.95 
. 1 

Prove that cos 20° cos 40° cos 60° cos 80° = -· . 
16 

Soi. cos 20° cos 40° cos 80° cos 60° =cos 20° cos(60°-20°) cos (60° + 20°) cos 60° 

= ..!_ cos(3 x 20°) cos 60° = .!. cos 2 60° = ..!_ x..!.. = -
1 

4 4 4 4 16 

Example 2.96 Prove that sin 10° sin 30° sin 50° sin 70° = _!_. 
16 

Sol. sin 10° sin 30° sin 50° sin 70° = sin 1 0° sin ( 60° -1 0°) sin ( 60° + 1 0°) sin 30° 

= .!_sin(3 X ] 0°) sin 30° = _!_ sin2 30° = _!_ 
4 . 4 16 

Exam pi(.' 2.97 , Prove that tan 20° tan 40° tan 80° = tan 60°. 

Sol. tan 20° tan 40° tan 80° 
= tan 20° tan (60°- 20°) tan (60° + 20°) = tan (3 x 20°) = tan 60° 

Result 4. cos A cos 2A cos 22A cos 23A ... cos 2 n - 1 A = sin 
2

n A 
211 sin A 

Proof: L.H.S. = cos A cos 2A cos 2 2A cos 23A .. · cos 2n - l A 
1 = . [(2 sin A cos A) cos 2A cos 22A cos 23A · .. cos 2~ - 1A] 

2 SlO .4. • . 

= 
2 

.
1 

[(sin 2A cos 2A·COS 22A cos 23A .. · cos 2n- l A]' 
Sin A 

1 . 
= 2 . [(2sin 2A cos2A)cos22A cos23A ... cos2"- 1A] 
. 2 sm A 

1 = 2 . [sin2(2A).cos22Acos23A .. ·cos211
-

1A] 
2 Stn A . 

= . 
3 

~ .[(2 sin 22A cos 22A)cos23A ... cos211
-

1A] 
2 Stn A 
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2.58. Trigonometry 

I . 
""' . [sin(2x22A) cos23A ·· ·cos2"- 1A] 

23 
Stn A 

I 
= · [(sin 23 A cos 23 A cos 24A · · · cos-2"- 1A] 

2~ sin A · · 

1 = [sin 2"- J.A cos 2"- 1 A] 
2"·- 1 sin A 

. I 
= [2 sin zn -l A cos 2" - 1 A] 

2" sin A 

J . 
= sin(2x2"- 1A) 

2'1 sin A . 

::: sin 2n A= R.H.S. 
2" sin A 

Example 2.98 
1f . 2 I ] 

If 8= , show that cosO cos 29 2cos 2 0 ··· cos·2"- 8= -. 
2" + 1 . 2" 

. 7C 
Sol. ln the above result, put 8 = -,--

2 +I 

sin 2"8 .sin (-2-"n_+-J2" sin ( 2::~~1 )n 
=> R. H .S. == , = ( ) = ---'--(-:---____;,.-:-)-2 sin 9 n 1C 2" sin -- 2" sin· --

2" +l r +I 

Sol. We have 

sin (1r--1C ) 
2" +I = _ __;:_----:-.;;;...._.;........:-

2" sin (- 7C ) 
2" + 1 

• ( 1C ) Sin--
211 +I 

=--~-~ 

2" sin (-rr-) 
211 +l . 

2" 

21f 47r 811' 1411' 1 
Prove that cos - cos - cos - cos - = - . 

15 15 15 .15 16 

L.H.S. =cos -. - cos - cos - cos n - -21r · 471' 8n · ( 1r ) 
15 . IS 15 15 
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( 
2n · 4n 81t) ( 1r) ::;; cos - cos - cos - - cos -
15 15 15 15 

1r 2n 4n 81r 
= -cos- cos- cos- cos-

15 15 . .15 '15 
=-cos A cos 2A cos 22 A cos 23 A, where A = m'l 5 

=- [sin 2
4 

A]= - sinl6A 
24 sin A 24 sin A 

sin (15 A+ A) - sin (n+A) - - = 
'16 sin A 16 sin A 

sin A I J 
= 16 ~i'n A = i6 = }6 =R.H.S. 

Ex:fn1 pic 2.100 Prove that sin 6° sin 42° sin 66° sin 78° = ..!... 
16 

Sol. sin 6° sin 42° sin 66° sin 78° 
=sin 6° cos 48° cos 24° cos I 2° 

. 60 2
3 sin 1 2° cos J 2° cos 24 ° cos 48° 

=sm 
23 sin 12° 

. 60 sin96° 
=stn 

23 sin 'l2° 

2sin 6°cos6° sin 12° 1 = =---
24sinl20 24 sinl2° 16 

Trigonometric Ratios and Identities 2.59 

,---------""""'il Concept Application Exercise 2.11 :~----------...., 
. 1r . 1 

I. If a=-, provcthatcos2acos4acos 8acos 14a= - . 
15 '16 

2. Prove that sin 20° sin 40° sin 60° sin 80° = ~ . 
16 

. 3 
3. Prove that cos 1 0° cos 30° cos 50° cos70° = - . 

16 

IMPORTANT INEQUALffiES 

Example 2. 101 In 6ABC, tan A+ tan B+ tan C~3 .J3, whereA, .B, Care acute angles. 

Sol. In AABC, 
tan A + tan 8 + tan C = tan A tan B tan C 

AI tan A +tanB+tanC V A 8 C so, ~ tan tan tan . 3 [since A.M. ~G.M.] 
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2.60 Trigonometry 

=> tan A tan B tan C ~ ~tan A tan B tan C 

~ tan2 A tan2 B tan2C 2 27 

=> tan A tan B tan C ~ 3 J3 
=>. tan A + tan B + tan C ~ 3 .J3 

Exmuplc 2.1 n2 In AABC, prove that cos A+ cos B +cos C~3/2. 

Sol. Let cosA + cosB + cosC = x 

=> 2cos (A~ 8 )cos( A; 
8 )+ 1-2sin2 ~ ~ x 

. C (A -B) 2 . 2C => 2 sm -cos - - +1- sm -= x 
2 2 2 

2 . 2 C 2 . C (A-B) 1 0 ·=> Stn -- SJO-COS -- +X- = 
2 2 2 

This is quadratic in sin C/2 which is real. So, discriminantD ~O. 

4 cos2 (A; 8 ) - 4 x2(x-l) « 0 

=> 2 (x- I) s cos2 (A ; 8 ) 

=> 2 (x-I)~ 1 
=> .X~ 3/2 
Thus, cosA + cosB +cosC ~ 3/2 

Nole: Since cos A+ cos B +cos C = I+ 4 sin A sin 
8 sin C 

2 2 ' 2 
UT h . A . 8 . c ..... 1 
vvC ave Stn - Stn -Sin - ~-. 

2 2 2 8 
Students are advised to remember this as a standard result. 

[cubing both sides] 

Exa·m pic 2.103 Find the least value of sec A + se.c B +sec C in an acute angle triangle. 

Sol. In an acute angle triangle, sec A, sec Band sec Care positive. 
NowA.M.~H .M. 

sec A +secB+sccC 3 
=> ~ . 

3 cos A +cos 8 +cos C 
But in !!!ABC, cos A+ cos B +cos C::;; 3/2 

=> sec A +sec B+secC ~ 2 
3 

=> sec A +sec B+sccC ~ 6 
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Trigonometric Ratios and Identities ·2.61 

' Example 2.104 
A 8 · C 

In M.BC, prove that cosec - +cosec -+cosec-~ 6. 
2 2 2 

Sol. J A "BC k h . A - B . c I nL.l./1' , we nowt atsm- sm-sm-$;-
. 2 2 2 8 

NowA.M.~G.M. . 
A 8 C 

_ _ .....;2::.,._ _ _ ...... 2;;::__ __ --=2~ ~ cosec - cosec- cosec -
cosec- +cosec-+ cosec- ( . A 8 c)"3 

3 2 2 2 

-
-=-:-A ---=B~C >[ I ]

1

'

3 

cosec - +cosec - + cosec -
2 2 2 

3 - . A . B.C 
sm-sm-sm-

2 2 2 
A B C 

cosec - +cosec - +cosec -
=> 2 2 2 ~(8t3 

3 
A B C 

=> cosec- +cosec-+ cosec-~ 6 
2 2 2 

EXERCISES 

Subjective Type Solutions on page 2.85 

I. Arc the set of angles a and Jl given by a= ( 2n + ~) ." ±A and Jl = mn+ (-I )m (; -A) same, where 

n,mel? 

2. )f ABC is a triangle and tan ~. tan 8 , tan C are in H.P., then find the minimum value of cot B/2. 
2 2 2 

3. Find the sum of the series cosec 9+ cosec 29+ cosec 48+ ... ton terms. 
4. In LlABC, ifsin3 8= sin (A- 9) sin (B- 8) sin (C- B), prove that cot 6= cot A + cot B +'cot C. 

5 I . I A B. C h . A . B . C ,.... 3 JJ d d th . n tnang e , prove t at sm -+ sm -+sm- ~ -. ~ence, e uce at 
2 2 2 2 

1r + A .n + B 1r + C 1 
cos--cos-- cos--=::;;-. 

4 4 4 8 
x v - x+y 

6. If == • :::: .(. ' then show that I--sin2(a-p) == 0. 
tan(8 +a) tan(8+ P> tan(8+ y) x- y . -

7. lftan66=p/q, tindthevalueof ~(pcosec26-qsec28) .intermsofpandq. 

8. 1 fO < a < 1C/2 and sin a+ cos a+ tan a+ cot a+ sec a+ cosec a= 7, then prove that sin 2a is a root of 
the equation x2 -44x- 36 = 0. 

9. Prove that ) +cot B::;; cot () for 0 < () < n. Find 8 when equality sign holds. 
2 

J 0. Show that 2sin x + 2 cosx ~ 21 -t/..Ji. . 

II. If A, Band Care the angles of a triangle, show that tan2 ~ + tan2 B + tan2 C ~ I. 
2 2 2 
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2.62 Trigonometry 

12. Let A, B, C be three angles such that A·= 1rl4 and t~m B tan C = p. Find all possible values of p such that 
A, B, C are the angles of a triangle. 

13. Eliminatex from the equations, sin (a+ x) = 2b and sin( a-x)= 2c. 

nsinacosa · 
14. Jftan/3= . 2 , provethattan(a-/3)=(1-n)tana. 

1 - n stn a 

sin x sin 3x cos 9x 1 
15. Show that 

3 
+ 

9 
+ 

27 
=- [tan 27x- tanx]. 

COS X COS X COS X 2 

2cos2"8+1 . 2 -• 16. Prove that = (2cos8-1)(2cos28-1)(2cos2 B-1)· .. (2cos2" · 8-J). 
2cos8+1 · 

tan 2"8 
J 7. Prove that = (1 +sec 28) (I+ sec 22 8) (1 +sec 23 8) · ·· (I+ sec 2" 8). 

tan8 

- ·-~. 

Objective Type Solutions on page 2.9i 

Each question has four choices a, b, c, and d, out of which only o11e answer is correct. Find the correct answer. 
I. Which of the following is correct? 

a. sin I o > sin 1 

. x 2 +i 
2. The equation sin2 9 = is possible if 

2.\)1 

· c. sin I 0 = sin 1 d sin I 0 = _!!__ sin l 
180 

a. x = y h x = -y c. 2x = y d none of these 

3. If 1 +sin x + sin2 x + sin3 x + ... oo is equalto'4 + 2..J3, 0 <x < 1r, thenx is equal to 

1r 1C 1t 1r 1C 2tr 
a - h - c. - or - d - or -

6 4 3 6 3 3 
sfn x cos x tan x 1 ak . 

4. If -- = --=--= k, then be+ - + 1s equal to 
a b c · ck 1 + bk 

h .!. (a + _!_J · 
k a 

d~ 
k 

5 )fA B C I. f . I h 2 . A B . C . . B . . , . are ang es o a tnang e, t en sm - cosec - sm - -san A cot - - cos A 1s 
- 2 2 2 2 

a. independent of A, B, C b. function of A, 8 
c. function of C · d none of these 

6. The le~st value of 6 tan2 ¢J + 54 cot2 ¢J + 18 is 
1: 54 when A.M.;:: G.M. is applicnblc for 6 tan2 4J, 54 cot2 4J, 18. 

II: 54 when A.M. ~G.M is applicable for6 tan2 ¢, 54 cot2 ¢and 18 added further. 
Ill: 78 when tan2 ¢J =cot:¢. 

a. r is correct h I and J I are correct 
c. Ill is correct d none of the above is correct 
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5sin 8-3cos 9 . 
7. lf5 tan 8= 4, then Js equal to 

5sin 8 + 2cos8 
aO hl c. 1/6 

8. lf2 sec 28 = tan ¢J +cot ¢J, then one oft he values of 8 + ¢J is 
a n/2 h rr/4 c. n/3 

9. If sin x + cosec x = 2, then sinn x + cosecn x is equal to 
a 2 h 2n c. 2 n-J 

l 0. A quadratic equation whose roots are cosec2 8 and sec2 (J can be 
a. .xl-5x + 2 = 0 h ~-3x + 6 = 0 c . .x2- 5x + 5 = 0 

3rr 1 - cos a I + cos a 
II. lfn<a<- , then + isequalto 

2 J+cosa :1-cosa 
2 2 1 

a. - - h - -- c. -.-
sin a sin a sm a 

d6 

d none of these 

d 2n-2 

d none of these 

I 
d --­

sina 
1r 2n 3n 4tr 5n 6tr 7Tr . 

12. The value of cos ....:. +cos-+cos- +cos- +cos- +cos- +cos- IS 
7 7 7 ' 7 7 7 7 

a. ] h -1 . c. 0 d none of these 
J 3. The least value of.2 sin2 9 + 3 cos2 e is 

a.] b.2 c. 3 d5 
14. The greatest value of sin4 8 + cos4 

(J is 
a. 112 h I c. 2 d3 

15. lf/(x)=cos2 8+sec2 8, then 
a. f(x) < I hf(x)= I 

'16. lff(x) = sin6 x + cos6 x, then range ofj(x) is 
c. 2>/(x)> I d/(x)~2 

b. [.!. ~] 
4'4 

d none of these 

17. Jf a~ 3 cosx + 5 sin (x-n/6) ~ b for all x, then (a, b) is 

a. (-M, ../19) h (- 17, 17) c. (-..fii. ·fii) ·d none of these 

J 8. The equation sin x (sin x +cos x) = k has real solutions if and only if k is a real number' such that 

a: O~k$ 1 + ..J2 b. 2- .J3 $k $2+.J3 c. O $k~2- J3 d l-fi $k$I+Ji 
2 2 2 

19. If cot (a+ /3);, 0, then sin (a+ 2/3) can be 
a. -sin a h sin f3 c. cos a d cos f3 

0 f x y z h . I 
2 · 1 cosfJ = ( 2rr)= ( 21r) 't enx+y+z•sequa to 

cos 9-- cos 8+-
3 3 

a. I ti 0 c. -1 
21. sin2n x + cos2n x lies between 

a. - I and I h 0 and I c. I and 2 

22. The roots of the equation 4..\.2- 2 J5 x + 1 = 0 are . 
a. sin 36°, sin I 8° 

. 31r . 
23. If - < a < 1r , then 

4 

a. 1 +cot a 

h sin 18°, cos 36° c. sin 36°, cos 18° 

2 cot a + . ·~ is equal to 
sm a 

h -1 - cot a c. 1 - cot a 

· d none of these 

d none of these 

d cos I 8°, cos 36° . 

d- 1 +cot a 
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24. If /(9) = 5 Cos 8+ 3 Cos ( 9 +;) + 3, then range of/(9) is .. 

a. f- 5, II] b [-3, 9] c. [-2, I 0] d [-4, 10] . 

25. If a, {3, y, o are the smallest positive angles in ascending order of ~1agnitudc which have their sines 

equal to the positive quantity k. then the value of 4 sin a + 3 sin f3 + 2 sin r + sin ° is equal to 
. 2 2 2 2 

a. 2JJ::k b 2Ji+k c. .Jl+k 
2 . 

d none of these 

26. LetA0A 1 A2 A3 A4A5 be a regular hexagon inscribed in a circle of unit radius. Then the product ofthe 
lengths of the line scgme_nts A0 A 1, A0 A2 and A0 A4 is 

.a. 3/4 b 3.J3 c. 3 d 3J312 

27. lfsin 8, +sin 92 +sin 93 = 3, then cos e, +cos 92 +cos f)J ~s equal to 
a.3 h 2 c.l dO 

x2 + )'2 + 1 
28. If sin2 f) = , then x must be 

2x 
a. - 3 h -2 c. I d none of these 

29. ·If sin (a+ /3) = I, sin (a- f3) = .!.. , then tan (a+ 2/J) tan (2a +,B) is equalto, a, f3 e (0, 1t/2) 
2 

a. 1 h - I c. 0 d none of these 
30. Which of the following is not the value of sin 27° - cos 27°? 

. h ~ Js-~ 
2 

31. If cosec 8 - cot fJ =·q, then the value of cosec 8is 

] 
a. q+­

q 

.1 

1 
hq-­

q 

32. If sin 8+ cos 9 = 5 and 0 .~ () < n, then tan 8 is 

.J5 -1 
c. - 2.fi 

I ( l) c. 2 q+ q 

a. -4/3 b -3/4 c. 3/4 

2sin8 h 1-cos8+sin8 
33. lfx =- , t en is equal to · 

l+cos9+sin8 l +sin9 

d none of these 

d none of these 

d 4/3 

a. 1 + x · h I 7 x c. x d I /x 

34. If 8= Td4n, then the value of tan 8 tan 28 .. · tan (2n- 2) 8tan (2n- 1)9 is 
a. -l h I c. 0 d 2 

2(sin I 0 +sin 2° +sin 3° + .. ·+sin 89°) 
35. The value ofthe expression 2(coslo+cos2o+ · .. +cos44o)+l equals 

a.J2 c.J/2 dl 

36. If sec a and cosec a are the roots of x-2 - px + q + 0, then 
a. p2 = q (q - 2) h p2 = q(q + 2) c. p2 + cl = 2q d none of these 
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37: If sin x + sin2 x = 1, then the value of cos12 x + 3 cos10 x + 3 cos8 x + cos6 x- 2 is equal to 
a. 0 h J c. -1 d 2 

38. If cos (A -B)= 3/5 and tan A tan 8 = 2, then 
a. cos A cos B = 1/5 b sin A sin 8 =-2/5 c. cos A cos B = -1/5 d sin A sin B = - J /5 . 

39. lf(l +tan a) {1 + tan 4a) = 2, a e (0, n/16) then a is equal to 

n 
a.-

20 

·n 
b-

30 

7r 
c.-

40 
40. If A= sin 45° +cos 45° and 8 =sin 44° +cos 44°, then 

a A>B h A <B c. A=B 

4 J. ~ [ J3 cos 23°- sin 23° J is equal to 

a. cos 43° c. cos 53° 

(J -8 (J +8 
42. If cos 81 = 2 cos 82~ then tan 1 

2 
2 tan 1 

2 
2 is equal to . 

a. 
1 

3 . 

1 
h--

3 

3 +cot goo cot 20° 
43. Value of goo 200 is equal to 

cot +cot 

a cot 20° h tan 50° 

c. 1 

c. cot 50° 

44. lftan /3= 2 sin a sin ycosec (a+}'), then cot a ; cot /3, cot yare in 
a A.P. h GP. c. H.P. 

d~ 
60 

d none of these 

d none of these 

d- J 

d cot ..J200 

d none of these 

45. Jn triangle ABC, if sin A cos 8 = .!_and 3 tan A= tan 8 , then cot2 A is ~qual to 
4 

a 2 b.3 c.4 
46. tan 100°+'tan 125°,+tan 100°tan 125°isequalto 

a 0 b. 1/2 c. -1 

47. tan 20° +tan 40° + J3 tan 20° tan 40° is equal to 

a~ b. J3 
] 

c.-JJ 

J2- sin a- cos a 
48. is equal to 

sin a -cos a 

h cos(;-~) c. tan(~-;). 
49. lf sin 81- sin 91 =a and cos 91 +cos 92 = b, th~n 

a c? + b2 ~ 4 b. a2 + b2 ~ 4 c. cl + b2 ~ 3 

so. 1 + sin 2x 2 ( rc J lf . ""COt (a+x)Vxe R- nn+- , ne N,thenacanbe 
l-sm 2x 4 

an hx ~~ 
4 2 4 

d5 

d 1 

d- .J3 

d none of these 

downloaded from jeemain.guru
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51. 

52. 

53. 

54. 

55. 

.. Trigonometry 

Iftan a is equal to the integral solution of the inequality 4x2- 16x + 15 < 0 and cos f3 is equal to the slope 
of the bisector of the first quadrant, then sin (a+ {3) sin (a - {3) is equal to 

3 3 2 4 
a. - h - c.- d -

5 5 ~ 5 

cos(x- y) cos(z+t) f . 
If + · = 0, then the value o tan x tan y tan z tan t IS equal to 

cos(x + y) cos(z- t) · . · 
a. J h - 1 c. 2 d -2 . . 

Letf(n) = 2 cos nx V n E N, then/( 1) f(n + l) - f( n) is equal to 
a. f(n+3) h f(n+2) . c. f(n + l)/(2) d f(n+2)f(2) 

If in triangle ABC, sin A cos B = J /4 and 3 tan A = tan B, then the triangle is 
a. right angled h equilateral c. isosceles d none of 'these. 

l f A and B are acute positive angles satisfying the equations 3 sin2 A + 2 sin2 8 = 1 and 
3 sin 2A - 2 sin 28= 0, then A +2 B is equal to 

a.n hn 
2 

7l' 
c. -

4 
d n 

6 
.cote 5n 

56. Letf( 0) = 
1 

. 
0 

and a+ fJ = - , then the value /(a) f( /3) is 
+cot 4 · 

1 
a. -

2 

l 
h - -

2 
c. 2 

57. Ify = (1 + tan A) (1-tan B) where A -B= n , then (y+ I)Y"1 is equalto · 
4 

a.9 h4 c. n 

d ·none of these 

d 8l 
58. If sin (y + z -x), sin (z + x-y), sin (x + y - z) are in A.P., then tan x, tany, tan z are in 

a. A.P. h GP. c. H.P. d none of these 
59 . .If cos a+ cos {3 = 0 =sin a+ sin /3, then cos 2a + cos 2{3 is equal to 

a. - 2 sin (a+ /3) . h -2 cos (a+ {3) c. 2 sin (a+ {3 ) d 2 cos (a+ fJ) 
60. Jfx1, xb x3, . .. , xn are inA.P. whose common difference js a, ~hen the va]ue of sin a (sec x1 sec x2 

+ sec x2 sec x3 + · · ·+ sec x11_ 1 sec xn) is 

sin(n.:.. l)a 
a. 

COS x1 COS Xil 

sinna 
h --- -

cos X't cos x, 
c. sin (n - 1) acosx1 cosxn d sin n a cos x1 cos xn 

61. Ifta~ 1C , x and tan 
5~ are in A.P. and tan 7r

9 
,y and tan ?n are also in A.P., then 

9 18 . ] 8 
a. 2x = y h x > 2 c. x = y . d none of these 

62. Let x = sin J 0 , then the value of the expression 

1 1 

a. x h 1/x c . .fi I X d xtfi 

63. Let a and, f3 be su~h that n < a - ,B < 37r. If sin a + sin f3 = - E and cos a + cos f3 = - .!2, then the 
. ~ ~ 

value of cos a - f3 rs 
2 
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3 
a---

JI30 
h _3_ 

.jJ30 

f 
sin(x+ v) a+b 

1 
tanx . 

1 64. I · =--, t1en - - ts equa to 
sin(:~:-y) a-b tany 

b h!!.. a. 
a b 

65. 
sin 3B+sin 59+sin 79+sin 99 

cos 38 +cos 58+ cos 7 9 +cos 98 
is equal to 

a. tan 38 h cot 38 

sin x-sin z 
66. lfx,y, z are inA.P, then is equal to 

a tan y 
cosz - cosx 

b coty 
67. If cos 25° +sin 25° = p, then cos 50° is 

68. 

a )2-p2 b-J2-p2 

sin2 A-sin2 8 
-------- is equal to 
sin AcosA-sin BcosB 

a. tan (A - B) h tan (A+ B) 

69 A 
l -cos B A . 

. lftan = , then tan 2 1s 
sin B. 

a tan 2A = tan B 

6 
c.-

65 

c. ab 

c. tan 68 

c. sin y 

c. cot (A -B) 

h tan 2A = tan2 B 

c. tan 2A = tan2B + 2 tan B d none of these 

6 
d--

65 

d none of these 

d cot 68 

d cosy 

d cot(A+B) 

70 . .If a+ b = 3- cos 48 and a- b = 4 sin 28, then ab is always less than or equal to 

I 
a. -

2 
hl 

2 
c.-

3 
7 J. The value of cos2 I 0°- cos l 0° cos50° + cos2 50° is equal to 

a~ h! c.~ 
3 3 4 

72. The numerical value of tan 20° tan 80° cot 50° is equal to 

a. J3 h -
1 

c. 2../3 
J3 

73. Iftan2 8 = 2 tan2 fP+ I, then cos 28+ sin2 ¢eq'uals 

a. - 1 h 0 c. 1 

74. The value of cot 70° + 4 cos 70° is 

l 
a-

.J3 
c. 2J3 

d~ 
4 

d3 

d _I_ 
. 2.J3 

d none of these 

d_!_ 
2 

75. If x1 and x2 are two distinct roots of the equation a cos x + h sin x = c, then tan x1 ~ x2 is equal to 

a 
a 

b 
h b 

a 

c 
c. -

a 
d!: 

c 
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76. Giv.en that (1 + ~1 + x) tan y = 1-+ ~1-x. Then sin 4y is equal to 
a. 4x h 2x c. x 

77. If cos x = tan y, cosy= tan z, cos z =tan x , then the value of sin xis 

a. 2 cos 18° h cos 18° c. sin l8° 
78. Jf sin 29 = cos 3 8 and 8 is an acute angle, then sin 8 equals 

a. ./54-1 . h -(./54-.I) c • ./54+ I 

d none of these 

d 2 sinl8° 

-{5-l 
d---

4 

79. If 81 and Oz are two values lying in [0, 2n] for which tan 8= A., then tan ~ tan 62 is equal to 
2 2 . ' 

a 0 h - 1 c. 2 d 1 

80. If tan 8 = .J;, .where n E N, ~ 2, th~n sec 29 is always 

a. a rational number h an irrational number c. a positive integer 

81 lf . . .j7 I I x . I 
1. sm x + cos x = - w 1ere x e A, t 1en tan - IS equa to 

2 . 2 

3-.Ji .Ji-2 4-../7' 
a b. · c.--

3 3 4 

82 Th 1 
·r . 2 n . 2 3n . 2 5n . 2 71! . 

. eva ue o sm -+sm - + sm - + sm - Js 
8 8 8 8 

a 1 b2 
1 

c. 1-. 8 

d a negative integer 

d none of these 

83. lfx E ( 1<, 
3
;). then 4 cos2 

(:- ~) + .J4sin4 x + sin2 2x is always equal to 

a. I b. 2 c. - 2 · d none of these 
II 

84. cos3 xsin2x= I,.ar sin(r x) Vxe R, then 
x=O 

an = 5, a 1= 1/2 hn = 5, a 1 = 1/4 c.n=5, a2 = 1/8 
8S. The value of cos 2(9 + ip) + 4 cos(9'+ ¢)sin 8sin ¢+2 sin2 ¢ is 

a independent' of 9 only . 
c. independent of both 8 and ¢ 

h .independent of¢ only 
d dependent on 6 and ¢ 

cos(A+C) · . 
86. lf cos 2 B = , then tan A, tan B, tan Care m 

cos(A-C) 
a A.P. h GP. c. H.P. .. 

87. 
2cosy-l x y .. 

lfcosx = ,wherex,ye (O, ,n), thentan - cot-. Jsequalto 
2 - cosy . 2 2 

1 
c . .fi ' a. .fi b. ../3 

88. lftan x=.b/a,then J<a+b)l(a-b)+J(a-b)l(a+b) isequalto 

a. 2 sin x I ~sin 2x b 2cosx I ;Jcos 2x c. 2 cosx l~sin2x 

d none of these 

d _1_ 
.fj 

d 2 sin xI ~cos2x 
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89. If a is a root of25 cos2 6+ 5 cos 8- 12 = 0, n <a< n, then sin 2a is equal to 
2 . . 

a · 24 b. _ 24 c. ,!2 d _ ~ 
25 25 18 18 

90. Tlic value of tan 9°- tan 27°- tan 63° +tan 81° is 
a2 b.3 ~4 d none of these 

9 .1. .If sin-• a+ sin-• b + sin-• c = rc, then aJ1- a2 + bJl-b2 + cJl- c2 is equal to 

a. a+ b + c h a2b2c2 c. 2abc d 4obc 
92. If A+ B + C =3m2, then cos 2A +cos 28 +cos 2C is equal to 

a. 1 - 4 cos A cos B cos C h 4 sin A sin B sin C 

~ 1 + 2 cos A cos B cos C d 1 -4 sin A sin 8 sin C 

93. In triangle ABC. tan A. tun B. tun C are in H .P., then the value of cot ~ x cot C is equal to 
- . 2 ' 2 2 2 2 

a.l h2 c.3 d4 
94. In any triangle ABC, sin2 A - sin2 B + sin2 Cis a·Jways equal to 

a. 2 sin A sin B cos C h 2 sin .A c'os 8 sin C 

c. 2 sin A cos B cos C d 2 sin A sin 8 sin C , 

95. If tan2 a tan2 f3 + tan2 f3 tan2 y+ tan2 y tan2 a+ 2 tan2 a tan2 f3 tan2 y = I, then the value of 
sin2 a+ sin2 f3 + sin2 r is 

a. 3 h 2 c. I. d none of these 

sinA+sin B +sin C 
96. In triangle ABC, is equal to 

sin A +sin 8 -sin C 
A JJ 

a. tan -cot-
2 2 

A IJ 
h cot-tan-

2 -2 

sin 2A +sin 28 +sin 2C 
97. is equal to 

sinA+sinB+sinC 

8
. A . 8 . C 

a. sm -sm-sm-
2 2 2 

A 8 C 
c. 8 tan - ran - tan -

2 2 2 
98. If cos2 A+ cos2 8 + cos2 C = I, then AABC is 

A lJ 
c. cot-cot-

2 2 

A B C 
h &cos--cos---co~--

2 2 2 

A .B C 
d Scot-cot-cot-

2 2 2 

A B 
d tan-tan-

2 2 

a equilateral h isosceles c. right angled d none of these 
99. In triangle ABC, tan A + tan 8 + tan C.= 6 and tan A tan B = 2, then the values oft~m A, tan B, tan Care 

a. 1,2,3 h3,2/3,7/3 c.4, 1/2, 3!2 dnone.ofthese 
100. The value oftan 6° tan 42° tan 66° tan 78° is 

a. I h 1/2 
n . 

I 01. IfO <a< - , then a (cosec a) is 
6 

a. less than 1CI6 h greater than 7r/6 

c. 1/4 d 1/8· 

c. less than n/3 d greater than rd3 
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102. Jf 9 is eliminated from the equations x = a · cos(9 - a) and y = b cos (9 - /J), then 

x 2 l 2xv -
- +---~ cos (a-~) is equal to 
(1

2 b2 ab 
2 2 

a. sec (a- f3) h cosec (a- f3) 
2 

c. cos (- 13) 
2 . 

d sin (a - J3) 

J 03. If Ieos 9{sin 9+ ~sin2 9 +~in2 a}l::;; k, then the value·of k is 

a. ~1+cos2 a. h ~'l+sin2 a c. ~2+sin2 a - d ~2+cos2 a 

104. If sin 91 sin 02 - cos 91 cos 02 + I = 0, then the value of tan ( 8tf2)cot ( 9/2) is always equal to 

105. 

106. 

.107. 

JOS: 

'109. 

a. - I b 1 c. 2 d - 2 

Tl · f 1C 2 21r 4 41r 8 Sn · I 1e numencal value o tan - + tan - + tan - + tan - IS equa to 
3 . 3 3 3 

a. -s../3 11 -51.../3 c. s../3 
tan 6 .::_ - 33 tan 4 !:.. + 27 tan 2 7r is equal to 

9 9 9 . 

a. 0 b. .J3 
. 3 

lfcosx·+ cosy- cos (x + y) =-,then 
2 

c. 3 

d st.f3 

d 9 

a. X + )'::: 0 h X = 2y · C. X = y d 2x = )' 
If a sin x + h cos (x + 8) + b cos (x- 9) = d, then the minimum value oflcos 01 is equal to 

a. -1 -~cP -a2 h -1-~d2 -a2 . c. _}_~d2 -a2 • d none of these 
2lbl . 2la[ . 2ldl 

sinx 1 cosx 3 ( 1C) · . If -.- ::;;-,--=- wherex,ye 0. - , thenthevalueoftan(x+y) •sequalto 
Sill'' 2 COS V 2 2 · · "' ~ 

a. .Jjj b Ji4 . c. ..JJ7 d .Jl5 

J I 0 If ( 2 ) d 
,./J +COS X + J1 - COS X 

. x e n, 1! an 
.JJ +cosx -.JJ -cosx 

coi. (a·:.. ; ). then a is eq ualto 

1C 

HJ. 

J 12. 

113. 

a.-
4 

h 1t 

2 
c. -

3 
J ftan x = n tan y, n e R+-, then the maximum value of sec2 (x - y) is equal to 

a. (n + 1)
2 

h (n + 1)2 
c. (n + 1)

2 

2n n 2 
If cot2 x = cot (x-y) cot (x- z), then cot 2x is equal to (where x ~± n/4) 

1( ) 1 . . ) 1 . . . 
a. - tan y +tan z b. -

2 
(cot y +cot z c. - (sm y + sm z) 

2 2 

d none of these 

d none of these 

Jf A , B, Care acute positive angles such that A + 8 + C = nand cot A cot B cot C = k, then 

zr I h. K , I ,, 1- d K 'I a."'::=;-- ~- C./\. < -:- >-
3J3 3..[3 9 3 
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114. 

115. 

116. 

117. 

118. 

1'19. 

120. 

121. 

122. 

'123. 

124. 

Trigonometric Ratios and Identities 2.71 

lfu= ~a2 cos2 9+b2 sin2 6+~a2 sin2 6+b2 cos2 9,thenthcdifferencebetweenthemaximumand 
minimum values of rr is given by 

a. 2(cl + b2) h 2J,.....a2_+_b_2 c. (a+ bi d (a- b)2 

If (sin x +cos x)2 + k sin x cos x = 1 holds 'V x e R, then the value of k equals 
a. 2 h 2 c. -2 d 3 

The range of k for which the inequality k cos2x- k cos x + I ~ 0 'V x e ( -oo, oo ) , is 

a. k < - l b. =.!_ ~k~ 4 c. k>4 d .!. ~k~S 
2 2 2 

The minimum vertical distance between the graphs ofy = 2 +sin x andy= cosx is 

a.2 hl c . .J2 d2-.J2 
a 

If 9= 3aand sin 9= I The value of the expression a cosec a-b sec a is 
ya2 + b2 

a 
a. 

~a2 -f:"b2 
b. 2~a2 + b2 c. a+b d none of these 

If the equation cot" x - 2 cosec2 x + t? = 0 has at least one solution, then the sum ofal1 possible integral 
values of' a' is equal to 

a.4 b.3 c.2 dO 
If the inequality sin2x +~a cos x +if> I +cos x holds for any x E R then the largest negat ive integral 
value of'a' is 

a. -4 b. -3 c. -2 d -1 
In triangle ABC if angle Cis 90° and area of triangle is 30 sq. units, then the minimum possible value of 
the hypotenuse c is equal to 

a. 30.,[2 h 60.fi c. 120../2 d J30 
The distance between the two parallel lines is 1 unit. A point 'A ' is chosen to lie between the lines at a 
distance ' cf from one of them. Triangle ABC is equilateral with Bon one line and Con the other parallel 
line. The length of the side of the equilateral triangle is 

.. ~~d2 +d+l h 2Jd'-3d+l c. 2~d2 -d+l d ~d2 -d+l 
Given that a, b, care the sides of a triangle ABC which is right angled at C, then the minimum value of 

c c . 
( )

2 

a+ b IS . 

a.O h4 c.6 d8 
Lety= (sin x+ cosecx)2 + (cosx + secxf + (cosx + secx)2

, then the minimum value ofy, 'V x E R, is 
a.7 b.3 c.9 dO 

Solutions on page 2. 116 

Each question has four choices a, b, c, and d, out of which one or more answers are correct. 
1. If cos {3 is the geometric mean between sin a and cos a, where 0 < a, {3 < tr/2, then cos 2/3 is equal to 

a. - 2 sin2 
(: - a) h - 2 cos2 

(: + a) c. 2 sin2 
(: + a) d 2 cos2 

(: - a) 
. 2 0 2 "' 

2 lfo <9< ct81~'" +81CO$I7=30th 1'1' • _ _ 1r an . , en u 1s 
8. 300 b. (:IJO C. )_J)O d 1500 
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3. Suppose.ABCD (in order) is a quadrilateral inscribed in a circle. Wttich of the following is/are always true? 
a. sec B :::;; sec D b cot A + cot C = 0 c. cosec A = cosec C d tan B + tan D = 0 

4. Which of the following statements are always correct (where Q denotes the set of rationals)? 

a. cos 29e Q and sin 28E Q => tan ~E Q (if defined) 

b tan 8E Q=> sin 29,cos28andtan 28E Q(ifdefined) 

C. ifsin 8 E Qandcos 9E Q=>tan38 E Qtifdefined) 

d if sin BE Q => cos 39E Q 
5. Which ofthe following quantities are rational? 

. (ll7rJ . (57rJ a. sm - sm -
12 12 

c. sin
4 

( ~ J + cos' ( ~ J d (I + cos 
2: J (I + cos ~ J ( 1 + cos 

8: J . 
6. ln which of the following sets the inequality sin6x + cos6 x > 518 holds good? 

a. (- m'8, Jli8) h (310'8, 510'8) c. (m'4, 371i4) d (7m'8, 97d8) 
7. Whicl1 of the following inequalities hold true in any triangle ABC? 

· . A . B . C 1 A B C 3J3 
a. sm - sm - sm - ~ - h cos - cos - cos - ~ -- . 

2 2 · 2 s 2 2 2 8 . . . 
. 2 A '. 2 B . 2 c 3 

c. sm - + sm - + sm -=- < -
2 2 2 4 

8. For a = 7r/7 which of the following hold(s) good? 

a. tan a tan 2a tan 3a = tan 3a- tan 2a- tan a 

h cosec a= cosec 2a+ cosec 4a 

c. cos a - cos 2a +cos 3a= 1/2 

d 8 cos a cos 2acos 4a= 1 
9. Which of the following is/are correct? 

a. (tanx)ln (sinx)>(cotx)ln(sinx), 'Vxe (0, Jr/4) 
c. (l/2)In(cosx) < ( 1/3)ln(cosx) , 'if X E (0, Jr/2) 

, A 2 .8 2 C 9 
d cos- - + cos - + cos - ~ -

. 2 2 2 4 

h 41n cosecx < 5ln cosecx, 'if X E (0, .Jr/2) 
d 21n (tanx)>21n(sinx\ 'Vx E (O, m'2) 

I 0. Which of the following do/does not reduce to unity? 

sin (180° + A) 'cot (90° + A) cos (360° - A) cosec A 

a. tan (180° + A) tan (90° +A) sin (- A) 

sin (- A) 

h sin (180° + A) 

tan (90° + A) cos A ____ ____;_ + - ----
cot A sin (90° + A) 

sin 24 o cos 6° - sin 6° cos 24 o 
c. 

sin 21° cos 39° :...cos 51 o sin 69° 

cos (90°.+ A) sec C- A) tan (180°- A) -

d sec (360° +A) sin (180° + A) cot (90° - A) 
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11. Which of the following identities, wherever defined, holq(s) good? 

a. cot a - tan a = 2 cot 2a h tan (45° + a)-tan (45°- a) = 2 cosec 2a 

c. tan (45° +a)+ tan (45° - a) = 2 sec 2a d tan a+ cot a = 2 tan 2a 

.12. A circle centred at 0 has radius J and contains the point A. SegmentAB is tangent to the circle at A and 
LAOB = 8. If point C lies on OA and BC bisects the angle ABO, then OC equals 

cos2 8 
a. sec fJ (sec fJ - tan 8) h ---

1 + sin 8 

Fig. 2.36 

1 
c. 1 +sin 8 

13. The expression (tan4 x + 2 tan2 x + l) cos2 x when x = n/12 can be equal to 

1 - sin 8 
d --­

cos2 8 

a. 4(2 - .J3 ) h 4( .J2 + I) c. 1 6 cos2 ni 12 d 16 sin2 ni 12 

14. Let a, f3 andy be some angles in the first quadrant satisfYing tan (a+ /3) = 15/8 and cosec y = 17/8, then 
which of the following hold(s) good? 

a. a + [3 + r= 1C 

ctan a+tan/J+ ~ny = tanatan /Jtany 

J 5. (a + 2) sin a + (2a- l) cos a= (2a + J) if tan a is 

a. 3/4 h 4/3 

b. cot a cot /3 cot r = cot a + cot ,B + cot r 
d tan a tan /3 +tan ,B tan r+ tan r tan a= 1 

c. 2al(~ + 1) d 2a_/(cl-- l) 

16. Let.f(x) = Jog (log113 (log7 (sin x +a))) be defined for every real value ofx, then the possible value of 
a is 

a. 3 h4 c. 5 . 

17. If h > 1, sin t > 0, cost > 0 and log17(sin t) = x, then log11( cos t) is equal to 

a. .!_ logh(l - b2x) 
2 

c. Iogb ~1-b2
x Jog,i I - b'b) 

18. The equation x3
- ! x ~ -~ is satisfied by 

lu = cosC:) ( 231t) 
C. X = COS ls. 

d 6 

(
177t ) d. X= COS lS . 
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2.74 Trigonometry 

19. Jf sin (x + 20°) = 2 sin x cos 40° where x e (0, 7r/2) then which of the following hold(s) goqd? 

a. cos 2x = 1/2 . h cosec 4x = 2 

• • .I' -- ... - · • ·~ ~- -

. 

c. sec x = J6.- .fi 
2 

X f':n 
d tan - = (2 - v3) 

2 

Solutions on page 2. I 22 

Each question has four choices a, b, c, and d, out of which 011/y rme is correct. Each question contains 
STATEMENT land STATEMENT2. 

a. Both the statements are TRUE and STATEMENT 2 is the correct explanation ofSTATEMENT 1 

h Both the statements arc TRUE but STATEMENT 2 is NOT the correct explanation ofSTATEMENT I 

c. STATEMENT J is TRUE and STATEMENT 2 is FALSE 

d STATEMENT J is FALSE and STATEMENT2 is TRUE 

I. Statement I: If x + y + z = xyz. then at most one of the numbers can be negative . . 
Statement 2: ln a triangle ABC, tan A + tan 8 + tan C = tan A tan B tan C and there can be at most one 
obtuse angle in a triangle. 

2. Statement J: cos I < cos?. 

Statement 2: I < 7. 

3. Statement 1: tan 4 <tan 7.5. 

Statement 2: tan xis always an increasing function . 

4. Statement J: cos I <sin I. 

Statement 2: Jn the first quadrant, cosine decreases but sine increases. 
5. Statement l: If/( 9) =(sin 0+ cosec 6)2 +(cos 0+ sec fJ)2, then the minimum value off( 8) is 9. 

Statement 2: Maximum value ofsin29is 1. 

6. Statement 1 : J f sin2 fJ1 + sin2 62 + · · · + sin2 9,, = 0, then the different sets of values of ( 01, fJ2, • • · , 9,) 
for which cos e, +cos 92 + .. . + cos 9, =:= n - 4 ~s n(n - 1). 

Statement 2: lfsin2 01 + sin2 92 + ·· · + sin2 8, = 0, then cos 81, cos 82, .. ·, cos 8, := ± I. 

7. Statcm~nt 1: The minimum value of27cos 2x 81 sin 1" is -
1
- . 

243 

Statement 2: The minimum value of a cos 6+ hsin 0 is -~a2 +h2
. 

8. Statement 1: If A, B, Care the angles of a triangle such that angle A is obtuse, then tan 8 tan C > 1. 

. tan 8 + tan C 
Statement 2: In anytnangle, tan A;;:;----­

tan Btan C-1 
9. Statement I: tan 5° is an irrational number. 

Statement 2: tan I 5° is an irrational number. 
10. Statement 1: sin 7r/18 is a root of8x3 - 6x + I = 0. 

Statement 2: For any Oe R, sin 38= 3 sin 8 :.... 4 sin3 8. 
11. Letfbe any one of the six trigonometric functions. Let A, Be R satisfying f(2A) = /(28). 

Statement 1: A= mr+ B~.for some n e Z. 
Statement 2: 2nis one ·ofthe period off 
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12. Statement 1: sin 3 <sin I <sin 2. 
Statement 2: sin xis positive in first and second quadrants. 

13. Statement J: The maximum and minimum values of the function f(x) = 
1 

do not exist 
3 sin x + 4 cos x- 2 

Statement 2: The given function is an unbounded function. 
14. Statement 1: The minimum value ofthe expression sin a.+ sin {3+ sin r is negative, where a, {3, rare 

real numbers such that a+ f3 + r = n. . 
Statement 2: If a, {3, rare the angles of a triangle, then sin a.+ sin f3 +sin y=o 4 cos aJ2 cos {3'2 cos "fl. 

15. Statement 1: J fin a triangle, sin2 A + sin2 B + sin2 C = 2 then one of the angles must be 90°. 
Statement 2: In any triangle sin2 A+ sin2 8 + sin2 C = 2 + 2 cos A cos 8 cos C. 

16. Statement 1: In a t~iangle, the'least value ofthe sum of cosines of its angles is unity. 

Statement 2: cos A +cos B +cos C;;;; I + 4 sin A sin 
8 

sin C , if A, B, Care the angles of a triangle . 
2 2 2 

17. Let a, /3, and r satisfy 0 <a< {3< r< 2nand cos (x +a)+ cos (x + /3) +cos (x+ r) = 0 'V X E R. 

21C 
Statement I: r- a= - . 

3 
Statement 2: cos a+ cos {3+ cos r= 0 and sin a+ sin {3 + sin r= 0. 

18. If A + B + C = n. then 

Statement I: cos2 A+ cos2 B + cos2 C has its minimum value ~. 
4 

St·atement 2: Maximum value of cos A cos 8 cos Cis ~. 
19. Statement 1: lfxy+yz+zx =I wherex,y, zE .R+, 

X V Z 
then + - + ----=-

1 + x2 I + l I + z2 
2 

Statement 2: In a triangle ABC. sin 2A +sin 28 +sin 2C = 4sin A sin B sin C. 
20. Statement l: J n any triangle ABC, 

In cot - + cot- + cot - = In cot-+ ln cot - + In cot-. ( 
A 8 C) A B C 
2 2 2 2 2 2 

Statement 2: In (1 + J3 + (2 + J3)} =In I +In J3 +In (2 + .J3 ). 
' 

Solutions on page 2.126 

Based upon each paragraph, three multiple choice questions have to be answered. Each question has 4 
choices a, b, c, and d, out of which only one is correct. 

For Problems 1 -3 

If sin a -== A sin (a+ {3), A"# 0, then 
J. The value of tan a is 

A sin {3 
a 

1- Acos/3 
A sin /3 h--.....:....._-

1 + Acos/3 

Acos/3 c.--......;...-
1-A sin /3 

d Asin/3 
J +Acos/3 
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2. The value of tan f3 is 

sin a (I + A cos {3) 
a. - - ------'--

; Acos acos{3 

h sin a (l - A cos /3) 
Acosacos f3 

cos a (I - A sin fJ) c. ,:..._· _ ___ ....;____ 
A· cos a cos f3 

3. Which of the following is not the value of tan (a+ ./3)? 

sin f3 sin a cos a 
a. h --- --

cos /3 - A Acos f3 -sin2 a 
sina cosa 

c. 2 
A cos f3 + sin a 

For Problems 4 - 6 

d cos a(l +A sin {3) 
Acosacos {3 

d none of these 

If a, {3, r. 0 are the sol~tions ofthe equation tan ( 9 + :) = 3 tan 39 , no two of which have equal tangents. 

4. The yalue of tan a+ tan f3 + tan r + tan 8 is 

a. 1/3 h 8/3. c. - 8/3 d 0 

S. The value of tan a tan {3 tan r tan 8 is 

a. - -1/3 . h - 2 

. 1 1 1 1 . 
6. Thevalueof--+--+--+-- ts 

tan a tan {3 tan r tan 0 

a. - 8 ll 8 

For Problems 7 - 9 

. . f3 1 d . f3 1 s m a+ sm = - an cos a+ cos = -
4 . 3 

7. The value of; sin (a+ {3) is 

a. 24 . h Q 
25 25 

8. The value of cos (a+ {3)· is 

12 7 
a. - b.-

25 25 
9. The value oftan (a + ,8) is 

a. 25 . h 25 
7 12 

·For Problems 10 - 12 

. c. 0 

c. 2/3 

12-
c.-

13 

12 
c.-

13 

25 
c.-

13 

To find the sum sin2 2~ +sin 2 4n +sin~ 8" we folJow the following method. 
7 . 7 7 

Put 7 8 = 2n7r, where.n is any integer. 

Then siil46= sin (2mr- 36) = -sin 36. 

·d none of these 

d 1/3 

d none of these 

d none of these 

d 24 
7 

~his means that sin Btakes the values 0, ± sin (21!17), ±sin (41!17) and± sin (87r /7). 
Since sin( 61t 17) = sin (87d7), from equation ( 1 ), we now· get 
2 sin 28cos 28= 4sin36-3sin8 

. ::::> 4 sin Ocos 8(1- 2 sin2 B) = sin 0(4sin26-3) 
Rejecting the value sine~ 0, we ·get 

4cos 8(1 - 2 sin2 fJ) = 4 sin2 8- 3 

(i) 
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~ 16 cos2 ((1 -2 sin2 ())2 = (4 sin2 e-3)2 

~ 16 (I -sin2 8) (I -4 sin2 8+ 4 sin4 6) = 16 sin4 8-24 sin2 (J+ 9 

=> 64 sin6 e- 112 sin4 8-56 sin2 8-7 = 0 
This is cubic in sin2 ()with the roots sin2(2tr 17), sin2(4tr /7) and sin2(8.n:l7). 

Th f h 
. . 2 2tr . 2 4n . 2 81r 112 7 

e sumo t ese roots as sm -+sm -+sm - =-=-. 
7 7 7 64 4 

Now answer the following questions. 

10. The value of tan - +tan -+tan - cot - +cot -+ cot - ts ( 
2 1t 2 21r 2 37r) ( 2 7r 2 2tr 2 3tr) . 

7 7 7 7 7 . 7 

a 105 h 35 c. 210 d none of these 

2 1T 2 2tr 2 3tr 
tan - + tan - +tan -

11. The value of 7 7 7 is 
2 7r 2 211: 2 3tr 

cot - + cot - + cot -
7 7 7 

a. 7 h 35/3 c. 21/5 d none of these 

2 1T ') 21r 2 3tr . 
12. The value of tan -tan- - tan - IS 

7 7 7 
a-3 h-7 c.-5 d none of these 

For Problems 13- J 5 

An altitude BD and a bisector BE are drawn in the triangle ABC from the vertex B. It is known that the length 
of side AC= l, and the magnitudes ofthe angles BEC,ABD,ABE, BAC form an arithmetic progression: 

13. The area of circle circumscribing M BC is 

7r 
a.-

8 
h 1t 

4 

1t 
c.-

2 
dtr 

14. Let' 0.' be the circum centre of MBC, the radius of the circle inscribed in l:l.BOC is 

1 
a.--

s:J3 
b _I_ 

4..[3 
1 

c. 2..[3 d..!.. 
2 

15. Let Fr be the image of point B with respect to side AC of MBC, then the length BB' is equal to 

a. 
..[3 
4 

Matrix-Match Type 

h../2 
4 

d../3 
2 

Solutions on page 2.129 
. . 

Each question contains statements given in two columns which have to be ~atched. 
Statements (a, b,-c, d) in column I have to be matched with statements (p, q, r, s) in column IJ. If the correct 
matches are a-p, a-s, b-q, b-r, c-p, c-q and d-s, then the correctly bubbled 4 x 4 matrix should be as follows: 

p q r s 

a@@)0@ 
b@@00 
c@@0G) 
d@@)00 
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1. If cos 0- sin 8 = ]_ where 0 < 8< Tr 
5 2 

Column'( Column n 

a. (cos 9+ sin fJ)/2 
4 

p. -
5 

h sin29 
7 

q. -
10 

c. cos 28 
24 

r. -
25 

d cos 8 
7 

s.-
25 

2. For all real values of 0 

Column I Column II 

a. A = sin2 8+ cos4 8 p AE [ - 1, 1) 

'1. 
b A= 3 cos2 0+ sin4 8 ~Ae[!-t] 
c. A = sin2 8 - cos4 8 r. A E [2.J2! oo) 

d A=tan2 8+2cot2 8 s. A E [) ,3] 

3. If cos a+ cos {3= 1/2 and sin a+ sin /3= J/3 · 

Column I Column II 

a cos (a; ll) .Ji3 
p±-

12 

h cos (a; 13) 2 
<} -

3 

~tan (a; ll) 3 
r. ± .jT3 

d tan (a; llJ s. ± ~ 131 
13 
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4. 

Column! Co!umnll 

a. sin (41 oo - A) cos(400° +A)+ cos(41 0° -A) sin(400° +A) has )1- 1 
the value equal to 

h 
cos2 1° - cos2 2° 

2 .sin 3° sin )0 is equal to q.O 

c. sin(- 870°) +cosec (- 660°) + tan (- 855°) 1-2 cot (840°) +cos ( 480°) 
l 

r. -
2 

+sec (900°) 

d 4 (3n ) 3 ( n) Jfcos 9=- where ()e - , 2n and COS f/J=- where l/>E 0. - , 
5 2 5 . 2 

s. I 

then cos ( 8- 4>) has the value eQual to 

5. 

Column I Column II 

a. The maximum value of {cos (2A + 0) +cos (2B + 6)}, p 2 sin (A+ B) 
where A, 8 are constants, is 

b The maximum value of {cos 2 A+ cos 2 B}, q. 2 sec (A + B) 
where (A+ B) is constant and A, 8 e {0, n/2), is 

c. The minimum value of {sec 2 A+ sec 2B}, r. 2 cos (A + B) 
where (A+ B) is constant and A, Be (0, 7r/4), is 

d The minimum value of~{ 1an 6 +cot 8-2cos 2(A + B)l . s. 2 cos {A - B) 

where A, Bare constants and 8 E (0. Jr/2), is 

6. 

Column I Columnll 

a cos 20° +cos 80° - J3 cos 50° p. -I 

1r 2n 3n 47r 5n 6n 3 
h cos 0° + cos- + cos- + cos - + cos- + cos- + cos- q.--

7 7 7 7 7 7 4 

c. cos 20° +cos 40° +cos 60°-4 cos 1 0° cos 20° cos 30° r. 1 

d cos 20° cos l 00° +cos 1 00° cos 140°-cos 140° cos 200° s. 0 
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2.80 Trigonometry 

7. 

Column 'I Column]) 

a Suppose ABC is a triangle with three acute angles A, Band ( . p. 1 81 quadrant 
The point whose coordinates are (cos B - sin A, sin B 
- cos A) can be in the 

h If2sinEI> I and 3005 9 < 1, then Be • q 2nd quadrant 

c.jcosx+sinxl = lsinxj+jcosxj r. 3rd quadrant 

11- sin A sin A 1 . . 
s. 41h quadrant d If~ + --= --,for all permtsstble values 

1 + sin A cos A cos A 

of A, then A can belong to 

8. 

Column I Column]] 

a. If .x2 + y = 1 and P = (3x - 4x3i + (3 y - 4 ;Vi, then P is p. 1 
equal to 

h If a+ b = 3 - cos 46and a - b = 4 sin 28, then the maximum q.4 
value of(ab) is 

c. The least positive integral value ofx for which r. 5 
3 cos 8 == x2 - 8x + J 9 holds good is 

4A. 2 - 2/l:l 
d .lfx = 2 andy= 2 , where A. is a real parameter, 

l+lt l+A. 
s. 8 

then x2 -xy + y lies between [a, b] then (a+ b) is 

9. 

Column I Column II 

a. Jn triangle ABC, 3 sin A+ 4 cos B = 6 and p6QO 
3 cos A +4 sin B= I, then L C can be 

h In any triangle, if (sin A +sin B +sin C) q. 30° 
(sin A +sin B- sin C)= 3 sin A sin 8 , then the angle C 

c. Jf8 sin x cos5x -·8 sin5x cos x = 1, then x = r. 165° 

d '0' is the centre of the inscribed circle in a 30° - 60° - 90° s. 7.5° 
triangle ABC with right angled at C. If the circle is 
tangent to AB at D, then the angle LCOD is · 

Integer Type Solutions on page 2.135 

J. If /(8) = 
1

- sin 
28 

+cos 
26 

then value of 8[( II 0 ) ·[(34°) is----' 
2 cos 28 

2. If/(x) = 2(7 cosx +24 sinxX7 sinx-24 cosx)~ foreveryx E R, then maximum value of(j{x))114 is __ ---= 

3. In a lriangle ABC, LC = ; . If tan ( ~ ) and tan ( ~) are the roots of the equation ax' + bx + c = 0 (a" 0), 

a+b 
then the value of-- (where, a, b, care sides of 6 opposite to angles A, B, C resp.) is _ _ __ _ 

c 
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4. If (I +tan 5°)(1 +tan 1 0°)(1 +tan 15°) ... ( I + tan 45°) = 2k, then the value of' k ' is 
-----' 

6. Ifx,yE Rsatisfy(x+Si+(y-12)2 =(14)2, thentheminimumvalueof is 
--~ 

7. Suppose x andy are real numbers such that tan x + tan y = 42 and cot x + cot y = 49. Then the prime 
number by which the value of tan(x + y) is not divisible by .5 is-----' 

8. Let 0 :r; a, b, c, dS nwhere band care not complementary) such that 
2 cos a + 6 cos b + 7 cos c + 9 cos d = 0 

cos( a+ d) 
and 2 sin a- 6 sin b + 7 sin c- 9 sin d = 0, then the value of 3 b is 

· cos( +c) --~ 
9. Suppose A and B are two angles such that A, B E (0, n), and satisfy sin A + sin B = 1 and cos A 

+cos B = 0. Then the value of 12 cos 2A + 4 cos 28 is 
------' 

10. a and f3 are the positive acute angles and satisfying equations 5 sin 2{3= 3 sin 2a and tan {3 = 3 tan a 
simultaneously. Then the value of tan a+ tan fJ is------' 

I Th b I 1 f h 
. 1C Str 9n I 3.1t' . 

J. e a so ute va ue o t e express1on tan - + tan - + tan - + tan - IS------' 
16 16 16 16 

1 l 
12. The greatest integer less than or equal to 

2900 
+ ~ 

. cos "3 sin 250° 
] 

13. Themaximumvalueofy=. 6 6 is __ ___; 
Sin x+ COS X 

14. The maximum value of cos2 ( 45° + x) +(sin x- cos x)2 is------' 

sin 4 r + cos 4 
t - 1 

15. The value of 9 . 6 6 is __ _...;; 
Sin f + COS I - 1 

16. The value of cosecl0° + cosec50°- cosec70° is __ ____; 

is 
--~ 

17. The minimum value of J<3sin x - 4cos x -10)(3sin x + 4cos x -10) is __ _ 

18. Number of triangles ABC if tan A = x, tan B =- x + I and tan C = J - x is __ ____: 

(1og10 n) -1 
19. If log10sin x + log10cos x =- I and log10(sin x +cos x) = 

2 
, then the value of 'n/3 ' is 

sin 1° + sin 3° +sin 5°+ sin 7° 
20. The value of is 

cosl0·cos2°·sin4° . --~ 

21 . ln a triangle ABC, if A - B = 120° and sin A sin B sin C = -
1 then~ the value of 8cos Cis __ ____; 

2 2 2 32 

. . 1 1 1 . 
22. Jn a tnangle ABC tf tan A= 

2
, tan B = k+ 2 and tan C = 2k+ 2, then the poss&ble value of[k], where 

[·] represents greatest integer function is __ ____. 

23. If sin3x cos 3x + cos3x sin 3x = 3/8, then the value of 8sin 4x is - - ----
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2.82 Trigonometry 

.. :Arc~ iv~s. .' · : · Solutions on page 2. 141 
'' 

Subjective 

I. If tan a=_l!!_ and tan ·{3= 
1 

, find the possible values of(a+ /1). 
m+.l 2m+l 

2. a.Drawthegraphofy = ~ (sinx+cosx)fromx = _ n tox= 1t . 
· v2 2 2 

b. If cos (a+ {J) = ~,sin (a- {J) = 2_ , and a, f3lie between 0 and.7r/4, find tan 2a. 
5 13 

3. Prove that 5 cos 8 + 3 cos ( 8 + ~) + 3 lies between - 4 and I 0. 

4. Given a+ f3 - r = n, prove that sin2 a+ sin2 f3- sin2 ·r= 2 sin a sin f3 cos y. 
5 • . For all 8 in [0, 1fl2] show that cos (sin 8) ~sin (cos 8). . 
6. Without using tables, prove that (sin 12°) (sin 48°) (sin 54°) = 1/8. 

7. Show that 16cos(
2

tr)cos(
4
1r)cos(

8
7r)cos(

16
n) = 1. 

15 IS 15 15 

(IIT-JEE, 1978) 

(IIT...JEE,J979) 

(JJT-JEE, .1980) 
(JlT-JEE, J98J) 
(IIT-JEE, 1980) 

(IIT-JEE, 1983) 

8. Prove that tan a+ 2 tan 2a+ 4 tan 4a+ 8 cot 8a= cot a. (JJT-JEE, 1988) 
9. A_BC is a triangle such that sin (2A +B) = sin (C - A) = - sin· (B + 2C) = l/2. If A, .8 and Care in A.P. 

determine the values of A, B, and C. · (JIT-.JEE, 1990) 

tan x . I 
1 0. Show that the value of , wherever defined, never ltes between - and 3. 

tan 3x -3 · 
OIT-JEE,1992) 

n- 1 2k 
J 1. Prove that L (n- k) cos 2 = _!!_ , where n ~ 3 is an integer. 

k= l n 2 
(UT-JEE, 1 997) 

12 F. d h f I f ~ h .. h 2 · I-2x + Sx
2 

[ 1t tr.] • m t erangeo vaucso t,orw 1c smt= Jx2 _
2
x - l , I E -2' 2 · (liT ...iEE, 2005) 

13. Find the maximum value of the expression 2 

1 
. 2 . 

sin (} + 3 sin () cos e + 5 cos 0 
(IIT-JEE, 201 0) 

Objective 
Fill in tlte blanks 

n 

1. Suppose sin3 x sin 3x = L Cm cosmx is an identity in x, where C0, C1, ... ,Cnare constants, and 
m=O 

Cn ~ 0, then the value of n is (IIT-JEE, 1981) 
2. The side of a triangle inscribed in a given circle subtends angles a, f3 andy at the centre. The minimum 

value of the arithmetic mean of cos (a+ ~} cos (II,+ ~) and cos ( y + ~) is equal to. __ 

(I.IT -J E E, J 987) 

downloaded from jeemain.guru



Trigonometric Ratios and Identities 2.83 

3 Th I f 
. 1r • 31l' . 51r . 71r . 9TC . tl1r . 131l' . 

1 . evaueo · sm-sm-sm-sm-sm-sm- sm- 1sequa to __ 
14 14 . 14 14 14 14 14 

(IIT-JEE, 1991) 

(IIT-.JEE, 1993) 
(liT -JEE, 1993) 

4. If K =sin (7dl8) sin (511118) sin (7rdl8), then the numerical value of K i,:)...s __ . . 
·s. If A> 0, B> 9 and A+ B= 1l'l3, then the maximum value of tan A tan B is __ 

6. If cos (x-y), cosx and cos (x + y) are in H:P., then cosx sec ( ~) = __ 

True or fal.~e 

1-cosB 
1. If tan A= , then tan 2A =tan B. 

sin B 

Multiple clwice que.'itio11s with oue correct answer 

.1. If tan 6+ sin 6"'"' m and tan 6- sin 6= n, then 
a. m2 - n2 = 4mn 

c. m2 - ,2 = m2 + n2 

2. If tan 8= -
4

, then sin8 is 
3 

4 4 
a -- but not -

5 5 
3. If a+ f3 + y == 2n, then 

4 4 
ll --or-

5 5 

n m2 + ,2 = 4mn 

d m2 - n2 = 4~ 

4 4 
c. - but not - -

5 5 

(JJT-JEE, 1997) 

(IIT-JEE, J 983) 

OIT-JEE, 1970) 

(HT-JEE, 1979) 

d none of these 

a P y a P r 
a. tan -+ tan-+ tan-= tan-tan-tan-

2 2 2 2 2 2 
ll tan a tan /3 +tan p tan"' +tan"' tan a= 1 

2 2 2 2 2 2 

a P r a P r 
c. tan-+ tan-+ tan- = -tan-tan-tan- d none of these 

2 2 2 2 2 2 
4. Given A = sin2 8+ cos4 8, then for all real 8, 

a.1SAS2 ll 3/4SASI c.l3/16SASI 

S. The value of ( 1 + co~ ; ) (1 + cos 
3
;) (1 + cos 

5
:) {1 + cos 

1
:) i; 

a. 1/4 b. 3/4 c. 118 

6. The value of the expression ..[3 cosec 20°- sec 20° is equal to 

a. 2 b. 2 sin 20°/sin 40° c. 4 

7. 3 (sin x- cos :~Y + 6 (sin x + cos x)2 + 4 (sin6 x + cos6 x) is equal to 
a. 11 b. 12 c. 13 

4xv 
8. sec2 8 = ... is true if and only if 

(x+ y)2 

a. x+y:;tO h x=y,x:tO 

9. Letf(8) =sin 8(sin 8+ sin 38). Thenf(8) is 
a ~ 0 only when 82:0 h S 0 for all real 6 

c.x=y 

c. 2: 0 for all real 8 

· (llT-JEE, 1979) 

d 3/4SAS 13116 
(IIT-~JEE, 1980) 

d 3/8 {IJT...,JEE, 1984) 

d 4 sin 20°/sin 40° 
(IIT-JEE, 1988) 

d 14 (IIT-JEE, 1995) 

d x:;tO,y:tO 
(IIT-JEE, 1996) 

d SOonlywhen 8:50 
(liT .JEE, 2000) 

·~ 
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2.84 Trigonqmetry 

10. The maximum valu~. of.( cos a1) (cos a:z) ···(cos an), under the restriction~. 
0 ~ ab ~ • . .. , a,~ !di and (cot a1) (cot~)· · · (cot a,)= I is 

c. 1/2n 

II. If a+ {J = n/2 and fJ + y= a, then tan a equals 

a 2 (tan {3+ tan.J? h tan {J +tan r c. tan {J+ 2 tan r 

dl 
(IIT-JEE, 2001) 

.d 2 tan {J+ tan r 
(liT -JEE, 2001) 

12. Given both 9 and ifJ are acute angles and sin 9= 112, cos ifJ = 1/3, then the value of 9 +¢belongs to 

a (~ ~] 
3 ' 2 

h ( ~ 2~] 
2' 3 

~ e~ s~] 
3 ' 6 d e:.~J 

(IIT-.JEE, 2004) 

13. Let 0 < x < 1'(}4, then (sec 2x- tan 2x) equals 

a. tan(x- :) h tan(: -x) c. tan(x+ :) d ~n2 (x+ :) 

(I.IT-JEE, 1994) 

14. Let n be a positive integer such that sin~+cos2:... = .fx. Then 
2n 2n 2 

a. 6~n~8 h 4<n~8 c. 4~n~8 d 4 <n<8 
(IIT-JEE, 1994) 

J s. Let 8 E (0, n:/4) and,, = (tan B)'nn 8, '2 =·(tan B)CQ' 6, 13 =(cot Bt3
" Rand '4 =(cot O)cot 8, then 

d /2 > 13 > ,, > /2 

(IIT-JEE, 2006) 
Multiple clio ice questions with one or more than one correct '!nswers 

• 

I. The expression 3[sin4 G ~-a )+sin4 (3~ +a)]- 2 [sin6 G ~+a )+sin6(5~- a) }• equal to 

a. 0 hi c. 3 

... 00 -

· 2. For 0 < tfJ::=;; n:l2, ifx = I,cos2
n 4> ,y = L sin2

" ¢, z = L cos2
n q>sin211 ¢,then 

n=O 11=0 n=O 

a. xyz =xz+y h xyz=xy+z c. ~z=x'+y+z 

3. ·which of the following number(s) is/are rational? 

·a. sin 15° h cos 15° c. sin 15° cos 15° 

d none of these 
(IIT-JEE, 1984) 

d ~~z::;;yz+x 
(IIT~EE, 1992) 

d sin 15° cos 75° 
(IIT..JEE, 1998) 

4. for a positive integer n, let /
11
(8) =(tan 8 /2)(1 +sec8)(.1 +sec28)(1 + sec48) · · · (1 +s~c2n 8). Then 

a. fi(n/16)= 1 bf3(n/32)= I c.J4(n/64)= I dfs(nll28)= 1 
(IJT-JEE, 1999) 

J• 
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Trigonometric Ratios and Identities 2.85 

5. The minimum value of the expression sin a+ sin /3 +sin y, where a, {3, rare real numbers satisfYing a 
+ f3 + r = tris 

a positive b. zero c. negative 

ANSWERS AND SOLUTIONS 

Subjective Type 

1. Let m =:= 2k, i.e., m is e_ven where k e I 

Now, f3=2kn+ ; -A= ( 2k + ~) n-A 

Jf m = 2k + 1, i.e., m is odd, then 

f3 = (2k + I )1t- (; - A) = ( 2k + ~) 1t + ~ 
From Eqs. (i) and (ii), {3 can be expressed as 

f3 = ( 2k + ~) 1t± A, k e I 

which is same as a. 
2. A+B+C=tr 

A B 1r C 
=> -+-=---

2 2 2 2 

~ cor(~ + ~) = cot ( ~ - ~) 
A B 

cot- cot--J 
2 2 = tan C = _1_ 
A B 2 C 

cot-+cot- cot -
2 2 2 
A 8 C A 8 C 

~. cot-cot-col- = cot- +cot-+ cot-
2 2 2 2 2 2 

B A B C . HP ut tan -, tan-, tan- are m . . 
2 2 2 
A 8 C . AP :. cot - , cot - , cot - are m . . 
2 2 2 

A C B 
So, cot-+ cot-= 2 cot-. 

2 2 2 

E ( .) b A B C 3 .8 A C 3 Hence, q. 1 ccomes cot-cot-cot- = cot- ~cot-cot-= 
2 2 2 2 2 2 .. 

A C A C - ~ 
=> G.M. of cot- and cot-= cot-cot- = v3 

2 2 2 2 
A C 

A C cot-+cot-
andA.M. of cot- and cot- = 2 2 =cot 

8 
2 2 2 2 

d -3 (IIT-JEE, 1995) 

(i) 

(ii) 

(i) 
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2.86 

.But A.M.· ~ G.M. 

~ cot 
8 ~J3 
2 

Trigonometry 

Therefore, the minimum value of cot B/2 is .J3. 
I 

3. cosec () = --
sinO 

I sin0/2 sin( e- ~) · n 9 e·e stn ucos--cos sm -
- -- = ----'------:,..-'-:-

sine sin 9/2 . ·e · (e) sm sm 2" · 
. () 

:. cosec()= cot--cotl~ 
2 

Similarly, cosec 28= cot 8-cot 28 
cosec 49= cot 28- cor48 

. . 
cosec 2n - l (J = cot 2n- 2 B:-cot2n-t () 

() 
Therefore, sum = cot- - cot2"-1 9 

2 
'4, Let cot 8= cot A+ cot 8 +cot C 
~ cot e-cotA = cot B+ cot C 

sin(A -8) sin(B +C) 

sinAsinO sin/JsinC 

. (A 8-)- sin
2 

AsinB 
~ sm - - -----

sin Bsin C 

S
. .1 1 . (B 8) sin

2 
Bsin 8 1m1 ar y, sm - = ----

sin AsinC 

sin2 Csin8 
and sin (C- 8) = ----

sin A sin B 

( 

2 2 
. e. B s1n sm -

2 

By multiplying corresponding sides ofEqs. (i), (ii), and (iii), we have 
sih3 (}=sin (A- B) sin (B- (J) sin (C- 8) 

5 L . A .B .C k . et sm-+sm -+sm- = · 
2 2 2 

. A+B A-B A+B 
or2sm --cos-- +cos --=k 

4 4 . 2 

~ 2sin2 A+B -2cos A-B sin A+B +k-1 =0 
4 . 4 4 . 

S. . A + B . I 4 2 A- B S(k. ) 0· · mce sm -- 1s rea , cos --- ·-I ~ 
4 . 4 

2 A-8 .. 
~ 2(k -1) 5 cos -- :$; 1 ~ k :$; 3/2 

4 

(i) 

(ii) 

(iii) . 
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Hence 2sm-- cos---sm-- S-0 0 A+B[ A-B 
0 

• rr-CJ 1 
' 4 4 4 2 

. A+B[ A-B tr+C] 1 => 2sm-
4

- cos-
4

- - cos-
4

- S 
2 

4 
. A+B . tr+C+A-8 . n+C-A+B l 

sm--sm Stn S -
4 8 8 2 

TC-C tr-B 1r-A 1 
~ 4sin--sin--sin--S-

n+C n+B 1r+A 1 
~cos--cos--cos--$-

4 4 4 2 4 ° 4 4 8 
x tan(8+a) .. 

6. Here - = {3 . By componendo and dJv1dendo, we get 
y tan(8+ ) 

x + y .,. tan(8+a) + tan(8 + ,8) ,., sin(28 +a+ ,8) 
x - .y tan(8 +a)- tan(8 + /3) sin( a - J3) 

:. x+ Y sin2(a- fJ) = sin(28+ a+ ,8) sin( a-{J) 
x-y 

= .!.rcos2(8 + {J) -cos 2(6 +a)] 
2 

Similarly, y + z sin2 ({J - y) =.!.[cos 2(9 + y) - cos 2(9 + ,8)] 
y-z 2 

~+x J 
and -'-sin2(y-a) = -[cos2(8+a)-cos2(8+y)] 

z-x 2 
Adding Eqs. (i), (ii), and (iii), we get L.H.S. = 0. 

7. Here, we have tan 69= plq 

s · n 68 I p2 + {/ r--:------:-~ I =p ==> p = q ='V =.Jp2+q2=k(say) 
cos69 q sin 68 cos68 .Ji 

Now y= _!_(pcosec 8-qsec28) = .!.( . p - q ) 
2 2 s1n 28 cos28 

1 [pcos 28-qsin 28] 
~ y = - ..;....._ __ ___;;, __ 

2 sin 29cos29 

= [2k sin 68cos 28 -2k cos68sin 28] = k sin(68-29) = k = ~ 2 + 2 

. 4sin 28 cos29 . sin 48 P q 

8. sin a+cos a+(tan a + cot a) + (scc a+ cosec a) = 7 

. l sina+cosa 
==> {stna+cosa)+ . + . =7 

sm a cos a sm a cos a 

( . )(1 ° 1 . ) . 7 1 ~ sma+cosa + . = --
0
---

sm a cos a sm a cos a 

=> (l+sin2a)(1 + 
0 4 

+ ; ) = 49- -
2
-
8

-
sin 2a sin 2a sin 2a 

4 
+--:--­

sin2 2a 

(i) 

(ii) 

(iii) 
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2.88 Trigonometry 

Let sin 2a. = x 

::::} ( 
4 4) 28 4 (l+x) 1+-+- =49--+-
x x2 x x2 

::::} x3 - 44r - 3 6x = 0 
::::} r - 44x -36 = 0. (asx=s·in2a:it0) 

9. We have 

2 () . 

9 .cot 
2 

- 1 8 
1 +cot.O- cot- = 1 + - cot -

2 e. · 2 , 
2 cot 2 
e 2 8 ·2 e 

2 cot - + cot - - 1 - 2 cot -
= --~2 __ ____.:2::....__ ___ ---=..2 

2 cot 
9 
2 

~ 0 for 0 < 8 < 1r 

8 
::::} 1 + cot 85 cot -

2 

Equality holds when cot 
8 - 1 = 0 ::::} 8 = 7r . 
2 2 

10. Since A.M. oftwo positive quantities ~ their G.M., we have 

. - 1 I - I 

::::} 2sin X + 2COSX ~ 2 ·X 2 T2 = 2 J2 

A B c. 1r . 
11. We have - +- + - = - , so that 

·2 2 2 2 

tan(~+~) =tan(;-~) 
A B 

tan - +tan - 1 2 2 ----==----=:.... = --
·1 - tan A tan 8 tan C 

2 2 2 

A B B ·C C A 
~ tan- tan - + tan - tan-. + tan -tan- = 1 

2 2 2 2 · 2 2 
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2 A 2 8 .,C 
Now tan -+tan -+tan· - -1 

2 2 2 

= - L,2 tan - - I2 tan - tan -1 [ 2 A A Bl 
2 2 2 2 

1 [( A B )
2 

( B C )
2 

( C A )
2

] = 
2 

tan Z - tan 2 + tan 2 - tan 2 + t~n2 - tan 2 ;;:: 0 

12. A+B+C=tr 

3n · 3tr 
=> B + C = - => 0 < B, C < - Also tan B tan C = p 

4 4 

sin Bsin C p 
= 

cos BcosC 1 

cosB cosC -sin BsinC 1-p 
=--=> 

cosB cosC +sin Bsin C 1 + p 

cos ( 8 + C) · I - p 
=> cos ( B-C) = 1 + p 

). (:P-I) =cos (B -C) 
' Since 8 or C can vary from 0 to 3.1Z'/4, we get 

3n I 
0 ~B-C< 4 => - .J2 <cos(B -C)~ I. 

Equation (i) will now lead to- ~ < J + 
1 

. S 1 
v2 2 (p-1) 

p +l 2p 
For 0 < I+-- => ( ) >0 

p - 1 p -1 
=>p<Oorp> I 

p +I -Ji (p - 1) 
Also < 0 

..[2 (p-1) -

( p - (.J2 +Jt) 
=> ~0 

(p-1) 

=> p < I or p "?:. ( .J2 + J t 
Combining Eqs. (ii) and (iii). we get p < 0 or p ~ ( J2 + 1 t. 

13. Adding sin( a + x) +sin( a - x) = 2(b +c) 

=> 2 sin a cos x = 2(b +c) 

b+c 
=>cosx= -.-

sma 

•• 
r 

' f c,l,' ., 
,· (' 

(i) 

(ii) 

(iii) 

. (i) 
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Subtracting, we get 
sin(a + x)- sin( a-x)= 2(b- c) 
~ 2 cos a sin x = 2(b - c) 

b-e 
~sinx=-­

cosa 
Squaring and adding Eq. (i) and Eq. (ii), we get 

(b+c)2 .(b-c)2 

...;,______::._ + = I 
sin2 a cos2 a 

(ii) 

f3 
n sin a cos a 

14. tan ::1 .., 

1-nsin"a 

nsinacosa 

= __ c~o~s_2 =a:.......:~ 
1 nsin2 a 

(dividing numerator and denominator by cos2a] 

cos2 a cos2 a 

n tan a n tan a · n tan a = = ---:------:-- = ------
sec2 a_·, tan2 a 1 +tan2 a-n tan2 a 1 +(1- n) tan 2 a 

tan a- tan {3 
Now, L.H.S. =~an( a- {J) = {3 

1 +tan a tan 

n t.an a 
tan a - -----,.---

= I + ( 1-n) tan 2 ~ 
ntana · 

l+tana------
1 + (:t - '!) ·tan 2 a 

(i) 

[From Eq. (i)] 

= tan a+ (1 - n) t.an
3 a - n tan a = 

1 +(J -n)tan2 a +ntan2 a 

(1- n) Lana +(1- n)tan3 a 
. 

1 2 = ( I - n) tan a 
· +tan a 

15. L.H.S. containsx, 3x, 9x and 27x, whereas R.H.S contains 27x andx only. So, we will manipulate tenns 
as shown below 

1 
R.H.S.=- (tan 27 x - tan x] 

2 

= .!. [(tan27x- tan9x) + (tan9x- tan3x) + (tan3x- tanx)] 
2 

=]_[(sin27x _ sin9x).+(sin9x _ sin3x) +(sin3x _ sinx)] 
2 cos27x cos9x cos9x cos3x cos3x cosx 

_ 1[sin(27x-9x) sin(9x - 3x) sin(3x-x)] -- + +-----....:... 
2 cos27xcos 9x ' cos9xcos3x cos3xcosx 

l [ sin 18x sin 6x sin 2x ] 
= 2 cos27xcos9x + cos9xcos3x + cos3xcosx 
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.I [2sin9xcos9x 2sin3xcos3x 2sinxcosx] 
=- + +----

2 cos27xcos9x cos9xcos3x cos3xcosx 

sin 9x sin 3x sin x sin x sin 3x sin 9x 
= + + - + + = LHS 

cos27x cos9x cos3x cos3x cos9x cos27x · · · 

2cos2n 8+1 
16. We have to prove =(2 cos 8- I) (2 cos.28-1) (2 cos22 8-1) ... (2 cos 2n-l 9-I) 

2cps8+1 
or 2 cos 2" 8+ 1 = ((2 cos 8+ 1)(2 cos 8- 1)](2 cos 29- J )(2 cos 22 9- I) ... (2 cos 2n-l 8- 1) 
NOW ( (2 COS 8 + ] ) (2 CQS 8 - 1 ) ) (2 COS 2 8- ] ) (2 COS 2 2 8 - I ) ... (2 COS 2"- 1 8- 1) 
= (4 cos2 8- 1) (2 cos 28- I) (2 cos 22 8- I ... (2 cos 2" - 1 8-1) 
= (2 cos 29+ 1){2 cos 28- 1 )(2 cos 22 8...: I) ... (2 cos 2n-l 8- 1) [using cos 29= 2 cos2 8- 1] 
=(4 cos2 28-1)(2 cos22 9-1) ... (2 cos2n-l 8- I) 
= (2 cos 2 2 8 + 1 )(2 cos 2 2 8- I } ... (2 cos 2 n- 1 (J- I) 
= ( 4 COS 2 2 2 8- 1) (2 cos 2 3 9- I ) ... (2 COS 2 n- 1 8- 1) 

=(2cos2"- 1 8+ 1)(2cos2"- 1 8-1) 
= 4 cos2 2" -• 8- I 
= 2 cos 2" 8+] 

tan 2" 9 2 3 
17. We have to prove that = (I+ sec 28)(1 +sec 2 8)(1 +sec 2 8) ... (1 +sec 2n 8) 

tan8 
or tan 2" 9 = tan 8(1 +sec 28) (1 +sec 22 8) (I +sec 23 8) ... (1 +sec 2" 8) 
Now tan 8(1 +sec 28) (1 +sec 22 8) (I+ sec 23 8) ... (1 +sec 2" 8) 

(
l+cos28) 2 3 = tan 8 (1 +sec 2 8) (I +sec 2 8) ... (1 +sec 2n 8) 

cos28 

= -- ( J + sec 2 8) ( 1 + sec 2 8) ... (l + sec 211 8) sin8(2cos
2 8J 2 3 

cos8 cos29 

=(tan 28)(1 +sec 22 0) (I +sec 23 8) ... (I +sec 2" 8) 

(
J +cos228 l 3 =(tan 26) 

2 
) (1 +sec 2 0) ... (I +sec 2" 8) 

cos2 8 

(
2cos

2 
28) " =(tan28) 

2 
(1 +sec2· 8) ... (1 +sec2"8) 

cos2 8 

=(tan 2 2 8) (1 +sec 23 8) ... (1 +sec 2" 9) 

=tan 2"- 1 8(1 +sec 2" fJ) 

=tan 2"-1 8 (I +cos 2" 8) 
cos 211 8 

· (2cos
2 2"-'eJ =tan 2"- 1 8 

cos2" 0 
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Object;ve Type 

I. b. Sincef(x) =sin xis an increasing function for 0 < x < 1d2 and I radian is approximately 57°. Therefore, 
I 0 < 1R~sin l 0 <sin 1. 

2. a. We have ;:;; - -+-x2 + y
2 

1 (x y) 
2xy 2 y X 

[ ·: sin2 f)~ 0] 

Therefore, x andy have the same sign. 

Now, x2 + l = .!.(~ +1.) 
2xy 2 y X 

x2 + 2 · 
:= y ~I ( ·: A.M. ~GM.) 

. 2.xy 

x2 +l But sin2 8~ I. Therefore, = J =x=y. 
2xy 

3. d. Since 0 < x < n. Therefore, sin x > 0 

We have J + sin x + sin2 x + · · · oo = 4 + 2.../3 

1 
;:;;4+2./3 

1-sinx 

. . 1 
=> smx = I--~= 

4+2../3 

3+2../3 = --
4+2../3 2 

n 2n = x = - or-
3 3 

cos x tan x 1 sin X· 
4. b. 2 + -- + -----

k tan x · I +cosx 

_ sin x cosx (1 +cos x) +sin2 x cos x(l +cos x) + (1- cos2 x) a 1. a 1 
--+ = =-+--=-+ -

k2 sinx(l +cosx) sin x(l +cosx) k sin x k ak 

. A · B S.a. 2 sm- cosec-
2 2 ( . C A B) sm - -cos-cos- -cosA 

2 2 2 

= 2 sm - cosec - cos - cos - cos - - cos A . A B ( A+B A B) 
2 2 2 2 2 

2 . A ,B ( . A . B) · . 2 A = sm-cosec- -sm-sm- -cosA = - 2sm - - cosA= - 1 
2 2 . 2 2 2 
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Trigonometric Ratios and Identities 2.93 

6. b. Applying A.M.~ G.M. in 6 tan2 ~'54 cotl ~. 18, we get 

6 tan 
2 

<P +54 cot 
2 

l,b + 18 ~ ( 6 x "54 x 18) 113 ~ 1 8 
3 

This is true if 6 tan2 <P =54 cot2 ~ = 18 

=> tan2 ¢ = 3 and cot2 <P = 113 
Therefore, 1 and II are correct. 

7. c. 5 tan 8 = 4 => tan 8 = 
4 

5 

8.b. 

5 
sin e _

3 
Now 5sin8-3cos8 = cos8 

Ssin 8+2cos8 
5 sinO + 2 

2 sec 28= tan l,b +cot l,b cos8 

2 sin2 ~ +cos
2 

<P 
= 

cos 28 sin ¢ cos <P 

2· 1 
=> == 

cos28 sin¢ cos¢ 

=> cos 28= sin 2¢ 

=> 2(}"= 90°- 2 <P 

1t 
~ 9+ <P = 4 

9. a. sin x + cosec x = 2 
=> (sin x- 1)2 = 0 

=> sin x= I 
=> sinn x +cosec" x = I + I = 2 

Also, sec2 8 cosec2 8 = 4 ~ 4 
sin2 28 

= 

4 
Stan8-3 

5x--3 
5 = 

5tan8+2 4 
Sx-+2 

5 

l - -
6 

Hence, the only equation which can have roots cosec2 8 and sec2 8 is~- 5x + 5 = 0. 

11. b. 
J-cosa - --+ 
1 +cos a 

1 +cos a .I -cos a +I +cos a 
= 

1-cos a .JI-cos2 a 
. . 

2 
= ~ (since 1r <a< 37! 12) 

-sma lsinx l 
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2.94 Trigonometry 

1C · 2rr 3TC · 4tr 5tr 6rr 1n 
12. b. We have cos- +cos- +cos-+cos-+cos- +cos- +cos-

7 7 7 7 7 7 7 

(
. 1C 6i) ( 21t 51C) ( 31C - 41l') . = cos-:.;+cos? + cos7 +cos7 + cas7 +cos7 +cosTC 

= (cos~ -cos~)+( cos 2; _.;,s 2;) +(cos 3; -cos 3;) +Cos" 
=cos n= -1 

13. b. 2 sin2 8+ 3 cos2 6 = 2(sin2 6+ cos2 8) + cos2 8= 2 + cos2 8~ 2 
[ ·: cos2 9> 0] 

14. b. sin4 9 + cos4 9 = (sin2 9 + cos2 9)2 - 2 sin2 6 cos2 9 = 1 - 2 sin2 9 cos2 8-5: I 
15. d. We have . . 

1 (x) = cos2 B + sec2 8 = <cos o-·sec 8)2 + 2 cos B se~ 9 = 2 + <cos 8 - sec 9)2 ~ 2 

J6.a. f(x)=cos6 x+sin6 x 
= (cos2 x + sin2 x) (sin4 x + cos4 x- cos2 x sin2 x) 

='((sin2 x + cos2 x)2
- 3 sin2 i cos2 x) 

J 3 . 2 2 = - -sm x 
4 

=-. f(x)e [>] 
17. a. f(x) = 3 cos x + 5 sin (x- rr/6) 

1 5 .J3 . = -:-COSX+ X -Sin X 
2 2 

Theri,- cr +(5~)' Sf(x)S G)' +(5
:.)' 

~ --J)9 '5: f (X) '5: .Jl9 
18. d. I -cos 2x +sin 2x;;; 2k 

~ sin 2x - cos 2x = 2k - I 
. 2k-l 

.=> sm (2x - a)= .[i 

-I< 2k -1 <I 
=> .. -J2-

l- J2 k l+..fi => < < - -
2 - - 2 

19. d. cot( a + {J) = 0 ~ a+ {3 = 1d2 + mr, n E I 
=> sin( a+ 2/3) = sin(~Oo + {J) =cos {3 (for n;;; 0). 

20. b. We have 

X ·Y - z --= 

cos( 9-
2
; r cos(o+ 2;) 

cosO 

' 
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Trigonometric Ratios and Identities 2.95 

Therefore, each ratio is equal to 

x+y+z _x+y+z 

cos8+cos( II-
2
; )+cos( II+ 

2
;)-

0 

=> x+y+z=O. 

21. b. Since 0 ~ sin211 x ~ sin2 x 
0 ~ cos2

n x ~ cos2 x [as sin4 x = sin2 x sin2x ~ sin2 x, sin4 x ~ sin2 x and so on] 
=> 0 ~ sin2n x + cos2n x ~ sin2 x + cos2 x = I 

=> 0 :::; sin2
" x + cos2

" x $ 1 

22. b. 4Xl-2 J5 X + l = 0 
Let a and {3 be the roots, we have 

2.J5 J5 ] 
a+fJ=4=2,af3= 4 

S. . J go J5-] 36o .J5 + J mcesm ·= . cos = --
4 . 4 

. . 2J5 J5 . .s -1 4 1 
sm 18°+cos36°= -- ==- sm 18°cos36°= ~ =- =-
. 4 2 16 . '16 4 

Here the required roots are sin 18°, cos 36°. 

23. b. 2 cot a + . ~ = J2 cot a + coscc2 a 
sm a 

= ~2 cot a + l + cot2 a = 1:1 +cot a I ,;, - 1-cot a 

[since cot a <- 1 when 3n/4 < a< 1r , p + cot a I = - )..:.. cot a] 

. ( 7r) 3 3J3 . 13 3.J3 . . 
24.d. f(B)= 5 cos 8+3 cos 6+- + 3 = 5 cos 9+- cos{}-- sm 6+ 3 =- cos 8-- sm 8+3 

3 2 2 2 2 

= C ~9 + 
2
:) sin( II- a) + 3. Tlius, the range of/( 9) is [- 4, I 0]. 

25. b. Since a< IJ< y< Sand sin a= sin ,B= sin r= sin 8= K, therefore {3= n- a, y= 2n+ a: 8= 3tr- a 

. a 3 . /3 2 .r .8 . a a . a a => 4 sm -+ sm-+ sm-+sm- =4 sm -+3cos--2sm--cos-
2 2 2 2 2 2. 2 2 

a a -~ ~ 
=2 sin-+2cos-=2.JI+sina =2v1+K 

2 2 
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2.96 Trigonometry 

26. c. Let 0 be the centre of the circle 

Fig. 2.37 

360° . 
Since LA00A 1 = -

6
- = 60° 

A00A 1 is an equilateral triangle, we get A0A 1 = 1 [radius of circle = I] 

. J3 
Also Aey4i = Aotf4 = 20D = 2[0A0] sin 60° = 2( I)~= .J3 

. 2 

• (AoA 1) CA_oA2) (A 0A 4) = (I) ( -/3)( ..J3) = 3 

· 27. d. The given relation is satisfied only when sin 81 =sin 8, =sin 83 = 1 

=> cos 81 = cos 82 = cos e3 :;:; o 
=> cos 8, + cos ~ + cos 83 = 0 

28. c. sin2 8$ I · 

=> xz + i + I $ 1 => il + Y- 2x + I $ 0 
2x 

[asx > 0] 

;;;) (x- 1 )2 + l $0 
It is possible, iff x- 1 andy = 0. 

29. a. sin (a+ fj) = I =>a+ /3=!!. sin (a- tJ) = .!.=>a - {3 =!!. 
2 2 6 

Solving, we get a~ 7d3 and /3 = 7r/6 

Nowtan(a+2/3)tan(2a+{J) = tan -+- tan -+- =tan-tan-·- -cot- -cot-(n ") (2n rr) 21! 5n ( rr) ( Tr) 
. 3 3 3 6 3 6 3 6 . 

30. a. sin 27°- sin 63° =-2 cos 45° sin 18° 

= -../2( !5 -) ) == - .J5 -1 = - ~3-J5 
4 2../2 2 

downloaded from jeemain.guru



Trigonometric Ratios and Identities 2.97 

31. c. cosec 8 - cot 9= q 
1 

cosec 9+ cot 9=­
q 

. . cosec 9= .!.[q +(1/ q)] (on addition). 
2 

32. a. Squaring both the sides, we get 

1 
1 +sin29=-

25 
24 

~sin 28=-
25 

21 24 
.Lett= tan 9, we get - -2 ==--

25 l+t 

=:) SOt + 24 + 24~ = 0 
~ 12r2+25t+ 12 =0 
=> (41 + 3)(31+ 4) = 0 

(i) 

~ t = -4/3 (as fort=- 3/4 (rejected) as if tan 9=- 3/4, then Be [1r/2, n) and sin 8 +cos 8=- 1/5) 
33. c. Multiplying x above and below by 1 -cos 8+ sin 9, we get 

2sin 8(1 -cos8+sin 8) 2sin 9(1-cos9+sin 8) X= = __ ___:___....,..--___ ...;... 
· (1+sin9)2 -cos2 8 (l+sin8)2 -(1-sin2 fJ) 

. . 2 . . 2sin9 l-cos8+sin8 
Puttmg 1- sm 8= (1 + sm fJ) (I - sm 8), we get . . = x. 

2 Sin 8 ] + SJO 8 
34. b. 2n9= rd2 

. . 8, (2n - 1) 8-(nt2) - 9; 26, (2n - 2) 6=(nt2)-29, ... 
They fonn complementary angles A and B so that tan A tan B =tan A cot A = 1 for each pair. 

35. a. N r = 2[(sin 1 o + sin 89°) +(sin 2° +sin 88°) + ... +(sin 44 o + sin 46°) +sin 45°] 

Nr 
=:)Dr = 2{sin45°[2(cos44°+cos43~+ .. ·+cos1°)) + 1} 

= 2 sin 45° 

=.J2 
36. b. sec a+ cosec-a= p, sec a cosec a= q 

sin a + cos a d l 
=> . =pan . =q 

sm a cos a sm a cos a 
1 + 2 sin a cos a 2 =p 

sin2 a cos2 a · 

2 
1 +-

~ __ q = p2 
I 

q2 

=> l(l+~)=p2 =>q(q+2)=p2 
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2.98 

37. c. 

38.a. 

Trigonometry 

We have sin x + sin2 x = I 
~ sin x = J - sin2 x ·=> sin x = cos2 x · 
Now cos 12 x + 3 cos 10 x + 3 cos8 x + cos6 x - . 2 = sin6 x + 3 sin5 x + 3 sin4 x + sin3 x- 2 

= (sin2 x)3 + 3(sin2 x)2 si~ x + 3(sin2 x) (sin x)2 +(sin x)3 - 2 
=(sin2x+sinx)3-2=(1)3-'2=-1 

· 3 
cos(A - B)=-

5 
~ 5cosAcosB+5sinAsinB=3 
From 2nd relation, we have 
sin A sin 8 = 2 cos A cos B 

~ cos A cos B = .!.. and sin A sin B = ~ 
. 5 5 

39. a. ( 1 + tan A)( I + tan B) = 2 
~ tan A + tan B = 1 - tan A tan 8 

~ tan(~+ B)= 1, i.e., A+ n"= !!_. 
4 

4 
1! • 1C 

or a+ a = -. 1.e. a= -
4 . ' 20 

40. a. A c ~ + ~ = J2 sin 90° 

B= ~[ ~sin44°+ ~cos44•] =~sin (45°+44~) 
= ·J2 sin ggo < J2 sin 90° = .fi :. A > B ~(a) 

. 41. d . . .!.c.JJ cos 23° - sin 23°) = .!.(cos 30° cos 23° -sin 30° sin 23°) = .!.cos (30° + 23°)=.!. cos 53° 
. 4 . 2. . 2 . . 2 

42. b. tan( e, -IJ, }•n( IJ, +IJ,) = sin( IJ, ~IJ, }in( IJ, ;9,) . 
· 

2 2 
cos( 

9
• ~92 

)cos( 
9
• ;

92
) 

43. b. 

44.a. 

= cos 82 - cos 81 -I - -. 
cos 81 :t cos (}2 3 

3 
+ cos goo cos 20° 

sin 80° sin 20° 2sin goo sin 20° + ( cos80° cos 20° +sin 80°sin 20°) 
= 

cos80° cos 20° sin 20° cos 80~ +cos 20° sin 80° ---+---
sin goo sin 20° 

- cos 1 00° +cos 60° +cos 60° 

sin 100° 

{3 
. . 2 sin a sin y 

tan =2smasmrcosec(a+n==. ( ) 
sm a+ r 

. sin (a+ rY 
~ · cot {3 = ----:..-____;;..... 

2 sin a sin r 

I -cosl00° 
sin 100 =tan soo 

(i) 

(ii) 

) 
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/3 
si 11 a cos r + cos a sin r 

=> 2 cot = . . = cot a+ cot r 
Sin a Sin y 

~ cot a, cot /3, cot yare in A.P. 

45. b. 3 sin A cos B =sin B cos A 

~ cos A sin B= 2 
4 

~ sin(A+B)= I 

1r 1( 
~ C=-. 8 =--A 

2 " 2 

=> 3 tan A - tan ( ~ -A) 
~ 3 ::::cot2 A 

46. d. tan( I ooo + 125o) = tan 1 ooo +tan 125o 
1- tan 100°tan 125° 

Trigonometric Ratios and Identities 2.99 

. 2250 _ tan 100° +tan 125° . 
1 

= tan J 00° +tan 125° 
. . tan - . , 1.c .• 

l - tanl00°tan125° · l -tan 100°tanJ25° 

i.e., tan 100° +tan J 25° +tan I 00° tan 125° = I 

tan 20° + tan 40~ 
47. b. We know that tan (20° + 40°) = 

1
_ tan 200 tan 400 

48. c. 

.J3 = tan 20° + tan 40° 
I - tan 20° tan 40° 

~ J3 - .J3 tan 20° tan 40° =tan 20° + tan 40° 

=> tan 20° + tan 40° + .f3 tan 20° tan 40° = ..fj 
J2- sin a - cos a 

sin a- cos a 

_ .J2- ,12 (i-sin a+* cos a) 
,12 ( ~ sin a - ~ cos a) 

J2 - J2 cos (a -:) 
= ------:-----'--~-=-

.fi sin (a -:) 
. 

.Ji (1- cos 8) · 1r 2 sin
2 

(9/2) (} (a n) 
= .Ji sin 8 • where 8 =: a- 4 = 2 sin (9/2) cos (9/2) = tan 2 =tan 2-8 

49. b. sin e, - sin 82 =a, cos e, +cos 82 = b 
~ if + b2 = 2 + 2 cos < e, + 92) 

=> 0 ~ if + b2 s; 4 
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2.100 - Trigonometry 

SO. c. l+sin2x = (sinx+cosx)
2 

= (l+tanx)
2 

= (tan(tr +x))
2 

= tan2(Tr +x) 
l-sin2x (sinx-cosx)2 1-tanx 4 4 

51 . d. 

=cot'(~+: +X)= cot2e: +x) 
3n 

:=) a=-
4 

3 5 
We have4.x2-16x+ 15 < 0 ==> -<x<-

2 2 
Therefore, the integral solution of 4.x2- 16x + 15 < 0 is x ""' 2 
Thus, tan a= 2. Jt is given that cos f3 ==tan 45° = 1. 

. ( . {3) . ( 1?\ • 2 • 2 f3 I (I 2 {3) 1 0 4 sm a+ sm a-p1=sm a-sm = - -cos = --- = -
. 1 +cot 2 a . 1 + _!. 5 

Sl. b. cos(x- y) + cos(z +t) = 0 
cos(x+ y) cos(z-t) 

~ 1 + tan x tan y + I - tan .z tan t. = 0 
I - tan x tan y I + tan z tan t . 

4 

~ 1 + tan z tan t + tan x tan y +tan x tan y tan z tan t + 1- tan z tan 1 - .tan x tan y 
+ tan x tan y tan z tan 1 = 0 

~ tan x tan y tan z tan t = - 1 . 
53. b. f(n) = 2 cos nx 

~ f(l)f(n+ l)-f(n) = 4cosxcos(n + J)x - 2c_osnx=2(2 cos(n.+ l)xcosx - cosnx] 

= 2[cos (n + 2)x +cos 11\"- cos 11\"] = 2 cos(n + 2)x = f(n + 2). 

tan A J sin A cos 8 1 
54.a. --=- ~ -

tan B 3 cos A sin B -· 3 

'I 
Put sin A cos B=-

4 

~ cos A sin 8 ""' ~ 
4 

~ sin (A +B)= .!_ + ~ = I 
4 4 

~ sin C= )'::::::sin ;r/2 . 
::=> C = 1d2. Hence, the triangle is right angled. , 

55. b. 3 sin2 A + 2 sin2 B = 1 

~ 3sin2 A=.cos2B 

Also 3 sin 2 A- 2 sin 2 8 = 0 

==> sin 28 = ~sin 2A 
2 
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56. a. 

Trigonometric Ratios and Identities 2.101 

Now, cos( A + 28) ==cos A cos 28 7 sin A sin 28 ==cos A 3 sin2 A- sin A ~ sin 2A 

= 3 sin2 A cos A -'3 sin2 A cos A= 0 

:. A + 28 = rr/2 

!(.6) = t(5
:-a) 

. Cote: -a) 
= 

1 + cot ( 
5
: - a) 

l = ------:....-------:-

1 +tan e:- a) 
1 1 +tim a = =---

1 + 1- tan a 2 
1 +tan a 

cot a 1 · 1 
Asj(a) - = , we havef(a)f(/J) = -

1 + cot a I + tan a 2 

1t 1t 
57. c. A - 8 = - ~ tan (A -B) == tan -

. 4 4 

tan A- tan B 

1 + tan A tan· B 

~ tan A -tan 8- tan A tan B = 1 

~ tan A - tan B- tan A tan B + 1 = 2 

~ (I +tanA)(l-tan8)=2~y=2 

Hence, (y+ l)Y+ 1 = (2 + li+ 1 = (3)~ = 27. 

58. a. Applying b- a= c- b for A.P., we get 2 cos z sin (x - y) == 2 cos x sin (v- z) 

Dividing by 2 cos x cosy cos z. etc.; we get tan x- tan y = tan y- tan z. 

59. b. (cos a+ cos /3)2 - (sin a+ sin Pi= 0 

~ (cos2 a+ cos2 f3 + 2 cos a cos {J)- (sin2 a+ sin2./3 + 2 sin a sin {3) = 0 

~ cos 2a + cos 2{3 =-2( cos .a cos f3- sin a sin /3) 

= - 2 cos (a + /3) 
60. a. We have 

sin a sec x1 sec x2 +sin a sec x2 secx3 + · ·· +sin a sec x,_ 1 sec xn 

_ sin(x2 - x1) sin(x3 - x2 ) sin(x11 - x,_1) - + + ... + ___ ;.;...__...;.;......;...._ 
cos x1 cos x2 cos x2 cos x3 cos x,_1 cos x, 

.= (tan x2 - tan x1) +(tan x3 - tan x2) + · · · +(tan x,- tan x,_1) 

sin(x - x ) · sin(n -l)a 
;; tanx

11
-tan X1 = n I = ----;......__ 

COS xn COS x1 cos x, COS x1 
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2.102 Trigonometry 

6 B h . d' . 1C Sn z I. a; y t e giVen con 1t1ons tan g + tan )8 = x 

1r . 77! 
tan - + tan - = 2 '' 9 18' -
~ ·2x = tan zoo +tan 50° 

\ 

sin 20° sin 50° 
= +---

cos 20° cos 50° 

sin 20°cos 50° +cos zoo sin 50° 
= 

cos zoo cos 50° 

sin 70° 
=------

cos zoo cos 50° 

cos 20° l . I . 
= = = : = cosec 40° 

cos 20° cos 50° cos 50° sin 40° 

2y =· tan zoo + tan 70° 

sin 20° sin 70° 
= +---

cos 20° cos 70° 

sin90° =------
cos 20° cos 70° 

1 
= =------

cos 20° cos 70° cos 20° sin zoo 
2 2 

= Z . 20o 20o = . 40o . = 2 cosec 40o sm cos sm · 

2y =2(2x) ~y=Zx 

1 
= - .-[tan I 0 + (tan 2°- tan J 0 ) +(tan 3°- tan Z0 )+(tan 4°- tan 3°) +· ·· + (tan45°-tan 44°)) 

Sin 1° . · 

I . 
= = 

sinl 0 x 

63 W h . . j3 Zl • a. e ave sm a+ sm =- -
65 

17 
cos a+ cos ·/3 = - -

65 

Squaring Eq. (i), we get sin2 a+ sin2 (3 + 2 sin a sin (3 g G; )' 
. . 2 

Squaring Eq. (ii), we get cos2 a+ cos2 f3 + 2 cos a cos j3 = ( 
27

) 
65 . 

(i) 

(ii) 

(iii) 

(iv) . 
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Trigonometric Ratios and Identities 2.103 

Adding Eqs. (iii) and (iv), we get 2 + 2 cos (a- /3)= -
1

-
2 

[(27)
2 ~ (21?] = ~(729 + 441) 

. (65) (65) 
1 18 

==> 2 +2 cos(a- {3)= -- (1 170) =-
(65}2 65 

9 
==> 1 + cos (a- {3) = -

65 
a - {3 9 

~ 2cos2 --=-
2 65 

a -{3 3 · 
=> cos -2-=- $30 n a-{3 3:zr (a- /3) [·: n<a.- {3<3tr=> -<--<-~cos -- <0] 

2 2 2 2 

64. b 
sin(x + y) a +b - -'---=....;..=--
sin(x- y) a -b 

~ sin(x+ y)+sin(x- y) = (a+b)+(a-b). 

sin(x+y)-sin(x-y) (a+b)-(a-b) 

2sinxcosy 2a 
=> =-

2cosxsin y 2b 

tanx a 
=> --=-

tan y b 

sin 39 + sin 59 + sin 78 + sin 98 (sin 38 + sin 98) + (sin 58 + sin 78) 
65. c. = 

cos 39 +cos 59+ cos 79 +cos 98 (cos 38 +cos 98) +(cos 58+ cos 78) 

2 sin 60 cos 38 + 2 sin 68 cos 8 2 sin 69 (cos 38 +cos 8) 
= = = tan 68 

2 cos 69 cos 38 + 2 cos 68 cos 8 2 cos 69 (cos 39 +cos 8) 

sin x- sin l • 
2 

CQS ( T )sin ( ~) ( x + z) ( ) 
cosz-cosx = 

2
. (x+z) . (x-z) =cot -2- ;::cot y 

· SlO -- SJn --
z z 

66.b. 

67. c. cos 50° = cos2 25°- sin2 25° =(cos 25° +sin 25°) (cos 25°- sin 25°) = p(cos 25°- sin 25°) 
Now(cos 25°-sin 25°)2 + (cos2S0 +sin 25°i= 1 + J 

:. cos 25°- sin 25° = J2- p 2 

We have taken +ve sign as cos 25° >sin 25°, therefore cos 50° = pJ2-p 2 , by Eqs. (i) and (ii). 

68. b. 
sin2 A-sin2 B = 2sin(A+B)sin(A-B) = 2sin(A+B)sin(A-B) 

sin A cos A -sin Bcos 8 sin 2A -sin 28 2sin(A- B) cos( A+ B) 
= tan(A +B) 

1- cos 8 2 sin2 (8/2) B 
tan A = = = tan -

sin B 2 sin (B/2) cos (B/2) 2 
=>tan 2A = tan 8 69. a. 

. 3 - cos 48 + 4 sin 28 . . 2 
70. b. On addmg, we get a= ;:: (.1 + stn 28) 

2 

On subtracting, we get b=(1- sin 28)2 => ab = cos4 28~ J 

(i) 

(ii) 
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2.104 : . Trigonometry 

71. c. cos2 l 0° ..;. cos 1 0° cos 50° + cos2 50° 
1 . 

= 2 [1 +cos20° -(cos 60° +cos40°): (1 +cos 10.0°)] 

1 1 . 
= - [ l + cos 20°- - - cos 40° + 1 - cos 80°] 

2 . 2 . 

= - - + cos 20° ~ ( 2 cos 60° cos 20°) = -I [3 . ] 3 
2 2 · 4 

72. a. tan 20° tan 80° cot 50° =tan 20° tan 80° tan 40° 

= tan 20° tan( 60°-20°) tan( 60° + 20°) ~ tan 60° = J3 
73. b. tan2 8= 2 tan2 q>+ 1 

~ l + tan2 e; 2( ] + tan2 ¢) . 

~ sec2 8 = 2 seeP q, 
~ cos2 ¢= 2 cos2 e 

= 1 +cos 28 

~ cos 26= cos2 ¢- 1 

=- sin2 4> 

~ sin2 ¢'+cos 28= 0 

74 b 700 4 700 
cos70°+4sin70°cos70° 

. . cot + cos = _ ___;·~------
sin700 

=-------
sin 70° 

= cos 70° + 2 sin( 180°-40°) 

sin 70° 

sin 20°+sin 40°+sin40° ;::: ________ _ 
· sin 70° 

=-----'------

= 

75. b. a cos x + b sin x = c 

·sin 70~ 

sin 80°+sin 40° 

sin 70° 

a(l-tan2 
;) 2bfan x · 

_....; ___ ..:;.. + 2 = c 
X X 

1 + tan 2 
- I + tan 2 

- . 
2 2 

•' 
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2x x 
~ (c+a) tan --2btan-+c-a =0 

. 2 2 

x1 x2 2b x1 x2 c-a 
tan-+ tan-=-- and tan -tan-=--

2 2 c+a 2 2 c+a 

2b 

~ tan(xl +x2J= c+a = 2b = b 
2 · l-~ 2a a 

c+a 

76. c. 
I+~ 

tany= ~ 
I +vi +x 

Jfx = cos 8, then .Jt:::x = J2 sin(8/2), ...{~"+; = ".fi cos(8/2) 

,-;;[_I + Sl·n !!_] . · ~ · (} 
. "'~ .fi 2 sm-+sm-

~ tany = . = 4 2 .fi[-1-+cos 
8

] cos 7r +cos 
8 

· .fi 2 4 2 

1C 
~ 4y= -+8 

2 
~ sin4y =cos0=x 

77. d. We have cos x = tan y 
~ cos2 x = tan2 y 

= sec2 y- I 
= cot2 z-1 

~ l + cos2 x == cot2 z 

tan2 x 
=---

1- tan 2 x 

=-~--~ 
cos2 x-sin2 x 

~ 2 sin4 x - 6 sin2 x + 2 = 0 

3-JS 
~ sin2 x= --

2 

[ ·: cosy= tan z, sec y =cot z] 

[ ·: cos z = tan x] 
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2.106 Trigonometry 

. ~ - 1 2 . 18° ~ smx= = sm 
2 

78. a. sin 28= COS 38 => 2 sin 8 COS·8 = 4 COS
3 8-3 COS 8 

=> · 2 sin 0=4(1-sin2 9)-3 ~4 sin2 8+2 sin 8~ 1'=0 

. ~-1 
=> sm8= --

4 

2 tan 812 79. b. tan e = ~' we get ;::; .A. 
1- tan 2 8/2 

2 8- -() 
=> A tan -+2tan--A = 0 

2· 2 
81 82 

~ tan - . tan - = - 1 
2 2 

80. a. tan ()= J;; 
2 . 

1-tan () 1-n 
=> cos 2 () = 2 = --= rational. 

1 +tan 8 1 +n , 

81 
. J7 .b. smx+cosx=-

2 
x 2 x 

2 tan - I - tan - .fj 
-:-----=2~+ 2 = _}_ 
( 1 + tan 

2 ~) 1 + tan 
2 ~ 2 

~ 
X X . cJ7 +2)tan2 --4tan - +C.J7 - 2) = 0 
2 2 

X 4±~16-4(7 - 4) 1 X 7r 
tan - = = as- < -

2 2cVi+ 2) c..Ji + 2) 2 8 

.J7 -2 
= 

3 

82. b. . 7n . ( tc) . n . 5n . ( ' 3n) _ 3n sm - = sm n -- ;;;:: sm - · sm - = sm n - - = sm-
8 8 . 8' 8 8 8· 

Therefore, the given value= 2[sin2 n + sin2 3
n] = 2 [sin2 n + cos2 n] 

. ' 8 '8 8 8 

· [ ·. 3n . (n n) n] =2(1)=2 ·: sm g = sm 2 - S =cos B 

4cos2 (n- x)+.J4sin4 x+sin2 2x = 4cos2 (n- x)+~4sin2 x(cos2 x +sin2 x) ' 
4 2 . -- 4 2 

83. b. 

~ 2(l+cos(~ -x)J+2Isinxl ~2~2sinx-2sinxasxE (n, 3;) ~2. 
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84. h cos3 x sin. 2x = cos2 x cos x sin.2x 

_ C-c;s 2x Je•in 2;cos x) 

= .!. (1 - cos 2x)(sin 3x +sin x) 
4 

= ![sin 3.~ +sin x- .!.(2sin 3x.cos 2x) - .!. (2c~s 2x sin x)J 
4 2 . 2 

. 
'[·3 . I ' 5 . ) 1( ' 3 . >] =- sm x+smx--(sm x+smx -- sm x - smx 
4 2 2 

I[. J . 3 :1 . 5 ] . = - sm x+-sm x--sm x 
. 4 2 2 

=> t.i1 = 114, a3 = 118, n = 5 ·' 

85. b. Given expression is 2 sin2 ¢+ 4 cos(8+ ¢)sin 8sin ¢+cos 2(8+ ¢) 

= (J -cos 2¢) + 4 cos (0+ ¢)sin 8sin ¢+ 2 cos2 (8+ ¢)-I 

=-cos 2¢+ 4 cos (8+ ¢)sin 0 sin¢+ 2 cos2 (6+ ¢) 

=-cos 2¢+ 2 cos (8+ ¢) [cos(O+ ¢) + 2 sin 0 sin¢] 

=-cos 2¢+ 2 cos (8+ ·</J) [cos 8cos ¢+sin 8 sin¢] 

=-cos 2¢+ 2 cos (8+ ¢)cos (8- ¢) 

=- cos 2¢+ cos 28+ cos 2</J =cos 28 

cos28 cos(A+C) 
86. h =-~-....:.. 

cos(A-C) 

Applying componendo and dividendo, we get 

I -cos 28 cos(A- C) -cos( A+ C) 
= 

J +cos 28 cos( A- C)+ cos( A+ C) 

2sin2 8 2sin A sin C 
= 

2cos2 B 2cos AcosC 

=> tan2 8 = tan A tan C 

=> tan A, tan 8, tan Care in G.P. 

87. b. 
2cos y - 1 

COS X= ---=--
2-cosy 

2 
x 2(1- tan 2 y I 2) _ 

1 1 -tan - 2 2 _ · I+ tan y I 2 · ----=-
"2 x - J - tan 2 vI 2 

1 + tan - 2- "' 
2 1 + tan2 y I 2 
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2.108 Trigonometry 

=> tan x cotL = J3 
2 2 

88. b W h l§)-(a +b) ~a-b) a+b+a-b e ave - - + -- =-'-'";:== ==-
a- b a+b )caz .-b2) 

2a 2 
= = 

~(a2 .-b2) ~[1 - (b I a )2
) 

2 2cosx = = 
~(1- ran2 x) )ccos2 x - sin2 x) 

2cos x 
= -;:::::== 

~(cos2x) 

89. h Since a is a root of25 cos2 8+ 5 cos e.:. 12 = 0 

. . 25 cos2 a + 5 cos a - 12 ~ 0 
. ' - 5 ± /25 + 1200 4 [ 7r ] 

=> cos a = v 50 =- 5 ·: 2 < a ·<.n 

and sina= ~ =~; therefore, sin 2a = 2sinacosa= 2 (~)(--4)= -24 

~ 1 
- 2s 5 . 5 5 25 

90. c. We have tan 9° - tan 27° - tan 63° +tan 81 o = (tan 9° +tan 81 °) - (tan·27° + tan 63°) 

91 . c . 

1 ] 
= - ---------

sin 9° cos 9° sin 27° cos 27° 

2 2 
= ---

sinl80 sin54° 

= 2[ sin54°-sinl8°] 
sin 54°sin 18° 

= 2[2cos36°Sinl8°·] = 4 
sin 18° cos 36° 

Let A = sin-1 a, B = sin- 1 b and-C = sin-1 c, we have A + B + C = n. 

. a.JI - a2 +b.JI - b2 +c.JI - c2 = .!_(sin 2A +sin2B +sin 2C) = _!_[4sin A sin B sin C] = 2 abc 
2 ' . . 2 

92. d. cos 2A +cos 2B + cos 2C = 2 cos (A + B) cos (A - B)+ cos 2C 

= 2cos (
3
; - C )cos(A-B)+cos2C 

=- 2 sin C c~s (A _.: B) + I - 2 sin2 C 
= 1 - 2 sin C (cos (A -B) + sin C) 
= 1 - 2 sin C {cos (A -B)+ sin (3n/2 - (A + B)]} 
= 1 - 2 sin C [cos (A - B)- cos (A + B)] 
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= I -4 sin A sin 8 sin C 

93. c. 
2 I 1 ---n=--A +~ 

tan- tan- tan-
2 2 2 

A C 8 . C B A A C 
=> 2 tan-tan- = tan- tan-+ tan- tan- = I -tan- tan-

2 2 2 2 2 2 2 2 

A C I 
=> tan-tan-=-

2 2 3 

A C 
::::> cot - cot-= 3 

2 2 
94. b. sin2 A- sin2 B + si~2 C = sin(A +B) sin( A.- B)+ sin2 C = sin C {sin (A - B)+ sin C) 

=sin C (sin (A - B)+ sin (A+ B)) = 2 sin A cos B sin C 

2 2/3 2 
. 95. c. sin2 a+ sin2 fJ + sin2 r= tan a + tan + tan r 

l +tan2 a 1 +tan2 {3 I +tan2 y 

X V Z 
= --+-~ -+--

l+x I+ y l+z 
(Where X= tan2 Cl, y = ta~2 /3, Z = tan2 YJ· 

= (x+ y + z) +(xy+ yz + zx+ 2.\)'Z)+.\)'+ yz + zx+xyz. 

(1 + x)(l + y)(l + z) 

= I + x + y + z + ·'Y + yz + zx. + .\YZ = 1 
. (I +'x)(l + y)(l + z) 

[ ·: .l)l+ yz + zx+ 2xyz = rl 

96. c. Dr= sin A+ sin 8-sin C 

2 
. A+B A-8 

2 
. C C 

= Sill --COS--- Stn -COS-
2 2 2 2 

-2cos ~[cos( A; B)-sin~] 
= 2cos- cos---cos--. C[ . A-B A+B] 
. 2 2 2 

2 C[2 . A . B] = cos- sm-sm-
2 2 2 

4
. A. B C 

o::: sm -sm-cos-
2 2 2 

AI .. A . . B . C 4 ' . A B C so sm + sm + sm = cos-cos-cos-
2 2 2 

sin A +sin B+sinC A B 
=> = cot- cot.-

sinA +sinB-sinC 2 2 

sin 2A+sin2B+sin2C 4sinAsin8sinC 
8

. A. B. C 
97. a. .- = = sm-stn-sm-

sinA+sinB+sinC A B C 2 2 2 4cos- cos-cos-
2 2 2 

[·:sin A= 2sin ~cos~] 
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2.110 Trigonometry 

(i) 

(ii) 

tan 1.8° 

= t~n6° tan(60° - 6)_tan(60°+6) = tanl8° =l 

tanl8° tanl8° 
IOL c. 

y 

Fig. 2 .. 38 

In the graph ofy =sin x,letA =(a, sin a), B = ( ~, sin~ J 
sin a sin n/6 3 a n 

Clearly, slope of OA > slope of 08, so --> = - => -.- < -. 
a n/6 n . sm a 3 

1 02.d. (a- {3) = ( e- f3)- ( ()- a) 
~cos( a- {3) = cos (8- {3) cos (fJ- a) + sin (8 - {3) sin (0 - a) 

• 

=2'.xx+ ~l-x2 ~1 -y' 
b a a2 b2 
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xz y2 2~y . 2 
:=:) -+---cos( a- {3) = sm (a- {3) 

a 2 b2 ab · 

103. b. Let u =cos(} {sin(} +"sin2 8 + sin2 a} 

:=:) (u-sin 9cos ())2 =cos2 8(sin2 6+sin2 a) 

:=:) u2 tan2 0- 2u tan 0+ t?- sin2 ll"'" 0 

Since tan 8 is real, 4t? - 4u2(ri- sin2 a)~ 0. 
:=:) z? ~ 1 + sin2 a 

=> lui~ "1 +Sin
2 a 

I 04. a. sin 61 sin 82 - cos 61 cos 82 = - 1 

:=:) cos (61 + 02) = I 
=> 9, + 62 = 2mr ~ n E I 

6 9 
=> - 1 +..1.. = nn 

2 2 

Trigonometric Ratios and Identities 2.111 

Thus tan- cot-= tan- cot nrr-- =-tan-cot-= - .1 01 02 91 ( 01 ) 91 01 

'2 2 . 2 2 2 2 

.n 2n 4n 8rr 
I 05. a. tan - + 2 tan - + 4 tan-+ 8 tan-

3 3 3 3 

= tan ~ + 2 tan ( rr- ~) + 4 tan ( 1r + ; ) + 8 tan ( 3n- ; ) 

= tann -2tan!:+4tan7r -Stann =- 5tan .~=-5.J3 
3 3 3 3 3 

. 3tan9-tan3 9 
106. c. Smce tan 39= 

2 1-3tan 8 
1C J'lr 3tan--tan -

Putting 0= 7r , we get tan rr = 9 9 
9 3 l ~ 3tan2 rr 

:=:) 3(1- 3tan
2

; r = ( 3tan; -tan'; r 
:=:) tan6 ~- 33 tan4 ~+ 27 tan2 7r = 3 

9 9 9 
' 3 

107. c. cosx +cosy- cos(x + y) = -
2 

9 

=> 2 cos( x; )')cos ( x; Y )-2cost; )'}1 = ~ 

. . 
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2.112 ·Trigonometry 

~ 2cost; Y )-2cos(x; Y)cof; Y )+ ~ ~ 0 

Now cos ( x; Y') is alw8ys real: thefi disc~iminant ;:>; 0. 

=> 4cos2 
( x; y )-42:0 

=> . cos'(x;y);:>;J 

2 (X-") ~ cos 2 =1 

x-y 
~ --=O~x=v 

2 -
1 08. a. a sin x + b cos (x + 9) + b cos (x- 9) = d 

~ asinx+2bcosxcos (J.=d 

=> Ia! ~ .J a 2 + 4li cos2 8 

d2 02 
- ~ cos2 8 . 

4b2 => 

sin x l cos x 3 tan x 1 ( ) tan x + tan y 4 tan x 
J09.d. --=-, --=- => --=-· ~tanx+y::;; = 

sin y 2 cosy 2 tan y 3 I- tan x tan y 1-3 tan2 x 

I . 2 . 2 A so stny= stnx, cosy= -cos x 
. 3 

., 
4cos- x 

· ~ sin2 v + cos2 J' = 4 sin2 x + = 1 . 9 
=> .36 tan2 x + 4 = 9 sec2 x::::: 9(1 + tan2 x) 

~ 27 tan2 x= 5 

JS. 
~ tanx= -

3./3. 
4$ 
3J3 4J5 X 27 ,.-;. 

~ tan(x+y)= · = r:; =v15 
J -~ 12 x3v3 

27 

II 0. a. ./1 +cos x ;, J2 cos2 ~ ~ .J2Icos ~~ and ./1- cosx ~ J2sin 2 ~ ~ .J21sin ~~ 

.JI +cosx +.JI-cos x 
=> -;:::===---;=== = .:-----:--:--~ 

.J1 +cos X - ~./I -cos X X I· X 
COS 

2
- SI02 

X . X cos-+ stn-
2 2 

\ 
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X . X 
-cos-+sm­

= _ _:2::,...___.::.,2 
X . X 

- ·COS--SJn-
2 ° 2 

X o, X 
cos--sm-

= 2 2 
X . X 

cos-+stn-
2 2 

X 
l-tan-

= __ _..2=-
X 

1 +tan-
2 

Trigonometric Ratios and Identities 2.113 

1t X ) -< - <'It 
2 2 

= tan (: -~) -co{; -(: -~)) = cot(: + ~) 
J J 1. d. tan x = n tan y, cos(x-y) = cos x cosy+ sin x sin y 

;::;:> cos (x-y) == cos x cosy (1 +tan x. tan y) =cos x c~s y (I + n 'tan2 y) 

2 2 
__.... 2( ) sec x sec v - sec x-y = .. 

(J+ntan2 y)2 

= (J+tan2 x)(l+tan2 y) 

(1 +n tan2 y)2 
0 

_ (1 + n2 tan2 y)(l + tan2 y) 

- · (lfntan2 y}2 

= 
1 
+ (n -1}2 tan 2 y 

(l+ntan2 y)2 

(
1 + n tan2 y)2 

0 Now~ 
2 

~ n tan 2 
y (·:A.M. ~GM.) 

tan2 y 1 
~ <-

(1 +n ta~2 y)2 - 4n 

2 (n-1)2 (n + 1)2 

~ sec (x-y)~ I+ = 
4n 4n 

112. b. co~ x =cot (x-y) cot (x-z) 

~ co~ x ==(cot xcot y + 1 )(cot xcot z + 1) 
cot y -cot x ~ot z - cot x 

~ cot2 x. cot y cot z - cot3 x cot y - cot3 x cot z + cot4 x 
= cot2 x cot y cot z + cot x cot y + cot x cot z + 1 

;::;:> cot3 x (cot y + cot z) + cot x (cot y + cot z) + 1 - cot4 x = 0 
==> cot x( cot y + cot z )( 1 + cot2 x) + ( 1 - cot2 x )(I + cot2 x) :::: 0 
;::;:> [cot x (cot y + cot z) + (1 - cot2 x)] = 0 

, 
cot- x-I 1 

==> =-(cot y +cot z) =cot 2x 
2cot x 2 
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2.114 Trigonometry 

1J 3. a. A + B + C = n ~ tan A + tan 8 + tan C = tan A tan B tan C 

Now, A.M. ~GM. 

tan A+ tan B + tan C ( A 8 C)113 
-------~ tan tan tan . 3 

tan A + tan B +tan C ( A 8 C)l/3 
~ ~ tan tan tan 

3 
=> (tan A tan 8 tan C)213 ~ 3 

( 
1 )2/3 

=> - ~3 
K 

. 1 
· => KS-

3.J3 . 
114. d. u2 = (a2 cos2 e + b2 sin28) + (a2 sin2 8 + b2 sin2 8) 

= a2 + b2 + 2~a2 cos2 8+b2 sin2 8 Ja2 sin2 8 + b2 cos2 8 

= c? + b2 + 2 .~sin 2 8cos2 e(a4 
+b4 )+.a2

b2 (sin4 
8+cos

4 e) 

= d + b2 + 2 ~a2b2 (t-2sin2 8c~s2 e)+(a4 
+b

4 ) sin~ 8 cos2 e 

=(al +b2) +~ ~a2b2 + (a2 - b2t sln2 e cos2 e 

Max. u2 = (a2 + ·b2) = 2 

Min. ~12 = (d + b2
) + 2ab 

=.)(a2 + b2t - 2ab = a 2 +b
2

- 2ab = (a - b)2 

·ns.c. (sinx + cosx)2 +ksin xcosx = l 

~ 1 + sin 2x + ~sin 2x = t 
-2 

~sin 2x[l+ i] ~ o 
For this to be an identity, 1 + ~ = 0 => k = - 2 

2 
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116. b. k cos2x - k cos x + I ~ 0 \:f x E ( -oo, oo) 

=:=> k(cos2x - cosx) + I ~ 0 

Now cos2x- cosx = (cos x- ~ )' 

~ _ _!_ S cos2x- cos x:::; 2 
4 

k 
Wehave2k+ 1 ~Oand -- + 1 ~0 

1 
Hence, -- :::; k :f 4. 

2 

4 

1 
4 

117. d. min (2 +sin-:- cosx) =min [ 2 + ,/2 sin( x- : )] = 2-,/2 

a b 
118. b. a cosec a-bsec a=-.-+-­

sm a cos a 

Trigonometric Ratios and Identities 2.115 

. · ~ 2 b2 [sin3a cosa -cos3a sin a] 2J 2 12 g1ves a + . = a + ~ 
sma cos a 

~ cot4 x- 2 cot2 x + if - 2 = 0 

~ ( cot2 x - I )2 = 3 - tl 
To have at least one solution, 3 - t1- ~ 0 

=>if .:.. 3~0 

a E (-J3, -/3] 
Integral values are -1 , 0, I; therefore, the sum is 0. 

120. b. sin2x + a cos x + cf > 1 + cos x 

Putting x = 0, we hiwe 

a+a2 >2 

=>d+a-2>0 

==>(a+2)(a- 1)>0 

=> a <-2 or a > 1 

Therefore, the lar.gest negative integral value of' a'- -3. 
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121. d. ~ = .!ab =::::) ab = 60 
2 

b = c cos 6; a = c sin 9 

I . 2 . · c2 sin ·29 
~ ~ =- c sm 6 cos 6 = = 30 

2 4 

=> c2 = 120 cosec·2 9 

=::::) C min = 120 

=> Cmin = 2.[30 
122. b. From the figure, 

X COS (9+ 30°) = 9 

and x sin 9 = I - d 

~ J+d 
Divid_ing "~ cos 6 = 

1
_ d, squaring Eq. (ii) and 

. . 1 
putting the value of cot 9, we getx2 = 3 (4d2 - 4d+ 4) 

I 
~x- 2-

2 

123. d. a = c sin 6, b = ccos 9 

( 
c c )

2 
( 1 1 )

2 
4(1 + sin 26) 

=> a+-;; = sin6 + cos6 = . sin2 26 

= 4 + where 0 < 8 < 1C · 
( 

1 . l J 
sin2 26 sin 29 2 

· => (.=. + ~J
2 

· = 8 when 28=90°. a b mm. 

=> 9=45° 

8 

a 

c._._ __ _..~A 
b 

Fig. 2.39 

B 

1-c1 

ao·- 9 

Fig. 2.40 

Fig. 2:4U 

J 24. c. y= (sin2 x + cos2x) + 2 (sin x cosec x +cos x sec x) + sec2 x + cosec2 x 

= 5 + 2 + tan2x + cotl x 
= 7 + (tanx - cotx)2 + 2 

:. Ymin =9 

Multiple Correct Answers· Typ·e · 

I. a, b. 2sin a cos a= 2 cos2 f3 
sin 2a= 1 +cos 2/3 

-.- -· - ·- ·- -·-- -

L1 
(i) 

(ii) 

L2 

8 

a 

.. . . . __ ,_] 

. . cos 2iJ=-(I -sin 2a) =- (• -cOs(; -2a )) =-2 sin2 
(: -a) =-2 cos2 (:+a) 
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2 • 2 8lsin2 9 81 2 ' 2. a, b, c, d. cos 8= I - sm 8. Let = z, we get z + - = 30 or z - 30z + 81 = 0 
z . 

. 2 8 3 J . . 8 .J3 1 sm = - - orsm =±- ±-
4 . 4 2 • 2 

9= 30°,60°, 120°,150° 

3. b, c, d. Opposite angles of a cyclic quadrilateral are supplementary. 

4. a, b,c. 

.I - cos 28 
a. tan e= ==>(a) is correct. 

sin 28 

2 tan 8 
b.sin28= 2 I + tan 8 

1- tan2 8 
cos28= --~-

1 + tan2 8 

i tan 8 
tan 28= 2 l- tan 8 

=> (b) is correct. 

sin 38 
c. tan 3 8 = 

38 
==> (c) is correct. 

cos 
d. sin 8= 1/3 which is rational but cos 38:::: cos 8(4 cos2 8 - 3) which is irrational. 
=> (d) is incorrect. 

. 5. a, b, c, d . 

. (ll1r) . (51t) . (1t) ('rc) a. s1n - sm - = sm - cos -
12 12 12 . . 12 

= ~ sin (:) = ~ E Q 

b. cosec ( ~~) sec ( ~} - - cosec ( ~) sec ( ~) 
=-----

sin 18° cos 36° 

16 
= - (JS _ J) ·(J5 + 1) -=-4 E Q 

c. M (;) + cos' (;) = I - 2 sin2 
(;) cos2 

(;) 
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n 2n 4n · l 
d. 2 cos2 - 2 cos2 - 2 cos2 - = 8 (cos 20° cos 40° cos 80°) =- e Q 

9 . 9 9 . 8 

6. a, b, d. (sin2 x + cos2 x)3 - 3 sin2 x cos2 x (sin2 ~ + cos2 x) > ~ 
. 8 

=> I - 3 sin2 x cos2 x > .?_ 
8 

=> ~ > 3 sin2 x cos2.x 
8 

=> 1 - 2 sin2 2x > 0 . 
=> cos4x>O 

=> 4xE -- -( rr nJ 
2'2 

=> 4x e (2nrr - 1C , 2mr + !:...J , n e Z, gen~ral izing now· verify. 
2 2 . . 

7. a, b, d. 
' . 

A 1 . 
c. I,sin2 

2 = 
2 

[3.- (cos A+ cos[!+ cos C)] 

= ~ - .!_ ( ~os A + cos 8 + cos C) 
2 2 

3 
but [cos A + cos B + cos C)lmas = 2 

~ . 2 A 3 
.L,sm - ~-

2 4 

;::;;> (c) is incorrect . 
a, b) dare correct and hold good in an equilateral triangle as the maximum values. 

8. a, b, c. 
a. tan a tan 2atan 3a= tan 3a-tan 2a-tan a · 

always .holds good. 

sin 4a + sin 2a 
b. R.H.S. = . 

2 
. 

4 
. 

sm asm a 
2 sin 3a cos a 1 · 

. 
2 

. = - .- =cosec a(using 1rf7 =a) 
sm asm4a sma 
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Trigonometric Ratios and Identities .. 2.119 

~ (b) is correct 

6n . ( n) 
· sin3a sin6a sin- sm n+-

c. cos a+ cos 3a+ cos 5a = cos3a = . = _.........:..7_ = 
7 =.!. 

. · · sin a 2sin a 
2 

. 1Z" 
2 

. Tr 2 sm- sm -
7 . 7 

2n ( Sn) (5n) Also~os2a= cos7 . = -cos n-7 = -cos? .= - ·cos5a 

. 8tr . 1t' 
sin 8f.X sm- san-

d 8 cos a cos 2a cos 4a = . = ---'7--' =-__ 7 = -1 
sm a . n . n 

9. a,b,c,d . 

. a. Forxe ( 0, :).tan x <cotx 

Also In (sinx) < 0 
~ (tan x)'" (sinx) > (cot x)ln(sinx) 

b. Forxe ( 0, ~). cosecx~ I . 

· ~ ln(cosecx) ~O 

::::> 4'" cosec.x < stn(eosec.r) 

c. X E ( 0, ; ) ~ COS X E (0, I) 

::::> ln (cos x) < 0 

1 l 
Also->-

2 3 

=- Gr=·l < Gr=·l 
d. Forxe ( 0, ~) 

sm- sm-
7 7 

Since sin x <tan x, we get In (sin x) < In (tan x) 

::::> 2'" (sin x) < 2'" (Inn .f) 

10. a,c,d. 
a. 1 
b.3 

sin 24° cos 6° - cos 24~ sin 6° sin (18°) 
c. sin 2l0 cos 39°- sin 39° cos 21°.= sin (-18°) ""-

1 

d. -1 
11. a, c •. 

cos2 a- sin2 a 
a. =2 cot 2a 

sin a cos a 
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2.120 Trigonometry 

l+t 1-t 
b. ----- wheret = tan a 

l-t I+t 

2 2 . 
(l+t) - (1 - r) 4t 2x2tan ·a 

::::: = --2 = 
2 

. = 2tan2a 
-- 1 - t 

2 
1 - t 1- tan a 

~ (b) is incorrect. 

1 + t 1 - I (I + 1)2 + (1 - 1)2 2 (1 + t2
) 

c -- + -- = = ---::--
. 1 - t l + t 1 - t 2 I .- t 2 

2 
= - -

2
- =2 sec 2a 

cos a . 
~ (c) is correct. 

1 2 
d.tana+cota= . = . 

2 
= 2cosec2a 

cos a sm a sm a 
~ (d) is incorrect. 

12. a,c,d. 

8 

Fig. 2.42 

Using property of angle bisector, we get 

sec8 x --=--
tan 8 1- x 

sec 8 I 
=> x= sec 9+tan9 =sec 9(sec 8-tan 8)= 1 + sin 9 

. (1 + tan2 x)2 

I 3. a, d. y = 2 = I + tan2 x 
1 + ·ran x 

::;:: 1 +(2-J3Y 
= 8 - 4.J3 = 4 (2 - ..[3 ) 

. =4[(~- ~n 

(where 1 = tan a) 

downloaded from jeemain.guru



= 16 sin2 !!... 
12 

15 ] 7 8 
14. b d. tan (a+ tJ) = - and cosec r= - ~tan Y"" -

' 8 8 15 

:. a+ {3+ r=·!!.. ~(b) is true. 
2 

A I ( /3) tan a + tan {3 
so tan a+ = -------'--

1 - tan a tan f3 

. tan a + tan {3 
~ cot r = ----'--

1 - tan a tan f3 
=> tan a tan {3 + tan {3 tan r + tan r tan a = 1 

Trigonometric Ratios and Identities 2.121 

15. b, d. Divide by cos a and square both sides and let tan a= 1 so that sec2 a= 1 + t2 

=> [(a +2)t +(2a-1)]2 = [(2a + J?(l +r)] 

=> r2[(a +2)2- (2a + Ji] +2{a+2)(ia-l)t+[(2a- 1)2- (2a+ liJ =O 
=> 3( I- c?) ~ + 2(2if + 3a-2)t-4 x2a= 0 

=> 3( I - c?) ~-4 {I -if) I + 6al- 8a = 0 

=> t(l -if)(3t-4)+2a(3t~4)=0 
=> (3t - 4)[(l-a2)t +2a]=O 

4 2a 
=> t =tan a=- or--

. 3 a2 - 1 
16. a, b, c. Jog113 log7(sin x +a)> 0 

=> 0 < log7 (sin x +a)< I 

=>I <(sinx+a) <7, Vxe R 

It is found that ' a' should be less than the minimum value of7- sin x and 'a' must be greater than the 
maximum value of 1 -sin x 

=>I- sin x <a< 7- sinx V x E R 

~2< a<6 

17. a, c. logbsin 1 = x =>sin 1 =If 

Let log,.,( cost)= y, then b'' =cos 1 

=> b2-" = cos21 = I - sin2t = 1 - b2x 

~ 2y = Iogb( I - b2x) 

=> y = ~ logh( I - b2x) = Iogb ~~ - b2
·t 

2 
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2.124 Trigonometry 

10. a. Statement 2 is true as it is one of the standard results of multiple angles. 
Putting A= ;r/18 in the formula sin 3A = 3 sin A - 4sin3A, we get 8x3 -6x+1 = 0, wherex =sin ;r/1.8. Hence, 
statement 1 is also true because of statement 2. · 

11. a. Statement 2 is true, because each trigonometric function has a principle period of nor2nand hence 21r 
is one of the periods of ~very trigonometric function. · 
Thusf(2A) = /(28) 
~ 2A = 2nn+ 2B, for some· n E Z 
~ A = mr+B 
=> Statement 1 is true because of statement 2. 

12. b. From Fig. 2.43, sin3 < sin I < sin2 
But statement 2 is· not sufficient to ensure this. 
Hence, answer is (b). 

sin 2 

sin 1 

sin 3 

• I 
I I --- ~-~--------~---1 I 
I I 
I I 
I I 

I 

0 2 3 

Fig. 2.43 

13. a. Let g(x) = 3sinx + 4cosx - 2 

Maximum value of g(x) = ~32 + 4 2 ....: 2 '- 3 

.Minimum valueofg(x)= -~32 +42 -2 = - 7 

Therefo;e, therangeofj(x) = -
1
- is R-· (-.! , !) 

g(x) 7 . 3 

Hence, it is an unbounded function, andf(x) has no maximum and no minimum values. 
14. b. Statement 2 is true as it is one of the identities in triangle. 

R.H.S. in statement 2 is a lways posit ive as a, /3, yE (0, n/2) 
Statement .1 is true as select a= 2n, [3 = - ;r/2, r=- 7!12 . . 
Then sin a+ sin j3 + siny= 0 - 1 - 1 = - 2, which shows that minimum value will be negative. 
But statement~ is not the correct explanation of statement 1, as a + [3 + r= n does not fo11ow that a, [3, 
rare angles of a triangle. 

15 
. 2A . 2

8 
. 2C 1- cosiA l -cos28 l - cos2C 

.a. sm +sm +sm = + +----
2 2 2 

= 3-(cos2A+ cos2B +cos2C) 

2 

= 3- ( - 1- 4 cos A cos B cos C) 

2 

= 2 +2cosAcos8cos C. (i) 
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Trigonometric Ratios and Identities 2.125 

Hence, statement 2 is true. 
From statement I using Eq. (i), we get cos A cos 8 cos C == 0, then either A, B or Cis 90°. 
Both statement J and statement 2 are true and statement 2 is the correct explanation of statement l . 

16. d. Statement 2 is true as it is one of the conditional identities in the triangle. Since R.H.S. > J in statement 2, 
statement I is false. 

17.d. Givencosx Icos a - sinx :Lsin a = 0 'V xe R 

Hence, cos a+ cos {3 +cosy= 0 

and sin a + sin f3 + sin r = 0 
Hence, statement 2 is true. 

Now (cos a +cos f3i = (-cos y)2 

u·~d (sin a + sin {3)2 = (- sin y)2 

. Adding, we get 
2 + 2 cos (a - {3) = 1 
~ cos (a- {3) =- 1/2 
Similarly, cos ({3- y) =- 1/2 and cos (y- a) =- 1/2 
NowO < a<{3< y<21l' 
· => {3-a< r- a 

. 2;rr 41r. 
Hence. {3-a=- andy-a=-

. 3 . 3 
Statement I is false. 

J 8. a. cos2 A + cos2 8 + cos2 C = I - 2 cos A cos B cos C 

· :Lcos2 AI . = J - 2 x.!. =.I-.!_=~ 
. rmn s· 4 4 

l9.d. Letx=cotA ;·y=cot8andz=cotC 

~ L cot A cot 8 = 1 

~ A+B+C=1i1r 
In statement I 

L.H.S. = .!. [sin 2A +sin 28 +sin 2C] 
. 2 

= 2 sin A sin 8 sin C 

R.H.S.== I I cosec A cosec 8 cosec C 

2 

= ± 2 sin A sin B sin f: = L.I-J.S. 

Statement 2 is true as it is one of the conditional identities in the triangle. 
20. b. In triangle ABC, A+ B+ C= 1r ... 

A 8 C A 8 C 
and cot-+ cot-+ cot- =cot- cot- cot-

2 2 2 2 2 2 

( 
A - 8 C) A 8 - C 

Therefore, In cot - +cot- + cot - = In cot-+ In cot - + In cot-
2 2 2 2 2 2 

Hence, statement J is true. 

ln statement 2, R. H.S. =In I+ In J3 +In (2 + .J3) ==In (I .J3 (2 + .J3 )) =I~ (2 .J3 + 3) = R.H.S. 

But statement 2 does not explain statement J. 
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2.122 Trigonometry 

.J3 
18. a, b, d. Let x =cos 9, then 4 cos39- 3 cos 9= - -z 

5rt 
~cos 39= cos6 

57t 
~39=2mr±-. 6 

~ 9= 2n1t ± 57t 
3 18 

Putting n = 0, we get 9= 57r/18 

. Zn 51t 171t 
n=l~9=-±-=-

3 . 18 18 

21t 57t 171t 
and 8=---=-

3 18 18 

J9. a, c, d. sinx cos zoo+ cosx sin 20° = Z sin x cos 40° 
~sin 20° cos x =sin x(2 cos 40°- cos 20°) 

sin zoo sin zoo sin 20° 
~ tanx = = - = ----------

2 cos 40°- cos 20° cos 40° +cos 40°- cos 20° cos 40° + 2sin 30° sin (-I 0°) 

sin 20° sin 20° 
= =------

sin 50° -sin 10° 2 cos 3b0 sin 20° 

1 
~tanx=- ~x=3'0° 

.J3 

Reasoning Type 

- (x + y) 
1. d. Statement 1 is wrong as z can be written as . 

1 -xy 

It implies that for any values of XJ' (xy "~; 1 ), we get a value of z and statement 2 is correct. 
2. b. cos? = cos(2tr+ 7-2tr) = cos(7-2Tr) = cos(0.72) 

Now 1 rad and 0.72 rad angles are for first quadrant where co~ is decreasing, hence 
cos I <cosO. 72 or cos 1 < cos?. 
But statement 2 is not the correct explanation for cos 1 < cos7. 
Note that cos 0.5 > cos7. 

3. b. tan 4 = tan(n+ (4 -n)) = tan(4 -1r) = tan 0.86 
tan7.5 = tan(2n+ (7.5 -2n)) =tan (7.5 -2n)= tan 1.22 
Now both angles, i.e., 0.86 rad and 1.22 rad are for first quadrant, hence tan0.86 <tan 1.22 as tanx is an 
.increasing function. But this is not always trite, as 3 > 1 but tan3 < tanl. 
Hence, both statements are true but statement 2 is not the correct explanation of statement I . 
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Trigonometric Ratios and Identities 2.123 

4. b. In first quadrant, cos 9> sin lHor 9e (1CI4, 1C/2). 
Hence, cos I <sin I . 
Also in ~rst quadrant, cosine is decreasing and sine is increasing, but this is not the correct reason for 
which cos' l <sin I. Thus, the correct answer is (b). 

S. a. /( 8) =(sin 8 +cosec 9)2 + (cos 8 + sec 9)2 

6. d. 

- sin2 9+ cos2 8 +. cosec2 8+ sec2 8+ 4 

1 l 4 
=5+ + =5+ ~9 

sin2 8 cos2 9 sin2 29 
Hence, the correct answer is (a). 

sin2 8, + sin2 82 + ... + sin2 ell= 0 

=> sin81 = sin92 = ... = sin811 = 0 

~ cos281, cos292, . .. , cos2811 = I 

=> cos 81, cos ~ .... , cos 811 =±I 

Now cos 81 +cos 82 + · · · +cos 8, = n - 4 means two of cos 81, cos 82, .. . , cos 911 must be -1 and the 
others are 1. Now two values from cos 81, cos 82, ... , cos 811 can be selected in 11C2 ways. Hence,. the 

b f I 
. . nc 11(11- 1) num er o so ut1ons 1s 2 = . 

2 
Hence, statement l is false, but statement 2 is correct. 

7. a. Let y = 2 7cos 2.T x 8 1 sin2x = 33cos2r+4sin2r 

Now -~32 +42 53cos2x+4sin2xs;~32 +42 

or -5 5 3 cos 2x + 4 sin 2x ::;; 5 
=> rs ~ 33cos2x+4sin2x 5 35 

Hence, the correct answer is (a). 

8. d. Obviously in triangle ABC, 

tan A = tan(tr - (B +C)) 

= - tan(B+C) 

tanB+tan C :::;: ____ _ 
tan BtanC -1 

If angle A is obtuse, then tanA < 0 

=> tan B + tan C < 0 
tan Btan C-1 

=> tan B tan C < I (as 8 and C will be acute) 
Thus statement I is false and statement 2 is true. 

9. a. We know that tan 15° = 2- .J3 which is an irrational number. Hence, statement 2 is true. 

S . I ·r so . . I b h I 5o 3tan 5o- tan3 5" . h ld b tatement 1 IS a so true as 1 tan JS a rattona num er, t en tan = 
2 

s ou e a 

rational number, which is not true. 
Hence, tan 5° is an irrational number. 
Obviously, sta~ement 2 is the correct reasoning for statement 1. 

l-3tan 5" 
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2.126 Trigonometry 

' .. _ . .,. .. __ ,..___.,.., ____ ____ ..__t ________ . ---___ ... ----... 

' Linked Comprehens;on Type ·--"'-···· • -.--,.·- "'o· :.. . .,t- .. ··· · --- - - ......_, ____ .. _ __ ,_..:::._ ------" 

For Problems J - 3 

1. a., 2. b., 3. c. 
Sol I. a. sin a = A sin (a+ /3) =A (sin a cos P+ sin {Jcos a) 

=> sin a(l -A cos /3) =A sin f3cos. a 

A sin {3 => tan a= __ ___;__ 
· (1- A cos /3) 

2. b. tan/3= sin/3 = (1-Acos{J)tana = (1-Acos,B)sina 
cos f3 Ac~s f3 . A cos a cos f3 

3 
·( fh ._ tan a + tan f3 

. c. tan a+ p 1 - -----:.-
1 - t~n a tan 13 

A sin f3 sin /3 __ ..:____+--
= J - A cos f3 cos 13 

1
_ . Asin/3sinl3 

(1 - A cos {J) cos 13 

• 

= A sin 13 cos {3 +sin /3- A si.n f3 cos f3 = sin f3 
cosf3-Acos2 f3 - Asin2 f3 cosf3-A 

AI ( 
fh tana+tan{J so tan a+ ,.,, = ___ _..,.;_ 

l - tan a tan f3 

sin a sin a(l- A cos {J) --+ _ _....:, __ __;__:;,. 
= cosa Acosacos/3 

1
_ sin2 a(J- Acos/3) 

A cos2 a cos f3 

= [A sin a cos f3 +sin a- Asi~acos{J]cosa 

Acos2 a cos f3 -sin2 a+ Asin2 acos/3 

sin a cos a = -----:----
Acos{J-sin2 a 

For Problems 4- 6 

4. d, 5. a, 6: b. 

Sol. We have tan ( 8 + :) = 3 tan 3 8 

1 + tan 8 = 
3 

x 3 tan 8 - tan 3 8 
1-tan B 1-3 tan 2 B 

(i) 

. (i~ 

[from Eqs. (i) and (ii)J 

[from Eq. (ii)] 
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1 + t 3 ( 31 - t 
3 

) . (p . Jl\ - = 
2 

uttmg 1 =tan v 1 
l -t 1-31 

~ 3t4
- 612 + 8t- I ='= 0 

Hence, 
S1 = sum of roots= It+ l2 + /3 + f4 == 0 
S2 = sum of product of roots taken two at a time =- 2 
S3 = sum of product of roots taken three at time =- 8/3 
s4 = product of all roots =- 1/3 

1 . 1 1 l L,tlt2t3 - 8 
- +- +- +-= =-
II !2 f3 t4 t1t2t3t4 3 

For Problems 7-9 

7. a, 8. b, 9. d. 

Sol. sin a+ sin /3= 3 

=> 2sin( a;JJ}os( a;P)~ 3 
cos a+ cos fJ = 4 

=> 2cos( a; P)cos( a; P) =4 · 

Dividing Eq. (ii) by Eq. (iv), we have 

tan(a;JJ)=! . 
2tan --(a+ 13) 3 

2x-
24 4 

::::) sin( a+ P)= · 2 · = 

!+(!)' 
--

I+tan2
( a;P) 

!-tan'( a+/l) 
and cos( a+ /3)= 

2 

1 + tan 2 
( a ; f3) 

For Problems I 0 - 12 

I 0. a, 11. c, 12. b. 

ll1l' 
Sol. Let()== - (so that 76= mr) 

7 · 

~ .. 49+ 3B=mr 

= 

~ tan 48= tan (mr- 39) =-tan 38 

~-m' 
1+(%)' 

4 tan 8 - 4tan3 () 3 tane -tan3 8 
------:---:---- = -
1-6 tan 2 e + tan 4 9 1-3 tan 2 e 

25 

·- 7 --
25 

Trigonometric Aatips and Identities 2.127 

(i) 

(iQ 

(iii) 

(iv) 
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2.128 ~ ... .. Trigonometry 

[where tan 8=~(say)] 

=> (4-4z2)(1-3i)=-(3-z2)(I-6?+z4
) 

=> z6- 2Jz4 +35z2- 7 = 0 (i) 

This is a cubic equation in z2, i.e., in tan2 8. 

The roots of this equation are t11erefore tan2 rrn, ·ran 2 2rrn and tan 2 3nn rrom Eq. (i), sun1 of the 

-(-21) 
roots= == 21 

1 

=> tan2 !!. + tan2 2
;r + t~n2 3

;r = 21 
7 7 7 

Putting lly in place ofz in Eq. (i), we g~t-7l + 35l ~21;? + 1·= 0 

or ?i - 35/=21/- 1 =0 
This is a cubic equation in;?, i.e., in cot2 8. 

The roots of this Eq. are therefore cot2 nn. cot2 2rrn andcot2 3nn. 

Sum of the roots ofEq. (iii)= 3517= 5 

==> cot2 1C + cot 2 2
;r +cot2 3n = 5 

7 7 7 

By multiplying Eq_s. (ii) and (iv), we get 

(tan2 ~+tan2 21t' +tan2 31rJ(cot2 !+cot2 27r +cot2
.
37rJ = 21 x 5 = 105 

7 · 7 7 7 7 7 

For Problems 13- 15 

13. b, 14. b, 15. d. 

Sol. Angles BEC,ABD, ABE, and BACare inA.P. 

Let LBEC=a - 3{3, LABD= a-{3, LABE= a+ j3and LBAC= a+ 3/3 

' 8 

Fig. 2.44 

(ii) 

(iii) 

(iv) 
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Tr 1C 
~ 2{3+2{3=- ~a+ {3 =-

2 4 
Now, a-3{3 =(a+ 3{3) +(a+ {J) 

=> a=-7{3 

1C 77! 
{3 =-- a = -

24 ' 24 

. Fig. 2.45 

: . LB=2(a+{3)= 1C LA= n LC= 1C ·· 
2 ' 6' 3 

~ ABC is a 30°-90°-60° triangle. 

13. Area ofthe circle circumscribing l> ABC= "G)' = : . 

l> ~(H I 
14. l> BOC is equilateral => r = -; = ~ G) = 4.fj 

0 
,1C l.Tr .J3 

15. BD = B sm - =- sm - = -
3 2 3 4 

· BB'=2BD= J3 
2 

Matrix-Match Type 

J. a ~ q; b ~ r; c ~ s; d ~ p 

cos 8- sin 8= !. . where 0 < 8< 1C. 
. 5. 2 
Squaring both sides of Eq. (i), we get 

1 -sin28= -
1 

25 

. 211 24 
~ sm u = -

25 

7 
~ cos28=-

25 

Trigonometric Ratios and Identities 2.129 

(using exterior angle theorem] 

. (i) 

Also, (cos 8+ sin 8)2 =(cos 8- sin 9)2 + 4 cos 8 sin 8= -
1 

+ 2 sin 28= -
1 

+ 
48 

= 
49 

25 25 25 25 

downloaded from jeemain.guru



2.130 i" .· .: ,;~;-;, ,; ., Trlgonorpetry 

=> cos 8+ sin 8= 2 
· 5 

=> (cos 8+ sin 8)/2 = }__ 
. 10 

Also solving Eqs. (i) and (ii), we get cos 8=415. 
2. a ~ q; b -+ s; c -+ p; d ~ r · 

a. A = sin2 8+ cos4 8 

= l - cos28 +(l+cos28)
2

· 
2 2 . 

= _!_ _ _!_cos28+..!.+.!.cos28+.!.cos2 28 
2 2 4 '2 4 

3 1 (cos 48 + I ) 3 1 1 
= 4 + 4 2 =4+8+8c0548 

Now,-1 ~cos48~ J 

-1 cos 48 1 . 
=> -< <-8 - 8 -8 

=> ~ +.!. -.!. ~ ~ +.!. ('} +cos 48) s ~ +! + ~ 
4 8 8 ·4 4 2 4 8 8 

. 2 

h 3 2 8 . 4 8 3 1 + cos 28 ( I -cos 28) 
A = cos + Sin = + 

2 2 

3.+ 3cos 28 1-2cos 28 + cos2 28 = +-------------
2 4 

7 + 4cos 28 + cos2 28 =-------4 

Now, I ~cos 2 0 + 2 S 3 

=> 1 ~ (cos28+2)
2 

+3 S 3 
4 

c. A= sin2 0- cos4 8 

(cos 28 + 2) 2 + 3 

4. 

] J J 1 1 2 
= - --cos20----cos20--cos 28 

2 2 4 2 4 

(ii) 
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I 1 2 
= --cos20--cos 28 

4 4 

; - ( ~ cos2 28+cos28- ~) 

5 ( 1 )
2 

= 
4

- 2cos29+ 1 

1 1 1 
Now -- ~ -cos 20 ~-

' 2 2 2 

1 1 3 
::) - ~ - cos29+ I~-

2 2 2 

1 (1 )2 .9 
~ - ~ -cos 28 + 1 ~-

4 2 4 

9 (I )2 1 ~ --~- -cos28+1 ~ --
4 2 4 

5 (1 . )2 

~ -l ~ -- -cos28+1 ~ 1 
. 4 2 

d. A = tan2 8+ 2 cot2 9= (tan 8- ..fi cot 8)2 + 2 .J2 ~ 2 ..fi 
3. a~ r; b~p; c~q;d ~s 

cos a+ cos {3= 112 

~ 2cos( a; /J)cos( a; 13) =~ 
sin a+ sin {3 = J/3 

~ 2sin(a;/J)cos(a;/J)=~ 
Dividing Eq. (ii) by Eq. (i), we get 

tan( a; 13); ~ 

~ cos(a + !3) = ±-3-
2 J13 

Squaring and adding the given results, we have .. 
13 

2 + 2cos (a - {3) = 
36 

=> cos(a- {3) = - ~~ 

Now, 2 cos'( a; 13)-1 =cos (a- /3} 

=> 2cos2(a- {3) = T - 59 =~ 
2 72 72 

Trigonometric Ratios and Identities 2.131 

(i) 

(ii) 
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2.132 • . .Trigonometry 

• 

=> · cos(a- 13) .= ± JJj 
2 12 

=> ian (a ; /3) ~ ±m 
4. a -4 s; b ~ r; c ~ p; d ~ q · 

· a. sin ( 41 0° + 400°) =sin 81 0° =sin (720° + 90°) =sin 90° = 1 

sin2 2°- sin2 1° sin3° sin 1° l 
b. 2 sin 3° sin 1° = 2 sin 3° sin I 0 = 2 
c. sin(- 870°) +cosec(- 660°) +tan(- 855°) + 2 cot (840°) +cos (480°) +sec (900°) 

=- sin (81 0° + 60°)- cosec (720~-60°)- tan (8 I 0° + 45°). + 2 cot 120° +cos 120° +sec I 80° 

1 2 2 I 
=--+- + 1----- 1 =-I 

2 ..[3 ..[3 2 

(e 9 
. 9 . 4 3 3 4 

d. cos - tP) =cos cos tP + sm sm l/J = - x - - - x - = 0 
. . 5 5 5 5 . 

5. a ~ s; b -4 r; c -4 q; d -4 p 
a. {cos (2A + 6) +cos (28 + 9)} "'".2cos(A- B) cos (A + 8 + 9) 

Maximum value is 2cos (A - B) when cos (A+ B + (]) = 1 
b. {cos 2 A + cos 2 B } 

2cos (A + B) cos (A - B) . 
Maximum value is 2c'os (A- B) when cos (A+ B)= 1 

c. For y = secx, x e (0, n/2), tangent drawn to it at any point lies completely below the graph of 

sec2A+sec2B ( } v =sec x. thus ~ sec A+ B - . 2 . 
=> sec 2A +sec 28 ~sec( A +B) 
Hen~e, the minimum value is 2 sec (A+ B). 

-------------------------
d. JttanO + c~tB-2cos2(A +B) I = j(~-~t +2-2cos2(A +B) 

.= J(.Jtan6-.Jcot9)
2 

+4sin2 (A+B) 

Min.imum value occurs when .../tan 6 = .Jcot 6 and 

mini~um v~lue is J4sin2 (A +B) = 2sin(A +B) 

6. a -4 s; b ~ r; c ~ p; d ~ q 

a. cos 20° + cos 80°- J3 cos 50° = 2cos 30° cos50°- J3 cos 50° 

-= J3 cos 50"- .J3 cos 5oo = 0 

n 2n 3n 4n 5n 6n 
b. cos 0° + cos - +cos - + cos - + cos - + cos - + cos -

7 7 7 7 7 7 

( 
· n 6n) ( 2n 5n) ( 3n 4n) =I+ cos-::;+cos7 +. cos7 +cos7 + cos7 +cos7 

.... 
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=I+ (cos; +cos(~- ;) ) + (cos 2; +cos( n-
2
7" )) + (cos 3; +co{r-3

;)) 

= 1 +0+0+0= 1 
c. cos 20° + cos 40° +cos 60°-4 cos I 0° cos 20° cos 30° 

=cos 20° +cos 40° +cos 60°-4 cos 10° cos 20° cos 30° 
= 2cos 30° cos 10° + 2cos2 30°- I - 4 cos I 0° cos 20° cos 30° 
= 2cos 30° (cos I 0° +cos 30°)- I -4 cos 10° cos 20° cos 30° 
= 2cos 30° (2cos I 0°cos20°) - I -4 cos I 0° cos 20° cos 30° = - I 

d. cos 20° cos l 00° +cos I 00° cos·l40° ...... cos J 40° cos 200° 

I 
"7 - (cos 120° + cos 80° +cos 240° + cos 40° - cos 340° - cos 60°) 

2 

1 1 I 1 I 3 
·= -(-- +cos80° - - +cos40°-cos340°- -)= -(-- +cos80°+cos40° - cos20°) 

2 2 2 2 2 2 

= .! c-1. + 2cos 60° cos 20°- cos 20°) = .!. (-i)::.: - ~ 
2 2 2 2 4 

7. a ~ q; b ~ q; c ~ p, r; d ~ p, s 
a. Since angles, A, Band Care acute angles 

:.A +B > TC/2 
1r 

A>--B 
2 

sin A- cos B > 0 
~ cos B -sin A < 0 

Again 8> 1r- A , 2 
sin B > cos A 
s in B - cos A > 0 

1:rom Eq. (i) at\d ( ii), we get that x-coordinates is - ve andy-coordinate is +ve. 

Therefore, line is in 2"d quadrant only 
h 2sin 9 > I ~sin 8> 0 = 8e 151 or 2nd quadrant 

J COS 
9 < I ~cos e < 0 = () E 2"d or 3rd quadrant· 

Hence, e E 211d quadrant 
c. ]cosx + sin xl = ]s in x] +I cos x] 

==) cos x and sin x must have same sign or at least one is zero. 
= x e 211d or 4 th quadrant 

J -sinA sinA 1 
d L.H.S = I AI +--=- whichis tr ueonly if] cosA ]=cosA 

cos cos A cos A 

8. a~p;b~p;c~q;d~s 
a. x = sin 8, y = cos 8 

P = (3sin 0-4sin30)2 + (3cos 8-4cos38)2 = sin230+ cos238= I 
. 3 - cos48 +4sin 28 . 2 b. On addmg, we get a= = ( I + sm 28) 2 . 

On subtracting, we get b = (I - sin 28)2 ~ ab ;;;: cos42 8~ 1 
c. 3cos 8=x2-8x + 19 
~ 3cos 8= (x - 4)2 + 3 

(i) 

(ii) 
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Now L.H.S. = 3cos 9~ 3 or L.H.S. has the greatest value 3. 
But R.H.S. (x-4i + 3 ~ 3 or R.H.S. has the least value 3. 
Hence, L.H.S. = R.H.S. when 3cos 0= (x-4)2 + 3 = 3 
~cos 9= I andx-4 = 0 

~ 9= 2nTCandx = 4, where n E Z. 
d A. = tan (J 

x = 2 sin 20and y= 2 cos 2 0 
. E=xl-xy+ y = 4 -4 sin 28cos 20=4 - 2 sin 48 

E E [2, 6] :::> a+ b = ~ 

9. a~ q; b ~ p; c..-..+ s; d..-..+ r 

a. 9 + J 6 + 24 sin (A +B) -.3 7 (on squariflg an~ adding) 
. 24 sin (A+ B)= 12 

sin (A + B) = .!.. ~ sin C =.!.. 
2 2 

C= 30° or 150° 

:=C=30°(·: fore = 150°) 

b. (sin A + sin 8)2 - sin2 C = 3 sin A sin 8 
~ sin2 A -sin2 C + sin2 B =sin A sin 8 

~sin (A + C) sin (A -C)+ sin2 8 = sin A sin·B 
:::;;>sin B[sin (A- C)+ sin (A+ C)] d sin A sin 8 

~ 2 sin A cos C= sinA(as sin 8* 0) 
~ cosC = 1/2 

=>C=60° 

c. 2 sin x cos x[4 cos4x- 4 sin4x] = I 

d 

=(sin 2x)[2(cos2x + sin2x)][2 cos2x-2 sin2x) =I 
=>(sin 2x)2 x 2 cos 2x = 1 
:=2sin 4x= 1 

. 1 
~sin4x=- ~4x=30°=>x=7.5° 

2 

. ·. 

x..f3 
Fig. 2.46 

Obviously,AEOD is a cyclic quadrjlateral, ~e have 
L.COD= 120°+ 45°= 165° . 
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· Integer Type· 

1 - sin 29 + cos 29 
I. <4> /(B) = 2 cos 29 

(cos 8 - sin 8)2 + (cos2 8 -·sin2 8) 
;::: 

2(cos 8- sin 8)(cos 8 +sin 8) 

cosO 
=----

cos 8+sin 8 
1 

- 1 +tan 8 

1 
/(11°)f(34°) = x---

(1 + tan 11 °) (I +tan 34°) 

I I 
= x------------

(1 +tan II 0 ) (1 +tan( 45° -11 °)) 
'I 1 = x~---~ 

(1 + tan 1 l 
0

) (l + 1 - tan 11 °) 
1 +tan 11° 

J (1 + tan 11 °) 1 
= X =-

(1 + tan 11 °) 2 2 

2. (5) j(x) = 2( 7 cosx + 24 sin x) ( 7 sin x- 24 cosx) 
rcos8• 7; rsin8= 24 

24 
? = 625· tan8=-

' 7 
j(x) = 2r cos (x - f:J) x r sin (x- (}) 

= ?(sin2 (x - 8)) 

f{x)max = 252=> (j{x))l/4 = 5 

3.(1) tan(~) +tan(~)= - : ; tanG) xtan(~) =: 
A+B· 

A+B=90°=> -- =45° 
2 

b 

(A+B) --
=> tan 2 =.1 = 1-ac 

c b 
=> l- - ==- ­

a a 
=>a+b=c 

=>a+b = J 
c 

a 

Trigonometric Ratios and Identities 2.135 

downloaded from jeemain.guru



2.136 Trigonometry 

4. (5) ~ I + tan 9}[1 + tan(45°- 9}] ~(I+ tan 9) (1 +:: :: :: J 

~ ;, + tan 9) ( l+ ~n 6 ) = 2 

5.(3) 

Hence, L.H.S. is equal to 

2(1 + t:n 5°t( l + tan40°)(1 +tan 10°)(1 + tan 35°)(1 +tan 15°)( 1 +.tan 30°)( 1 +tan20°)(1 + tan25°) 

=2x2=2 · · . 

-2s1n(40°)cos(40°) sin(20°) __ .;..___:.,_____:_....::.._ + --~ 
J3 cos(80°) . cos(20°) 

cot(20°) + tan(80°) 
cot(20°) 

= J3 tan(20°) - tan(80°) 

· I +.tan 20° tan 80° 

= .J3 tan( 60°) = 3 

6. (1) Let X + 5 = 14 cos 8 andy.- J 2 = 14 sin e 
:. x2 + y ~ (14 cos 8- 5)2 + (14 sin f!+ 12)2 

= 196 + 25 + 144 +28(12 sin 8-5 cos 6) 

= 365 + 28(12 sin 8-5 cos 6) 

: . ~ X2 
+ / 1 . = ~365 - 28 X I 3 = ~365 - 364 = I 

mm 

7. (5) cot x + coty = 49 

1 I 
~-+--=49 

tan x tan y 

=> tan y +tan x = 49 
tanx tan y . 

· tan x + tan y 42 6 
~ tan xtany= · =- =-

49 49 7 

~tan (x + y) = 42

1 
= 

42 
= 294 which is divisible by 2, 3 an·d 7 but not by 5. 

l-(6 7) 1/7 
. 

8. (7) From the given equations, we have 

(2 cos a+ 9 cos d)2 = (6 cos b + 7 cos c)2 

And (2 sin a- 9 sin d)2 ,;, (6 sin b- 7 sin c)2 

Adding; we have 36 cos (a+ d)= 84 cos(b +c) 

·cos( a+ d) 7 
~ cos(b + c) = 3 
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9. (8) Since cos A +cos B = 0 

=>A+B=tr, 

:. B = n-A 

=>sin A+ sin(tr-A) = I 
' 1 =smA=-

2 
=A = 30° and B = 150° or A = I 50° and B = 30° 

=> 12 cos 60° + 4 cos 300° = 8 

2 tan f3 ·2 tan a 
l0.(4) 5 1+ tan2 f3 = 3 1 + tan2 a 

5 tan f3 3 tan a 

=> J + tan 2 f3 = 1 + tan 2 a 
Substituting tan {3 = 3 t~n a, we have 

5 x 3 tan a 3 tan a 
----:~ = 2 
1 + 9 tan 2 a 1 + tan a 
= 5 + 5 tan2a = 1 + 9 tan2a 
=> 4 tan2a= 4 · 
=> tan a= 1, i.e., tan {3= 3 
:. tan a+ tan /3.= 4 

1r 1C 
11. (4) Let f)= ]6 => 89= 2 

y =tan 8+ tan 58+ tan 90+ tan 138 
:. y c (tan fJ- cot 8) +(tan 59- cot 58) 

Trigonometric Ratios and Identities 2.137 

(i) 

[as tan 138= tan(88 + 58) = - cot 58 and tan 98= tan(88 + B)=- cot 8] . 
c (tan 8-cot 8) +(cot 38-tan 38) · 

= sin2 fJ- cos2 f) + cos2 38 - sin2 38 

sin 8 cos e sin 38 cos 38 

=> v = 2(cos 68 _ cos 28] 
• sin 68 sin 28 

= 2(sin 28 cos 68- cos 28 sin 68] 
sin 69 sin 28 

=-2 [ sin 48 ] = - 4 
cos 29 sin 29 

Hence, absolute value = 4 . 
. 12. (2) cos 290° = sin 20°; sin 250° = -sin 70° =-cos 20° 

1 
=>--

.J3 cos 20° sin 20° 
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2.138 Trigonometry 

J3 cos 20° -= sin 20° 
=--=--- - - -

.,[3 sin 20° cos 20° 

2[ sin 60° cos 20° - sin 20° cos 60°] 

- J3 sin 20° cos 20° 

4 sin 40° 4..[3 
= =--

J3sin 40° 3 

'Hence, the greatest integer Jess than or equal to is 2 
13. (4) sin6x + cos6x = (sin2x + co~2x) (sin4x + cos4x - sin2x cos2x) 

. 3(sin 2~)2 
= J - 3 sm2x cos2x = 1 - __ ____;._ 

4 

4 
=>y= 

4 - 3(sin 2xi 

4 
=> Ymax = 4- 3(1) = 4 

0 2 ' ' • • 

. · [cosx sinx] ( . )2 
14. (3) cos2(45° + x) +(sin x - cos xi = ..fi - .fi . + sm x- cos x 

3 . ' . 3 ( ) 
= 

2 
(1 - sin 2x) = 

4 
1 - ( - 1) 

Hence, the maximum :alue is=:' ~ (1 - ( - 1) ~ ~ 3 ·· 

15. (6) Nr. = (sin2 t + cos2 t)2 - 2 sin2 t cos2 t- 1 =- 2 sin2t cos2t 

Dr. = (s in2 t +: cos2 t)3
- 3 sin2 t cos2 t - 1 =- 3 sin2t cos2t 

1 1 1 1 1 1 
J 6. ( 6) . 1 oo + . soo - . 700 = + ---

sm sm sm cos 80° cos 40° cos 20° 

0 ' 

cos 40° cos 20° + cos 80° cos 20° - cos 40° cos 80° 

cos 20° cos40° cos80° 

= 8[ cos20°( cos40° + cos80d)-cos~oo cos80° ] 

=. 8[2COS20° COS60° COS20° - COS40° COS80°] 

= 4[2cos22oo- 2cos40° cos80°] 

= 4[1 + cos40° - (cos120° + cos40°)] 

3 
= 4 x- = 6 

2 
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I 7. (7)/(x) = 9 sin2x- 16 cos2x- 10(3 sin x- 4 cosx) - 10(3 sin x + 4 cos x) + 100 

= 25 sin2x-60 sinx + 84 

= (5 sinx-6)2 + 48 

The minimum value ofj(x) occurs when sin x = 1. 

Therefore, the minimum value of~ f(x) is 7. 

18. (0) In 6.A BC, tan A +tan 8 +tan C =tan A tan 8 tan C 

~ x + x + I + I - x = x(l + x )(1 - x) 

~2+x=:x-x3 

~ x3 = - 2 => x = - 2113 

=> tanA = x < 0 ~ A is obtuse 

=> tanB =X+ 1 = 1 -2 113 < 0 

Hence, A and Bare obtuse, which is not possible in a triangle. 

Hence, no such triangle can exist. 

(
sin 2x) 

19. (4) Given Jog10 2 = - 1 

sin 2x 1 
=> --2 10 

. J 
=>sin 2x=-

5 

. ~ log1o -
10 

Also log10(sin x + cos x) = 
2 

11 
=> I + sin 2x = -

. 10 

1 n 
=> l +- = 

5 10 

6 IJ 
=>-=-

5 10 

n 
=>- =4 

3 

(i) 
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2.140 Trigonometry 

20
. (

4
) 2sin4° cos3° + 2sin 4° cosl 0 ~ 2sin 4°[cos 3° +cos 1 °] 

cosl 0 cos2°sin4° cos l 0 cos 2°sin 4° 

= 4cos 2°cosl 0 =
4 

cosl 0 cos2° 

. 2c 1 . c 1 
0 ~ sm --·-sm-+- = 

2 2 . 2 16 

~C-•in~r ~o 
. c l 

~Sin-=-

2 4 

• 2 c 1 7 
~ cos C = 1 - 2 san - = 1 - - = -

2 8 8 
22. (2) In the triangle, 

tan A + tan 8 + tan C = tan A tan B tan C 

1 (2k + 1)(4k + 1) 3 
=> . =- + 3k 

2 2 2 2 

8k2 + 6k +] 3+6k 
:;:::) 8 = --

2 . 
:;:::) 8/2 + 6k + I = 12 + 24k 
~ 8~ - 18k- I I = 0 
~ 8/2-22k+4k-ll =0 
=> (2k + 1)(4k- 'II) = 0 
=> k=-112 or 11/4 
Fork= -1 /2, tan B = 0 (not possible) 
:.k=ll/4 

23. (4) 4 sin3x cos 3x ~ 4 cos3x sin 3x = % 
' 3 

:;:::) (3 sin x- sin 3x) cos 3x + (3 cos x +cos 3x) sin 3x = -
. 2 

:;:::) 3 [sin x .cos ~x + cos x sin 3x] = .% 

. f 
:;:::) sm 4x = -

2 
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. Archives · . 

Subjective 

tan a+ tan {3 
1. We have tan( a+ ,8) = -------'--

1- tan a tan p 

= 

m 
--+--
m+l 2m+l 

m · 1 
1---x-­

m+J 2m+l 

=2m
2 

+2m+.l = 1 
2m2 +2m+J 

~ a+ /3= mr+.Td4, where n E Z. 

2. a. To draw the graph ofy = ~(sin x+cos x) from x = - n tox = TC 

"'2 2 2 

y y =sin x 
y = sin (x + n14) 

","" 
~~~ 
~/ 

, , , 
\ ' \ I 

" ~---+--+-~--~-+---r---•X 
X' -n/2 - n/4 0 Tt/4 rr/2 3rr/4 

y 

Fig. 2.47· 

y~ ,fi<sinx+cosx)=sin(x+:) 

h We have cos (a+ /3) = ~ and sin'(a- /3) ~ 2... 
5 13 

3 5 
~ tan (a + /3) = 

4 
and tan ( ~- /3) = 

1 2 
5 3 
-+-

2 [( !h. ( lh.] tan(a-fJ)+tan(a+/3) 12 4 56 
tan a=tan a+p1 + a-pJ = = =-

l-tan(a-/3)tan(a+{J) I - C~)(~) 33 

3. We have, 

5cos8+3cos (e+tt)+3=5cos0+3cos0cos n -3sin0sintr +3 = .!2cos8- 3J3~in8+3 
3 . 3 3 2 2 
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Now,- C}J +( 
3~J ~ '} cos9~ 3~ sin9~ c:r +(3~J 

13 3J3 . = -7 5: -cosB--sm8 5:7 
2 2 

13 : 3.J3 . = -45. - cos8--sm8+3 $;; 10 2 2 . 

4. Given a+ /3 - r= rrand to prove that 

sin2 a+ sin2 f3- sin2 r= 2 sin a sin f3 cos r 
L.H.S. ""'sin2 a+ sin2 {J-sin2 r 

= sin2 a+ sin(/3 + y) sin (/3- y) 

= sin2 a+ sin(/3+ y) sin (rr- a) 

= sin2 a'+ sin(/3+ n sin a = sin a [sin a+ sin (/3+ y)) 

=sin a[sin[rr-(/3- nl + sin(/3+ n] 
=sin a(sin(/3- y) +sin (Jl+.y)] =sin a [2 sin t1 cos il 
= 2 sin a sin f3 cos r 
=R.H.S. 

5. We have, 

cos 9+ sin 9= J2[ ~cos9 +~sin 9] = J2 sin(tc '.4 +9) 

.. cos 8+ sin 85. J2 < rc/2 

. . cos 8+ sin 8 < tr/2 ~ cos 8 < T£12 - sin 8 

(·: a+/3-r=Tt) 

( 
... .J2;:; l.414) . 
1r /2 = 1.57 

(i) 
As 9 e [0, tr/2] in which sin 8 increases, taking sin on both the sides of Eq. (i) we get 
sin( cos (J) < sin(T£12- sin 8) ==>sin( cos 8) <cos( sin 8) 
~ cos( sin (J) >sin (cos 8) 

6. L.H.S.=sin I2°SJn48°sin54.0 

;:; .!. [2 sin 12° cos 42°] sin 54° 
. 2 

= ~[sin2 54°-~sin54°] 
= ~[ 2sin2 54°-sin 54° J 

= !H'+4~r -(l+4~JJ . 
= ~Hl+s,:2~}('+j5)] 

1 1 ~ ~ 1 .1 
= -x-

8
(6+2v5 -2-2v5] = -x4 =- = R.H.S. 

4 . . 32 8 

(ii) 
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7. We know that 

n l . , (2n + l A) cos A cos 2A cos4A ·· ·cos 2 A= 1 sm 
2n + sin A 

16 cos 
2
n cos 2 (

2
n) cos 22 

(
2n) cos 23 

(
2
n) 

15 15 15 15 

sin (24 A} 
= 16 ---'---'-

24 sin A 
(where:4 ""2m'15) 

= J
6

sin(32tr/l5) = sin(327r/15) = sin(32tr/15) _
1 

16 sin 21r 115 sin ( 21r + 2n 115) sin (32n /15) 

8. We know that 

2 
2tan a 

tan a;;; ., 
1 - tan- a 

1 2 . 
- tan a 

2 2 ----= cot a => cot a-lan a = 2 cot 2 a 
tan a 

Now we have to prove tan a+ 2 tan 2a + 4 tan 4 a+ 8 cot 8a= cot a 
L.H.S. 
=~na+2~n2a+4~n4a+4~c~8~ 

= tan a+ 2 tan 2 a+ 4 tan 4 a + 4 ( cot4 a - tan 4 a) 
=tan a+ 2 tan 2a+ 4 tan 4a+4 cot4 a-4 tan 4 a= tan a+ 2 tan 2a+ 2 (2 cot 4a) 
=tan a+ 2 tan 2 a+ 2 (cot 2 a - tan 2 a) 
= tan a+ 2 cot 2 a = tan a+ (cot a~ tan a) 
= cot a= R.H.S. 

9. Given that in ~ABC, A, Band Care in A.P. 
:. A+B=2B 
Also A+ B+C= 180° => .B+ 28= 180° => .8=60° 

Also given that sin (2A +B)= sin (C -A)= -sin(B + 2C) = .!_ 
2 

=> sin (2A + 60°) === sin (C -A} =-si~ (60 + 2C) =.!. 
. 2 

From Eq. (i), we have 

sin (2A + 60°) =.!. 
2 

=> 2A +60°= 150° 
=> 2A = 900 
;;::;:} A =45° 
=> C = n-A - 8 = 75° 

tanx 
10. Let y =--

tan 3x 

= 
tan x ( 1 - 3 tan 2 x) 

3 tan x - tan 3 x 

1-3 tan2 x 
= 

3- tan2 x 

(i) 

[using Eq. (i)] 

[using Eq: (i)] 
[using Eq. (i)] 

(i) 
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=> 3y- (tan2 x)y = 1-3 tan2 x 
=> (y- 3) tan2 x = 3y -I 

~ tan2 x = Jy- 1 · 
y-3 

3y -1 
-'---~ o. 
y -3 

+ve - ve 

·~ -.... 1/3 

I 
=> y < - or y ~ 3 

3 
Thus,y never lies between l/3 and 3. 

Fig. 2.48 

(L.H.S. is a prefect square) 

+ ve 

3 

rr-l 2kn 
11. S= I,Cn-k)cos-

k=l 11 

2n · 2n . ( 2tr ('I) =(n- l)cos-+(n-2)cos2- + ··· + l cos n-1)-
n n n 

We know that cos 8= cos (2n- 8). Replacing each angle ~by 2n- 9in Eq. (i), we get . 

. 2n 2n 2n [ . (')] c1•1·) S = (n- I )cos (n - I)-+ (n- 2) cos(n..,... 2)- + · · · + 1 cos - usmg Eq. 1 
' II . , ll 

Adding terms having the same angle and taking n common, we have 

[ 
2n 4n 6tr 2n] 2S = n cos- + cos- . +cos- +···+cos(n-1)-
n n n.. . n 

2 
stn(n- 1)-- -+(n-1)-

:;; ..l!.. -= n n cos n n 
[ 

. tr 2n 2n l 
n . 7r 2 · sm --

n . 

= n 1 cos n=-n ( ·: .sin(n- 9) = s~n B) 
. . .S=-n/2 

12. Given that 

. 1-2x+ 5r2 

2 sin t= · 
2 

• ,I e [-n/2,tr/2] 
3x -2x-I · 

This can be written as 
(6sint - 5)x2 +2(1 -2sinl)x- (l +2sint)=O 
For the given equation to hold, x should be a real numher, therefore the above equation should have 
real roots, ie., D ~ 0 
=> 4(1-2sint)2 +4(6sinl-5)(1 +2sint)~O 
=> · 16 sin'2 I- 8 s'in 1-4 ~ 0 
~ ( 4 sin2 1-2 sin 1- 1) ~ 0 
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=> 4( . J5 + 1 J( . .J5 -I J 0 Sin t -
4 

Sin t + 
4 

~ 

=> . (Fs-JJ sm 1 :s;-
4 

. J5+1 
Stn/2:--

4 

=> sin 1 :s; sin (- 71'/1 0) or sin 12: sin (3n'/J 0) => 1 ::;;- tr/1 0 or 12: 371'11 0 
(Note that sin xis an increasing function from -tr/2 to n/2. 

Therefore, the range of 1 is [-71'/ 2, - nil 0] u 13n/1 0, n/2]. 

1 
13. -------:--3-- = ---------

4 cos2 0 + 1 + -sin 28 2(1 +cos 28] +I+~ sin 28 
2 . 2 

=--------
2cos 28+~ sin 28+3 

2 

Now -J22 + (~)' 52 cos 28 +~ sin 28 5)2' + ( ~)' 
or - ~ ~ 2 cos 29 + ~ sin 28 ::; ~ 

. 2 2 2 

=> .!_ ~ 2 cos 28 + 1 sin 28 + 3 :s; .!..!. 
2 2 ·2 

2 
=>-~ $2 

11 3 . 
2 cos 28 +-sin 28 + 3 

2 
Hence, the maximum value is 2. 

Objective 

Fill in tile hla11ks 

1. According to the giv~n question, we have expressed L. H.S. in the form 
Co+ CtCOSX + c2 cos 2x + ... +en cos nx. 

Now, 

. 3 . 
3 

3sinx-sin3x . 
3 

3sinxsin3x- sin2 3x 3(cos2x-cos4x)-(l-cos6x) Sin X Sin X= Sin X = = __;_ ____ ____;_..;....__ _ _ .....:.., 
4 4 8 

Hence, n=6. 

2. We know that A.M. 2: G. M. 
It implies that the minimum value of A.M. is obtained when A.M.= G.M. 
Therefore, the quantities whose A.M. is being taken are equal. 
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2.146 Trigonometry 

A 

Fig. 2.49 

That is, cos (a+ ~)=c~s(fl+ ~)=cos(r+ ~) 
~ sin a= sin /3= sin r 
Also, a+ f3 + y= 360° 
=> a = f3 = r= t20° = 2n/3 

(
21r 1C) (21C tr) ( 2Tr 1C) cos -+- +cos - +- +cos -+-

Therefore, the minimum value of A:M. = 3 2 . 3 2 
3 2 

3 

3 
. 2n 

- sm- J3 3 = =--,. 3 2 

3
. . 1C . 3n . 5n . 7n . 9n . l ln . 13n 

. sm-stn-sm-sm-sm- sm-stn-
14 14 14 14 14 14 14 

. rr . 3n . 51C . rr . ( 5tr) . ( 3tr J . . ( 1C ) . 2 1r . 2 3rr . 2 5Tr = sm- sm-sm-·-sm-stn n-- sm 1C-- sm Tr-- = sm -sm -sm -
14 14 14 2 . 14 14 14 14 '1 4 14 

= [cos(Tr _!!_)cos(!E.- 37r)cos(n- S1r)]
2 

2 14 2 . 14 2 14 

1 1l' . 1l' 21C 31C 
[ { }]

2 

= 2cos-sm-cos- cos-
2sin7rl7 7 7 7 7 

[ { }]

2 
1 . 2n · 2n 3n = 2sm-cos-cos-

22 sin tr 17 7 7 7 

[ ]

2 
l . 4TC .1l' -3Tr 

= 3 . (2stn -cos( )) 
2 SIOTr/7 7 7 
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= ( sin(7r + 1r /7)]
2 
= ( - sin 1r I iJ2 

= (!J2 
:= _l 

8sinrr/7 8sinn/7 8 64 

4 k 
. n . 5n . 7n . . = Sln-san-san-

14 18 18 

1l' 2n 41l' · 
""' cos-cos - .-cos-

9 9 9 

. l . 81t 1 
=---s1n-= sin1t/9 = -. 

23sin n 9 Ssinn/9 8 
9 

5. A+ B= rr/3 => tan(A + B) = .J3 
tan A + tan 8 = .J3 
1- tan A tan 8 

tanA+-)'-
__ ----:.:la:.:.n:...:A.:.. = J3 [where y = tan A tan B] 

1- y 

=> tan2 A+ J3(y -I) tan A+ y = o· 
For real value oftan A, 

3(y- 1)2 -4y ~ O 

~ 3;f- 10y+3 ~0 

=> o~ -3) ( y -~)~o 

1 
=> y~- ory;;:::3 

3 
ButA) 8 > 0 and A + B x:: n/3 =>A, B < n/3 
=> tan A tan B < 3 

.. y ~ ~,i.e., the m'axit~ut~ va.Juc ofy is 1/3. 

2 
6. We have ­

cosx 

2cosx cos v - --- +-- -- = , " 
cos(x - y) cos(x+ y) cos2 x-sin2 y 

=> cos2 x- 2 sin2 y = cos2 x cosy 

Trigonometric Ratios and Identities 2.147 

[ ·:sins; =sin(n·-11' /9)=sin lr /9] 
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2.148 Trigonometry 

=> cos2 x(l -cosy) = s in2 y - . 

~ cos2 X 2 sin2 y = 4 sin2 I. cos2 I 
2 2 2 

=> cos2 x sec2 X = 2 
2 

=> cos x sec Y = ±J2 
2 

True or false 

2 ' 28 
1 -cos B sm 2 8 

J. tan A = = =tan-
sin 8 . ·2sin 8 cos!!.. 2 

2 . 2 

B 
2 tanA 2 tan -

Hence, tan 2A = 
2 

= --....;2=--- = tan 8 
J - tan A I - tan 2 B 

2 
Therefore, the statement is true. 

Mt1ltip/e choice questio11s with o11e .correct a11swer 

J.d. From the given relations, m + n = 2 tan 9, m- n = 2 sin 8 
=> m2 - n2 = 4 tan 8 sin 9 

Also 4 .r;;:;;; = 4.Jtan 2 9- sin 2 8 ;:: 4 sin 6 tan 8 

From Eqs. (i) and (ii), we get m2 - n2 = 4J;;;;. 

-4 
2. b. tan (} = -

3 
=> 8e 11 quadrant or IV quadrant 

If(} e II quadrant, siri 8 = 4/5 
If 8E IV quadrant, sin 8=-4/5 

J . a . . a+ f3+ r=2tt=> a+ f3 +I= n 
2 2 2 

tan a 12 + tan {312 .
12 --------"-- = tan r 

1 - tan a I 2 tan {312 

=> sin 9= ±415 

=> tan a/2 + tan {312 + tan y/2 =tan a./2 tan {3/2 tan y/2 
4. b. We have sin2 8 + cos4 9 = sin2 9 + cos2 cos2 8 ~ sin2 (J + cos2 (J 

Thus. A= sin2 8+ cos4 OS I 

(i) 

(ii) 
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Again, A= sin2 8 + cos4 8 = J - cos2 8 + cos4
. f)= I + ( cos4 8 - cos2 fJ) 

( 
2 1)

2 
I 3 ( 2 1)2 

3 = 1 + cos (J -- --= - + cos (:)- - ~ -z 4 4 z 4 
Hence, 3/4 ~A~ I. 

5. c. We have cos ?1r =cos (n - ·7r) =-cos 7r 
8 8 8 

and cos 
5
: = co~ ( tr -

3
:) = - cos 

3
: 

. . L.H.S. = (1 +cos ;)(1 +cos 
3
: )(1- cos 

3
:) (I-: cos ; ) 

= (1- cos' ; ) (1 -cos' 
3
:) 

• 2 1f . 2 37r = sm - s1n -
8 8 

I (z . 2 rrJ (2 . 2 3Tr) = 
4 

sm g Sin S 

= H (I -cos :) (I -cos 
3
:)] [ ·: 1 - cos 6 = 2 sin

2 ~] 

= H (I -Jz) (I + Jz)] = : ( 1 -~) = ~ = : (I - ~) = ~ = R.H.S 

~ .J3 l 
6. c. The given expression is"./3cosccZ0°-scc20° = ----

sin 20° cos 20° 

.J3 cos 20° - sin 20° 
= 

sin zoo cos zoo 

../3 20° 1 . 20° -cos --sm 
= 4 z 2 

Zsin 20°cos20° 

= 4[sin 60°cos20°:....cos60°sin zoo] 
sin 2xZ0° 

= 4sin(60°- 20°) = 4sin40° = 4 
sin 40° sin 40° 

7. c. 3 (sin x- cos x)4 + 6(sin x +cos x)2 + 4(sin6 x + cos6 x) 
= 3 (1 -sin bi + 6(1.+ sin 2x) + 4[(sin2 x + cos2 x)3 - 3 sin2 x cos2 x (sin2 x + cos2 x)J 

= 3(1 -2 sin 2x+ sin2 2x) + (6+ 6 sin 2x)+4[1-~sin2 2x] 

,.; 13 + 3 sin2 Zx - 3 sin2 2x = 13 
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2.150 Trigonometry 

4J.y 
8. b. Given> sec2 9 = 2 . (x+ y) 

N 2 8 > J 4xy . > 1 ow,sec _ ~ 
2 

_ 

(x+ y) 
• ==> (x + y)2 ~4xy 
=> (x+ y)2 

- 4xy S 0 
=> (x-y)2 ~0 
But for real values ofx andy, (x-y)2 2:0 
:. x=y 
Also x + y:;t:O =>x:;t:Q.y:;t!=O 

9. c. [(9) =sin 8 (sin 9+ sin 39) =(sin 9+ 3 sin 9-4 sin3 8) sin 9= (4 sin 9-4 sin3 6) sin 9 
= 4 sin2 9( I- sin2 6) = 4 sin2 9cos2 8= (2 sin 9 cos 8)2 =(sin 28)2 ~ 0 

which is true for all 8. 
I 0. a. We are given that 

(cofa1)(cot ~)···(cot an)= I 
=> (cos a,)(cos CXz) ... (cos an)= (sin a,)(sin a2) .. . (sin an) 
Lety= (cos a1) (cos az) ···(cos an) (to be maximum) 
Squaring both sides, we get 
y 2 = (cos2 a 1) (cos2 ~)···(cos:,) . 

= cos a, sin a, cos ~ sin lXz ... cos an sin an 

} I . 2 . 2 . 2 ·.) = 2n"'·Sin a1 Sin a2 .. • Sln an 

=> 0 ~sin 2a1, sin 2a2, ... , sin 2an ~ I 
1 1 ' 

.. ~.2< -1 =>y<-
y - 2n - 2n/2 

Therefore, the maximum value ofy is 112n12• 

' f3 7r 7r /3 H. c. a+ = - => a= --
2 2 

=> tan a = cot {3 => tan a tan {3 = 1 

Again, {3+ y= a=> y= a - f3. 

tan a - tan f3 tan a - tan {3 
tan r = :; - .------''--

1 + tan a tan /3 2 

=> tan a""' tan f3 + 2 tan r 
12. b. Given that sit) 9 = 1/2 and cos tP= 1/3, and 9 and tP are acute a~gles. 

I 1 
· 8 = n/6 and 0 < - < -

3 2 
or cos n/2 < cos ¢ < cos tc/3 or rc/3 < ¢ < tc/2 

1t' 1t' 1t' 1t' 1t' 21t' ( 1{ 27C ) .. - + - <9+¢ < - +- or - <9+¢ < - · => 8+¢e -
2
,-

3 ,3 6 2 6 2 3 

(i) 

[using Eq. (i)] 

(i) 

[using Eq. (i)] 
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13. b. sec 2x - tan 2x = = ( ) 
cos2x sin 2 ; -x 

l-cos2(!!_
4 
-x) 

I -sin 2x 

• 1C '1C ..r;; 
14.d. sm -+cos-=-

2n 2n 2 

.2n 2Tr 
2

. 1t n n 
sm -+cos -+ sm-cos- = -

2n 211 2n 2n 4 

1 
. n n => +sm- =-

• Tr n-4 
=> SJn-=--

n 4 ll 4 

For n = 2, the given ~quat ion is not satisfied. 

Considering that n > 1 and n ~ 2, 0 <sin Tr <I => 0 < n-
4 

< I 
IJ 4 

=> 4<n<8 

15. b. 8e ( 0, :) =>tan 8< I and cot()> I. 

Let tan 9= 1 -x and cot 9= I+ y, where x,y> 0 and are very small, then 
It::;:: (1 - x)l-x, /2 = (1 - x)l+y,h = (1 + y)l-x, 14 .... (I + y)l+y 

Clearly, 111 > t3 and t1 > 12• Also t3 > t 1• 

Thus, 14 > 13 > 11 > 12• 

Multiple clloice que.~tions willl one or more titan one correct am•wers 

l. b. 3[ sin
4 G"-a )+.sin4 

(31!' +a)]- 2 [sin6 G I!' +a)+ sin6 
(51!'- i:t)] 

= 3(cos4 a+ sin4 a)- 2(cos6 a+ sin6 a) 
= 3(1 - 2 sin2 a cos2 a)- 2[(sin2 a cos2 a)3 - 3 sin2 a cos2 a(sin2 a+ cos2 a)] 

= 3(1 - 2 sin2 a cos2 a)-2[ 1 - 3 sin2 a cos2 a] = 1 

2. b, c. All are infinite G.P. 's with common ratio < 1 

1 1 I I 
. x= l - cos2.¢ =-si_n_2 _¢ ,y= l - sin2 ¢::::; cos2 ¢,z= 1- cos2 ¢sin2 ¢ 

orxy+z=xyz 

sin2 ¢+cos2 ¢ 
Clearly x + y = = .\)~ 

' ~n2 ¢cos¢ 

:. x+ y+ z=~yz 
-

13-1 
3. c. We know that sin J 5°= ..fi (irrational) 

2 2 

·../3+1 . . 
cos 15° r:: (irrational) 

2v2 

(i) 

[using Eq. (i)) 
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2.152 Trigonometry · 

= .!.. sin 30° =.!.(rational) 
2 4 

sin 15° cos 75° = sfn I 5° cos (90 -:- I 5°) 

=sin J so sin 15° ~·sin2. 15° = .!_(I+ cos'30°} = !(J-.J3 J (irrationa~) 
. . 2 2 . 2 

4. a, b, c, d. 

/,(9)= sin(8/2).[2cos
2
(8/2) 2cos

2 
8 2cos

2 
29 ···] 

" . cos(9/2) cos9 cos26 . cos46 

= sin 8 [2cos
2 e 2cos

2 
28 .. ·] 

. cos 8 cos 28 cos 49 

= sin 28 [2cos
2 

29 ·· ·] = tan 2"9 
. cos 29 cos49 . 

. . 

( 1C) 1C 1C 
' 2 - = tan 4 - = tan- = 1 

J: 16 ' 16 4 . 

Similarly, ! 3 (!!.._),. /4 (.!!_) and fs (_!!_) are found to be tan !!_ = I 
32 64 128 4 

5. c. For 8.= -rr/2, f3:::d -Ti/2 and y = 2rr 
·sin a+ sin {3+ sin r=-2. 
Hence, the minimum value of the expression is negative. 
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3.2 Trigonometry 

TRIGONOMETRIC EQUATIONS 
An equation involving one or more trigonornetrical ratios of unknown angle is called a trigonometric equation, 
e.g., cos2x- 4 situ= I . It is to be.noted that a trigonornetrical identity is satisfied for every value of the 
unknown angle, whereas a trigonometric equation is satisfied only for some values (finite or infinite in 
number) of unknown angle, e.g., sin2x + cos2x = I is a trigonometrical identity as it is satisfied for every value 
ofxe R. 

Solution or Root of a Trigonometric Equation 
The value of an unknown angle which satisfies the given trigonometric equation is called a solution or root of 
the equation. For example~ 2 sin 8= I, clearly 8= 30° and 8= I 50° satisfies the equation; therefore, 30° and 150° 
are solutions of the equation 2 sinO= 'I between oo and 360°. 

Principal Solution of a Trigonometric Equation 
The solutions of a trigonometric equation lie in the interval [0, 2n). For example, sin8= 1/2, then the two values 
of 9 between 0 and 21r are Trl6 and S1r/6. Thus, Trl6 and 5Trl6 arc the principal solutions of equation 
sin 9= 1/2. · 

General Solution of a Trigonometric Equation 
It is known that trigonometric ratios are periodic functions. In fact, sinx, cos.\', secx and cosecx arc periodic 
functions with a period 2n, and tanx and cot\' are periodic functions with a period 1r. Therefore, solutions of 
trigonometric equations can be generalized with the help of period of trigonometric functions. The solution 
consisting of all possible solutions of a trigonometric equation is called its general solution. 

Clearly, general solution of a trigonometric equation will involve integral n e Z. General solution of a 
trigonometric equation is also called a 'solution'. 

Here set of all integers is denoted by Z. n e Z means n = 0; ± I, ± 2, .... For example, genera) solution of 
the equation cosB= I is 9= 2nn. 

Some Important General Solutions of Equations 

Equation Solution 

sinB= 0 9= mr, ne Z 

cosB= 0 
1C 

9=(2n+l)-, ne Z 
2 

tan6= 0 9= mr. n e Z 

sinB= I 
1r 

9=(4n+ 1)2", ne Z 

sinB=-1 . 6 = ( 4n - J ) 1l' • 11 E Z 
2 
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Trigonome,tric Equatio11s 3.3 

Equation Solution 

cosO= 1 8= 2mr, n e Z 
cos9=-1 . 8= (2n + l)!C, 11 e Z 

cot8""' 0 
'1C 

9=(2n+ 1)- .ne Z 
2 ' 

I I Points to Remember I I 

J. While solving a trigonometric equation, squaring the equation at any step should be avoided as far 
as possible . .I f squaring is necessary, check the solution for extraneous va~ues. Also see Example 3.1 
for explanation. 

2. Never cancel terms containing unknown terms on the two sides which are in product. It may cause 
the loss of a genuine solution. 

3. The answer should not contain such values of angles which make any of the tenns undefined or 
infinite. Also see Example 3.2 for explanation. 

4. Domain should not change while simplifying the equation. I fit changes, necessary corrections must be 
made. 

5. Check that denominator is not zero at any stage while solving the equations. 

Example 3.1 Solve the equation sinx+ cosx= I. 

Sol. lfwe square we have (sin x +cos xi= l 
=> l + sin2x= I 
=> sin2x=O 

=> 2x = mr, n e Z 
=> x =nrc/2, ne Z 
But for n = 2, 6, J 0, ... 
sin x +cos+= - 1 which contradicts the given equation. 

Also for x=3, 7, II , ... 
sin x + cos x = -I 

Hence, the solution is x = 2n!C or x = ( 4n + 1) ~ : 

tan 3x -tan 2x 
Examp.lc3.2 Solve = 1. 

1 + tan 3x tan 2x 

Sol. tan (3x - 2x) = tanx = I . 
Therefore, x =me+ ('!C/4) but this values does not define tan 2x. Hence, there is no solution. 

Example 3.3 · 

1C 1t 51C 
8=- n --=-

6' 6 6 
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3.4 Trigonometry 

• 2 2 

Examplc3.4 Solve 16510 x + 16cos x = I 0, 0 ~X< ln. 

. 2 1 . 2 
Sol; 16sm x + 16 -sm x =: 1.0 

Jf16sin
2

x =t thent + 16 = 10 
' 1 

Then Eq. (i) becomes 

=> ?- - lOt+ 16=0' 

=> t=2, 8 

=> 

16sin2.x = 161/4 or 163/4 

. 1 .J3 
smx=±- -± -

2' 2 

. 1 n 5n 
Nowsnu: = - thenx = - -2 ' ' 6 ,. 6 

. 1 7n lin 
smx =-- thenx = - or-

2' 6 '6 

. .J3 smx = -
2 

n 2n 
=> x= - -

. 3 ' 3 

. ../3 4n 5;r 
smx= - - => · x=- -

2 ' . . 3 ) 3 

Hence, there will be eight solutions in al l. 

(i) 

' 

' > ' 

·Find · general value of 8 which satisfies both sin 8 = - 1/2 and tan8 · = 1/~ , 
simulta.neously. 

Sol. Here sinO< 0 and tane > 0, then .8 lies in the third quadrant. 

N . 8 l. owsm =-- => 8= 7C + n = 7n 
2 6 6 

Generalizing, we have 8= 2nn. + 7;r, n E Z. 
' . 6 

Example 3.6 : If sin A = sin Band cos A = cos B, then find the value of A in terms of B. 

Sol. sin A - sin B = 0 and cos A -cos B = 0 

. A - 8 A +B . A+B . 8 - A 
=> 2sm --cos--= Oand 2sm--sm--= 0 

2 2 2 2 

We observe that the common factor gives sin A -
8 

0 
2 

A-B 
=> = nn , nE Z 

2' 
=> A -B= 2nn, nE Z 
=> A = 2mr+ B, n E Z 
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Find the number of solutions ofsin2 x-sinx-.1 =0 in l-2n; lnl. 

Sol. sin2x- sinx- 1 = 0 

I ±..JS 
=> sinx=--

2 • 

1-..JS t+-!5 . = 
2 

[sinx = 
2

. > I not posstblc] 

=> x can attain two values in [0, 2tr) and two more values in [-2tr, 0). Thus, there are four solutions. 

E~a m pic 3.8 find the number of solutions ofthe equation esln.r - e-sln.r- 4 =0. 

Sol. Put esinr = 1 => 12 -41- 1 = 0 

Nowsinxe [-1, J] 

=> esin.r E [e-1, e1] and 2 ± .J5 E [e-1, e1] 

Hence, there does not exist any solution. 

Example 3.9 'If the equation a sin x +.cos 2x = 2a - 7 possesses a solution, then find the values of a. 

Sol. The given equation can be written as asin..\' + (1 -2 sin2x) = 2a -7 

~ 2 sin2x-asinx+2a....,..8=0 

• (I ± Ja2 -8 (2a -8) a± (a - 8) => SHU'= . = _.....;...._...:.. 
4 4 

=(a-4)12 
Equation has solution if- l ~(a- 4)/2 ~ J 
=> -2~(a-4)$2 

=> 2~a~6 

( ·: sin x = 2 is not possible) 

,------------4 Concept Application Exercise 3.1 }~-----------, 

1 
J. Solve sin28-cos&= 

4
, 0 S 8S 2n. 

2. Solve cos7x + sin4x- I in the interval (-n, n). 

3. Find the general solution of (I - 2 cosBf + {tan 8 + .J3 )2 = 0. 

4. Solvcsin36-sin9=4cos28-2. 

GENERAL SOLUTION OF SOME STANDARD EQUATIONS 

General Solution of the Equation sin 8 = sin a 
Given, sin 8= sin a => sin 8-sin a= 0 

8+·a . 6 - a 
=> 2cos--sm--=0 

2 2 
8+a . 9-a 

~ cos--=0 orsm--=0 
2 2 
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·3.6 Trigonometry 

9+a 1C 8-a 
~ --=(2m+l)-,--. =mrr,meZ 

2 . 2 2 
~ 8=(2m+ l)1C-aor9=2nm+a ,me Z 
~ 8= (2m+ l)1C+ (-1)2m~la, me Z 

or 8=2m1l+(- 1l111a,me Z 

Combining Eqs. (i) and (ii), we have 

O=nn+(-1ra,ne z 

(i) 

(ii) 

·-----------· --·· ---,..- ·----..-- ·....-··- -------

N:i·: or general solution of the equal ion sin 6 = k, where·- 1 ,;; k ,;; 1. We have sin 6 = sin( sin -I J 
·---- -=-~-::-~.~~-(-l)'!~sin-1 ~~:-~.~-.. ~~ --.............. . . - . . ... • . .. ..... _ • ___ · --~· _j 

Solve 2 cos16+ 3 sinB= 0. 

Sol. We have 2 cos28+ 3 sin8= 0 

::::) 2(1 - sin28) + 3 sin8= 0 

~ 2 sin28-3 sin 8-2 = 0 

~ (sin8-2) (2 sin9+ 1) = 0 

~ 2sin8+1 = 0 

. ll 1 . (-1C) 
~ smu=- 2 =sm ""6 

"'" 6= mr+ (-i)" ( -;), n E Z 

( )n+tft Z =mr+ - 1 6 ,ne 

1·::\ampll' ~.11 Solve 4 cos 8 - 3 sec 6= tan 6. 

Sol. We have 4 cos 9 - 3 sec 8= tan 8 

3 sin8 = 4cos8- -- = --
cos8 cos8· 

~ 4 cos2 0 - 3 = sin 9 
::::) 4(1 - sin28)- 3 = sin 9 
~ 4 sin2 9+ sin 0- 1 = 0 

. 8 -I± 'i+i6 => sm = --"""-J T_1u 

8 

-l±ffi =---

-1-.Jii 
or= 

8 

[·: sin8;i:2] 
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N . 0 ~l+Jl7 ow, sm = 
8 

· e · h · -I +.Jfi 
~ sm = sma, w ere sm a= ---

8 

. -t+M 
:::> 8= nn+ (-J)n a, where sm a= and n e Z . ·s . 

-l-Jl7 
and sine= . 

8 

. e . a h . /3 -1- .J17 = .sm = sm ,.,, w ere sm . = 
8 

-1-ffi 
=> O= mr+(- Jt /3, where sin {3= ---

8 

Examplr 3. 12 Solve sin3 8cos e- cos3 8sin ()c 1/4. 

Sol. si n3 0 cos 8- cos3 8 sin 0 = 1/4 

==> 4 sin 8cos 8(sin2 8- cos2 8) = 1 

:;::> 2 sin 28(-cos28)= I 

= -sin48= I 

~ sin 48=- 1 

Jr 
=> 48=2mr--

2 

= 8= (7rl2) + {-tr/8}, n E Z 

Concept Application Exercise 3.2 

I. Solve 2 sinO+ 1 = 0. 
2. Solve sin2 n8- sin2 (n- l) 8= sin29. 

General .Solution of Equation cosO= cosa 
Given, cos8 ==cos a 
~ -cos a- cosO= 0 

2
. a+O . 8-a 

0 = sm --sm--;;;:; 
2 2 

. a+() 
0 

. 8-a 
0 => sm--= orsm--= 

2 2 
a+O 8-a 

==> --=nrc or --=mr;ne Z 
2 2 

= ()=2mc-aor8=2ntr+a,ne Z 
=2nrc± a,ne Z 

Trigonometric Equations · 3.7 
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3.8 Trigonometry 

Nnte: 
• For general solution of the equation sin 8::::: k, ·where -1 S k S I. We have cos 8= cos (cos-1k) 
~ 8= 2mr± (cos-• k), n E Z. . 

Exam plr 3.13 Solve ../3 scc29= 2~ 

Sol. We have .J3 sec 28= 2 

. J3 
=> cos28=-

2 

7r 
= cos-

6 

1C 
=> 28= 2nrc± - , ne Z 

. 6 

1C 
=> B=nn±- ne Z 

12 ' 

Example 3.14 Solve sin 28+ cos 9= 0. 

Sol. We have sin28+ cosO = 0 

=> cos8=- sin29 

~ 9;2nH (~ + ie )ne Z 

· Taking positive sign~ we have . 

1C 
8=2 nrc+- +29 

·2 

1C 
= 2nrc- - , n e Z. 

2 
Taking negative sign, we have 

2nn rc 
~ 9= -- -- ne Z 

3 6 ' 

Example 3.15 Soh·c cos8+ cos38- 2 cos28= 0. 

Sol. We have cosO+ cos38- 2 cos2B= 0 

=> 2 cos28cos8 - 2 cos29= 0 

=> 2 cos28(cos8- J) = O 
~ cos28= 0 or, cosO- I = 0 

n 
=> 28= (2n + I)- , n e Z or 8 = 2nm, m E Z 

2 

1C 
=> 8=(2n+ 1)- , ne Zor8=2mn, me Z 

4 
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Example 3.1 (l Solve sec 40-scc 29= 2. 

Sol. 
9 

==2 
cos 4 cos 29 

~ cos 29-cos 48= 2 cos 29cos 48= cos 28+ cos 69 
~ cos 68+ cos 49= 0 
=> 2 cos 58 cos 6= 0 = cos58=0orcos 8=0 

= 59;; (2n +1)1r or8= (2n +1)1r ,ne Z 
2 2 

=>. e=(n+ ~t ore=(n+~)n.neZ 
Example 3.17 

·o 
Solve 5 cos 28+ 2 cos2 

- + 1 = 0, -n< 8< n. 
2 

Sol. Changing all the values in terms of cosO, we get 

5(2 cos28- 1) + (l + cos8) + I= 0 = I 0 cos28+ cos8-3 = 0 

= (5 cosO+ 3)(2 cos8-l) = 0 

~ = - -- cos -- =rc-cos -an -rc+cos -8 1C 1C -1 ( 3J -1 3. d - 1 3 
3' 3' 5 5 5 

EXClUlJliC 3.18 Solve cos x cos 2x cos 3x = l/4. 

Sol. cos x cos 2x cos 3x = I /4 

=> 2(2cos -~ cos 3x) cos 2x = I 

=> 2(cos4x+cos2x)cos2x= l 

=> 2(2cos2 2~-1 +cos 2x) cos 2x"'" 1 

=> 4cos3 2x + 2cos2 2x - 2cos 2x - 1 == 0 

=> (2cos2 2x- 1) (2cos 2x + 1) = 0 · 

=> cos 4x (2cos 2x + I) = 0 

=> cos 4x = 0 or cos 2x =-I /2 

1C .. 21r 
r> 4x= (2n+l)- or2x= 2nm±-. m,ne Z 

2 3 

1C 1C 
=> x= (2n+l)- orx ""' mrc±-

8 3 

Trigonometric Equations 3.9 

[ ·: _:.n<8<n] 

,....---------~Concept Application Exercise 3.3~--------......_· --. 

I. Solve cos 8= J/3 . 
2. Solve tan 8tan 48= I for 0 < 8< rc. 
3. Solve cot(x/2)- cosec(x/2) = cot x. 
4. Solve cot 8 + tan 8 = 2 cosec 8. 
5. So1ve sin 68= sin 48- sin 28. 
6. Solve cos 8 +cos 28 + cos3 8;;: 0. 
7. Solve cos 68+ cos 48+ cos28+ 1 = 0, 0 ~ 8 ~ rc. 

downloaded from jeemain.guru



3.10 Trigonometry 
, j 

General Solutions of the Equation tan 6 = tan a 
Given, t~n 8= tan a. 

sin 9 sin a 
=> --=--

cos9 cos a 
=> sin 9cos a-cos 9sin a= 0 
=> sin (9- a.)= 0 
=> 9 - a=mr 
=> 9= mr+ a, where n e Z 

Note: 

• For general solution oft he equation tan 9= k, where k E R. We have tan 9 =tan (tan-1 k) 
=> 9 = mr + (tan - l k ), n E Z 

Solve tan 39=-1. 

Sol. tan38 = -1 

=> 38=nn+(-;),neZ 
111f TC 

=> 9=- - - ne Z 
3 12 ' 

Example 3.20· Solve 2 tan 9- cot 6=-1. 

Sol. 2 tan 8- cot 8=- 1 

. . 1 . 
=> 2 tan 8--- =-1 

tan() · 
= 2 tan2 8 + tan 9- 1 = 0 

=> (tan 8+ 1)(2 tan 9-l) = 0 

I 
=> tan 9=- I or tan 8= -

2 

=> tan 8= tan ( -:) or tan 8= tan (tan -• ~) 

=> 8= mr+ (-Jt) or 8 = mrc+ a. where m, n e ·z and tan a= ..!. 
4 . 2 

Example 3.21 Solve tan 58= cot 28. 

Sol. tan 58= cot29 =tan ( ~ - 28) 
=> 59 = nJt+n - 2() 

2 
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1C 
=> 76= n n+-

2 

· Trigonometric Equations 3.11 

· nTC 1r 
::::> 0 = - +-,where n E Z, but n¢ 3, 10, 17, ... where tan 50 is not defined 

7 14 . 

Example 3.22 · SoJve tan8+ tan 28+ J3 tan6tan28 = .Ji 
Sol. tan 6+ tan 28+ J3 tan 8 tan 20 = J3 

=> tan 8+ tan 26= J3 (J- tan 8tan 28) 

=> . tan 8+ tan 26 = J3 
l - tan 6 tan 20 

~ tan 30= .J3 
1r 

=tan-
3 

nft TC 
=>0 = -+- n e Z 

3 9' 

Concept Application Exerci.se 3.4 

1. If tan a8- tan b8= 0, then prove that the values .of 8 fonns an A.P . 

. 2. Solve tan28 + 2 J3 tan8= I. 

3. Solve tan2 x + (I-J3) tanx- J3 = 0. 

4. Solve 3 cos29- 2.J3 sinO cosO- 3 sin29 = 0. 
S. Solve tan(}+ tan (9+ n:/3) + tan{8+ 2n:/3) = 3. 
6. Solve 2 sin3x = cosx. 

General Solutions of the Equation sin26 = sin2a or cos26 = cos2a 
Here the both given the equations are same as cos2 8 = cos2 a 
=> (l-sin28)-{l -sin2a)=O 

=> sin28= sin2a 
=> sin(8+ a) sin (8- a) = 0 

=> sin (9+ a)= 0 or sin (8- a)= 0 

=> 8+a=nTCor8-a=nn,ne Z 

=> 8= nn±a,ne Z 

General Solutions of the Equation tan28 = tan2a 
=> tan8=±tana ·=> tan8=tan(±a) 

~xarnpl(' J.2J Solve 7 cos18 + 3 sin28= 4. 

Sol. We have 7 cos28+ 3 sin28= 4 

=> 7(1- sin26) + 3 sin28= 4 

=> 0 = nn±a, n e Z 
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3.12 • 1 Trigonometry 

=> 4 sin28= 3 

;) sin'e= l = ( ~r 

=> 
Tr 

8=nn±- nE Z . 3 ' 

Example 3.24 Solve l sin2 .\· + sin2 2x = 2. 

Sol. We have 2 sin2 x + sin2 2x = 2 

=> 2 sin2x +.(2 sinx cosxi = 2 

=> 2 sin2x cos2x + sin2x = I 

;:::::> 2 sin2x cos2 x- (I - sin2x) = 0 

;:::::> 2 sin2x cos2x- cos2x = 0 

;:::::> cos2x (2sin2x- I)= 0 · 

::::) cos2x = 0 or sin2x = 2. 
2 

2 1t · 2 ·21r => x= ntr+- orsm x= sm· -
2 4 
1r TC • • 

=2mr+- orx=mtr±-, mE Z, where m, n E Z 
2 4 

Exainplc 3.25 Solve 4 cot 28 = cot
2 0- ta n

2 9. 

Sol. 
4 

=-
1
- - tan2 8 

tan 28 tan 2 8 

=> 
4 (I - tan 

2 9.) I - tan 
4 

9 I 2 tan 8 ] . 
put tan 28 = ... 

2 tan 8 tan 2 8 1--: tan ... 8 

=> ( I - tan29) [2 tan8- (1 + tan28)] = 0 

;:::::> (i - tan29) (tan29- 2 tan8+ D = 0 

=> (1-tan29) (tan8- 1)2 = 0 

=> tan8=± I 

=> 
7r 

8=ntr±- n E Z 
4' 

tx:tmplc 3.26 Find. the most gen~ral solution of 21 + l~s .rJ + c~1x + Jcos.rt' + ... "" = 4. 
. 2 f Sol. We have 21 +lcoui +cos x+ J~~ ... + ... oo =4 

=> 
I 

=> . 2 1-Jcos.ti =22 · 
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~ 

j 
---=2 
1-1 cosx l 

I J 
~ lcos.xl =-or cosx = ±-

2 2 

1r 
=> x=mr±-,nEZ . 3 

Concept Application Exercise 3.5 

I. Solve tan20+ cot28= 2. 
2. Solve 3{sec28+ tan28) = 5. 

3. Solve 4 cos2x + 6 sin2x = 5. 

Solutions of Equations of the Form a cos6 + b sin8 = c 

Trigonometric Equations 3.13 

To solve equation, let us convert the equation to the fonn cos8 = cos a or sin8 = sin a, etc. 

a = rcos¢} {r=~a2+ b2 
For thts let us suppose that . => b and 

. b=rs•n¢ tan¢=-· 
a 

Substituting these values in the equation a cosO+ b sinO = c, we have 
r cos4J cosO+ r sin¢ sinO= c 

~ rcos(O- tf>) =c 

c c 
=> cos( 0- 4J) = - = = cos,B (suppose) 

r ~02 +b2 

~ 8- 4J=2n7r±{3 
=> 6 = 2n7r+ ¢± {3, n € Z 
Here¢ and f3 are known as a, band c are given. 
Hence, we can solve the equation of this type by putting 

a= r cos ¢and h = r sin ¢,provided c < I 
~02 +b2 -

[ ·: cos f31ies between - I and I] 

WORKING RULES for :mJ,,;,g suclt eq11ations 

J. First of a II check whether lei ~ J a2 + b2 or not. 

2. If lei > J a2 + b2 
, then the given equation has no real solution. 

3. lflcl ~ ~a2 +b2 
, then divide both sides of the equation by ~a2 +li . 
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3.14 Trigonometry 

--~------ -·---·-···~· .--~-~------ ~-----·---~· ~-----. 

4. Take cos a= ~ a and sin a= . b , then the given equation will become cos( 8- a) = coS JJ, 
a 2 +I? . ..Ja2 +b2 

· 

b c 
where tan a=- and cos /3= ~ , . 

a a2 +b-

We can also take sin a= ~02°+b2 , cos a= ~02b+b2 and sin /3 :" ~02c+b2 , then the given j 

' 
equation wi 11 reduce to the form sin (9+ a)= sin /3. 

"'. - · -- 0. - •. -- • - -· . • .. • . .. - --- . - --- -·--·- - _____ , _j 

Examplc-3.27 · Solve J3 cos 8+ sin 6= .J2 . 

Sol. We have .J3 .cos 9+ sin 9= .fi 
This is of the form a cos 8 + b sin 9 = c, where a = J3, b = J and c = .J2 
Let .J3 = r cos a and · I = r sin a 

1C 
~ a=-

6 

Substituting J3 = r cos a and I = r sin a in Eq. (i), it reduces tor cos a cos 8 + r sin 6 = .fi 
=> ,. cos (6- a) = .J2 

=> 2 cos ( 8-::) = .J2 

=> cos (8- :) =~=cos: 

1C tr 
=> 9-- =2ntt± - nE Z 

6 4 ' 

1C 1C . 
~ 0=2mc± -+- ne Z 

4 6 ' 

1C 1C 1C 1C 
= 2n1C+ -+-or fJ=2mc- -+-

4 6 ' . 4 6 

5JC . '1C 
=2nTr+ -or 8=2nrr- -. wherene Z 

12 ' 12 . 

Example 3.2N Solve J3 cos 9-3 sin 9 c: 4 sin 28cos 38. 

Sol. We have .J3 cos fJ - ·3sin9 = 2 (sin 56- sin 9) 

=> {.J3tz)cos 9 - (112) sin 8 =sin 58 

(i) 
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~ cos (9 + tr/6) =sin 59=cos(n/2-58) . 
~ 0+ tr/6 = 2n7r± (rr/2 - 50) 

=> 8= nn/3 + tr/18 or 0=-nn/2 + n/6, 'V n E Z 
. . 

Trigonometric Equations 3.1 5 

Ex;unplc 3.29 Find the total number of integral values of11 so that sin x(sinx+ cosx) = n has at least one 
solution. 

Sol. s in x (s in x +cos x) = n 

~ sin2 x +sin x cos x""' n 

J -cos 2x sin 2x 
~ +--= n 

2 2 

~ sin 2x-cos 2x = 2n-l 

~ -..J2 $ 2n - I '5. .J2 
1-../2 . l+.Ji 

=> ~n:S--
2 2 

=> n=O, I 

Concept Application Exercise 3.6 

1. Solve cot 8 + cosec 8 = .J3 . 
2. Solve sin 8+ cos 8= J2 cos A. 

3. Solve .J2 sec 8 + tan 9 == 1. 

4. Find the number of integral values of k for which the equation 7 cos x + 5 sin x = 2k + I has at least 
one solution. 

PROBLEMS BASED ON EXTREME VALUES OF FUNCTIONS 

ExarnplcJ.JO If x,y E 10, 2nj, then find the total number of ordered pairs (x,y) satisfying the equation 
sinx cosy= 1. · 

Sol. sinx cosy= I 
=> sirt~ = J , cosy= I or sinx =-J ,cosy = -1 

lfsinx=1 ,cosy;;-J ~ x=TC!2,y= 0,2n 
lfsinx=-1, cosy=-1 => x=3TCI2,y= tc 

Thus, the possible ordered pairs are ( ~, 0). ( ~ , 21<) and e; , "J 
. Ex:unplc .3.31 Jf3 sin x + 4 cos ox= 7 has at least one solution, then find the possible values of a . 

Sol. We have 3 sin x + 4 cos ax= 7 which is possible only when sin x = 1 and cos ax= I 

Tr 
=> x=(4n + 1) - andax=2mn;m,ne Z 

2 

=> (4n+ I) rr = 2nrrr 
2 a 

4m 
=> a= - -

4n+ l 
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3.16 Trigonometry 

Example3.32 Solve cos50 x....:... sin 5° x = 1. 

Sol. cos5~ x- sin 5° x = l 
L.H.S. ~ 1 and R.H.S. ~ 1 

Hence, we must have cos50 x ~ I .+ sin 5° x = J ~ sinx = O ~ x =nn 

Example3.33 Solve sin2 x +cos 2 y = 2sec2 z for x,y and z. 
. 

S I L H. s - . 2 2 <2 o . . . . - sm x + cos y _ [ ·: sin2 x s; and cos2 y s; 1] 
- 2 ' R.H.S. - 2 sec z ~ 2 

' . 2 2 2 Hence, L.H.S·. = R.H.S. only when sm x = 1, cos y = 1 and 2sec z = 2 
::::} cos2 x = 0 sin2 y = 0 cos2 z = 1 

' ' 
::::} cos x = 0, siny = 0, sin z = 0 

x == (2m + 1) 7r , y = me and z = LTC, where m, nand tare integers. 
. 2 

Example 3.34 Solve 1 +sin x sin2 ~ =0. 
2 

S I I. . . 2 X 0 o. + smx sm - = 
2 

~ 2+2sinxsin2. x=O 
2 

~ 2 + sin x (I -cos x) = 0 

~ 4 + 2 sin x- sin 2x = 0 

::::} sin 2x = 2sin x + 4 

• I 

Above is not possible for any value ofx as L.H.S. has maximum value I and R.H.S. has minimum value 
2. 

Hence, there is no solution. 

·Example3.35. Solv·~ cos 48+ sin 5fJ= 2. 

· Sol. The equation cos 40 +.sin 5 fJ = 2 is valid only when cos 40 = 1 and sin 58= 1. 

::::} .48=2mrand58=2m7r+n/2,n, mE Z 

2mr 2mn n 
{) =:.--·-and8=--+- nm EZ 

4 5 lO' ' 

Putting n; m = 0, ± 1, ± 2, ... , the common value in [0, 2n] is 8= 1rl2. 

Therefore, the solution is 8= 2kn+ 1r/2, k E Z. 

.----------~·concept Application Exercis·e 3.7:1-------------, 
I. Show that x = 0 is the only solution satisfying the equation 1 + sin2 ax= cosx, where a is irrational. 

2. Solve sin4x = J + tan8x. 

3. Solve sin x( cos= - 2sin x )+(I +sin: - 2cos x) cos x = 0. 

4. Solve 12 sin :X+ 5 cos X= 2y- 8y + 21 ' to get the values of n andy. 
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IN EQUALITIES 
Trigonometric Inequations 

Trigonometric Equations 3.17 

To solve the trigonometric inequation ofthc typeftx) !S; a, or f(x) ~a. whereftx) is some trigonometric ratio, the 
following steps should be taken: 

1. Draw the graph offtx) in an interval Jength equal to the fundamental period offtx). 
2. Draw the tiney= a. 
3. Take the portion of the graph for which the inequation is satisfied. 
4. To generalize, add nT (n e /)and take union over the set of integers, where Tis fundamental period of 

j{x). 

Solve sin x >-!. E~iuuple 3.36 
. . 2 

Sol. As the function sin x has least positive period 21r; therefore, it is sufficient to solve the inequality of the 
fom1 sin x > a, sin x ~a, sin x <a, and sin x Sa first on the interval of length 27r. Thet) get the solution set 
by adding numbers of the form 2n:n, n e z, to each of the solutions obtained on that interval. 

Thus, let us solve this inequality on the interval [-~, 3; J 

I -1t\ : 

-----l------ - -------~--~--- -I \ I / 
/ '-1-

/ : 
I ..,._ 
I 

y 

Fig. 3.1 

F F. 3 ) . 1 h 1r . 7Tr rom 1g .. , smx>-- , w en--< x <-
2 6 6 

Thus, on generalizing, the above solution is 2ntr- Tr < x < 2n7r + ?tr ; n e z. 
6 6 

Example 3.37 Solve 2 cos20+ sinO~ 2, wh~rc n/2 ~ 8~ 3n/2. 

Sol. 2 cos28+ sin 8~2 
=> 2(1 - sin29)+sin8~2 
~ -2 sin28+ sin 8~ 0 
=> 2 sin28-sinO~ 0 . 
~ sin ~2 sin8-l)~O 

= sin8(sin8-l/2)~0, 

which is possible if sin 8'5: 0 or sin 8 ~ J/2. 

·. 
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3.18 

From the graph, 
Now sin OZ. 1/2 
and sin 8~ 0 

Trigonometry 

y 

I I 
- -········· .... .j_ •.. --· .•. --· ... l.. .... 

! ! 

0 . ~ 51t 

~ ~ I · --........ _____ .. +-·-· ................... ~ ...................... .. 
I I i 

y' 

=> n/2 ~ e~· 5n/6 
=> rr~'fJ~ 3n/2 

Fig. 3.2 

Hence, the r~quired values of 9 are given by 
Oe [n/2, S.1r/6] u (n, 3.?r/2] 

Example 3.38 Solve sin 8+ .Jj cosO;;:: I, -n< 8~ .n:. .. 
Sol. The given inequation is 

sin 8+ .J3 cos e~ 1,- n < () 5, n . 

1 ~- . 1' 
=> - sin 0+ - cos e~ -. 

2 .2 2 
y= COS X 

y' 
. Fig. 3.3 

=> cos (e -n J ~ !.. = cos rr 
. 6 2 3 

Example 3.39 Solve cos 2x > I sin xl, x E 
> 

Sol. Draw the graph ofy = cos 2x andy = I sin xl 

I 1 ., ............... 1-;.c·~-.. , _________ .. 

Fig. 3.4 

1C . 'It 
=> -- ~ 85: -

6 2 
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Trigonometric Equations 3.19 

Let cos 2x = sin x 

2 ' 2 . I 0 . I I => sm x + sm x- = => stn x =- -
'2 

B 
. . I 

utsmx:;t-1 =>stnx=-
2 

Clearly from the graph, graphs ~fy = jsin xl andy= cos 2x intersect at x = ± 1t, S1r. 
6 6 

Thus, the solution set is X E (-=' ~ )ue:' 1r). 
Ex~mplc 3.40 Find the number of solutions of sin x = !.... . . 10 

Sol. Here, lct.ftx) =sin x and g(x) = ..::_.Also, we know that -1 ~sin x ~ 1. 
10 . 

X 
=> -1 ~-

10 
=> . -IO~x~ 10 

Thus, sketch both curves when x e [- I 0, 1 0]. 

y 

Fig. 3.5 

g(x) = x/10 

f(x) = sin x 

From Fig. 3.5,./tx)= sin x and g(x) =x/JO intersect at seven points. So, the number of solutions is 7 . 

.------------il Concept Application Exercise 3.al~--------....., 

J. Solve sin2 8 > cos28. 
2. Find the number of solutions of the equation sin x = x2 + x + I. 
3. Solve tan x < 2. 
4. Prove that the least positive value of x, satisfying tan x = x + I, lies in the interval (7r/4, 7r/2). 

EXERCISES 

Subject;ve Type Solutions on page 3.34 

J. Solve 3 tan 2x - 4 tan 3x = tan2 3x tan '2.x. 

2. For which values of a, does the equation 4 sin (x + 7r/3)-cos (x- 7r/6) = a2 + .J3 sin 2x- cos 2x have 
solutions? Find the solutions for a= 0, ·if exist. 
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3.20 : Trigonometry 

3. Solve sin4 (x/3) + cos4 (x/3) > I /2. 
4. Solve sin x + s in.y =sin (x + y) and lxl + lYI = I . 

5. Solve the equation tan4 
X+ tan4 y + 2 coe X cot2 y = 3 + sin2 (x + y) for the values of X andy. 

6. Firid the smallest positive root ~fthe equation )sin(l - x) = .Jcos x . 

7. Solve the equation 2 sin x +cosy = 2 for the values ofx andy. 

8. Prove that the equation 2 sin x = lxl + a hl:\S no solution for a E (3.J3 - Tr . 001 .. 
3 ) 

(rc I 2 2 ) [5rr 7rr]. 10. Solvesinx + sin s"(1-cos2x) +sin 2x = O,xE 
2

, 
2 

11. Solve sin2x + .!._ sin2 3x =sin x .sin2 3x. 
4 -

Objective Type Solutions on page 3.38 

Each question has four choices a, b, c, and d;out ofwhicb only tme answer is correct. 

I. If sin () = .!_ and cos(} = - J3 , then the general va.lue of() is (n E Z) 
2 2 

5tr -rr 7n a. 2nrc + - b. 2mr + - c. 2mr.+ -
6 6 6 

2. The most general value for which tan(}=- 1, cos()= ~ is (n E Z) 

TC 
d. 2nn+ -

4 

a. nn+ ?n h mr+ (-1 t "In c. 2nn+ ?n d none of these 
4 4 4 

3. If cos p(}+ cos q(} = 0, then the different values of(} are in A.P. where the common difference is 

a. 1C b. _n_ c. ~ d. ~ 
p+q p -q . p+q p±q . 

4. If cos 6 +cos 76 +cos 39 +cos 56= 0, then (}is equal to (n E Z) 
a. nn b. nrc/2 c. nrc/4 

5. lf3 tan2 6 - 2 sin () = 0, then ()is equa l to (n E Z) 

2 1t • ) , n ( )" n a. nrc± - h mr + ~ - 1 - c. nn - - 1 -
4 6 6 

6. If sin 6, 1, cos 2 ()are in G.P., then ()is equal to (n E Z) 

a. nrc+(- ltrr hnrr+ (-l)n- ln c. 2mr 
2 . 2 

d. mr/8 

"Jr, 
dnn+ -

3 

d none of these 

7. The sum of all the solutions of the equation cos 9 cos (; + 9 )cos (; - 9) = : , 9 E [0, 61r] 

lOOn 
a. 15rc h 30n c.-- d none of these 

3 
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Trigonometric Equations 3.21 

8 . .If sec 8- I = ( J2 - I) tan 8, then 8 is equal to (n e Z) 
1t 1( 

a. (2n- 1 )7r h 2mr+ - c. 2nn- -
4 4 

1C 
d 2nTr+-

3 
9. The total number of solution of sin4 x + cos4 x =sin x cos x in [0, 2n] is equal to 

a. 2 h 4 c. 6 d none of these 
I 0. Number of solutions of sin Sx + sin 3x + sin x = 0 for 0 :s;x:::; tr: is 

a. I h 2 c. 3 d none of these 
11. The sum of all the solution of cot 8 = sin 28, (8'¢-mr, n integer), 0 ~ 9~ tris 

a 37rl2 b. 1r c. 3m'4 d 2rr 
·12. The number of solutions of 12 cos3 x - 7 cos2 x + 4 cos.\·= 9 is 

a 0 b 2 c. infinite d none of these 

13. Which of the following is not the general soluti~n of 2co~ 2 .T + I =3.2-~in~ ,\"? 

a. mr, n E Z h ( n + ~ }r , n e Z c. ( n- ~ }r , n E Z _ d none of these 

I 4. The general solution of cos x cos 6x = - 1 is 
a x=(2n+ I) tr, ne Z h x=2mr,ne Z 
c. x ;::; m~. n e Z d none of these 

15. The equation cos x + sin x = 2 has 
a only one solution b two solutions 
c. no solution d infinite number of solutions 

16. J f 0 :::; x:::; 2tr, then the number of solutions of3{sin x +. cos x) - 2(sin3 x + cos3 x) = 8 is 
a 0 b. I c.2 d 4 

.17. Jf i sin 8, cos8, (an Bare in G.P., then 8 is equal to (n e Z) 

1C 1C 1C 
a. 2mr± - h 2mr± - c.mr+(- 1)"-

3 6 3 
18. The number of solutions of2 sin2 x + sin2 2x = 2, x e (0, 2tr] is 

a.4 b5 c.7 
19. General solution of sin2 x - 5 sin x cos \'-6 cos2 x = 0 is 

a. i = nTC- rr/4, n e Z only b mr+ tan-• 6, n e Z only 
c. both (a) and {b) · d none of these 

20. General solution oftan 0+ tan48+tan 78= tan Otan 48tan 78is 
a. 8= mr/12, where ne Z 
b. 8 = nrr/9, where n e Z · 
c. 8= nn+ ro'J 2, where n e Z 
d none of these 

21. The number of solutions of sec2 O+cosec2 8 + 2 coscc2 9 = 8, 0 :::; 8$ 7r/2 is 

7r: 
d mr+ -

3 

d6 

a.4 h3 c.O d2 
22. The total number of solutions of tan x +cot x = 2 cosec x in [- 2n, 2n] is 

a. 2 - h 4 c.6 d 8 

23. Whicnofthe following is true for z = (3 + 2i sin 0) I (1- 2 i sin 8), where i = .f.:i 
a z is purely real for 8= mr± Jr/3, n e Z 
b. 2 is purely ifnaginary for 0= me± m'2, n E Z 

c. .i is purely real for 8 = me, 1i e Z 

d none of these 
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24. 
: . JJ+l 

Number of roots ofcos2x+ 
2 

sin x - .J3 - I = 0. which lie in the in~erva] [-n,n] is 
4 . . 

a.2 b 4 . c. 6 d 8 

25. The complete solution of 7 cos2 x + sin x cos x- 3 = 0 is given by 

n n 
a. nn+ 2 (ne Z) b. me- 2 (n E Z) 

(3) 3 : (4)' . c. nn+ tan- ' 
4 

(n E Z) . d nn+ : , kn+ tan-' . '3 (k, n E Z) 

26. L_et BE [0, 4n] satisfy the equation (sin 8+ 2)(sin 8+ 3)(sin 8+ 4) = 6. If the sum ofa11 the values of 8 
is of the form kn, then the val~e of k is 

a.6 h 5 c.4 d2 

27. If the inequality sin2 x + a cos x + a2 > I+ cos x holds for any x E R, then the largest negative integral 
value of a is 

a. - 4 b - 3 c. - 2 d - 1 

28. The number of solution ofsin4 x - cos2 x sin x + 2 sin2 x +sin x .= 0 in 0 5x 5 3nis 
a. 3 b 4 c. 5 d 6 

29. 1f x, y E [0, 2n] and sin x + sin y = 2, then the value of x + y is 
a. n b 7d2 c. 37t d none of these 

30. For n E Z, the g~neral solution of ( .J3 - 1) sin e + ( ..[3 .+ 1) cos e = :i is (n E Z) 

n . n · 11 n ·n 
a. 8 =2nn:± - +- b. B=nn:+(- 1) - +-

4 12 4 12 

c.8=2nn±n: d8=nn+(- ltn _!!..... 
4 4 12 

31. If sin 69+ sin 48 + sin 28= 0, then e is equal ~o (n E Z) 

nn n 
a. - .- or nn± -

4 3 

nn · 1t 
h - ornn± -

4 6 
me n 

c. - or 2nn± -
4 6 

d none of these 

32. The value of cosy cos ( ~ - x) - cos (; - y) cos x + sin y cos ( ~ - x) + cos x sin ( ~ - y) is 

zero if 

a. x=O by=O c.x=y 
1! 

d nn+y- - (n E Z) 
4 

33. The number of solution of the equation tan x tan 4x = 1 for 0 < x < 7t is . 
a. 1 h2 ·c.5 d8 

34. One root of the equation cos x-x + .!_ = 0 I ies in the interval 
2 

a. ( 0, ~) 

35. tan ( ~") - cot ( q:) if(n E Z) 
. . 

a. p + q =. 0 b p + q = 2n + 1 c.p+q= 2n · d p + q = 2 (2n + 1) 
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36. The range of y such that the equation in x, y + cos x = sin x has a real solution is 

a.[-2,2) b.[-.fi,.J2] c.£~1,1] d[-1/2)1!2] 
37. One of the general solutions of 4 sin4 x + cos4 x = I is 

a. nn± a/2, a = cos-1
( I /5), "i/ n e Z b mr± a/2, a = cos-'(3/5), "i/ n e Z 

c. 2mr± a/2, a= cos-1(1/3), "i/ n e Z d none of these 
38. Number of roots of(l - tan 9)( I +sin 29) =I +tan 8for Be [0, 2n] is 

a. 3 h 4 c. 5 d none of these 
39. The number of solutions of sin x +sin 2t +sin 3x =cos x +cos 2x +cos 3x, 0 ~ x ~ 2n, is 

a.7 b.5 c.4 d6 
40. The number of values of 9which satisfy the equation sin 38- sin 9= 4 cos2 9-2, "i/ Be [0, 2n], is 

a.4 b.5 c.7 dO 
41. One ofthe general solutions of4 sin 8sin 28sin 49= sin 39is . 

a.(3n±l)nil2, "i/ neZ b.(4n±l)ni9,"i/neZ 
c. (3n± I) ni9, "i/ ne Z d (3n± 'I) 7rl3, "i/ ne Z 

42. The general solution of tan 8+ tan 28+ tan 39= 0 is 

a. 8=nni6, ne Z b. 9=nn±a,ne Z,wheretana= t/.J2 
c. Both a and b d none of these . 

43. The general solution of sin 3a = 4 sin a sin (x +a) sin (x- a) is 
a. mr± 7r/4, "i/ n e Z b. mr± ni3, "i/ n e Z 
c. mr± tt/9, "i/ n e Z d mr± 1Z'/12, "i/ n e Z 

44. One of the general solutions of .J3 cos 0- 3 sin 8 c 4 sin 29 cos 38 is 
a. mn+ 1Z'/18, mE Z b mn/2 + n/6, "i/ me Z 
c. m n/3 + m'18. me Z d none of these 

45. The equation si~4 x+cos4 x+ sin 2Y+a= 0 is solvable for 
a.-5/2~a~V2 b.-3~a~J · c.-312~a~V2 d-l~a~l 

46. Consider the system of linear equations in x,y and z: 
(sin 38}x-y+z= O 
(cos 28)x+4y+ 3z= 0 
2x+7y+7z=O 

then which of the following can be the values of Bfor which the system has a non-trivial solution 
a mr+(- 1r Td6, "i/ nE Z . b mr+(-l)n 1Ti3, "i/ ne Z 

c. mr+(-l)"Td9, "i/ne Z d none ofthese 
47. The smallest +vex satisfying the equati9n lo&osx sin x + Jo~inx cos x = 2 is . 

a. rd2 b tr/3 c. 1rl4 . d 7r/6 
48. Num~er of ordered pairs which satisfy the equation x2 + 2x sin (xy) + I = 0 are (wherey e [0, 2n]) · 

a.l b2 c.3 dO 
49. The general solution of the equation 8 cos x cos 2x cos 4x = sin 6x/sin x is 

a. X= (nn17) + (Jd2J ), \1 11 E l b. X= (21ri7) + (1TiJ4), "i/ n E Z 
c. x = (mr/7) + (trll4), \;/ n e Z d x= (mr)+ (1Til4), "i/ n e Z 

SO. lfcos 3x +sin( 2x-
1
:) = -2, thenx is equal to (kE. Z) 

1r 1t · n 
a. 3(6k+l) h 3(6k-l) c. 3(2k+'l) d none of these 
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51. lf(l -tanG) (1 + tan8) sec2 8 + 21a"
2 
e = 0, then the number of values of e in the interval ( -n/2, n/2) are. 

al h 2 ~3 ' d4 

52. Number of ~olutions of tan ( ~ sin II) ~ co{ ~ cos II J. II E ( 0 ." 6n ), is 

a. 5 h 7 - c. 4 d 5 

53. -~The total number of solutions of cos x = .J1- sin 2x in [0, 2n] is equal to 
a. 2 h3 c.S d none of these 

5 

54. The number of solutions of ,L cos r x .= 5 in ·the interval [0, 2n] is 
r=l 

a. 0 h2 c: 5 d 10 

55. The number of values ofx for which sin 2x + cos 4x = 2 is 
· a.O · hl . c.2 d infinite 

56. Let a and f3 be any two positive values of x for which 2 CO$ x, I cos x I and 1 - 3 cos2 x are in GP. The 
rninimu.m value ofl a-m is 

a 1! h 1! 

3 4 

• 1! 
c. 2 

57. The general solution of the equation sin 100 x - cos 100 x = 1 is 

n 
a. 2mr + - , n e I 

3 

1! 
h nn + - , n E 1 

2 ' 

1C 
c. nn + - , n e I 

4 

58. The total number of solutions of !cot xl = cot x + -.-
1
- , x e [0, 3n] is· equal to 

sm x 

d none of these 

TC 
d2nn-- nel 

3 ' 

a.1 h2 c. 3 dO 

59. Iftan (A - B) = 1 and sec (A+ B) = 2( .J3, then the smallest positive values Qf A and 8, respectively, are 

a 251! 191! . h 19n 25n c · 3ln 13n . d J3n 31n 
. 24 ' 24 24 ' 24 . 24 ' 24 24 ' 24 

60. lf3 tan (8- 15°)'= tan (8+ 15°), then 8is equal to (n e Z) 

'TC 
a. nn+-

4 

. 1! 
c. nn +-

3 
61. Iftan 38+ tan e;;;;; 2 tan 28, then 8is equal to (n E Z) 

a. nn h mr 
4 

c. 2mr 

62. The set of all x in ( ~;, ~) satisfying 14 s in x - I I < J5 is given by 

d none of these 

d none of these 

"- h~' ~~) h C~· ~~) ~ C~· ~~) d none of these 

63. sin x +cos x'= y2 - y +a has no value of x for any value ofy if a belongs to 

a. (0, .J3) h (-'-"3, 0) C. (- oo, - J3) d ( J3, oo) 
64. The solution of 4 sin2 x + tan2 x + cosec2 x + co~ x - 6 = 0 is 

TC 
a. mr;t -

4 

1C 
h 2nn±-

4 

1C 
c. nn+-

3 
1C 

d mr--
6 
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65. The number of solutions of (sin x +cos x] = 3 +[-sin x] +[-cos x] (where[.] denotes the greatest 
integer function), x e [0, 2n], is 

a. 0 b. 4 c. infinite d 1 
66. The equation cos8 x + b cos4 x + I = 0 will have a solution if h belongs to 

a. (-oo,2] b. (2,oo) c. (-oo,-2] d none ofthese 

67. The number of values ofy in [- 27r, 2rr] satisfying the equation lsin 2xl + Ieos 2xl == jsinyl is 
a.3 . b.4 c.S d6 

68. If both the distinct roots of the equation lsinxl2 + lsin xl + b = 0 in [0, n] arc real, then the values of bare 
a. [- 2, 0] b. (-2, 0) c. [- 2, 0) d none of these 

69. lfl2 sin 9-cosec 81 ~land 8i:- nn , n e /,then 
2 

a. cos 28~ 1/2 b. cos 28~ l/4 c. cos 26~ 1/2 d cos 29~ 1/4 
70. The number of solutions of the equation sin3 x cos x + sin2 x cos2 x + sin x . cos3 x = 1, in the interval 

[0, 2n], is 
a.4 b.2 ~I dO 

71. elsin.tj +e-Jsin .~ +4a = 0 will have exactly four different solutions in (0, 2n] if 

a. ·ae R b. ae -- -- c. ae · oo [ 
e I] [-l-c2 

] 
4' 4 4e ' 

d none of these 

72. The Iota I number of solutions of In !sin xl ~ -,-2 + 2x in [- ; , 
3
;] is equal to 

a. 1 · b. 2 c. 4 d none of these 

73. The total number of ordered p~irs (x, y) satisfying lxl +~·I~ 4, sin ( "~
2

) ~ I is. equal to 

74. 

75. 

a. 2 b. 3 . c. 4 d 6 
The total number of solutions of sin {x} =cos {x} (where{.} denotes the fractional part) in [0, 2n] is 
equal to 

a. 5 b. 6 c. 8 d none of these 
'If a, be [0, 2n] and the equation x2 + 4 + 3 sin (ax + b) - 2x = 0 has at least one solution, then the value 
of(a +b) can be 

a. 7tc b. 5n c • . 9rr 
2 ·2 2 

d none of these 

76. The equation tan4 x- 2 sec2 x +a= 0 will have at least on~ solution if 
a. 1 < a ~ 4 b. a-~ 2 c. a ~ 3 d none of. these 

77. Complete the set of values of x in (0, n) satisfying the equation 1 + log,2 sin x + log2 sin 3x ~ 0 is .. e: . 3: J h (;. 
2
;) ~ ( o. ; )uC;. ,. ) d (;. 

2
;) 

4 4 
78. The equation sin2 ·9- 3 :;;;; I - 3 has 

sin 6 - I sin () - :1 

a. no root b. one root c. two roots c. infinite roots 

79. The sum of all roots of sin( 1flog3 ( ~)) ~ 0 in (0, 21r) is 

a. 3f2 \ 4 ~ 912 d 13/3 
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80. The number of pairs of integer (x, y) that sat.isfy the following two equations 

{
cos (xy) :::; x . 

IS 
tan (..\y) = y 

a.1 b.2 c. 4 d 6 . 

· 81. Sum of all the sol~tions in [0, 4n:] of the equation tan x +cot x + I ~cos( x +:) is 

a. 37r b. in. c. 71fl2 d 47r 
82. Number ofsolution.s the equation cos( B)· cos (n8) = I has 

a. 0 b. 2 c. I d infinite 

83. ·The general value ofx satisfying the equation 2 cot2x + 2 .J3 cot x + 4 cosec. x + 8 = 0 is 

1r 1r 1r rc 
a. nn- -,n E Z b. mr+ -

6 
, nE Z c. 2nrc- -,nE Z d 2mr+ -,nE Z 

6 6 6 . 
84. Assume that 9 is a rational multiple of 1r such that cos 8 is a distinct rational. Number of values of 

cos 8 is · 
a. 3 . b. 4 c. 5 d 6 

85. Number of ordered pair(s)(a, b) for each of which the equality a (cosx- 1) + b2 =cos (ax +.b2)-1 holds 
· true for all x E Rare 

a. I b.2 c.3 d4 

~-- · - ~------· -·-·-~-~~- ·--- ~---) 

Multiple Correct Answers. Type Solutions on page 3.54 · 
~ . . . . ""' 

Each question has four choices a, b, c, and d, out of which tme or mor(! answers arc correct. . . . 

I. If 4 sin4 x + cos4 x = I , then x is equal to (n E Z) 

2 2nrc 
b. nn± sin-• · - ·c. --a. mr 

5 3 
2. If sin3 8 +sin 6 cos 8 + cos3 8 = 1, then 8 is equal to (n E Z) 

1r 
a. 2mr b. 2nn+ -

2 
3. A general solution oftan2 6+ cos 29= I is (n e Z) 

7r . 
a. nTC--

4 

1C 
b. 2nn+ -

4 . . 

4. If sin x + cOsx ~ J.v + 
1 

for x E [0, rr], then 
)' - . 

'TC 
c. 2nrc- -

2 

1t 
. c. nrc+ -

4 

1r 
d.2nrc±-

4 

d nrc 

d n1C 

a. x = tr/4 · b. y = 0 c. y = I d x = 3td4 

5. sin 8+ .J3 cos8 = 6x -~- II, 0 ~ (}::; 4n, x E R. holds for 
a no values of x and (J b. one value of x and two values of 8 
c. two values ofx and two values of 8 d two point of values of(x, fJ) 

·6. Jf sin2 x :.._ 2 sin x- 1 = 0 has exactly four different solutions in x E [0, n1r) , then value/values of n is/are 
{nE N) 

a. 5 b.3 c. 4 d 6 
7. For the smallest positive values of x and )1, the equation 2(sin x +sin j') - 2 cos (x ...;. y) = 3 has a solution, 

then which ofthe following is/are true? 
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x+y (x- y) 1 a. sin-
2

- = 1 h cos -
2

- = 
2 

c. number of ordered pairs (x,y) is 2 d numbeF of ordered pairs (x,y) is 3 
8. For the equation 1- 2x-x2 = tan2 (x + y) + cot2 (x + y) 

a. exactly one value ofx exists 
c. y= -I + ntr+ ro'4, n E Z 

b. exactly two values ofx exists 
dy= 1 +nn+ro'4, ne Z 

9. lfx + y= ro'4 and tan x + tany= I, then (n E Z) 

a. sin x = 0 always h when x =me+ ro'4 then y =-:-me· 
c. when x = mrtheny = ntt+ (1l14) d when x = mr+ 7r/4 then y = nn-{Jr14) 

I 0. lfx + y = 2ro'3 and sin x/siny = 2, then 

a. the number of values ofx e [0, 4n] are 4 h number of values ofx e [0, 4n] are 2 
c. number of values ofy e [0,4n] are 4 d number ofvalues ofy e [0, 4n] are 8 

IJ. Let tan x- t.an2 x > 0 and l2sin xl < I . Then the intersection of which of the following two sets satisfies 
. both the inequalities? 

a. x > nn, n E Z h x > me- 7r/6, n E Z 
c. x < nn-1Cf4, n e Z d .x <nn+ 1li"6, n E Z 

12. 1 f cos (x + Tr/3) + cos x = a has real solutions, then 
a. number of integral values of a are 3 
h sum of number of integral values of a is 0 
c. when a= I, number of solutions for x e [0, 21r] are 3 
d when a= J, number of solutions for x e [0, 2n] are 2 

13. for 0 ~ x $ 2n, then 2CMec
1

.'" _!_ /- y + :t ~ .J2 
2 

a. is satisfied by exactly one value ofy b ·is satisfied by exactly two value ofx 

c. is satisfied by x for which cos x = 0 d is satisfied by x for which sin x = 0 

14. ]f sin2 x- a sin x + b = 0 has only one solution in (0, 1l'), then which of the following statements are 
correct? 

a. ae (-oo, 1]u[2, oo) b.be (- oo,O]u[l,oo) c. a= I +b d none of these 

15. Jf(cosec2 6-4p-l +(cot 9+ .J3) x + cos2 3
1l' = 0 holds true for all real x, then the mos.t general values 
2 . 

of Bean be given by (n e Z) 

lin 5n 7n lln 
a. 2nrr+ - b. 2nrr+ ·- c. 2nrr± - d nn± -

6 6 6 6 
16. lf(sin a) .~-2x + b ~ 2 for all the real values ofx ~I and ae (0, 7r/2) u (ro'2, 1r), then the possible real 

values of b is/are 
a. 2 h 3 c.4 d 5 

.J3-I J3 + 1 ~ 
17. Thevalueofxin(O, n/2)satisfying . + =4v2 is 

smx cosx 

a. !!.... h 5n · c. 1tc 
12 12 24 

18. If cos 38= cos 3a, then the value of sin 8can be given by 

a±sina hsin(;_±;) c.sin( 2;:~-a) 
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19. Which of the following sets can be the subset of the general solution of I + cos 3x 
= 2 cos 2x (n E Z)? 

rr rr ~ 
a.nrr+ 3 b.mr+ 6 c. mt- 6" d.2mr 

20. In a right-angled triangle, the hypotenuse is 2.J2 times the perpendicular drawn from the opposite 
vertex. Then the other acute angles of the triangle are 

rr n 3n 
a.3 bs e.g-

.. 

rr 
d-

6 
.... . ' 

Reasoning Type.· Solutions on page 3.59 

Each question has four choices a, b, c, and d, out of which on(v one is correct. Each question contains 
STATEMENTJ andSTATEMENT2. . 

a. if both the statements are TRUE and STATEMENT2 is the correctexplanationofSTATEMENT I 
b. ifboth the statements are TRUE but STATEMENT2 is NOT the correct explanation ofSTATEMENT .I 
c. ifSTATEMENT I isTRUEandSTATEMENT2 is FALSE 
d ifSTATEMENT I is FALSE and STATEMENT2 is TRUE 

.1. Statement 1: The value of x for which (sin x +cos x)1 + sin2." = 2~ when 0 ~ x ~ 1r is n/4 only. 
Statement 2: The maximum value of sin x + cosx occurs when x = 1d4. 

2. Statement 1: The equation sin2x + cos2y = 2 sec2 z is solvable when only sin x = 1; cosy= 1 and 
secz = 1, wherex,y, z E R. 
Statement 2: The maximum value ofsin.x and cosy is 1 and minimum value of sec z is 1. 

3. Statement 1: Equation x sin x""' I has four roots for x e ( - 7t, n) . 
. Statement 2: The graph ofy = sinx andy= 1/x cuts exactly two times for x E (0, n). 

4. Statement I: sin x = a, where- I <a< 0, then for x E [0, mr] has 2(n- 1) solutions 'i/ n e N. 
Statement 2: sin x takes value a exactly two times when we take one complete rotation covering all the 
quadrant starting from x = 0 .. 

S. Statement J: Equation .J,...I--si_n_2_x =sin x has I solution for x E [0, 1d4]. 
Statemcnt2: cosx> sinxwhenxE [0, .n'/4]. 

6. Statement I: The number of solution ofthe equation !sin ,\i =f xI is only one. 
Statement 2: I sin xl >- 0 'V x E R. 

7. Statement I : General solution of tan 4x- tan 2x =l is x =·!!.!!.. + !!_, n e /. 
l + tan 4x tan2x 2 8 

Statement 2: General solution .of tan a= 1 is a= n1t+ n , n E 1. 
4 

8. Statcm_cnt 1: The equation sin (cos x) = cos (sinx) has no real solution. 

Statement 2: sin x ±cos x E [ -Ji, ~]. 
9. Statement 1: Equation sin x = £1 has infinite solutions. 

Statement 2: y = if is an unbounded function. 
J 0. Statement 1: Number of solution of n Isin xI= m I cos xI (where m, n E Z) in [0, 2n] is independent of 

m and n. 
Statement 2: Multiplying trigonometric functions by constant changes only range of the function but 
period remains same. · 
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linked Comprehension··rype Solutions on page 3.61 

Based upon eath paragraph~ three multiple choice questions have to be answered. Each question has four 
choices a, b, c, and d, out of which only rme is correct. 
For Problems I -3 

Consider the cubic equation 
x3 - (l +cos 8+ sin 8) x2 +(cos 8sin 8+ cos 8+ sin 6)x - sin 6cos 8= 0 
whose roots arc x1, x2 and x3. 

1. The va~ue of x~ +xi +xi equals 
a. I b 2 c. 2 cos 8 d sin O(sin 8+ cos 8) 

2. Number of values of 6 in [0, 2n] for which at Jeasnwo roots are equal 
a3 h4 c.5 ·d6 

3. Greatest possible difference between two of the roots if8E [0, 2n] is 

a 2 h I c. .Ji d 2 J2 
For Problems 4-6 

Consider the equation sec 9+ cosec 6= a, 8 e (0, 21r) - { rr/2, n, 3rr/2} 
4. If the equation has four real roots, then 

a Jal;;:: 2.fi b jaj < 2.Ji c. a~ - 2..fi d none of these 
S. If the equation has two real roots~ then 

a. jaj ~ 2.Ji h a< 2.J2 c. j.aj < 2.J2 d none of these 
6. J f the equation has no real roots, then 

a. lal ~ 2.J2 b a< 2..fi 
For Problems 7 - 9 

Consider the system of equations 
sin x cos 2y = (a2 -1)2 + 1, 
cosx sin 2y = a+ I 

c.Jaj < 2J2 

7. Number of values of a for which the system has a soluti<?n is 
a.l h2 c.3 

d none of these 

d infinite 
8. Number of values of x E [0, 2tr], when the system has solution for pem1issible values of a, is/are 

al b.2 c.3 d4 
9. Number of values ofy E [0, 2n], when the system has solution for permissible values of a, are 

a.2 b3 c.4 d5 
For ProbJems J 0 - 12 

Consider the equation J~r (12 -8t + 13)dt ""'x sin(a/x) 

10. The number of real values ofx for which the equation has solution is 
a. I b. 2 c. 3 d infinite 

J J. If x takes the values for which the equation h.as a solution, then the number of values of a e [0, 1 00] is 
a.2 b.l c.5 d3 

J 2. One of the soluti~ns of b' - cosaj < x, where x and a are values that satisfy the given equation, is 
a. yE [-5, 7] b. ye (-7, 5] c. ye [5, 7] d none of these 

For Problems J 3 - 15 
Consider the system of equations 
X cos3 y + 3x COSy sin2 y = ) 4 
xsin3y+3xcos2ysiny = 13 
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13. The value/values ofx is/are 

h ± .J5 ·c.± IIJ5 . d none of these 
14. The number of values ofy e [0, 6n] is 

a. 5 h 3 c. 4 d6 
15. The value of sin2y + 2cos2y is 

a. 4/5 h 9/5 c. 2 d none of these 

Mat~x-Match Type Solutions on page 3.64 

Each question contains statements given in two columns which have to be matchc<J. Statements (a, b, c, d) in 
column I have to be matched with statements (p, q, r, s) in column 11. If the correct match are a~ p, a~ s, b ~ q, 
c ~ p,c ~ q and d ~ s ;then the correctly bubbled 4 x 4 matrix should be as follows: 

I. 

2. 

Column 1 (F..quation) 

n. cos22Y + cos2x = 1 

h cn;x+jj sin x:;: j3 

c. I+ ../3 tan2 x ::;: (1 + J3) tanx 

d. tan 3x - tan 2x- tan x = 0 

Column I (F..quatlon) 

p q s 

a(V@80 
b0080 
c®0(0Q) 
d®@C)Q) 

Column 11 (Solution) 

p.x = {mr + :} u {mr + :} n e z 

111C 
q.x==-,neZ 

3 

1C 
r. x "" ( 211 -:-1) 6", n e Z 

(' 

Tr Tr 
s.x = 2nTr +- u 2nTC + 

6 
, ne Z 

2 

Column II (Number of solutions) 

a. x3 + x2 + 4x + 2 sin x = 0 in 0 :5,;xs;27t p.4 

b. sin fl cos fl' = 2""- 2 + 2 -..r- 2 q. I 

c. sin 2,· +cos 4x = 2 r. 2 

d. 30 [sinx[ = x in 0 $x$2TC s. 0 
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Trigonometric Equations 3.31 

3. 

Column I (Equation) Column IT (Solution) 

a. max {5 sin 8 + 3 sin (9- a)} = 7 then the 
9eR 

p. 2111r+ 3m'4, n E Z 

set of possible values of a is . 

b. x * mr and (cos x )sin1 x-3 sin ·" + 2 = I 1C 
q. 2nTC ± -;11 E 2 

2 3 

c. JCsinx) +2114 cosx=O r. 2nTr+ COS- I ( 1/3), n E Z 

d. log5 tan x =(logs 4)(1og.. (3 sin x) s. no solution 

Solutions on page 3.66 

1. Number of values ofpforwhich equation sin3x+ I+ p3 -3 p sinx=O (p> 0) has a root is ___ __; 

2. Number of roots of the equation jsin x cos xl + ~2 + tan2 x + cot2 x = .J3, x E (0, 4n], are 

3. Number of roots of the equation (3 +cos x/ = 4-2 sin8x, x E (0, 5Tr] arc------' 

sin x sin 3x sin 9x (o rr) 
4. Number of solution(s) of the equation 

3 
+ + = 0 in the interval ~ -4 cos x · cos 9x cos 27x 

is ___ ___; 

5. Number of solution'S of the equation ( .J3 + 1 tx + ( ../3- 1 yx = 23x is ___ ___; 

6. Number of integral value(s) of m for the equation sin x - .J3 cos x 

X E (0, 27t) is-----' 

4m - 6 
--- has solutions 
4 - m 

3a a2 

7. The value of a for which system of equations sin2x + cos2y = 2 and cos2x + sin2y = 2 has a 

solution is 
---~ 

8. If cos 4x = a0 + a1~os2x + a2cos4x is true for all values of x E R, then the value of 5a0 + a 1 + a2 
is . . 

9. Number of integral values of a for which the equation cos2x- sin x +a = 0 has roots when x € (0, 1f12) 
is ----

10. The maximum integral value of a for which the equation a sin x +cos 2x = 2a- 7 has a solution is 

TI 
IJ. Number of roots the equation 21ru{x- ~) - 2(0.25) cos2x

4 

+ I = 0 is------' 

12. Number of solution of the equation sin" x- cos2 x sin x + 2 sin2 x + sin x = 0 in 0 ~ x ~ 3n is 
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3.32 Trigonometry 

Archives . . -- Solutions on page 3. 69! 
~ - - -~------"·- ···-- -- -· - , __ . . • . __; 

· Subjective 

1. Find the coordinates of the points of intersection of the curves y = cos x , y =sin 3x if- rc ~ x ~ n. 
2 2 

(JIT-JEE, 1982) 
2. Find all the solution of 4 cos2 x sin x - 2 sin2 x := 3 sin x. (JIT-JEE,.l983) 

3. Find the values of x e (- n, .1r) which satisfy the equation 8 (+Jcos xf+lco~
2 

xl+lc:o~3 xl+ ... ) = 43
. 

( ) 

{IIT..JEE, 1984) 
4. .Find all values of 8 in the interval -;, ; satisfying the equation 

(I - tan 8) (J +tan 8) sec2 8 +. 2Ul"28 = Q. (IIT..JEE, l~ 
S. Find the number of all possible value of 8, where 0 < 8 <n, for which the system of equations 

()1 + z) cos 38 = (xyz) sin 3 8 

. 
38 

2 cos 39 2 sin 39 
xsm = +---

)' z 
(xyz) sin 3 8"" ()1 + 2z) cos 3 8+ y sin3 e 

· have a solution (x0,y0, z0) withyot0 ~ 0. (JIT..JEE,2010) 

6. Find the number of values of 8 in the interval ( - rc , rc) such t~at 8 ~ nn for n = 0, ± I, ± 2 and 
2 2 5 

tan 8= cot 5.9as well as sin 28= cos 48. {11T-JEE,2010) 

Objective 
Fill in the blanks 

1. The solution set ofthe system of equations x + y = 21r , cos x +cosy"" ~ , where x andy are real, is 
3 2 

(IJT-JEE, 1986) 

2. The set of all x in the interval [0, n] for which 2 sin2 x-3 sin x + l ~ 0 is--· (IIT-:.JEE, 1987) 
3. General value of 8 satisfying the equation tant 8 +sec 2 (J"" I is (IJT-JEE, 1996) 
4. The real roots ofthe equation cos~ x + sin 4 x = 1 in the interval ( - rr, n) are _ _, __ and __ _ 

(llT-JEE, .1997) 
True or false 

J. There exists a value of 8between 0 and 2rrthat satisfies the equation sin4 8 - 2 sin2 8 - I = 0. 
. (IIT-JEE, 1984) 

Multiple choice que.ftion.f witiJ one correct an.~wer 

1. Theequation 2cos2 ~sin 2 x = x2 +x-2 · O<xs!! h~s 
2 . ' 2 

{IJT-JEE, 1980) 

a. no real solution 1\ ohe real solution 
c. more than one solution d none of these 

2. The general solution of the trigonometric equation sin x +cos x = ·1 is given by (liT -JEE, 1981) 

a. X= 2n~ n = 0, ± r, ± 2, .. . ll X= 2nrr+ Trl2; n = 0, ± I' ± 2, ... 
1r 1C . 

c. x = mr+ (-1)" - - - n=O,± 1,±2, .. . d none of these 
4 4 

3. The general solution of the equation sin x - 3 sin 2x +sin 3x = cos x- 3 cos 2x +cos 3x is (n e Z) 
(IIT-JEE, 1989) 
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Trigonometric Equations 3.33 

1t nn 1t nn n 2 
a. nn+- h -+- c. (- lt-+- d 2mr+cos-•-

8 2 8 2 8 3 
4. The equation (cos p - 1 )x2 +(cos p)x +sin p = 0 in the variable x has real roots. Then p can take any 

value in the interval (IIT..JEE, 1990) 

a. (0, 21t) . h (-Jr, 0) c. (-; ' %) d (0, It) 

5. The number of solutions of the equation tan x +sec i = 2 cos x lying in the interval [0, 2n] is 
(IIT-JEE, .1993) 

a.O hl c.2 d3 
6. The general values of 8satisfying the equation 2 sin29- 3 sin 8-2 = 0 is (n e Z) (JIT..JEE, 1995) 

a. nn+(- Jt.nt6 b nn+(- l)"m'2 c. mr+(-trsm6 d nn+(-1r7m6 

sinx cosx 

7. Thenumberofdistinctrealrootsof cosx sinx 
cos~ . . n . 1C • 
cos = 0 m the mterval - - !S: x !S: - ts 
. 4 4 

cosx cosx smx 
(IIT-JEE,200J) 

a.O c. 1 d3 
8. The number of integral values of k for which the equation 7 cos x + 5 sin x = 2k + I has~ solution is 

a. 4 b 8 c. 10 d 12 (IIT-JEE,2002) 
9. cos( a-{3) = 1 and cos( a+ {3) = 1/e where a, /3 E [-n, n). Pairs of a, /3 which satisfy both the equations 

is/are (IIT~JEE,2005) 

a.O . hl c.2 d4 
10. The value of8e (0, 2n) for which the equation is 2 sin2 8-5 sin 8+ 2 > 0 is · (IJT-JE'E,2006) 

a (o TC) u (5n 2n) h (n 5n) c. (o n) u (n. 5n) · d (4ln n). 
, 6 6 . 8 ' 6 , 8 6 . 6 48 , 

11. The number of solutions of the pair of equations (JlT-JEE, 2007) 
2sin2 8-cos28=0 
2cos2 8-3sin8=0 
in the interval [0, 2n] is 

a.O h1 c.2 d4 

Multiple choice questions witll one o'r more than one correct answers 

1. The number of aiJ the possible triplets (a., a2, a,) such that a
1 
+ a

2 
cos(2x) + a

3 
sin2(x) = 0 for all xis 

(I.IT-JEE, 1987) 
a 0 h 1 c. 3 d infinite 

2. The values of 8 1ying between(}= 0 and 9= 812 and satisfying the equation 

1 +sin2 8 cos2 8 4sin 48 

sin2 8 l+cos2 8 4sin48 =0 are (JIT-JEE! 1988) 

sin2 8 cos2 8 1 +4sin 49 

a. 711124 h 51Z124 c. 11 nf24 d 1l1'24 

3. The number of values ofx in the interval (0, 5n] satisfying the equ'ation 3 sin2 x- 7 sin x + 2 = 0 is 
a. 0 b 5 c. 6 d · 10 (IIT-JEE, 1998) 

4. Let 2 sin2 x + 3 sin x-i> 0 and x2 - x ..;. 2 < 0 (x is measured in radians). Then x lies in the interval 

a(:. 5:) h (-1. 5:) c.(-1,2) d (:.2) 
(IIT-JEE, 1994) 
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3.34 Trigonometry 

. 4 4 1 
5. If~+ cos x =-,then 

2 . 3 5 
2 

a. tan2 x =-
3 

sin8 x cos8 x 
b --+ =-

8 27 125 

. I 
c. tan2 x =-

3 
d 

sin8 x cos~ x 
--+--

2 

8 27 125 
(JJT-JEE,2009) 

ANSWERS AND SOLUTIONS 

~~~--~--~·---·-, 

Subjective Type 
.. - o ·- - - _._.a __ , ___ ..._ •• ~ -·- •• • •- ----- o ' o • · -~ ... - ........ -·-•-•• o .. .. - . -·----- • - ~ 

1. We have 3 (tan 2x- tan 3x) =tan 3x (1 +tan Jx tan 2x) 
=> 3(tan ~-tan 3x)/( I+ tan 3x tan 2x) =tan 3x 
~ 3 tan (2x- 3x) = tan 3x 

=> 3 tan x + (3 tan x- tan3 x)l( I - 3 tan2 x) = 0 

=> tan x [3('1 - 3 tan2x) + 3- tan2 x] = 0 

=> tanx(6-l0tan2x) = O 

=> tan x = 0 or tan2 x = 3/5 
lftanx=O ~ x=nTC,ne.Z 

and iftan2 x = 3/5 => x=mtr± a= mn± tan-1 J3i5, me Z 

Hence,x=: nn, mn±tan-1 J3i5' v m, nE z. . 
2. The given equation can be rewritten as 2[sin (2x + 7r/6) +sin 7r12] = c? + .J3· sin 2x- cos 2x 

=> ·cos 2x.= (c? ..:. 2)/2 
=> 2 cos2 x = c?-12 or cos2 x = (a/2)2 · (i) 

=> a2 
:$; 4 ot - 2 ~ a :$; 2 (ii) 

For a= 0, the given equation is reduced to 

cosx = O,'i.e., x= ntr+ (1Ti2), n E Z (iii) 

3. sin4 (x/3) + cos4 (x/3) > 112 (n E Z) 
=>. 1-2 sin2 (x/3) cos2 (x/3) > 1 /2 

=> 1- .!. sin2 (2x/3) >.!. 
2 2 

=> sin2 (~/3) < I 
which is a1ways true except when sin2 (2x/3) = I 

This means 2x/3 =.nn± (7r/2) or x =:: (3nn/2) ± (3TC/4) , n E Z 
Hence, solution set of the inequality is R - (x : x = (3nTC /2) ± (31t /4), 11 E Z} . 

4. sin x +sin y = sin (x + y) . · ·' 

=> 2 sin x+ )'[cos x- y -cos x+ y] = 0 
2 . 2 2 . 

4 
. x+ y . x . y 

0 => sm --sm-sm- = 
2 2 2 

. x+y 
a.sm --=0 

2 
~ x+y=2nTC,nEZ => x+y=O(·:jxi+!yl=l=?-l~x.y~l) 
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b 
. X 

.sm -=0 
2 

~ x=2m7r,mEZ 

. y 0 c. sm -= 
2 

~ y=2ptr,pE Z 

From ~ + lYI"" I 
Jfx = 0, then IYI = 'I 

lfy= 0, then lxl = 1 

~ y=± I 
::::::> x =± 1 

~ x=O 

::::::> y=O 

l . . I 
Jfy=-x, then !xlr+- 1-xl =2 ::::::> x=±- andy= =F-

2 2 

Trigonometric Equations 3.35 

Hence, solutions are (0, I), (0, - I), (I, 0), (-I , 0), G. -~)and ( -~. ~ J 
5. tan4 x + tan4 y + 2 cor2 x cot2 y = 3 + sin2 (x + y) 

~ tan4 x + tan4 y + 2 cot2 x co~ y - 2 =:= 1 + sin2 (x + y) 
::::::> (tan2 x- tan2 y)2 + 2(tan x tan y- cot x cot y)2 =- l + sin2 (x + y) 

NowL.H.S. ~Oand R.H.S. ~0 
~ L.H.S. = R.H.S. = 0 

::::::> tan2x "" tan2y and tan2x tan2y = 1 and sin2(x + y) = 0 
= tan2y = t and x + y = ntr, n E Z 

1C 1C 
::::::> x=mt± - ,ne Zandy=ntr;-,ne Z. 

4 4 
6. The given equation is possible if sin (I - x) ~ 0 and cos x ~ 0. 

On squaring, we get sin (1 - x) = cos x 
y 

=> cos(~ -(1 -x)) = cosx 

tr 
=> --I +X = 2ntr ±X , n E Z 

2 
1C 

2nn-- +J 
::::::> x= 2 ne Z 

2 ' 

y' 

Fig. 3.6 . 

For n = 2, x = ?n +..!_ which is the smaJJest positive root of the given equation. 
4 2 

7. 2sinx+cosy= 2 
::::::> cosy= 2(1 -sin x), we have cosy e l-1 , I] 

1 . 1 
::::::> -- ~ 1- SIO X ~-

2 2 
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3.36 Trigonometry 

Lett= sinx ~ x = sin-1(t), t E [112, 1] 

~ cosy= 2(1-t) ~ IE[l/2,1) 
y = 2n1tr ±cos - l 2(1- t) · ·} 

and x = n2n + ( -1)112 sin -l (t) 
. . 

8. sinx = .!_lx l+ a or2sinx = lxl+a.Considergraphsofy=2sirixandy = lxl. 
2 2 . . . 

y 

y' 

Fig.3.7 

Equation 2 sin x = I x I + a wiH have a solution so long as the line y = I xI + a intersects or at least touches 
the curve, y = 2sin x. In this case, we must have dyldx = 2cos x = 1 = the slope of the line 
~ x = Td3. 

H h 1 
. . 'f 1C . 2 . .1r j.J3 - 1t' 

ence, t e so utJOn ex1sts 1 - + a > sm - => a > ---
3 . ·3 3 

9. tan ( ~ cos 9) =cot (~sin 9) = tan ( ~ - ~ sin 9) 
1t' D 1! 1t'.D Z => - cos u = nn + - - - sm u n E 
2 2. 2 ' 

~ 1r (sin9 +cos B) = nn+ n = (n + !J 1r 
2 . 2 2 

~ sin 8+ cos 8= (2n + I) 

=> ,/2 sin ( 9 + :) = (2n + I) 

~ n = 0, - 1 are the only possibilities . 

So, sin ( 8+ :) = ± Ji = sin ( ± :) 

11: 1C 1r . 
~ 8+-=m-+- m EZ· 

4 2. 4' 
7r 

=> B=m- me Z 
2' 

·. 

However, for the values ofm = 2k, k E Z, the equation is not defined. 

1r 
Hence, 8 =(2k+ 1) - , where,kE Z. 

2 
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Trigonometric Equations 3.37 

10. sinx +sin ( ~J(t -cos2x)
2 

+sin2 2x) = 0 

sin (; J(t -cos2x)
2 

+sin2 ,2x) = sin; .j2 -2 cos 2x = sin (:I sin x 1] 
Nowsinx+sin (: lsin xl) =0-

The equation has a solution only when sin x ~ 0. 
The graph off(x) =sin x ~ 0 is sho~ in Fig. 3.8. 

y t4 n 2n 

-1 f\=1 
'Fig. 3.8 

The graph y ~sin [ 7r/4lsin xi] is as shown in fig. 3.9. 
y 

r={ V1. 
Fig. 3.9 

Hence, Eq. (i) has general solution x = mr, n E Z. 

11 . 2 l . 2 3 . . 2 3 . sm x+ -sm x =smxsm · x 
4 

~ sin2 x- sin x sin2 3x + _!_ sin2 3x = 0 
4 

=> (sin x- ~ sin2 
3x )' + : sin2 

3x (1-sin2 3x) = 0 

=> (sin x- ~- sin
2 

3xJ + ~ sin
2 

3x cos
2 :ix =0 

~ (sin x-.!.sin2 3x)
2 

+-
1 

sin2 6x;;:: 0 
2 16 

0 ~ ~in x- ..!.. sin2 3x = 0 and sin 6x = 0 
2 

0 \ 

' 

=> 2 sin x = sin2 3x and sin 6x = 0 => from sin 6x = 0, x = k1d6, k E Z 
From here, we choose those values which satisfY the equation, 2 sin x = sin2 3x 

owsm 3 - =+sm - = N . 2 (k1r) . 2 k1r {1, if k is odd} 
' 0 6 2 ot if k is even 

=> sinx = Oor 1/2 · 

=> x=nnorx=mr+ ~ (-It, nE Z 

(i) 

·' 
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3.38 · Trigonometry 

.. 
·Objective -Type 

- - --·--- -~----- .~ .. - --- ,---.. 1 

j·--·· · 

J. a. sin 6= 1/2 and cos()=- {3/2 
=> 8 lies in the second quadrant. 
~ sin 8 = sin 51d6~ cos 9= cos 51d6; 
:. 8= 2nn+ (5tr/6) 

2. c. Since tan 8 < 0 and cos 8> 0, 9lies in the fourth quadrant. Then 9= 71d4. 
Hence, the general value of 8 is 2ntr+ 71d4, n E Z. 

3. c. cos pfJ = - cos q8 =cos (tr- q8) 
:::::> p8=2mr±(n-q8) 

~ (p + q) 9=(2n± 1) 1r 

(2n ± 'l)1r 
=> 8 = (p =J: q) , 11 E 2 

rtr 
=> 8 = 

11 
± q , where r =-3, - I , 1 , 3, ... 

=> 8= ... -31r - 1r 1C 31l' ... 
' p±q' p ± q ' p±q' p±q' . 

21r 
· Shown above is an A. P.' of common difference - -. 

p±q 

4. d. (cos. 8 + cos 7 9) + (cos 3 8 + cos 58) = 0 
~ 2 cos 48(cos 39+ cos fJ)=O 
=> 4 cos 4 8cos 29cos 8= 0 

=> 4 x 3 
1
. (sin23 8} = 0 

2 sm8 

~ sin 89= 0 or() ;::: mc/8, n E Z 

sin2 8 . 
S.b. 3 2 -2sm8=0,cos8:.t:O 

cos 8 

=> 3sin2 8 ~ 2 sin8(1 - sin2 8) = 0 

=> sin 9(2 sin28+ 3 sin 8- 2) = 0 

=> sin 6(2sin 8- I) (sin 8+ 2) = 0 

=> sin 9= 0~ I 

=> 8= nn, 111r + ( -l)" (tr/6) , n e Z 

6. b. We have 12 =sin (}cos 28 

=> I - sin 8 (I - 2 sin2 8) = 0 

=> 2 sin3 8 - sin 9+ I =0 

=> (sin~+ I) (2 sin2 8- 2 .sin 8-i- 1) = 0 
=> sin 8 = - I 

I 
... -·-----·- ... ·" 

I 
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The other factor gives imaginary roots. 

9 ( 1)11 ( TC) ( . 11 1t n-1 1C => =nrc+ - - 2 =mr- -I) 2 =mr+(-J) . 2 , nE Z. 

7. b. 2 cos 9[cos 120° +cos 28] = I 

8. b. 

9. a. 

=> · 2cos 9 (- ~ + 2cos2 9-l)= I 
==> 4 cos3 9- 3 cos 9- I = 0 
=> cos 3 8""' l "" cos 0 

2nn 
=> 38=2mror8=- ne Z · 

3 ' 
Given the values so that 2n does not exceed 18. 
.. n = 0, I, 2, 3, ... , 9 

2n L9 
2n 9(9+ I) 

Hence the sum=- n =-x = 30n. 
, 3 3 2 

1 

.' .I - cosO (.J2 -1) sinO 
sec 8- 1 = ( J2 - I ) tan 8 => = -=----..;__-

cos 8 cosO 

==> 2 sin2 ( B/2) = (· .J2 - 1) 2 sin ( 8/2) cos (B /2) 

~ sin ( 9/2)""' 0 or tan ( 0/2) = ( J2 - I)= tan (n:/8) 

=> 912 = nnorfJ/2 =nn+ (n/8), n e Z 
~ 8= 2mror B= 2nn+ (m'4), n E Z 
sin4 x + cos4 x =sin x cos x 
=> (sin2 x + cos2 x)2 - 2 sin2 x cos2 x =sin x cos x 

sin2 2x sin 2x => 1- :;:--
2 2 

~ sin2 2x + sin 2x- 2 = 0 
=> (sin 2x + 2)(sin 2x- 1) =0 
=> sin 2x= 1 

1C 
=> 2x = ( 4n + I) 2 , n E Z 

'1r 
=> x = ( 4n + l) 4 , n e Z 

n 5n · 
=- - <·: x e ro 21t]) 
. 4' 4 ' 

Thus, there are two solutions. 
10. c. sin 3x + (sin Sx + sin x) = 0 

==> sin 3x + (2sin3x cos 2x ) ""' 0 

. 
3 0 

2x 1 2rc => sm x= or cos ----=cos-
2 3 

==> x = fJir/3 or x =nrc± n:/3, n e Z . 
Then x = 0, n:/3, and 21d3, Hence, there are three solutions. 

Trigonometric Equations 3.39 
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3.40 ~ Trigonometry 

11. a. From the given relation 
cos 9 = (2 sin 8cos 8) sin 8, sin 8;eO 

=> sin 8 = ± ~ or cos 8=0 
' ...;2 

rc 3rc rc 
'=> (:} = - - - (·: ·Be [0 n]) 

4 ' 4 ' 2 ' 

Then the sum of roots is 
3

rc . 
2 

12. C. Lhe given equation is (COS X - ) ) ( J2COS
2
X + 5COS X + 9) = 0 

=> cos x = 1 only as the other factor gives imaginary roots 
= 1 => x = 2nrc, n E Z 

Hence, it has infinite solutions as n e Z .. 

13. d. cos 2x = 1 -2 sin2 x and put 2_:_sin
2 

x = t 

=> 2COS2.x = 21-2s~n2 X =2( 2-sin2 
X r = 2f~ 

~ 2r - 3t + 1 =o 
=> t = l , l/2 · 

~ 2 ... sin
2 

X .=l = 20 

=> sin2 x = 0 or x = nrc, n e Z 

' . 2 1 1 
From 2-sm x = - = 2- we get 

2 ' 

sin2 x= 1 orx = nrc± rc nE Z 
2' 

14. a. cos x cos 6x = - 1 

~ 2cosxcos6x = -2 ~ cos1x + c9sSx =-2 => cos7x = -Iandcos5x = -l 
The value of x satisfYing these two equations simultaneously and lying between 0 and 2rc is rc. 

Therefore, the general so I uti on is x = 2nrc + n, n E _Z . . 

=> X = (2n + l) TC, n E Z 

15. c. This is possible only when sin ·x = cos x ;"= 1, which ·does not hold simu_ltaneously. 
Hence, there is no solution. 

16. a. The given equation is 3 (sin X+ cos x) - 2 (sin X+ cos x) (1 - sin X cos x) = 8 

=> (sinx+ cosx) [3 - 2 +2 sin~ cosx] = 8 
~ (sin x + cos x) [sin2 x + cos2 x + 2 sin x cos x] = 8 
·=> (s.in x + cosx)3 = 8 

=> sinx + cosx = 2 
Above solution is not possible. Hence, the given equation has no solution. 

17. a. cos2 6 ""' .!.. sin 8tan 8 
6 

=> 6 cos3 6 = I - cos2 8 

=> 6 cos3 8+ cos2 8- 1 = 0 
~ (2 cos 8- 1) (3 cos2 8 + 2 eos 8+ I)= 0 

/ 
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) 1C 
=> cos 9 = - => 8 = 2nn ± - n E Z 

2 3 ' 
The other factor gives imaginary roots. 

18. d. ( 1- cos 2x) + ( l - cos2 2x) == 2 

=> cos 2x (cos 2x + 1) == 0 

=> cos 2x = 0 or cos 2x =- I 

=> 2x = (2n + 1) 1l'l2 or 2x := (2n ± 1) n, n e Z 

=> x == (2n+ J)ro'4orx=(2n± l)trl2, ne Z 
Hence, the solutions are Trl4, 3ni4, 5ni4, 1ni4, n/2, 3n12. 

Trigonometric Equations 3.41 

19. c. Dividing the given equation by cos2 x , as cos x = 0 does not satisfy the equation, we have 

tan2 x- 5 tan x - 6 = 0 
=> (tanx+ I)(tan·x - 6)=0 

=> tan x = - I or tan x = 6 . . . 
If tan x=- 1 ==tan(- Trl4), then x= mr- .ro'4, V n e Z 
and, iftanx=6 = tan a(say) 
=> a= tan-1 6, then x = nn+ a= nn+ tan-1 6, V n e Z 
Hence, x=mr-(.ro'4), nrr+tan-1 6,ne Z. 

. tan 9 + tan 48 
20. d. From the given equation, we have 

1 
l) l) =-tan 7 9 

=> tan (9+ 48) = - tan 19 
=> tan 58= tan (- 78) 

=> 58= nn-78 

- tan u tan 4u . 

=> (J c:: n.ro'l2, where n E Z, but n;t;6, 18, 30, ... 

I 2 . 
2t.d. Wehave + . 2 =8,sm8;t;O, cos8;t:O 

sin2 8 cos2 8 sm 8 

=> I + 2 cos2 8= 8 sin2 8cos2 8= 8 cos2 8(1 - cos28) 

~ 8 cos4 8-6 cos2 8+ l =0 

=> {4 cos2 8- I )(2 cos2 8- 1) = 0 

=> cos2 8= 1/4 == cos2 (m'3) or cos2 8 = 1/2 = cos2 (n/4) 

=> 8= nn± (7r/3) or 8= nn± (n/4), n E Z 

Hence, for 0 ~ 8 ~ tr/2, 8= n/3, 8= n/4 

22. b. tanx + cot x = 2cosec x 
sin x cos x 2 

=> - - +--=--
cosx sin x sin x 

1 2 
=> =--

sinxcosx sinx 

1 
=> cosx= -

2 
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3.42 

23. c. 

24.b. 

.. ,, : Trigonometry 

n 5n 
=> x= ±- ±-3, 3 
Thus, there ·are four solutions. 

- 3+2isin9 - (3+2isi~9)(1+2isin8) _.(3 -4 sin
2 

8)+8isin9 
Let Z- 2 . . 8 - ( . ) ( ) - 2 1- r sm 1 - 2i sin 8 I + 2i sin 8 1 + 4 sin 8 . 

3 - 4 sin2 11 8s'n 9 
Therefore, the real part of z = 2 {1 and the imaginary part of z = . I . 2 

1 + 4 sin 8 1 + 4 sm 8 

· 8 sin8 . 
Z is real, if imaginary part = . 2 -o or sin 8= 0 or 8= nn, V n E I 

1 + 4 Stn 8 
Z is purely imaginary, if real part (3 -4 sin2 9)/(1 + 4·sin2 9) = 0 
or sin2 8= 314 =·sin2 (1Z'/3) or'8= n1r± rt/3, V n E 1 

. , J3+l . . .J3 
1 -sm-x+ smx-- - I =0 

2 - 4 

• 2 J3+1 . ' .J3 0 =>sm x- -smx +- = 
2 4 

=> 4 sin2 x- 2 .J3 sin x- 2 sin x + J3 = 0 

On solving, we get sin x = 1/2, J3 /2 
=>X= n/6, 51t/6; n/3, 2rrJ3 

25. d. Since, 7 cos2 x +sin x cos x- 3 = 0, 
Dividing the equation by cos2 x, we get 
7 + tan x -3 sec2 x = 0 
=> 7 + tan x- 3 ( I + tan2 x) = 0 
=> 3 tan2 x - tan x - 4 :::; 0 
=> (tanx+ 1)(3tanx-4)=0 

4 
=> tan x = - 1 or tan x = -

3 

=> x == nTC+ 
3

Tr orx=ktr+tan-• (
4

),where(k,neZ) 
4 . 3 

26. b. (sin 8+ 2) (sin 8+ 3) (sin 8+4) = 6 

L.H.S. > 6and R.H.S. 6 

Therefore~cqualityonlyholdsifsin 8::;: - 1 ~ 8=3n12, 77d2 
Therefore, sum= 5n=> k = 5 

27. b. sin2 x +a cos x + c? > J +cos x 
Puttingx = 0, we get 
=> a+if>2 
=> a2+ a-2> 0 

=> (a+ 2)(a-1) > 0 

=> a < - 2 or a> I 

+ + 

-2 1 

Fig. 3.10 

Therefore, we have the largest negative integral value of a =-3. 
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Trigonometric Equations 3.43 

. 28.-b. sin4 x- cos2x sin x + 2 sin2x +sin x = 0 

... 

=> sin x [sin3 x- cos2 x + 2 sin x + l] == 0 
=> sinx[sin3x-l +sin2x+2sinx+ 1]=0 

=> sin x [sin3 x+ sin2 x +2 sinx] = 0 

~ sin2 x = 0 or sin2 x + sin x + 2 = 0 (not possible for r~al x) 

=> sinx=O 
Hence, the solutions are x = 0, n, 2n, 3n. 

29. a. Since, x ~ [0, 2n} andy E [0, 2n], 
and sin x + sin y = 2 
This is possible only, when sin x = 1 and sin y = 1 
=> x = .n12 andy= 1r/2 
Hence, x + y = Tr. 

30. a. ( J3 - 1 ) sin 8 + ( J3 + 1 ) cos 8 = 2 

(../3- 1) . 9 (fj + l.J n - I => ~ sm + ~ cos u- ~ 
2~~ 2~2 ~2 

• 1C • 1:) 1C L'l 7r => sm - sm u+ cos - cos u= cos -
12 12 4 

=> cos (e -.!!...) = cos ~ 
12 4 

=> 8- !!.... = 2mr± 1! • n e Z 
12 4 . 

. 1r 1r 
=2nn± -+-

4 12 
31. a. sin 68+ sin 48+ sin 28= 0 

=> (sin 68+ sin 28)'+ sin 4 8= 0 

=> 2 sin 48cos 28+ sin 48= 0 

~ sin48 (2cos28+ 1)=0 

=> sin 48= 0 or cos 28=- .!. =cos 
2

7r 
2 3 

21! 
=> 48= nnor 28= 2mr± -, n E Z 

3 

nn 1r 
=> 6= - or 9= mr± -

4 3 
32. d. The given expression cosy sin x- sin y cos x + sin y sin ~ + co~ x cosy is 

sin (x-y) +cos (x - y) 
:. sin (x-y)+cos (x-y)=O 

=> J2 ( ~ sin (x - y) + ~ cos (x - y)) o Q 

=> sin ( x - y + :) = 0 

\ 
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... 

3.44 

33.c. 

Trigonometry 

1l 
=> - + x -)' = nrc n E Z 

4 ' . 
1l . 

=> x-y==mr-- )neZ 
4 

1r 
=> x=nn- - +ywherenE Z 

4 
tan x tan 4x = 1 
~ cos 4x cos x - sin 4x sin x = 0 
=>cos Sx:::: 0 

=> Sx = (n + !) 1r n E Z 2 ' . 

(2n + 1) 
=>x= 

10 
n:,O<x<n 

· rr 3rr Str 7rr 9rr 
;:::lo '1o'IO'IO'IO 

Thus, there are only five solutions. 

1 
34.a. Letf(x) = cosx-x+-

. 2 

/(0) = ] -+: ~ > 0 

t(~) ~o- ~ + ~ ~ 1 ~" <o 

Therefore, one r~o; lies in the interval ( 0,. ~} 

35. d. tan ( P: )= cot ( q:) = tan ( ~ - q:) 
pn rr qn · 
- =n1r+ - --
4 2 4 . 

" ·t q =:> - = n +---
4 2 4 

=> p + q = 2n + 1 
4 2 

=> p+q=2(2n+ l) 

36. b. y= sin x- cosx = J2 [ ~ sin -~ cos x] 

== J2 sin ( x - :) => - J2 '5:y 5: J2 
37. a. 4 sin4 x + cos4 x = I 

·~ (2sin2 x)2 + .! (2 c~s2 x)2 :::: I 
4 ~ 

~ <t- cos 2x)2 + .!o ~cos 2xi = i 
. 4 

=> S cos2 2x- 6 cos 2x + 1 = 0 

=> (cos 2x- I H 5 cos 2x- I) = 0 

=>' Range ofy is [- J2, J2] 
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,(' 1, Trigonometric Equations 3.45 

~ cos2x= 1 orcos2x= 1/5 
=> 2x = 2mror 2x ::::: 2mr± a, where a = cos-1 (l/5), V n e Z 

38. c. (I -tan 8)[1 + 2 tan 810 +tan2 6)] =I+ tan 8 
~ ( I - tan 9) (I + tan 9)2 = ( I + tan 9) (l + tan2 6) 

=> (1 +tan 8) [(I - tan2 9)- (1 + tan2 9)] c 0 

~ -2 tan2 8= 0, (J +tan 9) = 0 
=> tan 9= 0, or tan 9=-1 · 

=> 8= mror mr-1fi4, V ne Z. for 8e [0, 2n] 8=0, n,2n, 3tr/4, 7tr/4 

39. d. We have (sin x +sin 3x) +sin 2x =(cos x +cos 3 x) +cos 2i 
~ 2 sin 2x cos x + sin 2x = 2 cos 2x cos x + cos 2x 
=> sin 2x (2 cos x + 1) = cos 2x (2 cos .x: + .1) 

~ (2cosx+ J)(sin2x-cos2x)=O 
=> cos x = - 1/2 or sin 2x- cos 2x = 0 

~ x = 2nn± (27T/3) or tan 2x - 1 - tan (7T/4) 

= 2nn± (27T/3) or x = ( 4n + I) 1fi8, n E Z 
But here 0 ~x~2tr 

Hence, x:;;;; rr/8, 51fi8, 2Td3, 9Td8, 4m'3, J 3:7r/8. 

40. b. 3 sin 8- 4sin3 9- sin 8 = 2(2cos2 e- ] ) 
=> 2 sin 8(1 -2 sin2 8) = 2cos 2 8 
=> 2cos29(sin 9-1)=0 
=> cos 28= 0 or sin 8= I 
=> 20= (2n + 1) 7T/2 or 8= 2mr+ tr/2, 'r/ n E Z 
=> 8= (2n + I) 7r/4, or 8 = ( 4n + 1) 7r/2, V n e Z 
Hence, 8= rd4, 3trf4, 51Z14, 7rd4, tr/2. 

4.1. c. We have 4 sin 8sin 28sin 48= 3 sin 8-4 sin3 8 
~ sin 8 [4 sin 28sin 48-3 + 4 sin2 8] = 0 
~ sin 8 (2 (cos 20- C<?S 69)- 3 + 2 (1 -cos 20)] = 0 
~ sin0(-2cos68-1)=0 
~ sin 8 = 0 or cos 68= -1/2 
~ 9= ntror69= 2ntr± 2Td3, V n E Z 

. = nnor 8=(3n± I) n"/9, V ne Z 
42. b.From the given equation, we have'tan 8+ tan 28+ tan (8+ 26) = 0 

· tan 8 + tan 28 · 
=> (tan 8 + tan 28) + 1-tan8tan 28 =O 

=> (tan 8 +tan28) [1 + 'I ] =0 
1 - tan 9 tan 29 

. => (tan 0+ tan 29) (2 - tan Otan 2 6)-= 0 
~ tan 6 =.tan(- 28) or 2- tan 0 [(2 tan 8)/( I - tan2 8)) = 0 
=> 8=nn- 28orl - 2tan2 8=0 

= nn"/3 or tan2 6= 1/2 == tan2 a(say) 

Therefore, (J = ntr± a, where tan a= tl.fi. 
43. b. We have sin 3 a= 4 sin a (sin2 x - sin2 a) · 

~ 3 sin a-4 sin3 a= 4 sin a-sin2 x- 4 sin3 a 
=> 3 sin·a- 4 sin asin2 

X or sin a= 0 

(·: 8e[0,2n]) 
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3.46 Trigonometry 

1fsin a¢0, sin2 x = 3/4 = ( ../312.)2 = sin2 (n/3), therefore x = mr±n;/3, V. n e Z 
l f sin a= 0, i.e., a"" ntr, cquat ion beco~es an identity. 

44. c. We have J3 cos 0- 3sin 0 = 2 (sin 50- si~ 0) · 

=> {.J3t2}cos 8 - .(112) sin 8 =sin 58 

=> cos (9 + 1tl6) =sin 59=cos(1112 - 58) 

=> 9+ Td6 = 2n1C± (rr/2- 58) 
~ O=(mr/3)+(m'18)or8=(-nTd2)+(m'6), 'tine Z 

45. c. sin4 x + cos4 x +sin 2x +a= 0 
=> (sin2 x + cos2x)2 - 2sin2 x cos2x +sin 2x +a= 0 
=> sin2 2x- 2 sin 2x- 2 -2a= 0 
Let sin 2x = y. Then the given equation becomes y2

- 2y- 2(1 + a)= 0 where -I ~ y ~ 1, 
(': - 1 s; sin 2x s; I) 
For real, discriminant~ 0 

'3 
=> 3 +2a~O =>a~ --

2 

Also- J :Sy :S-1 => - 1 s; I - J3 + 2a ::;; 1 . 

. 1 3 1 
=> 3 + 2 as 4 => a::;; --:- . Thus- - s; a s; -

2 2 2 
46. a. Since the system has a no~-trivial solution, the determinant of coefficients ·= 0 

sin38 - 1 1 

=> cos29 4 3 =0 

2 7 7 

=> sin 38(28-21)-cos 28{ - 7 - 7) + 2(- 3 -4) = 0 
=> sin38+2cos20-2=0 
=> (3sin 8- 4sin3 8) + 2(1 -2 sin2 8) - 2 = 0 
=> 4 sin3 8+4 sin2 8-3 sin 9=0 
=> sin 8(2 sin 8- 1) (2 sin 9 + 3) "" 0 
=> sin.8=0orO=mr+(-J)nTd6,Vne Z 

47. c. Let lo&:os .~ sin x = 7, then the given equation is t +7 = 2 

=> (t-Ii = O => t = 1 => logcos.tsinx = l orsinx =cosx => tanx = I 
=> x = Td.4 

48. b. Given~ + 2-r sin(xy) + I "" 0 
=> [x +sin (xy)]2 + [I - sin2(.xy)] = 0 
=> x + sin (xy) = 0 and sin2 (xy) c: I 
sin2 (xy) = I gives sin (xy) = 1 or- l 
lfsin(xy) = l => x =- 1 => sin(-y) = l => siny = -I,then 
the ordered pair is (I, 37r/2). 
If sin (xy) =- I => X"" ·1 => siny=- 1 ~ (- 1, 3n/2) 

· Thus, there are two ordered pairs. 
49. c. The given equation is 8 sin x cos x cos 2x cos 4x = sin 6x (sin x *- 0) 

~ sin8x = sin6x- ~ 2cQs7xsinx=O 
As sin x * 0, cos 7x = 0 or 1x = n1t+ ;r/2, n E Z 
i.e., x = nn;/1 + nil4; n E Z 
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SO. d. We have cos 3x + s1n(2x- ?n)= -2 
. 6 . . 

=> 1 +cos3x+ 1 +sin (2x- 7:)=0 
;=> (1 +cos 3x) + I -cos ( 2x-

2
; )= 0 

=> 2cos
2 3

; + 2sin
2

( x-; )= 0 

=> cos
3
; =0 and sin(x- ;)=o 

3x n 3n n · n 
=> -=-, - .... ,andx- -=0, Tr, 2n,... => x=-

2 2 2 3 3 

Trigonometric Equations 3.47 

· Therefore, the general solution of cos 
3
x = 0 and sin (x-!:) = 0 is x = 2kn+ 1C = 1t (6k + 1) where 

. 2 3 . 3 3 
kE l. 

Sl . b. Let tan2 8= 1 

=> 1-?+2'=0 
1t is clearly satisfied by t = 3. By inspection, we get tan2 8 = 3. 
Therefore, 8= ± tr/3 in the given interval. 

52. b. tan(~ sin 9 )=co{; cos 9 J 
. tan( 1t sin e)= tan(!!- 1r cos e) 
.. 2 2 2 

1C.8 1r., 8 · - sm = nn + - -- cos 
.. 2 2 2 
sin 8 + cos 8 = 2n + I 
==>sin 8+ cos 8= 1± I 
==> 1 +sin 28= 1 
==>sin 28= 0 
==> 8=ntc 

53. a. cos x = ../1- sin 2x ~ Is in x- cos xl 

(a)sinx<cosx =>' xe [o. :) v (
5
:. 21r] 

Then the given equation is cos x =cos x- sin x => sin x = 0 
=> x=2tc 

(b) sin x ~ cos x => xe 

=> COS X = sin X -COS X 

=> tanx= 2 
=> x= tan-1 

(
!!_ 5tr) 
4' 4 

Hence, there are two solutions_ 

(i) 

=> x = TC, 2tc 
[from Eq. (i)] 

(li) 
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3.48 Trigonometry 
( 

~ 

54. b. L cos r x = 5 
r a 1 

~ cos x + cos 2x +cos 3x + cos 4~ + cos 5x = 5 
which is possible only, when cos x =cos 2x;:; cos 3x;:; cos 4x = cos 5x = 1 and is satisfied by x = 0 and 
x=21t'. 

55. a. sin 2x + cos 4x = 2 
It is possible only, when sin 2x = 1 and cos 4x = l 
~ sin 2x = I and 1 - i sin2 2x = 1 
=> sin 2x = 1 and sin 2x = 0 
Hence, there is no solution. 

56. d. cos2 x = 2 cos x (I - 3 cos2 x) 
~ 6 cos3 x + cos2 x- 2 cos x = 0 

. . ] 2 
~ cosx=O, - --

2' 3 

~ x = ; , ~, cos-' (- ~) 
1r 1r 1r 

If a = - · n = - then we have I a- /31 = - · 2 , p 3 ' . 6 

57. b. We have sin100 x- cos100 x = I 

58. b. 

~ sin100 X=} + cos100 
X 

.Since the L.H.S. never exceeds 1, R.H.S. exceeds l unless cosx= 0 

·tt 
Then,x=ntt+-, n e I . 2 

. . l 
I cot xl =cot x + -.­

smx 
. 1 

If cot x > 0 ~ cot x =cot x + -- = 0 
sinx 

~· - .-
1
- = 0 , which is not possible. 

smx 

If cotxSO 
I . 

=> -cotx=cotx+ -­
sinx 

1 
=> - 2 cot x = -­

sinx 
1 

=>cosx= --
2 

2tr 8tr 
=> x=--3 , 3 

59. a. tan(A - B) = 1 

1r 1r 37r 3tt 
~ A - B=n.lr+ 4 = 4' 4' .-4, ... 
. 2 1r 1r Iln . 
sec(A+B)= .J3. ~ A +B=2n2n:± '6 = 6", '6' ... 
For the least positive values of A and 8, 

(": a,{Jare+ve) 

downloaded from jeemain.guru



Trigonometric Equations 3.49 

A+ B= lin .A - B= 1C => 8 = 19tr A= 25tr 
6 . 4 24 ' ' 24 

60. a. LetA= 9+ 1 5°~ 8 = 9- 15° 

61. a. 

=> A+ 8 =29 and A -8=30° 

tan A 3 
Now =-

tanB I 

tan A+ tan B 3 + I 
tan A_ tan B = 

3
_

1 
(applying componendo and dividendo rule) 

=> 
sin (A +B) =

2 
sin(A -B) 

=> sin 28=2 sin 30°= 1 

1C 1r 
=> 28=2ntr+- orO=nn+- neZ 

2 . 4 
tan 39+ tan B= 2 tan 28 
=> tan39-tan29=tan2B-tan 8 

sin (38- 28) sin (29- e) 
=> = 

cos39 cos 28 cos 28 cos 8 

=> sin 8(2sin8sin29) = 0 

=> sin 8= 0 or sin 28= 0 

. ~ 8= nTCor 29= nn, n E Z 

But 8= mr12 is rejected as when n is odd, tan8 is not defined and when n is even, i.e., 2r, then 8= r:rr. 

Then 9= ntr, n e I is the only solution. 

62. a. We have 14 sin x- I I < J5 
~ - J5 < 4 sin x- I < J5 . . 

• 1C • 1r 
=> - sm - < sm x < cos -

10 5 

. ( n) . . (n n) = sm -
10 

<smx <sm 2-5 

. ( n) . . 3n 
~ sm -- <smx<sm-

10 . 10 

~ XE (- !!_ 3tr) 
10. 10 

( 
1 )

2 
1 63. d. i-y+a= y- 2 +a-
4 

; 

Since- .J2 ~sin x +cos x ~ .fi , the given equation wi11 have no real value x for any y.if a:.... ·~ > J2 
. 4 
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3.50 Trigonometry 

( 
I ) I . 

i.e.,ae .fi + 
4

,oo = ae (./3,oo)(as .j2 + 
4 

< ./3) 

64. a. (2 sin x - cosec x)2 +(tan x- cot x)2 = 0 

= sin2 x = .!_ and tan2 x = I 
2 

7t 
=> x=nn±-,n E Z 

4 
65. a. [sin x +cos x] = 3·+ [- sln x] +[-cos x] 

Maximum value ofleft-hand side is I and minimum of right hand side is also 1 
..... . . 1C 

=> [sinx+cosx]=3+[- sinx]+(-cosx]= I => XE 7t±-
4 

=> [sin x +cos x] = I,[- sin x] = -1, [-cos x] = - 1 
which is not possible. 

66. C. COS
8 X+ b COS

4 X+ I = 0 

=> b r= - (cos
4 x+ 

1 
) 5-2'YxE R 

cos4 x 
=> . be (-oo,-2] 

67. b. Here I s; !sin 2xl + Ieos 2xl s; .J2 and !sin Yl S I 
so solution is possible only when I sin yl = I 

. I n 3TC => sm;1=± => y =± - ±-
2 ' 2 

68. b. ·Given that jsinxj2 + jsinxl + b = 0 · 

- 1 +.JI - 4b - I± JI - 4b 
=> lsinxl - - => os; < 1 => -2 <b <O 

2 2 
69. a. 12 sin 8- cosec 61 ~ 1 · 

=> 12 sin2 8- II~ jsin ~ 
=> Ieos 2~ ~!sin 61 
=> 2 cos2 2 8 ~ I - cos 2 8 
=> 2 cos2 28+ cos 28-·1 ~ 0 
=> (2 cos 2 8- I ) (cos 2 8 + 1 ) ~ 0 

l 
=> cos 28~ - . 

2 
70. d. The given equation can be written as 

sinxcosx [sin 2x+ sinxcosx+cos2 x] = I 
=> sin x cos x [1 ;+-sin x cos x] = J 
=> sin 2 x [2 +sin 2x] = 4 

- 2 ± 14 + 16 r; 
=> sin 2x = " =- 1 ± v 5 

2 
which is not possible. 

71. d. elsintl +'e-lsim1 + 4a = 0, let ( = J siruj 

=> tE [l,e] 

1 
=:::!i 1 + - + 4a = 0 

t 

[as cos 0~0~ i.e.; cos 28;t: - l] 
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Trlgonometric Equations 3.51 

~ r+4at+) = 0 
This quadratic ~xpression should have two distinct roots in (I, e) 
~ 16cl - 4>0,f(l)= I +4a+ I ~O,f(e)=e2 +4ae+ J ~0, I <-2a<e 

1 I -I- e2 e 1 
~ lal>- a~-- a~ - -<a<--

2 ' 2' 4e ' 2 2 
Clearly, there is no value of a satisfying the above inequalities simultaneously. 

72. b . 

Y y = 2x- x2 

y' 

Fig. 3.11 
lnlsinxl =-x(x-2) 

Graphs ofy = lnlsinxl andy=-x(x-2) meet exactly two times in [- 7r: , 
37r] . 

. 2 2 

73. c. lxl + M- 4, sin ( lfn = I 

. 7rX2 7r: 
=> !xl, IYI E (0, 4), -

3
- =(4n+ 1) 2 

~ x2 = ( 4n + 1)3 = l as I vi ~ 4 
2 2 ' . ~ 

{3 (3. 
~ lxl= v2, lyl =4- v2 
Thus, there are four ordered pairs. 

74. b. sin {x} =cos {x} 
tan {x} =I 
tan (7r14)= 1 < tan 1 

y 

y' 

Fig. 3.12 

Graphs ofy= tan {x} andy= 1 meet exactly six times in [0, 2n). 
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3.52 Trigonometry 

75.a. x2 +4-2x+3sin(ax+b)=O 
(x-1)2 +3 =-3 sin(ax+b) 
L.H.S. ~ 3 and R.H.S. ~ 3 
=> L.H.S = R.H.S = 3 
(x- 1 )2 + 3 + 3 sin (ax+ b)= 0 
=> x = l , sin.(ax+b)=-1 
=> sin (a+ b) =-1 

. lC 
=> a+ b = (4n-l) 2, n E 1 => 

76. c. tan4 x- 2 sec2 x + a c 0 

77. a. 

=> tan4 x- 2(1 + tan2 x) +a= 0 
=> tan 4 x - 2 tan2 x + I = 3 - a 

=> (tan2 x- I )2 = 3-a 

=> 3 - a2:0 ~ a~3 

1 + log2 sin x + log2 sin .3x 2: 0 
(where sin x, sin 3x > 0) 
=> log2 (2 sin x sin 3x) ;:= 0 
=> 2 sin x sin 3x ;:= I 
For sinx> 0 
=> XE (0, n) 
=> sin 3x> 0 
=> 3x e (0, tr) u (2n; 31r) · 

=> X E ( 0, ; ) V c;, Jr) 
For 2 sin x sin 3x ;:= I 
=> 2 sin2 ~(3 -4 sin2 x) 2: I 
=> 8sin4 x -6sin2 + I S O 
=> (2sin2 x- 1 )(4sin~x- J )~O 

1 . I 
=> 2ssmxS J2 

~ X E [;' : ] U [ 2; ' 3: l 
!hus, xE (

2
;, 

3
: l 

78. d. · sin2 9= I [sin 9~ I] 

7n 
a+b= -

2 

=>sin 9= - 1 ~ 6 = 2nn- (Trl2) =>infinite roots 

79. c. 1r log3(~) ~ ktc, k e 1 • 
.\ . 

Jog{ ~) =k~x = r' . 

The possible values of k arc- J, 0, 1, 2, 3, ... 
. . 
1 1 1 3 9 

S=3 + 1 + -+-+-+ .. ·oo =--=-
3 32 33 ] 2 1--

3 

(from the given options) 

• (i) 
(ii) 

(iii) 

[From Eqs. (i), (ii), (iii)] 
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. sin (xy) 
80. a. :;;;; y 

cos(xy) 

~ sin(xy) = xy 

:::::) XJ'.:;: 0 
~x=·o ory~O 

But x = 0 is not possible 

: . y=O andx= 1, i.e., (1 , 0) 

81. c. tan x + cot x + 1 = cos( x + 1r) 
. . 4 

=> tanx +calx -co{x +:)-I 

· Now tanx+ cotx ,; - 2 and co{ x +:)- I ;,-2 · 

It implies that equality hoJds when both are -2. 

=> co{x+ :)--1 
Tl 

=> x + - =(2m+ 1 )n; m e Z 
4 . 

3n lln 
=>x=- or-

4 4 

. · . . 3n lin 1Tr 
Therefore, the sum of the solutions IS-+-=-. 

82. c. cos( B) cos ( 1rB) = I 
=> cos( B) = I and cos (nB) = 1 

or cos( 8) =-I and cos (nO)=-J 

4 4 2 

Trigonometric Equations 3.53 

(i) 

(ii) 

If cos( B)"" I => 8 = 2m1fand cos (1!8) = I => 8= 2nwhich is possible only when 8= 0. 

Equation (ii) is not possible for any 9 as for cos( 8) = -I, 8 should be odd multiple of 1C => irrational 

and for cos(n8) = - 1 :::::) 9 should be odd integer=> rational 

Both the conditions cannot be satisfied. 

Therefore, 9 = 0 is the only solution. 

83. c. (cotx + -/3)2 + cot2 x + 4cosecx + 5 = 0 

=> (cot x + .J3 )2 + cosec2 x + 4cosec x + 4 = _0 

:::::) (cot x + .J3 )2 +(cosec x + 2i = 0 

=> cotx = - .J3 or cosec x = - 2 

1( 
=>x=2nn-- n e Z . 6, ( ·: x e 4th quadrant) 
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3.54 Trigo~ometry 

p 
84. c. 6= kn, k=- ,p, q e J, q*-0 

q . 

cos k1c is a rational 

Hence, k= 0, I, 1/2,.1/3, 2/3 

There are five values of cos 6 for which cos 8 is rational . 

85. b. Putting x = 0 :::> b2 = cos b2 
- I :::> cos b2 = I + b2 ~ b = 0 

Forb= 0, we have a(cosx-l):;:: cos ax- I 

:::>. 2a sin2 x = 2 sin2 .ax 
2 2 

~a=Oora= f. 
Hence, ordered pairs are (a, b)== (0, 0) or (I , 0). 

Multiple. Correct Answers Type 

J. a, b.,- We have 4 sin4 x + cos4 x = I 
~ 4 sin4 x = 1-cos4 x = (1- cos2 x)(l + cos2 x) = sin2 x (2- sin2 x) 

=> sin2 x [5 sin2 x - 2] = 0 

=> sin x = 0 or sin x = ± .fii5 

=> x=ntrorx=nn±sin-1 f2,neZ . vs 
2. a, .b. (sin3 6 + cos3 9) - (J -sin 8 cos 9) = 0 

=> (sin 8 +cos 8) (1 - sin 6 cos 8) - (J - sin 8cos 8) = 0 
~ ( I - sin 6 cos 0) (sin 6 + cos 8 - I ) = 0 
If sin 8cos 8= I => 2 sin 8cos 6= 2 =>sin 26= 2 (not possible) 
=> sin 9 +cos 8= I 

1r 1r 
:::> 6 ~- = 2nn ± - , n E Z 

4 4 
1r 

:::> 9 = 2mr or 2mc +-
2 

3. a, c, d . . We have tan2 8 = 1 - cos 29 = 2 sin2 9 or cosec2 9 tan2 9 c 2 
or (I + cot2 8) tan2 8= 2 or tan2 8+ J ;;; 2 

~ tan2 8= I => tan 8 ;;; ± 1 
1C 

=> 9 ;;; nn±-, ne Z 
4 

Moreover, tan2 9= 2 sin2• 8 

1 R' {;:; 4. a, c. y + - ~ 2 ~ y +- ~ v 2 
)' y 

But sin x + cos x ~ J2 . 

=> sin2 8= 0 => 9= nn 

:::> y+ _!_ = 2 and sin x + cosx ;;; .J2 
y 

=> y = 1 and sin (x+~) = 1 ory= 1 andx = !!.._ 
4 . . . 4 
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S.b,d. sinO+ J3 cos9= - 2-(x2 -6x+9)=-2-(x -3)2 

:. sin 9 + J3 cos 9 ~- 2 and - 2 - (x- 3i $; -2 

As a result, we have sin 9 + J3 cos 8 = - 2 and then x = 3 

:.x=3andcos (9- ~}'- 1 , i.e.,9- ~ =n;3n 

6. a, c. sin2 x- 2 sin x- 1 = 0 

Trigonometric Equations 3.55 

~ (sin x- I )2 = 2 ~ sin x- 1 = ± .J2 ==> sin x = 1 - .fi as sin x "J> I 

There are two solutions in [0, 2tc] and two more in [2n, 4n]. 

Thus, n = 4, 5. 

7. a, b, c. The given equation is 2 (sin x +sin y}- 2 cos (x-y) = 3 

~ 2x2sm --cos-- - 2 2cos ---1 =3 . x + y · x - y [ 2 x- y ] 
2 2 2 

4 · (x + Y) ± 16sin2.(x +
2 
Y)-.16 

~ cos( 7} _._st_n....;.._- _-2_-__;__..:.,_8 __ ...:.....__...;...__ 

. x+ Y 1 
~ SIO - - =± 

2 
Since x andy are smallest and positive, we have . 

sin x + y = 1 and x + y = n 
2 2 2 

i.e.,x+y:::: n 

(
X }') 1 Also, cos 2 = 

2 

~ x - y = 21Z13or-2nl3 

From Eqs. (i) and (ii), we get (x =Srr/6, y =n/6) or (x = n/6, y =5n/6) 
· 8. a, d. l -2x-x2 = tan2 (x + y) + cot2 (x + y) 

~ - (x + 1 )2 = (tan (x + y)- cot (x + y)]2 

NowL.H.S. ~O andR.H.S.~O 

~ - (x + 1)2 = [tan(x + y)- cot (x + y)]2 = 0 

~ x = -I and tan (x + y) =cot (x + y) 

~ x=- I and tan2(- 1 +y) = 1 

=> x = -1 and - J +y=mr±(n/4), nE Z 

sin x sin y 
9. b,c. Fromtanx+tany= 1, we have--+-- = I 

cosx cosy 

(i) 

(ii) 
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. 3.56 Trigonometry 

. => sin x cosy+ siny cos x = cosx cosy 
=> 2 sin (x +y) = 2 cos x cosy 
=> 2 sin (x + y) = cos (x + y) + cos (x-y) 
=> · 2 sin (w4) =cos (.7d4) + cos (x-y) 

=> cos(x - y) = l tfi=cos(.7d4) 
=> x - y = 2mr± (7d4), \1 ne Z 
Also we have x + y === 7d4 
From Eqs. (i) and (ii), we have 
x = mr+ (n/4) andy=-nn, 'r:J n E Z 
orx = mrandy = -mr + .7d4, \lne Z 

:no. a, c. x + y = 2.7d3 => y = (2m'3)--x 
:. sin x = 2 sin (27r/3 - x) 

. = 2(( .J3 /2) cos x + (I/2) sin x] = J3 cos x +sin x 

21r n n 
=} cosx= O · => x = n7r+7d2, ne Z =} . y = - - nn - - =- -n1l' 

3 2 6 
Hence, for x E [0, 47r],x= m'2, 3m'2, 5ni2, 77r/2 
and for y E [0, 4n],y = 7d6, 77d6, 137r/6, 19.m'6 

ll. a, d. tanx - tan2 x > 0 
=> . tanx (tan x - l ) < 0 
=} 0 <tanx < 1 
=> O<x <m'4 
=> n1r< x < n1r+ n/4, n E Z (generalizing) 

1 . 1 .. . 1 I sin xl < - => - - <- sm x < -
.. 2 2 2 

( 

=> - n/6 < x < ni6 =}- 7d6 + nn < x < n/6 + nn, n e Z (generalizing) 
Then the common values are nn <x < mr+ n/6. 

12. a, b, d. cos (x + 7d3) + cos x = a 

=> ]_ cos x- ( .J3 /2) sin x + cos x = a· 
2 

=> (3/2) cos x - ( f3 /2) sin x =a 

=> - .j3 -5. a~ .j3 
Hence, there are three integral values of a= - 1, 0, l whose sum is 0. . \ 

For a= I , the given equation is (..[312) cos x- ( 1/2) sin x = 11.[3 

=> cos (x + 7rl6) = 1/ f3 
. . 

=> x + td6 = 2n1l'± a,_where a = cos-1 (1 1.[3 ) 

=> x = 2n1l'- 7rl6 ± a 

Hence, the solutions for a= 1 in [O; 2Jr] are cos- ' (i I .J3 ) - 7d6, 11 /6 - cos-1 (1 1.[3 ). 

(i) 
(ii) 

(i) 
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., Trigonometric Equations . . 3.57 

13. a, b, c. The given inequality can be written as 

2coscc
1 

x J(y _ l)2 + J :5 ..J2 
Since cosec2 x ~ I for all real x, we have 

2 
2cosec x ~ 2 

A I so ( y- I i + I ~ 1 

from Eqs. (i) and (ii), we get 

2coscc2 x Jcy + 1)2 + J ~ 2 

The~efore, from Eqs. (i) and (iv), equality holds only w.hen 2 coscc
2 

x = 2 and ~(y - 1)2 + ·1 = 1 

=> coscc2 x = 1 and (y- I )2 + I = I :::) sin x = ± 1 andy= I 

1t 3n 
:::) x=- -andy= I 

2 ' 2 , 

h I . f h . . I' . n 3n d I Hence, t e so uti on o t e gaven mequa tty JS x = - , - an y = . 
. 2 2 

14. a, b·, c. sin2 x - a sin x + b = 0 has only one solution in (0, n). 
=> sin x = I gives one solution and sin x = a gives other solution such that a> 1 or a~ 0 
~ (sin x - I) (sin x- a)= 0 is the same equation as sin2 x - a sinx +'b,;, 0 
=> 1 + a:;; a and a= b 
=> 1 + b = a and b > I or b ~ 0 
;::::> · be (-oo,O]u[l ,oo)andae (-oo, J] u [2, oo) 

15. a, b. Given that the quadratic equation is an identity 

:. cosec2 8 = 4 and cot 9 = - J3 
. I 

:::) cosec(}:: 2 or - 2 and tan 9=- -

O= 5n or lbr 
6 6 

J3 

J 6. c, d. Abscissa corresponding to the vertex is given by 

1 
x = -- > 1 is the vertex 

sin a 

x = cosec ex 

Fig. 3.13 

The graph ofj(x) =(sin a) x2
- 2x + b is shown as"' x ~ I . . 

Therefore, the minimum of f(x) =(sin a}Xl-2x + b-2 must be greater than zero but minimum is atx ... 1, 
i.e., sin a- 2 + b-2 ~ 0 
:::) b ~ 4 -sin a, ae (0, n) => b ~4 as sin a > 0 in (0, n) 

(i) 

(ii) 

(iiQ 

(iv) 
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3.58 
1 

• Trigonometry 

J3-1 J3+l 
17.a,d. ~ + ~ =2 

2v2 sin x 2v2 cos x 
. . 

.rc . rc . . 2x 
sm - cosx+cos- smx=sm · 

12 12 

sin 2x = sin ( x + ~) 

1C 7r: 
:. 2x=x+- or2x= n~x--

. 12 12 

rc lln 
x=- or3x=-

12 12 

1C 111l' . 
:. x=i2 or 

36 

18. a, c, d. cos 38= cos 3a 
· Putting n = 0, J ) we have 

3a=2mr±3a 
I 

:. 39= 3aor-3aor 2rc+ 3aor2Jr- 3a 

21l' 21l' . 
8= a or- a or 3 +a or 3 - a=> (a), (c~, (d) are correct 

Ifn =-1, then 38= -2n± 3a 

2n 
· ~8= --±a 

3 

Hence, (b) is not correct. 

19. b, c, d. I +cos 3x = 2 cos 2x 

~ l + 4 COS3x- 3 COS X"" 2(i COS
2 
X- l) 

=> 4. COS3X- 4 COS
2x - 3 COS X+ 3 ""' 0 

Let cos x = y, we have 

4/-4/-3y+3 =0 
=>4;?(y-l)-3(v- l) = O 
=> (.v - 1 )( 4y- 3) = 0 · 

3 
=> y = 1 or .I = 

4 
3 

=>.cos x = 1 or cos2 x = 
4 

•, 
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• Trigonometric Equations 3.59 

==>cos x = l or cos2 x = cos2 tr/6 

~ x = 2nn .or x ~ nn± (n:/6), n E Z 

20. b, c. p 2sec2 8 + p2cosec2 8;: (2J2 )2 
p2 

=> J = 8 
sin2 8 cos2 6 

" 

=> sin229=,112 = (1/.fi.r 

=> 29= (nn) + (11i'4), n e Z 

=> e= (mr/2) + (7r18) 

for n = 0, (}= TCIS 

for n = 1 , 8 = 31rl8 

A 

Pcosec 6 

CL----~8 
Psec 8 . 

Fig. 3.14 

··-------·------------ - ·--...... 
Reasoning Type 

- '·· - j 

\+ · 2x ( . + )(~inx+cou)2 2 l.a. (sinx+cosx) sm =2=> smx cosx = 

Now we know that the maximum value ofsinx+ cosx is J2 which occurs atx = 1C/4, for 0 $;x $; tc/4. 

Also, the given equation has roots only if sin x +cos x = ~. 
Hence, there is only one solution for 0 s; x s; n. 
Thus, the correct answer is (a). . 

2. d. We know that sin2 x s; I and cos2 y s; 1, then sin2x + cos2y s; 2 

Also sec2 z 2! .1, then 2 sec2 z ~ 2. 

3. a. 

Hence, the given equation is solvable only if sin2x + cos2y = 2 and 2sec2 z = 2, for which sin2x , cos2y, 

sec2 z = I. 
Then sin x, cosy, sec z = ± J 

Hence, statement I is false and statement 2 is true. 

r=.11x 

Fig. 3.15 
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3.62 Trigonometry 

-l 

-2· 

-3 

-4" 

-5· 

-e· 
y' 

. Fig. 3.17 

sec () +cosec () = a has solution when~ graphs ofy = a and y= sec () +cosec ()intersect. (i) 

Graphs of y = sec 9, y = cosec ()andy= sec 8 + cosec ()are as shown in Fig. 3.17. 

Clearly, Eq. (i) has two solutions if -2J2 <y < 2J2. 

Equation (i) has four ~olutions if . .v ~ -2-fi or y ~ zJi 
In any case, Eq. (i) has two roots always. 

For Problems 7-9 

7.a,8.b,9. d. 

Sol. The given system is sin x_cos 2y = (cl-- I )2 + I, and cos x si~ 2y =a+ 1 (i) 

Since the L.H.S. of the equations does not exceed l , the given system may have solutions only for a's 
such that · · 

(if - Yi + 1 ~ 1 and - I ~ a + 1 ~ 1 

(J - I i+ 1 ~ 1 => (cl--1)2 ~0 ~ 

But a = 1 does not satisfy cos x sin 2y = a + 1 
'fhus, a = - I on1y and we get 
sin x cos 2y = 1 

cosx sin 2y = 0 
sin x cos 2y = 1 
=> sinx = I, cos 2y = 1 
or sin x = - 1, cos 2y = - J 

for which cos x sin. 2y = 0 

~ a= 1 
(ii) 

(iii) 
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F' or Problems I 0 - I 2 

10. a, 11. d, 12. b. 

X 

Sol. Given that J(t 2 - 81 + 13) dt = x sin (alx) 
0 

R.H.S. shows thatx*O 
Integrating L.H.S., we get 

[ 
1
; - 4t2 + 131 I ~ x sin (alx) 

or ( 1/3)[x3
- 12x2 + 39x] = x sin (alx) 

or sin (alx) = (I /3)[.x2- l2x + 39] 
=(1/3) {(x-6i+3} 
= (l/3)(x-6)2 + 1 

But sin (alx) ~ 1, so sin (a/x) = I, which is possible only for x = 6 
then we have sin (a/6) = I 
ora/6=2nn+nl2ora= 12mr+3n, ne Z 
Hence,x = 6, a= 12mr+ 31!, n e Z. 

Trigonometric Equations 3.63 

(i) 

{·: x~O} 

For a E [0, 100], there are exactly !hree values of a= 3n, 15n-and 27n, i.e., 
IY-cosal<x :::::> v'+ 11 <6 :::::> ye [-7,5] 

F'or Problems .13 -IS 

13. a, 14. d, 15. b 
Sol. The given equations are 

x cos3 y + 3x cosy sin2 y"'" 14 and 
xSif!3y+3xcos2ysin y= 13 
Adding Eqs. (i) and (ii), we have .· 
x (cos3 y + 3 cosy sin2 y + 3 cos2 y sin y sin3 y) = 27 
:::::> x(cosy+sinyi-=27 
::) x 113 (cosy+siny)=3 
Subtracting Eq. (ii)'from Eq. (i), we have 
x (cos3 y + 3 cosy sin2 y- 3 cos2 y siny- sin3 y) = l 
~ x(cosy - siny)3 = 1 
==> x'13 (cosy-siny) = 1 
Dividing Eq. (iii) by (iv), we get 
cosy+ sin y = 3cos y- 3siny 
::) tan y = 1/2 
Case 1: 

sin y .. I 1.[5 and cosy = 21J5 

y = 2ntt.+ a, where 0 <a< n/2 and sin a = 1/J5 
i.e.,y lies in the first quadrant 

From Eqs. (iii), x113(31J5)""' 3 or x ""' SA/5 
Case II: 

sin y =- 1/.JS and cosy= - 21.[5 

(i) 
(ii) 

(iii) 

(iv) 
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3.60 .J .. .. Trigonometry 

Draw the graphs of y = sinx andy= I lx ~nd verify. 

4. d. When n = 1, we have interval [0, nt which covers only first and second quadrant, in which 
sinx =- l/2 is not possible. Hence, the number of solutions is zero. Also from 2(n - I), we have zero 
solution when n = J. . 
For n = 2, we have interval [0, 2n] which covers all the quadrant only once. Hence, the number of 
solutions is two. · · 
Also rrom 2(n -1 ), we have two solutions, when n = 2. . 
For n = 3, we have interval [0, 3n], which covers third and fourth quadrant only once. ~ence, the 
number of solutions is two. But from 2(n -1 ), we have four solutions which contradict. 
Hence, statement I is false, statement 2 is true. 

5. a. Jt- sin 2x =sin x 

~ J(sinx-cosx)2 =sinx 

~ lsinx-cosxl = sinx 
=> cosx- sinr = sin x 
=> 2sin x = cosx 

=> tan x = .!_ which has only one solution for x e [0, 7t/4] for these values of x. 
2 . 

·6. b. Draw the graphs ofy = I sinx I andy= I xI and verify that lsinxl = lxl has only one solution x = 0. But 
statement 2 is not the correct explanation of statement I. 

7. d. Given tan 2x = I 

1l' . 
. ·. 2x = nn+ -, n e Z [note that tan 4x is not defined for these values ofx] 

4 . . . 
Hence, the g'iven equation has no solution. 
Therefore, statement 1 is false and statement 2 is true. 

· 8. a. cos (sin x) = sin (cos x) 
~ cos (sin,x) =.cos [(m2) -·cos x] 
=> sinx=2nn±(ro'2-cosx), ne Z 
Taking + ive sign, we get sin x = 2nn+ 7t/2. - cos x . 

or(cosx +sinx)=.!.. (4n+ l)n 
2 

Now L.H.S. e [ -.J2, J2], hence..:.. ..fi ~ ~ (4nt t)n .fi. 

-2.fi -TC 2Ji -1f· . . . . · . 
--- - s; 11 s; , wh1ch IS not sattsfied by any mteger n. 

4n 4n . . 

(i) 

Similarly, taking-ve sign, we have sinx - cosx= (4n- l)TC/2, which is also not satisfied for any integer n. 
Hence, there is no solution. 

9. b. Statement I is true. 
Also statement 2 is true but ·does not explain statement I . 
Consider the equation sin x = x3

. 

Here, y = x3 is an unbounded function but equation has finite number of solutions. 
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• • Trigonometric Equations 3:61 

t~.a. Lety=njsinxl = mjcosxl 
The curve y = n I sin x I andy = m I cos xI intersect at four points in [0, 21l']. 

y 

Linked Comprehension Type 

For Problems 1 - 3 

1. b., 2. c., 3. a 
Sol. 

Fig. 3.16 

1. b. x3
- (l +cos 8+ sin 8)x2 + (cos 8sin 6 + cos 6+ sin 8)x- sin 6cos 8= 0 . 

Given cubic function is 

f(x) = (x- 1 )(x-cos 8) (x- sin 8) 

Therefore, roots are t, sin 8 and cos 8 

Hence~ x( + xJ +xi = I + sin2 8 + cos2 6 = 2 

2. c. Now if 1 =sin 8, we get 8= tr/2 
If 1 =cos 6, then 6= 0, 2n 
and if sin 8 = cos 8, we get tan 8 = 1 

. 8= 1r Str . . . 
4 4 

Therefore, the number of values of Bin [0, 2tr] is 5. 

3. a. Again the maximum possible difference between the two roots is 2. 
1 -sin 8= 2 when 8= 31l'/2 or I - cos 8-2 when 9 = TC 

For Problems 4-6 

4., a, S. c, 6. d. 

Sol. See Fig. 3.17 for the solution 
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3.64 T~gonometry 

y = 2nn+ (n+a), where 0 < a < rr/2 and sin a= -11J5 
i.e.,y lies in the 3rd quad~ant · 

Therefore, from .£q. (3), x 113 
(-31../5) = 3 or x =-5../5. 

Thus, sin2y + 2cos2y = 1/5 +sis = 915: · 
Also there are exactly six values ofy E [0, 61r], three in I st quadrant and three in 3rd quadrant. 

. Matrix-Match Type. 
~-~ ·-· - --.~---·--- ~-...._ 

1. a ~ r, b -7 s, c--+ p, d ~ q. 

a. cos2 2x- sin2 x = 0 
=> cos 3x cosx = 0 
=> cos 3x = 0 or cos x = 0 

n n 
~ 3x = (2n -:- I) 2 or x = (2n - 1) 2 , n e Z 

1C . 1t 
~ x= (2n-l) 6" orx= (2n -1) 2 

Hence, the general solution is (2n -1)~. as (2n - I) 1t is contained in (2n - 1) n . 
6 2 ' 6 

b. cosx+J3 sin x = J3 

cosx J3 . . J3 
=> -+-smx:::-

2 2 2 

=> cos (x -!:.) = cos n 
3 6 . 

1t 1r 
:::) x - - = 2mc ± - n e Z 3 . . ~. 

ft .. Tr 1C 
=> x - - = 2mc + - or 2nn - -

3 6 6 

11: • . 1t 
=> x = 2n rc + - or x = 2mr. + -

2 . 6 

c. J3 tan 2 x - ( J3 + 1} tan x + l = 0 

~ J3 tan x (tanx- ))- (tanx - 1) = 0 

:::) (tan x- 1) ( J3 tan x -1 ) = 0 

. . 
-- - · _) 
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: . tanx = I 
7r 

:=) x = mr+- neZ 
4' 

I 1r 
or tan x = - :=) x = nn + - n e Z .J3 6 ' 

d tan 3x- tan 2x- tan x = 0 
or tan x tan.2x tan 3x = 0 

x =nrc or nn/2 (rejected) or nn /3 

Therefore, the general solution is nrc/3 as nrc is contained in mr/3 . 
2. a ---? q ; b ---? s ; c---? s; d ---? p. ' 
a. Here, .l.J + (x + 2)2 + 2 sin x = 4. 

Clearly, x = 0 satisfies the equation 
JfO <x ~ rc,x3 +(x+ 2)2 + 2 sinx > 4 
Htr<x::;2n,x3 + (x+ 2i + 2 sin x > 27 + 25-2 
So, x = 0 is the only solution. 

h H 1 . (2..A 1 ( r -x ) 1 I ere, 2" s1n ~ ; =-
4 

2· + 2 ~ 
4 

2 = 
2 

:=) sin (2e') ~ I :=) sin (2e') = 1 
But equality can hold when 2x = 2-x = I, i.e., x = 0. 
Then sin (2. e0

) = I, which is not true. 
Hence, there is no solution. 

c. sin 2x + cos 4x = 2 
:=) sin 2x = 1, cos 4x = 1 
:. 1 - 2 sin2 2x = I or 1 - 2 = I (absurd) 

d The given solution is Is in xI = x/30. 

Trigonometric Equations 

( ·: AM. ~GM.) 

Therefore, the solution o!this equation is the point of intersections ofthe curves, i.e., 
y=jsinxj andy =x/30. 

0 1( 

Fig. 3.18 

3Tr/2 2Tr 

X 
y= 30 

Since there are four points of intersection in 0 S x S 2tr, the equation has four solutions. 
3. a---? q; b---? s; c---? p; d---? r. 
a. 5 sin 8 + 3 (sin 8cos a - cos thin a) 

= (5 + 3 cos a) s in 0-3 sin a cos 9 

:=) max {5 sin 9+ 3 sin (9- a)}= ~(5+ 3cosa)2 +9sin2 a 
~R . 

= ~34 +30cos a 
Therefore, the given eq!Jation is 34 + 30 cos a = 49. 
~ cos a = 1/2 => a= 2mc± rr/3, n e Z 
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3.66 Trigonometry 

h (cosx)sin
2
x-3sinx+ 2:;::: I 

~ sin2x-3sinx+2=0 => (sinx-2)(sinx-I)=O => sinx=l 
0 

but this. does not satisfy the equation because 0 = I is absurd. 

c: )(sin x)+2 114 cosx= O 

:. )(sin x) >0 and so cosx < 0, 
Also sin x > 0 => x lies in 2nd quadrant 

Equation (i) can be rewritten as 2 114 cos x =- )(sin x) 

On squaring, we get J2 cos2 x ~sin x 

=> -fi s'in2x+sinx- .J2.=0 => (../2 sinx-l)(sinx+ ../2)=0 

sinx=t:- J2 , therefore sinx= 11../2 
=> x =· ~1rl4 and so the general value ofx is given by x = 2mr+ 3tr/4, n e Z 

d log5 tan x""" (Jogs 4) (log4 (3 sin x)) 
=> logs tan x = log5 (3 sin x) 
Since log xis real when x > 0, we have 
tan x > 0, sin x > 0 
Thcrcfoe, x lies in the first quadrant Now Eq. (i) gives 
tan x = 3 sin x or cos x = 1/3 
: . x =2m~+ cos-• ( 1/3), n e Z 

~ntege~ !ype ..... 
1. (:1) sin3x + p3 + 1 = 3p sin x 

=> (sin x + p + I )(sin2x + 1 + p 2 - sin x-p-p sin x) = 0 

Therefore, either sin x + p + 1 = 0 => p = - {I +sin x), or 

sin x= I = p 

Hence, only one value of p(p > 0) is possible which is given by p = 1. 

2. {0) jsin x cos xl +I tan x +cot x l = J3 
I 

·=> I sin x cos xl + I sin x cos xI = .J3 

jsin x cosxj + I . I 2: 2 sm xcos x 

Hence, there is no solution. 

3. (3) 4:::; I:..H.S. S 16 

2$R.H.S.S 4 
. ' 

Hence, equality can occur only when both sides ar~ 4, which is possible if x =- 'IC, 3n, 5n. 

That is, there are three solutions.-

(i) 

(ii) 

(i) 
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4. (6) 
sin x sin 3x sin 9x 

+ + =0 cos 3x cos 9x cos 27 x 

2sin x cos x 2sin 3x cos 3x 2sin 9x cos 9x ::::::) + + =0 
2cos 3x cos x 2cos 9x cos 3x 2cos 27x cos 9x 

sin(3x - x) · sin(9x- 3x) sin(27 x- 9x) 
::::::) + + =0 

2cos 3x cos x 2cos 9x cos 3x 2cos 27 x cos 9x 

·~ (tan 3x- tan x) +(tan 9x- tan 3x) +(tan 27x - tan 9x) = 0 
=> tan 27x- tan x = 0 
=>tan x = tan 27x . 
::::::) 27x = mr+ x, n e I 

1r 2tr 3n 4n 5n 61r 
~ X = 26 ' 26 ' 26 ' 26 ' 26 ' 26 

Hence, there are six solutions. 

5.(1) {J3 +ltx +(J3 - ltx=23x= (2.J2)2~ 

=-( ~~~r+( ~~~r = I 

::::::) (sin 75°)2.t +(cos 75°)2x :::; 1 
::::::)x= ·l 

6. (4) Since- 2 ~ 'sin x.- .J3 cos x ~ 2 

4m-6 
::::::)-2::5 4-m :52 

2m-3 
or - 1 ~ 4 ~ I -m 

2m-3 
if ::5 I 4-m · 

(2m-3)-(4-m) 
=> 4-m 

3m-7 >O 
=> -m - 4 

2m-3 
Also,- I :::;; 4 _ m 

m+ I 
::::::)-- <o 

ltl "7' 4-

:50 

From Eq. (i) and (ii), we gei me [-I, ~] · 

Therefore, the possible integers are -1 , 0, I, 2. 

Trigonometric Equations 3.67 

. (i) 

(ii) 
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3.68 

7. (1) 

8. (S) 

9. (J) 

Trigonometry 

Adding given equations, we get 

3a a2 

2= -+-
2 2 

=> J + 3a·- 4 = 0 

=> (a + 4 )(a- I) = 0 

=> a= I (as a=- 4 is rejected)· 

cos 4x= 2 cos22x - 1 

""'2(2 cos2x- 1 i- I 

c 2(4 cos4x + 1 -4 cos2x)- I 

. = 8 cos4x _: 8 cQs2 x + I 

:. a9 = I ~ a1 ::: -8, a2 = 8 

:. 5a0 + a1 + a2 = 5 

1 - sin2x- sin x +a=- 0 

~ sin2x + sin x- (a+ 1) = 0 

From ~q . (i), we get 

sin2.x +sin x =- (a+ 1) 

For x E (0, n/2), the range ofsin2x + sin·x is (0, 2). 

=>O < (a+ 1)<2=>aE(-1, '!) 

10. (6) a sin x + I - 2 sin2x=2a-7 

==> 2 sin2 x- a sin x + (2a- 8) = 0 

. a± la2 - 8(2a - 8) · a± (a - 8) · a- 4 . 
~ sm x = V = = 2 or - -

4 4 2 

a-4 
For a solution -1 ~ -

2
- ~ I , we have 2 ~a~ 6. 

sin2 (x-7) ..!_(sinx-cosxY - .!..(sinx-cosx) 1 ( n) 
11. (0) _ ___..__.....;.. = .2 = 2 =--tan x - -

2 2 · 2 . 2 4 
COS X COS X - Sin X COS X + SJO X 

Gi~en equation reduces to 2
1nn( x·-~)- 2(0.25)~11·".-~) + 1 = 0 

tan(.r-!:..)' 
=>2 . 4 = 1 

(i) 

~ x = 7d4 which is not possible as cos ·ix = 0 for this value of x, which is ~ot defining the original 
equation. 

12. (4) sin4 x- cos2 x sin x + 2 sin2 x + si·n·x = 0 

==>sin x [sin3 x - co;2 x + 2 sin x + 1] = 0 
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~sin x [sin3 x + sin2 x + 2 sin x] = 0 

~ sin2 x[sin2 x + sinx + 2] = 0 
=>sin x = 0, wherex = 0, tr, 27r, 3tr 

Hence, there are four solutions. 

Archives 

Subjective 

Trigonometric Equations 3.69 

I. At the intersection point of y =cos x andy= sin 3x, we have cos x = sin 3x 

;> cosx~ cos(~ -3x) ;> x = 2mr ± ( ~ -3x). ne Z 

1t 1! 31l' 
~x=- ---4 I 8 I 8 

Thus, the points are ( :, ~). (; , cos;) and (-
3
:, cos 

3
:) 

2. The given equation is 
4 cos2 x sin x- 2 sin2 x = 3 sin x 

=> 4 cos2 x sinx- 2 sin2 x- 3 sinx = 0 

=> 4 (1 - sin2 x) sin x- 2 sin2 x- 3 sin x = 0 

~ sin x ( 4 sin2 x + 2 sin x- l] = 0 

=> either sin x = 0 or 4 sin2 x + 2 sin x- 1 = 0 

Jfsinx=O => x =n1r ,ne Z 
lf 4 sin2 x + 2 sin x -1 = 0 

- l±JS 
~ sinx=---

4 

· ( )m . -1 (-1 ± .JSJ z :.x=mn+ -1 sm 
4 

, me 

.Thus, x =nit, ~11'± (-1 )m sin-• ( - l ~ .J5). 
where m and n are integers. 

3. The given equation is go+tco~ .~+lcos2 ~+cos).x1+ .. ·> = 43 

23(1 +lc ~ xl +lros2 xf + oos3 xf + ...... ) = 26 

=> 3 ( 1 + Ieos xi'+ lcos2 xl + cos3 xl + .. ·) :::: 6 
I + lcosxl + lcos2 xl + lcos3 xl + ... = 2 

1 = 2 
1-lcos xl 

=> lcosxl = 112 

1 
=> lcosxl = 

2 
=> x= 1!/3,- TCI3,21d3, -2tr13, ... 
The values ofx e (-1r, n) are± rd3, ± 2rrl3. 
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3.70 Trigonometry 

2 tnn2 9 4. Giventhat(J - tan9)(1 +tan9)sec 87" 2 =0 

~ (I - tan2 8) (I + tan2 9) + 21
nn

2 9 = 0 
Let us put tan2 8 = 1 

:. (1-t)(l +t)+2'=o ~ 1-P+2'= o 
lt is clearly satisfied by 1 = 3 

. as- 8 + 8 = 0, we get tan2 0 = 3 
:. 9= ± 7d3 in the given interval. 

5. (v + z) cos3 9- (xyz) sin3 8= 0 

xyz sin 3 0= 2 cos (3 9) z + (2 .sin 3 (:J)y . 
:. (v + z)_cos 38= (2 cos 38)z + (2 sin 3 6)y z:: (y+ 2z) cos 39+ y sin 38 

:. y(cos 39...,. 2 sin 39) = z cos 38andy(sin 38-cos 30) = 0 
::) sin 38- cos 39= 0 

:. sin 38= cos 39 

9 -- ( 4n + 1)n -. 8 -- !!_ only :. 38= mc+ (7r14), neZ=> 
3 

_,. 
3 

. 

. 6. tan 8 = cot 58 

=> cos 68= 0 
=> 4 cos3 28-3 cos 28= 0 

..J3 => cos28= 0or±-
2 

sin 28= cos 49 

~ 2 sin2 20+ sin 28'- I = .0 

=> 2 sin2 28+ 2 sin 28-sin 28'7' I= 8 
. 1' 

=> sin 28= -1 or sin 28= -
2 

=> cos 20= 0 and sin 28=- 1 

1t 7r 
~ 28=-- => 8=--

2 4 

or cos20=± J3 sin28= .!_ 
2 ' 2 

1C 5Jr 1C 51C 
=> 28=- -=>9= -.-

· 6'6 . 1212 
1r n 5rr 

. 6 =--- --
.. 4 ' 12'12 

Objective 
Fill ill llle hla11b · 

3 
J • We have cos x + cos l ' = -. 2 

=> 2cos(x;)}•(x;y)=~ 

(i) 

(ii) 

(i) . 
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~ 2 cOs ; cos( x; Y) ~ ~ 

( x- ' ' ) 
3 

I · 1 i 'bl => cos 2 = 2' , w uc 1 s not po_ss• e. 

Hence, the system of equations has no solution. 
2. We have 2 sin2 x - 3 sinx+ I ~ 0 

=> (2 sinx-l)(sinx-1)2:0 

( sinx-~)<sinx-1)" 0 

• I . 1 
Sin X :::; - Or Sin X 2: 

2 
But we know that sin x ~ I and sin x ~ 0 for x e [0, 1r]. 

Trigonometric Equations 3.71 

[using : x + y = 21Ii3] 

Therefore, either sin x = 1 or 0:::; sin x ~ .!. ~ either x = 1Ii2 or x e [0, n;/6] v [51I'16, 1r] 
2 

Combining, wegetxe [ 0, :Jug}u[5
:. "J 

3. tan2 8+ sec 29= I 
., . 

1+r r + --., = 1, where 1 = tan 8 
· 1-r . . 
=> t

2 (t2 - 3) = 0 => tan 9= 0, ± J3 => 8= mrand 8= n1r± td3~ n e Z. 
4. cos 7 x = I - sin 4 x 

= (1 - sin2 x)(l + sin2 x) 
= cos2 x (I + sin2 x) 

:. cos x = 0 or x = 1Ii2,- td2, or cos5 x = I + sin2 x 
cos5 x ~ 1 but I + sin2 x 2: I 
=> cos5 x = I + sin2 x = I 
=> cosx = I and sinx = O. 

1t' 1C 
Hence.x=-- -andO. 

. 2' 2 

True or false 

1. Given that equation is sin4 6-2 sin2 9- I = 0 

. 2 9 2 ± .J8 I. ~2 :.sm = = ±v.t 
2 

But sin2 8 cannot be -ve 

:. sin2 8 =: .fi + 1 

But as - 1 ~sin 8~ 1, sin2 6* .fi +I 
Thus there is no value of 8 which satisfies the given equation. 
Therefore, statement is false. 

Multiple clloice questimts witll one correct an.~wer 

I. a. The given equation is 

[both these imply x =OJ 
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3.74 

Now cos (a- P) = 1 

:. cos( a+ P> = lie 

Trigonometry 

=> .a-P=o 

=> cos 2a= l ie 

·: 0 < lie< I and 2ae [-2n, 2tr] 

=> a = P 

There will be two values of2asatisfying cos 2a= lie in [0, 2tr] and two in [-2n:. 0]. 
Therefore, there will be four values of a in [-n, n] and correspondingly four values of {3. Hence, there 
are four sets of(a, {J). 

10. a. 2 sin2 8-5 sin 8+ 2 > 0 

=> (sin 8-2)(2 sin 8- 1) > 0 

=> xe (0, tr/6)v(Sm6, 2n) 

11. c. 2 sin2 8-cos 28,;-0 
=> I - 2 cos 2 8 = 0 

I 
=> cos28=-

2 

=> 8= n Str 7tr 111r 
6' 6 ' 6' 6 

where Be [0, 2 tr]. 

Also 2 cos2 8-3 sin 8= 0 

=> 2 sin2 8+ 3 sin 8- 2 = 0 

=>. (2sin8- 1)(sin8+2)= 0 

=> sin 8= 112 

=> sin 8 < 1/2 

=> 8'= m6 ' 51rf6 where 8e [0, 2n:l 

Combining Eqs. (i) and (ii), we get 8= rr , Str 
. 6 6 

Therefore, there are two solutions. 

Multiple choice questions witlt oue or more til au o11e correct a11swer 

1. d. Sinct: a1 + a2 cos 2x + a3 sin
2 x = 0 for all x 

Putting x = 0 and x = 7r/2, ~e get 

a1 + a2 = 0, and a1 - a2 + o3 = 0 

=> o2 c:- o1 and a3 =-2a1 . 

Therefore, the given .equation becomes 

a1 - a1 cos 2x- 2a1 sin
2 x = 0, 'r/ x 

=> a1 (l -cos 2x- 2sin2 _,·) = 0 , V' x => a1 (2sin2 x - 2sin2 x) = 0 , V x 

The above is satisfied for all values of a 1• • 

Hence, the infinite number of triplets (a1, - a., -2a1) is possible. 

[·:-I ~sin 8S 1] 

(i) 

[·:sin 8;t;-2] 

(ii) 
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2. a, c. We have 

1 +sin2 6 cos2 6 4sin 46 

sin2 6 I +cos2 6 4sin 48 ;;;;Q 

sin2 8 cos2 8 1 +4sin 48 

Operating C1 -) C1 + C2 , we get 

2 cos2 8 4 sin48 

2 :t+cos2 8 4sin48 =0 

cos2 8 1 +4sin48 

Operating R1 -) R1 - R2 ;.R2 -) R2 - R3 , we get 

- I 

1 

. 0 

-I 

1 cos2 e· 1 + 4 sin 48 

=0 

Expanding along R1, we get l + 4 sin 48+ l = 0 · 

Trigonometric Equations 3.75 

=> 2(1+2sin48)=0 => sin48=-l/2 => 48=rc+1tl6or2tc- tr/6 
=> 48= 7tr/6 or I I tr/6 => 8= 7tr/24 or lltt/24. Hence, there are "two correct options. 

3. c. 3 sin2 x- 7 sin x + 2 = 0 
=> (sin x - 2)(3sin x- J) = 0 => sin x = 1/3 =sin a~ say, (sin x = 2, not possible) 
x =ntc+(-tt a , n= 0, I, 2, 3, 4, 5 in(O, 5n) 

4. d. 2 sin2 x + 3 sin x - 2 > 0 
(2 sin x- I) (sin x + 2) > 0 
=> 2sinx- I > O [·: -l:s;sinx~ l ] 

=> sin x > 1/2 => x E (n/6, 5tr/6) (i) 
Also,;-x-2<0 => (x-2)(x+ 1) < 0 => -1 :<x < 2 (ii) 
Combining Eqs. (i) and (ii), we get 
X E (ni6, 2} 

s·. a, b. (sin x)
4 

+(cos ~)4 =.!. 
2 3 5 

3 - 6 cos2 x + 5(cos x)4 
= 

6
. Let cos x = t 

-5 
=> 25/4 - 301 2 +9 = 0 

~ t2 = ~ 
5 

2 
=> tan2 x =-

3 

(sinx)8 ~ GJ 16 = =-
625 

= (JJJ 81 (cosx)s= .J5 = 625 

(sin x)8 (cos x)8 1 
=> + =-

8 •27 125 

.J2 

J3 

Fig. 3.!9 
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3.72 

1t 
whereO <x~-

2 

Trigonometry 

L.H.S. = 2cos2 G}in2 x = (l+cosx)sin2 x 

·:I +cosx < 2andsin2·x~ l forO <x< rc · 
2 

:. (1 + cos.x) sin2 x < 2 

andR.H.S. =x2 + ~ ~ 2 
X 

. ·. For. 0 < x s; n , given equation is not possible for any real value of x. 
2 ' 

2. c. sin x +.cos x = 1 

1 . . ] 1 
J2 smx+ .J2cosx = ..Ji 

~ sin x cos (7t/4) + cosx sin (7t/4) = sin rc/4 
~ sin (x + n/4) =sin n /4 
~ x + (n/4) = nrc+(-l)n n/4, n e Z 
~ x=nn+((-It tr/4]-.n"/4 
where n= 0, ± 1,±2, ... 

3. b. The given equation is 
sin x - 3 sin 2x + sin 3x =cos x - 3 cos 2x + cos 3x 
=} 2 sin 2x cos x - 3 sin 2x = 2 cos 2x cos x - 3 cos 2x 
~ sin 2x (f cos x- 3) = cos 2x (2 cos x- 3) 
~ sin 2x = cos 2x (as cos x-:;; 3/2) 

ntr n 
=> tan 2x = 1 ==> 2x = nn+ 7tf4 =>x = -+- n E Z 

2 8 ' 
4. d. The given equation is 

(cosp - l) x2 + (cosp)x + sinp = 0 

For this equation to have real roots D ~ 0 

~ cos2 p - 4 sinp(cosp-·1)~0 

==> cos2 p - 4 sin p cos p + 4 sin2 p + 4 sin p - 4 sin2 p ?:. 0 

~ (cosp - 2. sinp)2 + 4 sinp (1 - sinp) ?:. 0 

For every real value of p, we have 

(cos p - 2 sin p)2 ~ 0 and sin p(I - si~ p)?:. 0 

:. D "?:. 0, 'it sinp E (0, 7t) 
5. c. The given equation is 

,· tan x + sec x = 2 cos x 

sin x I 
- - +--= 2cosx 
cosx cosx 

==> sin x + I = 2 cos2 x = 2 :_ 2 sin2 x 

=> 2 sin2 x +sin x- 1 = 0 

==> (2.sinx-I)(sinx+l)=O 

.· 
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. l => smx=- - 1 
2 ' 

1C 51C 31C 
=> X= - - - E (0 2tr1 

6 ' 6 ' 2 ' J 

But for x = 37d2, tan x and sec x are not defined. 
Therefore, there are only two solutions. 

6. d. The given equation is 
2 sin2 8- 3 sin 8-2 = 0 
~ (2sin8+1)(sin6-2)= 0 

. J 
=> Slll = --

2 
=> sin.8= sin(- rr/6)= sin{7tr/6) 
~ 8= ntr+ (-1 t (-n:/6) = mr+ [(-1 )n 7m'6] 

=> Thus, B= ntr+ (-tt77d6, n e Z 

Trigonometric Equations 3.73 

[ ·.· sin 8r 2 = 0 is not possible]. 

7. c. To simplify the det~rminant, let sin x = a; cos x = b. Then the equation becomes 

a IJ b 

b a b ·= 0. Operating C2 ~ C2 -C1; C3 ~ C3 - C2, we get 

b b a 

a b-a 0 
b a - !J b-a =0 

b 0 a-b 

=> a(a-bi-(b- a)[b(a-b)-b(h-a)] = O 
=> a(a-b)2 -2b(b-a)(a-b)=O 
=> (a - bi(a - 2b)=O 
=> a= h or a = 2b 

a a . 
=> - = 1 or-= 2 

b b 

=> tan x = 1 or tan x = 2 
But we have - 7d4 ~x~ 1f14 
=> tan(ni4)~tanx~tan(m'4) 

=> -1 ~ tan x ~ I 
:. tanx= J => . x= rd4 . 
Therefore, there is only one real root. 

8. b. We know that 

-~a2 +b2 =:; a cos 0+ b sin 8~ ~a2 +b2 

=> -8~2k+ 1 ~8 => -4.5~k~3.5 
(considering only integral values) => k can take eight integral values. 

9. d. Given.thatcos(a- /3) = l andcos(a+/3)= 1/e 
where a, {3 e [-Jr, 1r] 
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CHAPTER 

~l 

Inverse Trigonometric 
Functions 

· ~ Introduction 

~ Properties and Important Formulas of Inverse Functions 
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4.2 Trigonometry 

INTRODUCTION 

A~B 
f 

Fig.4.1 

· Jf f: X --7 Y is a function defined by y = f(x) such thatfis both one-one and onto, then there exists a unique 
function g : Y --7Xsuch that for eachy E Y, g(y) =x if and only ify = f(x). The function g so defined is called 
the inve.rse off and denoted by f - 1

• Also if g is the inverse off, then/is the inverse of g; and the two functions 
[and g are said to· be inverses of each other. 

The condition for existence of inverse of a function is that the function must be one-one and onto. 
Whenever an inverse function is defined, the range of the original function becomes the domain of the inverse 
function and domain of the original function becomes the range of the inverse function. 

We know that trigonometric functions are many-one in their actual domain. Hence, for inverse functions to 
,get defined, the actual domain of trigonometric functions must be restricted to make the function one-one. 

Inverse Circular Functions 
Since the domain of sine function is the set of all real numbers and range is [-1, I], if we. restrict its domain to 
(-1rl2, nl2] ~then it becomes on·c-one and onto within the range [- I, 1]. Actually, sine function can be 
restricted to any of the intervals 1-3n/2, - n/2] , [ -n/2, 1rl2) , [ 1rl2, 31Cl2], etc. It becomes one-one and its 
range is [-1, I}. We can, therefore, define the inverse of sine function in each of these intervals. We denote the 
inverse of sine function by sin-' (arc sine functi~n) . Thus, sin-1 is a function whose domain is [- I, I] and the 
range could be any of the intervals [-31l'/2, -.1l'/2], l'-1r/2, n/2] or (n'/2, 3;r/2] and so on. Corresponding to 
each such interval, we get a branch of the function sin- 1• The bran~b with range [-1l'/2, .1rl2] is called the 

pri.ncipal value branch, whereas other intervals as range give different branches of sin-1
• When we refer to the 

function sin-1, we take it as the function whose domain is [-I , 1] and range is l-;r/2. ;r/2). We write sin-1: 

[-I, I] --7 l-1l'/2, n/2]. 

From the definition of the inverse functions, it follows that sin(sin-1x) == x if- I S x $ 1 and sin-1(sin x) == x 

if -rc/2 Sx~ n/2. 
If any point (x 1.y1) lies on the curve y = f{x), then corresponding to it 6'1, x1) lies ony :::: /- 1(x). Since points 

(x,,y,) and the U'I,X]) arc symmetrical aboutthe liney= x, the graphs ofy = f(x) andy= r- 1(x) arc symmetrical 
about the line y = x. 

Note: 

• sin-1 xis entirely different [rom (sin x)-1
• The former is the measure of an angle in radians whose sine 

1 
is x while the taller is - .- . 

sm x 
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Inverse Trigonometric Functions 4.3 

Domain, Range and Graphs of Inverse Trigonometric Functions 
With reference to the preceding discussion, the domain, range and graphs of inverse trigonometric functions 
can be summarized as follows. 

In the following figures, dotted line graphs are of trigonometric functions and solid line graphs are of 
corresponding inverse trigonometric functions. 

f(x) = sin- 1x · 
Domain: [- l) 1] 

Range (principal Values): [-~ , ~] 
y 

~ X 

j(x) =COS-IX 

Domain: [- 1, I] 
Range (principal values): [0, n-] 

i 11: 

!2 
I 
i 
I 
! 

.. -.... -............. _ .... -.i. ........ - ... -.. 
7t I 
2 

y 

y' 

Fig. 4.2 

I 

I ...................... t ... _ .... _ ... - .... , ........... . 
I • 

i ! 
I ! 
! j 

. . i ............. -.... .. ..................... 1.-··-----
i 
I 
I 

i 

y ' 

Fig. 4.3 

... 
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4.4 

f(x)_ = tan- 1x 
Oomain:R 

·Trigonometry 

Rimge (principal values): ( - ~ , ~) 

f(x) = ~oC 1x · 
Domain:R 
Range (principal values): (0, rc) 

f (x) = sec- 1x 

Domain: (- oo,- I] u [1, oo) 
Range (principal valu~s): [0, n] - {Jr /2} 

y 

Fig. 4.6 
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Inverse Trigonometric Functions 4.5 

f (x) = cosec- 1x 
Domain: (- oo,- 1] u [1 , oo) 

Range (principal values): [- ~, ~] - {0} 

y' 
! I 

···-····-l···--.. --·-·1·-····-···-~-
i i 
i i n 

··········+······-.. ········r···-····-· 
i : 2 
! 1r i 
i - - i ' 

' -:n' 2= -1 
x==~==~~~~~-t--~t-~x 

1t 
I 

I i 
--~-------~----·------·--r------· 

! ! 
i i ............... ; -··-···-····-·r--····-··--
i i 

Fig. 4.7 

PROPERTIES AND IMPORTANT FORMULAS OF INVERSE FUNCTIONS 

Property 1 
i. sin(sin- 1 x) =x, forallxE [-1, 1] 

-1 

y 

1 ····-····-····--····! 

y =x ! 
I 
i 

! 
+1 

Graph ofy =sin (sin-1x) or y = cos(cos-•x) 

Fig. 4.8 

ii. cos(cos-1 x) = x, for all x E [-1, 1] 
iii. tan(tan-1 x) = x, for all x E R 

- 1 

y 

1 

y=x 

+1 

Graph ofy = tan (tan-1x) or y 7 cot ( cor 1x) 

Fig. 4.9 
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4.6 Trigonometry 

iv. cot(coC1 x) = x, for all x e R 
" cosec(cosec- 1 x) =x, forallxe (-oo, -l)u[l ,oo) 

y y=x 

, 
' ' 

, , 

, 
, ''­, 

-1 ,' 0 1 

, , 
, , 

, , , , 

-~~'---1-1 
y:x 

Graph ofy=sec(sec-'x)· 
or)'= cosec( cosec-'x) 

Fig. 4.10 

vi. sec(sec-1 x)=x, forallxe (-oo, -l]u[J , oo) 

Property 2 
i. sin-1(sin x) = x, for aJJ·x e [- :n"/2, .m'2) 

sin-1(sin x) is defined when sin x E (-1 , I] which is true V x e R. 
But range ofsin- 1x is[- .m'2, n/2], hence sin-1(sin x) =xis true only for x E [-7r/2, m'2] . 
With the same reasoning, we have the following results. 

ii. cos-1(cos x) =x, forallxe [O, n] · 
iii. tan-1(tanx) = x, forallxe (-.m'2, 7r/2) 
iv. coC1(cotx)=x, forallxe (O)n) 
" cosec- 1(cosecx) ~x, forallxe [- n /2, tr/2]- {0} 

vi. sec-1(sec x) = x , for aiJxe (0, n]-{n/2} 

G·raph ofy = sin-1(sin x) 

For x not lying in the principal domain, we have the following method to draw the graph. 
Considery=sin-1(sinx)~ siny=sinx => y=n~+(-Jtx,ne Z 

Now, keeping in mind thaty E [- 7d2, n/2], we have the following table: 

Valucof11 Relation 'Rangeofx 

... . .. . .. 

... . .. . .. 

n =- 2 y =-21t'+ X XE [3m'2, Sni2] 

n =-1 y=-n-x 
. 

XE (-3n'/2,-n12) 

n=O y=x xe [-7r/2, tr/2] 

n=·t y= 1t'-X X E (nf2, 3nf2) 

n -= 2 y= 2n+x X E (- 57r/2,- 3tr/2] 

... ... . .. 
... . .. . .. 
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Inverse Trigonometric Functions 4.7 

From the preceding informati~n, we can plot the graph ofy ==sin-' (sin x) as fo~Jows (Fig. 4. J I): 

y 

Graph ofy-cos-1(cosx) 
y- cos-~(cos x) 

y' 

Fig. 4.11 

=> cosy= cosx => y= 2mr±x , n e Z 
Now, keeping in mind thaty e [0, 1r], we can plot the graph ofy = sin-1(sin x) as follows (Fig. 4.12): 

y 

y' 

Fig. 4.12 

Graph ofy=tan-1(tanx) 
y c:: tan-1(tan x) 
~ tany-tanx => y=n:rr+x, ne Z · · 
Now, keeping in mind thaty e (- :rr/2, :rr/2), we can plot the graph ofy = tan-1(tan x) as foJiows (Fig. 
4.13): 

Graph ofy=coC1(cot x) · 
y = coC1(cotx) 

=> tan y::: tan x 

Y · 

y ' 

Fig. 4.13 

=> coty= cotx 
=> y = mr+ x, n E Z 

X 
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4.8 · Trigonometry 

Now, keeping in inind thaty E (0, n), we can plot the graph ofy = coC1(cotx) as follows (Fig. 4 .14): 

y 

y' 

Graph ofy = cosec-1(cosecx) 
Fig. 4.14 

y = cosec-\cosecx)~ cosecy = cosecx ::::::) sm y=sin x 
Hence, graph ofy = cosec-·1(cosecx) is the same as that of y = sin-1(sin x), butexcludingpointsx = nrc, n E Z. 

Y . 

-1t ··································-···-·········· ...... 2 
y' 

Fig. 4.15 

Graph ofj(x) = sec-1(secx). · 

y=sec-1 (secx)~ secy:=secx ~ cosy=cosx . . 
Hence, graph of y = sec- 1(sec x) is the same as that ofy = cos- 1(cos x), but excluding points 
x =(2n+ l)m'2,hE Z. 

y 

........ - ... - ... - -............... • ... ___ .,,, . ............ _'!!: ..... - ... - ......... ............... - ..................... . 

x'-'--.>.<.-------'---'----'-- ""'f:::---'--- ""---'-__,.."--,...)( 
1t 1t 37t - 21t 37t -1t 7t 

2 2 y' 2 2 

Fig. 4.16 

Evaluate the following: 

i. sin-1(sin 1CI4) ii. cos-•(2"1CI3) iii. tan-'(tan1C13) 
· Sol. We know that 

sin-1 (sin 8) = 6, if- 7d.2 ~ (}~ n/2, 
COS- I (cos 8) = 8, if0 ~ ~~ 7r 

21t 
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Inverse Trigonometric Functions 4.9 

and tan- ' (tan 9) = 9 if- 1T: < 9< 1T: 
' 2 2 

Then 

• • I ( . 1C) 1C 1. sm- sm 4 = 4 
• • _1 ( 2n) 2n 
11. cos cos3 = 3 

m. tan- tan - = -••• 1 ( n) n 
3 3 

E~;tm pic -l.2 Evaluate the following: 

i. sin-' ( 
2
; ) ii. cos-1 (cos 

7
:) . . . -• (t 2") . ( -• ( .J3) 1r I m. tan an 3 . av. cos cos ---z + 6) 

Sol. 

i. sin-1 sm ~ ¢-,as- does not he between -- and -( . 2n) 21r 2n . 1t: rc 
.) 3 3 2 2 

N . _1 ( . 2n) . -1 ( . ( ")J . -1 ( . rr) n ow, sm sm3 = sm sm 1r - 3 = sm sm3 = 3 

•. - 1 ( 7Tr) 111: 7rt d I' b 0 d. u. cos cos - ~ - , as - oes not 1e etween an n 
6 6 . 6 

Now, cos' (cos 
1
:) = cos-• (cos ( 21r -

5
: )) =cos-' (cos 

5
:) = 

5
: 

iii. tan tan - ~ -, because - does not he between - - and --I ( 2rc ) . 2rt · 2n . 11: n 
3 3 . 3 2 2 

N - 1 ( 2rt) -1 ( ( tr)J - 1 ( · 11:) -t ( ( n)J 11: ow, tan tan 3 =tan ta~ 1t - 3 = tan -tan 3 = tan. tan - 3 = -3 

w. cos[cos-• (-~)+:)=co~ e: + :) =cos(lr)=-1 

Example -l.3 Evaluate the following: 

i. sin-•(sin 1 0) ii. sin-•(sin 5) iii. cos-1{ cos 1 0) 

Soli. Here, 9= 10 rad does not lie between-~ and " . 
2 2 

But, 3n-9, i.e., 3tr- I 0 lies between - n and n . 
2 2 

Also, sin (3tr- I 0) = sin I 0 
:. sin-1(sin 1 0) = sin-1(sin (311:- I 0)) = (3rt - I 0) 

iv. tan-•(tan (-6)) 

ii. Here, 8 = 5 rad. Clearly, it do~s not lie between - ; and ~ . But both 211:-5 and 5 - 2rc Jie between 

1r 1C 
- - and - . Therefore, 

2 2 
sin (5 - 2n) =sin(- (2n - 5)) = - sin (2rt- 5) = - (-sin 5) .,. sin 5 
:=:) sin-1(sin 5) = sin- 1 (sin (5 -2n)) = 5 -2tr 
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4.10 Trigonometry 

iii. We know that cos- 1(cos 8) = 8, ifO :s; 85. n 
Here, 8= 10 rad. 
Clearly, it does not lie between 0 and n. 
However, ( 4n- 1 0) lies between 0 and n such that cos ( 4n- I 0) = cos 10 
~ cos- 1(cos lO) = c.os- 1(cos(4n- 10))= 4n- lO 

iv. we know that tan - I (tan 8) = 8, i f- n/2 < () < n/2. 
Here, ()=- 6 rad does not lie between -7d2 and n/2. We find that 2n- 6 lies between 
- n/2 and 7d2 such that 
tan (2n- 6) ;, - tan 6 = tan (- 6) 
:. tan- 1 (tan (- 6)) = tan-1 (tan (2n- 6)) = 2Jr- 6 

Example 4.4 Evaluate the following: 

. • ( . - 1 3) 1. sm cos 
5 

.. (ta -1'3) u. cos n 
4 

... . (n . -t (1 )J m. sm i -sm 
2 

Sol. 
i. Let COS- I 3/5 =e. 

Then, cos 8= 3/5 ~ sin·()= 4/5 
:. sin(cos- 1 3/5) =sin 8 = 4/5 

ii. Let tan- 1 3/4 =· e. 

Then, tan 8= 3/4 ~ cos 8 = 4/5 

:. cos (tan-1(3/4)) = cos()= 4/5 

iii. sin (~ -sin"' (- ~)J =sin ( ~ -(-~)) = sin 2
: = ~ 

Fxampl(' 45 If cos- 1l + COS- I Jl. + cos- • r = 3n:, then find the value of AJl + Jlr+ r A . . 

Sol. 
We know thatO 5. cos- 1 x 5.n. 

Hence, from the question 
COS- I A= TC, COS- l/1 = 1C, COS-l y = 1r 

[ ·: cos-1 A.+ cos- 1J.L. + cos- 1y = 3n: is possible only when each term attains its maximum.] 
~ A.= .u=r =- 1 ~ AJl+J.L.r+rlt=3 

E x;i mpll' 4.6 If cos(2 sin- • x) = !. , then find the values of x. 
9 

Sol. Let sin- ] X= e 
I 

:. cos 20=-
9 

~ 1 - 2 sin2 (J= 9 

Sol. 

2 
~ x=± -

3 

Let coC1(- 3/4) = 8 ~ cot 9 = -3/4 ~ Be (Td2, n) 
~ cose= - 3/5(8e(7r/2,n)) ·~ l -2sin2 (8/2) = -3/5 
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Inverse Trigonometric Functions 4.11 

sin 2 812 = 415 or sin 8f2 = 2/ .f5 
Find the numberofsolutions.ofthe equatipn cos(cos-1x) = coscc(cosec-1x). 

Sol. 
cos(cos-1x)=xforxe [-1 , 1] 
cosec( cosec-• x) = x for x e ( -oo, -I] u ['I, oo) 
~cos( cos -1x) = cocsec(cosec-1x) for x = ± 1 only. 
Hence, there are two roots only. 

E\amph.' 4.9 Find the range ofj{x) = l3tan- 1x- cos- 1(0)1- cos-1(- J). 

Sol. 
j(x) = l3tan-•x- cos-1(0)1- cos-•(-1) ~ l3tan-•x-(n/2)1- rr 

N 
rr _, * 

ow--< tan x <-
2 2 

3rr _1 3n 
~ --<3tan x<-

2 2 

~ -2Tr < 3 tan_, x - Tr < TC 
. 2 

~ 0 ~ 3 tan -I x - ~ < 2Tr 
21 . 

. ~ = - 1C s; 3 tan -I x -
21

- 1r < n 

Concept Application Exercise 4.1 1----------. 

1. Find the principal of 

i. cosec- 1(-1) ii. coC1 
(- )J) 

2. Find the princiP-al vatu~ of 

i. sin-• (sin 3) ii. sin-• (sin 100) iii. cos-• (cos 20) 

3. Evaluate the foiJowing: 

i. sin(coC1 x) .. . (Tr . - 1 ( .fj)J n. sm 2 -~m - 2 

4. If sin-• x + sin-1 y +sin-' z = 
3
n , then find the value x2 + 1 + z2. 
2 

iv. cot·• (cot 4) 

2 

5. lf(sin-• xi -t: (sin-1 Yi + (sin-1 zi = 3: , then find the minimum value ofx + y + z. 

6. Find the value oftan[ ~ cos-• ~l 
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4.12 Trigonometry 

· · ~roperty 3 
i. sin-1(-x) = -sin- • (x), 

ii. cos-1(- x);.. rr- cos-• x , 
iii. tan- 1

(- x) =- tan~1 x, 
iv. cos~ec-1 (- x) =:=- cosec-• x, 
v. sec-1(-x) = rr- sec-• x, 
vi. coC1(-x) = rr-coC1 x, 

Proof: 

forallx e [- 1, 1] 
furallxe .[- 1, 1] 
for allx e R 
forallxe (-oo,-l]u[l,~) 
for all x e (-oo,-lJ u [ l , oa) 
forallxe .. R 

i. Clearly,-xe [- 1, 1] forallxe [- 1, 1] 
Let sin-1(-x)= 9 
~ -x=sin 9 
~ x =-sin 8 

(0 

~ x=sin(-8) 

~ - 8= sin-• x 
~ 8= ...... sin-' x 

[·: x~[-.1, J] and -8e[-n(2, n/2] for aU 8e[-tr/2,tr/2J] · 
(ii) 

From Eqs. (i) and (ii), we get sin-1(- x) =- sin-• x 

Proof: 

ii. CJearJy,-xe [-J, l]forallxe [- I, I] 
Let cos- 1(-~) = 8 · 
~ -x=cos 6 
~ X ,; .:_ COS 8 
=> X= COS (1r- 8) 

(i) 

~ COS-I x= Tr - 8 
~ 8 = tr- cos-1 x · 

(·: xe [-1, 1] and n-8 e [O,tr] for all 8 e [0, nJ] 
(ii) 

From Eqs. (i) and (ii), we get 
COS-I (-x) = 1r- COS-I X 

Similarly, we can prove other results. 

P~operty 4 
. . 

i. sin-• (.!) = cosec -_J x, for all x e (-~.- I] u [I, oo) 
x . . 

iL cos-• e) ~sec-t x, for allxe (-~;-Jj u [I ,~) 

iii: tan - =. · _1 ( J ) · { cot - • x. for x > 0 

x - n+cot-1 x, . forx<O · 

Proof: . 

i. Let cosec-• x = 9 · 
where Be [- n'/2, .tr/2] -{.O}.andx E (-oo, -I] u [I, oo) 

~ x = cosec 8 
I. 

~ - =sin8 
X 

f) 
. - 1 1 

~ =sm -
X 

From Eqs. (i) and (ii), :we get sin-1(1 /x) = cosec- 1 x. 

(i) 

(ii) 
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Inverse Trigonometric Functions 4.13 

ii. Let sec-1 x = 8 
where 8E [0, n] - {1!12} and x E (- oo,'- 1] u ['I , oo) 
Now, sec- t x = 0 

~ x =sec 8 
1 

~ - = cos 8 
X 

FromEqs.(i) and (ii), we get cos-• G) = sec-• x. 

iii. Let coC1 x = 8, where 8 E (0, n) and x E R 

Sol. 

~ x =cot 8 

From the graph, 

1 
~ - = tan() => tan-• (~) = tan-• (tan 9) 

y 

X 

i 1f 

-···t···-········z·· 

I 

' I 
·- ····-···-·····i···-····· 

I 
nl In - ! 
2 1 

I I 
····-····-···- -·············· .. -r-.. ·-

' y' 

Graph of y = tan-1(tan x) 

Fig.4.17 

tan-' (1) _ {9, 9 < 8 < nl2 _ {cot-1.x, 0<co.C1 
x < n/2 _ {coC1 x, x > O 

x - -n+9, nl2<0<n- - n+coC1 x, n/2<coC1 x~n- - n+cot-1 x , x<O 

. 1 { 1e/2, 
. Prove that tan-1 x + tan-1 

- = 
12 X -1C ' 

We know that tan- 1 (.!.J = {coC1 

x, _ ·x > 0 

x -n +cot ' x, x < 0 

if X >0 

if X <0 

7r 7r 

_1 _1 1 {tan-1x+coC1 x, x >O 2' x >O 2' x >O 
~ tan x + tan - = = = 

x - n+coC1x+tan-1 x, x<O 1t n -n-+- x < O -- x < O 
2' 2' 

Eqmplc -1.11 I . 0 fi d h f - 1 xy + 1 t yz + 1 . -1 zx + 1 f x > y > z > , then m t e value o cot + coC +cot --

Sol. 
x-y y-z z-x 

I xy + 1 - 1 YZ + 1 - 1 ZX + 1 cot- . + cot · + cot 
x - y y - z z - x 

(i) 

(ii) 
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4.14 Trigonometry . 
c.;. ·- 4 

. 

= tan-J x- y +tan-1 y - z +n+tan-1 z -x [·: tan-1(.!)={ cot-J x, 
l +xy l + yz · l+zx lx - 1Z'+cot- 1 x, 

= tan- 1 x- tan- 1 y + tan- 1 y- tan-1 i + 1r + tan-1 z- tan-1 x 
=n 

E xmn pic 4.12 Findthevalueofxforwhich sec- 1x+sin-1x = TC . 
2 

Sol. 
We know that sec-1x is defined for x e (- oo, - 1] u (1, oo). 
But sin-1x is defined for x e [- .I, 1] 

Hence, sec- 1x +sin- 1 x=~ for x = ± I. 
2 

. 
Concept Appli~atlon Exercise 4.2 

l •. lf ~.-• (~) =- >r+ coC1 y, wherey = x' - 3x + 2, then find the value ofx. 

2. If ae (- ~, 0), the~ find the value of tan-• (cot a)-coC1 (tan a). 

Property 5 

Proof: 

i. sin- 1 x+cos-1 x=TC , forall~e [- 1, 1] 
2 

ii. :tan-• x+cot- 1 x= 7r , forallxe R 
. 2 

iii. sec-1 x+cosec-•x ~ TC forall xe (- oo, -1] u[l , oo) 
2 

i. Let sin-1 x = 6 

where Be [- 1rl'2; ro'2] 

1C 1r 
=> - - s -6~-

2 2 

7r 
=> 0 ~--65.1C 

2 

1C 
l .- 8 E fO, 1C] 

Now, sin- 1 x = 8 

·=> x=sin 8 

~ X= cos(~ -8) 

' 

for x> 0] 
for x < 0 

(i) 
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Inverse Trigonometric Functions 4.15 

- 1 1t (J 
~ cos x=< --

2 
[ ·: x E [-1, 1] and (n/2-6) e(O, n]] 

- - 1 7r 
~ (J+ COS X=-

2 

From Eqs. (i) and (ii), we get sin-1 x + cos-1 x = 7r/2. Similarly, we get the other results. 

Ex•unplt• 4.13 I r sin - J x = 1t 15, for some x e (- l, 1 ), ttien find the value of cos-1 x. 
Sol. 

I I 1C I 1! . - 1· 1t 1t 3n sin- x +cos- x = - ~ cos- x = --sm x =---=-
2 2 2 5 10 

Example 4.1 ~ I fsin (sin -I ~ +cos -I x) = 1 , ~hen find the value of..-, 

Sol. 

sin (sin -I ~ + cos - I x) = 1 = I 

. - 1 1 . -1 1C => sm -+cos x = -
5 2 

. -1 1 1r -1 sm --=--cos x 
5 2 

. - 1 1 . - 1 
Sin - = Stn X 

5 
] 

::) x= - . 
5 

Ex:1111 plr 4.1 :' Solve sin-• x ~ cos- • x. 

Sol. 

Examplr4.16. Find the range of f(x) = sin-1 x + .tan-1 x + cos-1 x. 

Sol. 
Clearly, the domain of the function is [- I, I]. 

A I so, tan - I x E [ - : , :] for x E [- I , i J. 

Now, sin-1 x+cos-1 x= !: forxe [- I, J]: 
2 

Thus,[(x) = tan- 1 x + n , wherex E [- 1, 1]. 
2 

. [ 1t tr. 1t 1t] . [1! 31!] Hence therange1s --+- -+- = - - . 
' 4 2' 4 2 4' 4 

(ii) 
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4.16 ·' • Trigonometry 

Find.theminimum value of(sec- 1 xi+ (cosec- • x)2• 

Sol. 
Let I = (sec-1 x)2 + (cosec- 1 xi 

• > 

= (se9- 1 x + cosec- 1 xi - 2 sec-1 x cosec- 1 x 

TC
2 

2 -1 ( 1C -1 1 = 4" - ·sec x '2 - sec x) 

n2 ( - 2 
= 4 + 2 sec-1 x) - nsec-1 x 

= : + z[(sec-1 x)'- 2 = se~-1 x+(: )']- ": 
( 

rc)2 rc2 n2 
= 2 sec-1 x - 4 + S =>I~ g 

Sol. 

S I . ·-1 14 . -1 2.J15 1r 
ovesm -

1
.+sm -

1
- = - . 

lx xI 2 
E\ample 4.18 

. - 1 14 . -J 2.Jl5 rc sm -+sm --=-
lxl _ lxl 2 

. -1 14 rc . .:.1 z.J15 _1 2Fs . _1 1_(2.JlSJ
2 

· · sm - = - - sm --= cos -- = sm 
I X I -2 I X I I X I I X I 

2J1S . r.;-; 
For 0::; j;f ::; 1 or lxl ~ 2-v15 , we have 

( 14 ]
2 

=1-(2-J15)
2 

=> JxJ = 16 => x =±16 whichsatisf)'Jxi~2Jl5. 
lxl lx! 

E~amplc 4.19. If a= sin-1 (cos(sin-1 x)) and /3= cos-• (sin (cos-1 x)), then find tan a · tan p: 
Sol. 

. a+ /3 = n/2 ~ tan a = cot {3 => tan a ·tan {3= l 

E\<Uil pk· 4.20 Find the value of sin - l x +sin -1 ..!. + cos- 1 x + cos- 1 ..!.. 
X X 

Sol. 

. - 1 . - 1 1 - 1 - l 1 ' . 1 [ . 1 1) sm x + sm - + cos x +cos - IS defined only when x, - E - , 
X . X X 

w~ich is possible only when x = ± l 
. -] . . -l 1 -1 -1 1 

for which sm x + sm - + cos x + cos - = n 
X X 
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.1 lnvelse Trigonometric Functions 4.17 

I-ll'" ~11'td'\Pit41;~!,C'' ••••o~~~~t-:'t.•*jl' •"~. ~lu'! 'I!Z'ZrJ ,,..~~~f.~!~-· ~"'i fl.'~"f• ~~·•'-I 

~g;~~~.~~~(~~~~<:~!!~~~.~~!!.~~4!,~.~.~~:: 
~ 

1. If s in- 1 x + sin- 1 y = Zn, then find the value of cos-1 x + cos- 1 y. 
3 

2. Solve coC1 X+ tan- 1 3 = n . 
2 

3. Solve sec- 1x > cosec-1x. 
4. Solve tan- 1x > cot- 1x. 

5. Solve 2 cos- 1 x + sin-1 x = lln. 
6 

" 2 

6. ·solve (tan-1 xi + (coC1 xi = Sn ·. 
8 

Property 6 
i. Forx >O, 

· -I - 1 . r:--:;'} 2 - 1 X - 1 ~ -1 ( 1 J - I ( 1) sm x= cos vi-x~ =tan = cot =sec =cosec -
~1-x2 x ~l-xz x 

Refer the following diagram for the proof. 

ii. For x > 0, 

J1-x2 

Fig. 4.18 

X 

cos-1 
x = sin -• J1-x2 = tan-'(~) = cot-• ( h J = sec_, : = cosec-tb} 

Refer the following diagram for the proof. 

6 

X 

Fig. 4.19 
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4.18 Trigonometry 

iii. For x > 0, 

tan-•x = sin-•( p J = cos-•( Q J = ~~-·(~) 

1 r:--:z - l (~] = s~- vJ+x· =cosec x 

Refer the following diagram for the proof. 

1 

Fig. 4.20 

X 

Example 4.2 I Find tan-'~ x , in termsofsin- 1wherexe (O,a). 
al -x2 

Sol. 

tan-1 x _1 ( a sin 9) · 
--;==== =tan 
~02 _ x2 a cos 8 

= tan-1 (tan 8) = 6 = sin-1 (:) 

' Exampll' 4.22 
. _1 (.Jt+x2 -1] 1 1 . 

Prove that tan . = -tan- x . 
X 2 . 

Sol. 

-t(Jt + x
2

- JJ ~~ [JJ + tan
2 

8 -1] tan ;;;; tan 
x tan 8 

= tan _ 1 [sec 8- I] 
tan8 

= tan -1 [I-. cos 6] 
sin8 

[ 

2sin2 
9 l tan-• · 2 

= 8 9 
. 2sin - cos-

2 . 2 

= tan tan - =- =- tan x . -a ( 8) 9 I . -• 
2' 2 2 

[putting x.= a sin 8] 

[putting x = tan 6] 
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Sol. 

Simplify sin coC1 tan c.os-1 
X. 

Let COS-I X= () 

~ x = cos 8 

I 
~ sec8= -

X . 

~ tan 9= Jsec2 
(}- 1 = - -1 = -~1 - x2 'H0 I x2 lxl 

Now, sin coC1 tan 6= sin coC1 
(
1 
~I J1- x

2 J. 
Again, putting x = sin 8, we get 

lnv.erse Trigonometric Functions 4.19 

sin. coC1 
( -

1-Jt - x2 J =sin cot·-1 (~l ~ sin2 8 J =sin coC1 lcot ~ = sin 8= x 
I X I I Stn ·() I 
Prove that cosec (tan-• (cos (coC1 (sec(sin-1 tt))))) = . .J3 -a2 , wh~rc a E 10, 11. Example 4.24 

Sol. 
Here X= cosec(tan-1 (cos (coC1 (sec (sin-1 a))))) 

=cosec( mn-'[cos{coc'(b J)JJ 

= cose{an-'( b~"2 JJ 
= ~3-a2 

Example 4.25 lfx <0, then prove that cos-•x = 1r- sin-• ~1- x 2
• 

Sol. 
Let x = cos () ~ cos 8 = x 
Since X< 0, ee [m'2, n] 

Now, sin-1.JJ-x2 = sin-1 .J1-cos2 9 

== sin-1 (~in8) *" (} 

= sin-1 (sin(tr - 8)) = 1r- 8 

~ cos~ 1x= Tr-sin- 1.JI-x2 

Example 4.26 { fl+X} - 1 Pro,·cthat cos-1 -y2- 2
- . ;;;; cos

2 
x, -1 <x<t. 

Sol. 
Let X = cos e, where OE [0, n] 

-J{f¥+x} -1{~· +cosO} ~cos -- =COS 
. 2 2 

(i) 

(': 9 e [.-n /2, n /2]) 
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4.20 Trigonometry 

=COS- I 

=Cos-'( cos~) 
() 

2 

=---
2 

Example 4.27 
. { . } . X . 1 X 

Prove that tan-1· = -sin-1- ,-a<x <a. 
a + ~az .- xz 2 a 

Sol. 
L~tx= a sine, since-a <x <a 

=> - <> < a sin 0 < a => -I < sin. ti < I => 0 E (- ~ • ~) 

=tan -I{ asin8 } 
a+ ~a2 - sin2 e 

=tan -1 { sine } . 
1 +cos e 

l2sin 
8 

cos()) 
=tan- ! 2 2 

e 
2cos2

-2 . 

= tan -1 {tan ~} . 
() 

2 

1 . -1 X 
= - sm -

2 ·a 
, 

Exm~1plr 4.28 
. -~ {~l + x +.JI=--;} rc sin-

1
x Provethat sm = -+ , O<x< I. 

. . 2 4 2 

Sol. 

Let x = sin 0. Since 0 <x < I ::0 0 <sin 0< l => OE ( 0, ~) 
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. -I{ F + Fx} . -1 {~1 + cos 9 + J• -cos e}. 
=:) sm 2 = sm . . 2 

R+R 

n 9 
=-+-

4 2 

• - 1 
7r sm x =-+---
4 2 

2 

Example 4:29 · Prove that cos-1 2 = 2 tan-1 xn, 0 < x < oo. ( 
]-x2n) 
I +X n 

Sol. 
Since 0 <x< oo; 0 <x" < oo 

Let x" = tan (}~ 6E (0, m2) 

cos-'(:::::) -cost=:::: :) 
= cos-• (cos 2(]) 
=28 
= 2 tan-1X' 

Inverse Trigonometric Functions 4.21 

Concept Applica·tion Exercise 4.4 

( ~l+a
2x2 -IJ I. Evaluate tan-• . ax , wherex,.O. 

2 E · - 1 .r; c. · f -I . xpress sm ,---:-- as a .unction o tan . 
vx+a 

3 lf 0 h h - I -1 ~ . x < , t en prove t at cos x = n + tan . 
. X 

. ( -1 l) . 4. If tan( cos-• x) = sm cot 2 , then find the value of .X. 
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4.22 Trigonometry 

. _1(x+~1-x2 J . 1 1 5. Evaluate sm ..fi , where - .Ji < x < .J2 . 

Property 7 

_, ( x+ y) 'f 1 'f 1 tan -- , 1 xy < 1. xy < 
1- xy .' 

i. tan-1 x + tan-1 y = 7r + tan - I [ x + Y ) , 
1- .xy 

if x > 0, y > 0 and xy > I 

-1t + tan - t [ x + y J, 
. 1-xy. 

if x < 0, y < 0 and xy > I 

-i[x-yJ tan --, 
. l +xy' 

if xy > - 1 

ii. tan-
1

x -tan-
1 y = ;r+tan- 1(x-y ). ·it x >O, y<Oand xy<-1 

. 1+xy 

Proof: 

-1t +tan -I'[ x- y), if x < 0, _y > 0 and xy < -1 
l+xy 

i. Lettan- 1 x=A andtan-1 y=.B, where A, Be (-lr/2, 7d2). 

N (.A B) tanA+tanB x+y ow tan + = =--
' 1- tan A tan B 1-xy 

=> tan -J [ x + .Y ) = tan~ 1tan(A + B) 
1- xy _ 

= tan- 1tan·(:x, where a e (- 1t'J' 1r) 
y 

l 1t ........ , .......................... ,_, __ 2, 
i 
i 
! 

.............................. -....... 1 ...... 
• 
I 
i 
i 

x'-t<----11--- --,t<-:=--.--+-----,t-...,... x 
- 1t i 

! 
! 
i 

' ! 1t 
' --... -... , ....... -........... .............. 2. 

! I 

~~ i 1t . 

2! i 
! i ................... · ..................... ! ...... .. 

y' 

Graph of y = tan- 1(tan x) 

Fig. 4.21 
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Casc.l 

Case II 

From the graph, 

ta~-J (
1
x_+ y) = tan-1 (tan a)= a, . 

- {a+n. 

xy · a-n, 

-n <a< (- n/2) 

( -rr /2) ~ a 5: (rr /2) 

(tr/2) <a< n: 

Inverse Trigonometric Functions 4.23 

tan-1 x+tan-1 y+n, -n< tan-1 x+tan-1 y< f:-n/2) 

= tan-1 x+tan-1 y, f:-n/2)5:tan-1 x+tan-1 y~(n/2) 

tan-~ x + tan- 1 y -n, (Tr /2) < tan-1 x + tan- 1 y < 1r 

- n < tan -I x + tan -t y < ( -n /2) 

Also, tan- 1 x< (-tr/2)-tan-1 y 

~ tan-1 x< -{(n/2)-tan-1(-y)) 

~ x<O,y<O 

~ x < - tan(- 1/y) 

(1t/2)<tan-1 x+Lan-1 y<rr ~ x,y>O 

Also, tan- 1 x>(n/2)-tan-1 y ·:) tan- 1 x>tan-1 (lly) 

~ x<(lly) · ~ l:V> l 

~ x>(lly) 

Case Ill 

(-TC/2)~ tan- 1 x+tan-1 x5:(Trl2) ~ xy<l 

This property can be proved by replacing y by-y. 

Example 4.30 Find the value of tan-1 .!_+tan -l !.. 
2 3 

Sol. 

1 J I 
Here -x-=-<1 ~ 

' 2 3 6 
-1:1 -11 -1( (l/2)+(1/3) ) -1 1C 

tan - + tan - = tan = tan I = -
2 3 1- (l/2)x(l/3) 4 

. . 

Exam pic 4.3 I .If two angles of a triangle are tan- 1(2) and tan-1(3), then find the third angle. 

Soi. 
Given two angles are tan-1 (2) and tan- 1 (3). Now (2) (3) > l 

~ tan-1(2) and tan- 1(3) = n + tan-1 ( 
2 + 3 

) = 1l' + tan- 1 (-l) = 1C~ 1C = 
3
n . Hence the third 

1-2 X 3 4 4 ' 

I 
. 3n n 

ang e IS n--=- . 
4 4 

Example 4.32 
_1 x-1 _1 x +1 n 

Solve tan -- + tan --= -
x+2 x+2 4· · 

Sol. 
_1 x-1 _1 x+I 1C 

tan -+tan --:;;;-
x+2 x+2 4 
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4.24 Trigonometry 

x -:-1 x+l - -+--
tan- 1 x+2 x+2 77: 

~ = 
!-(~)(~) 4 

_ x + 2 x+2 

~ [ 2x ( x + · 2) ] = tan TC 

x2 + 4+ 4x ...:x2 + 1 4 

2x (x + 2) 1r 
=> =tan- = 1 => 2x2 +4x=4x+5 

4x +5 4 

='> x ~ ± # 
But for x ~ -# , L.H,s. is negative. Hence x = ~ . 

Example 4.33 Find the value oftan._1 (!tan 2A) + tan- 1 (cotA)+ tan- 1 (cot3 A), for 0 <A<~. · 
2 . . 4 

Sol. 
ForO <A < (m'4), cotA > I ~· (cotA)(cot3 A) > 1 

Then · tan- ' G tan 2A) + tan-1 (cot A)+ tan-1 (cot3 A) 

... 1 ( . tan A J _1(cotA+cot
3 

A) . =tan + TC + tan 
1 - tan 2 A 1 - cot 4 A 

_1 ( tan A J _1 l1 

cot A J = tan + n+ tan 
1- tan 2 A 1- cot2 A 

= tan- + TC + tan = n 1 ( tan A ) _1 ( tan A J 
. 1- tan 2 A · tan 2 A -1 

Sol. 

• •• . _ 1 [ 3 sin 2a ] _1 [ tan a] 1C 1C S1mphfy tan · +tan -- , where - -< o. < -. 
5 + 3 cos 2a 4 2 2 

Example 4.34 

. 3tana tana ----+--
4 +tan2 a 4 

= tan-1 

16 +4 tan2 a 

= tan · ... 1 ( 12 tan a + 4 tan a +tan 
3 a) 

16 + tan2 a 

=tan'""1 (tan a)= a 
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Inverse Trigonometric Functions 4.25 

Example 4.35 

Sol. 
We have 

. 
Example 4.3(> 

Sol. tan- 1 2x + tan- 1 3x = 1C 
4 

tan = --·e-' + 3x) " J - 6x2 4 
5x 

=> 
1- 6x2 = 1 

==> 6x2 + 5x-l ""0 (i) 
~ (6x - l)(x+ 1)=0 => x =.l/6 or- 1, butx = - 1 does not satisfy Eq. (i). Hence, x = 1/6. 

.----------t Concept Application Exercise 4.5 ~-----------'----. 

. -1(3) -1(1) 1 . . Find the value of sm 5 + tan 
7 

. 

2. Find the value of tan [ cos-• (:) + tan -• ( ~) J 
I X 1 [X+ "] 3. lfx > y> 0, then find the value oftan- - -¥ tan- ~ . 

. V X-\' .. ~ . 

4 .. d h -1 clx - Y -1 C2 - c1 - 1 c3 -c2 - 1 1 .Fm t esum: tan +tan +tan +··+tan -. 
0 c1y+x l+c2cl l+c3c2 en 

5. If x + y + z = xyz~ ~nd x, y, z > 0, then·find the value oftan-1 x + tan-1 y + tan-1 z. 

6. Find the value oftan-1 (~)+tan -• ( Jg) +tan - I ( J?i} where a, b, c E·. R+ and A= a+ b + c. 
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4.26 Trigonometry 

.Property 8 

'· sin-t x+sin-' Y ;::\sin-• (x~l-l +y)l-x2 ). 

. 1t'-sin-1(xJt-i+yJJ - x2
). x ~ 0, )' ~ 0 and x2 + i > 1 

Proof: 

Let sin-•x :::: A and sin-1y = 8, where x~ 0 andy~ 0 

==> A, 8 E (0, n12] ==> A+ 8 E (0, tr) 

Now, sin(A +B)= sin A cos 8 ~ sin 8 cos A= xR + yJI-x2 

• _1 ( r:--2 ~)={A +B. 0 ~ A+H S (1t/2) 
sm X\jl- y- + yvl- x- 1t _(A+ H), (tr 12) < A + 8 s 7r 

Now, A+ B ~ (7rl2) ~AS (1t'l2) - B 

~ sin A Scos 8 

And A + B > 1C ~ x2 + i > I 
2 

Hence from Eq. (i), we get 

. _ 1 ( r.--2 r:--;) _ {sin-
1 
x+sin-

1 
y, x

2 
+ y

2 
Sl 

sm xvl -y- + yvl-x- -
tr - (sin-1 x+sin-1 y). x2 ~ l > 1 

·• _ · . _
1 

lsin-'(xJI-y2 +yJJ-~2 ) , 
sm 1 x +sm y = 

1l'-sin- • (xJl- i + y.Jl-x2 
) . 

x ~ 0. y ~ 0 and x2 + l ~ J 

x ~ 0, y ~ 0 and x2 + i > 1 

Note: 

(i) 

For x < 0 andy< 0, these identities can be usedwith ·the hr!lp ofproperty 3, i.e .. change x andy to 
- x and -y which are positive. 

Proof: 

Let cos-'x :::: A and cos-1y = B, where x ~ 0 andy ~ 0 
~ A,Be (O, .rr/2] ~ A+Be [O, tz:) 

Now, cos(A +B)= cos A cos B _:_ s in 8 sin A=- xy -J1- / .Jt - x2 
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Inverse Trigonometric Functions 4.27 

~ cos- 1 (cos( A + B)) =cos- 1 (.\)'-~I -x2 ~1-l ) 

~ A+ 8 =COS-IX ~ COS-
1y= COS-t(..\)' - .J1 -x2 J1- i ) 

_ _ lcos-1 (xy+~l-x2 )1-y2 ) . x~O.y~Oandx~y 
iii. COS 

1x - COS 
1y = 

-cos -I (xy + J1 - x2 )1- y2 }, x ~ 0, y ~ 0 and x > y 

Proof: 

Let cos-1x =A and cos-1y = B, where x ~ 0 andy;;:: 0 
~ A, BE [0, m'2] 
I (t S y, then COS-I X ;;:: COS-I )' ( ·: cos- 1 is a decreasing function) 
~ A ~B ~ A-BE [0, n12] 

Now, cos( A - 11) =cos A cos B +sin B sin A= .\)' - )1- y2 J1- .x2 

=> cos- 1(cos(A- B))= cos- 1 
( J..JJ- y2 + y··h-x2 ) . 

=> A- 8 = cos-'x- cos-1y =co~-I (xJI - y 2 + y.JJ - x 2 ) 

lfx > y, then COS-I X< COS-I y 
~ A < B ~ A-BE [-7r/2,0) 

~ COS-IX- COS-I)'=- COS-I (x.P + ,vJJ-x2 ) 

Note: 

For x < 0 andy < 0: these identilies can he used with the help of properly 3. i.e .. change x andy to 
-x and-y ll;hich are positive. · 

Exam pi~ 4.37 · F. d h I f t-1 3 ' -I S m t eva uco co -+sm -. 
4 '13 

Sol. 
-J 3 . -1 5 . -1 4 . - 1 5 cot -+sm - =sm - +sm -

4 13 5 13 

= sin-1(
4 [(SY( 5 

)
2 

+ j_ Cf4Y(4
)
2

) = sin-1(
4 ~ + ~~) = sin-1 63 

s v l -l 13 J 13 v J -ls) s 13 13 s 6s 

. . . 
Example 4.38 

Sol. sin-1 x + sin-1 2x = !!.. 
3 

. - 1 2 . - I J3 . - 1 . - I [.J3 r:-2, 2 n. 3] sm r = sm 2' - sm x = sm 2 'I/ 1 - x- - x ·'f -4 

(i) 
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4.28 Trigonometry 

., 
~ 28x-=3 

. (-. · x =-~ /% makes LH.S. oi Eq. (i) negative) 

Property 9 

sin-1 (2x.J1 -x2 
) , 

I 1 
--<xs-

..fi- ../2 

i. 2sin-1 x = 1r -sin- 1 
( 2x.J1- x2

) . 
I 

x>..fi . 

- rr - sin -I (2~)1 - x2
). 

1 
X<- ..fi 

sin - I (3x -4x3 ). 
1 J 

--~x~-
2 2 

i i. 3 . - 1 1C -sin-1 (3x-4x3
) , 

I 
Stn X= x>-

2 

- n -sin -l (3x- 4x3). · 
. J 

x.<--
2 

Proof: 

Letx.=sin 6 , 6e [.:_.rr/2, 1rl2] ~ 6=sin- 1x 

. Now, sin- 1 ( 2x.J1 -x2 ) = sin- 1.(2sin6cos6) 

·= sin- 1 (sin26). 

= sin- 1 (sin a) , where ae [-tr, tr] 

Now, consider the graph ofy = sin - 1(sin a) , where ae [- ft, n] 

I y 

__ .1 ___ , l ___ .!!_:...t----
1 l 2. 

.!!.._j" 2 -

I· ,-

Fig. 4.22 
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Inverse Trigonometric Functions 4.29 

From the graph, 

sin-• ( 2x J1- x2 ) = sin-1 (sin a) 

Property 10 

•· 2tan-1 x= 

{

-a-n. -n <-a< (-n /2) 

= a, ( - 1f /2) sa s, (n /2) 

- a+n, - (n/2) <a< n 

-2sin -J (x -n), -1! s; 2sin -I x < (-1C /2) 

= 2sin-1 x, -(tc/2)s;2sin-1 x s;(1r/2) 

-2sin-1(x+n). (1C /2)<2sin- 1 x<1C · 

-2sin - I (x -1!), ( -tc /2) 5, sin -I x < ( -rr. /4) 

= 2sin-•x, (-tc/4)5,sin-1x$(tr/4) 

-2 sin -t (; + n:), (1! /4) <sin - I x < (n /2) 

2 . -1 ) 
- Stn X-1C, X<--

.J2 
= 2sin-• .X, I I 

--5,x<-
~ -~ 

1 
x> .J2 

sin-1 {2x~J-x2 ) . - ~ 5,x5, ~ 

~ 2sin- 1 x= 1C -sin- 1 {2x~I-x2 ). 
l 

x>-
:J2 

- n -sin-' (2xJ1 - x2 
) , x < _ __!_ 

.J2 

- • ( 2x ) tan --2 , 
1- :t 

7r+tan-1 --· • ( 
2x ) 

l-x2 

-TC + tan-J (-~:X_· -_x2_3 J. 
l-3x 

if -l <X< l 

if X> I 

if X< -1 

.f I I 
1 - -<x<-

. ./3 J3 

"f I 
1 x> J3 

·r 1 1 x<--
JJ 

downloaded from jeemain.guru



4.30 Trigonometry 

Fig. 4.23 

Example 4.39 Find the value ~f 4 tan -1 .!:. - tan - t _.!:._+tan -1 _!_ . 
s 70 99 

Sol. 

4 -1 1 - 1 1 - 1 1 2 - 1 [ 

2

5 l 0 

- 1 1 -1 1 tan · - -tan - + tan - = tan -tan - + tan -
5 70 99 . J - _1 70 99 ° 

25 0 

Property 11 

• _ 1 ( 2x ) 0 

sm --
2 

, 
0 l +x 

i. 2tan- 1 x= . ·-J ( 2x ) rc -sm 0

-- , 

l+x2 

. - 1 ( 2x ) - rc- sm -- , 
1 +x2 

= 2 tan-• (/
2

) + tan-• [ ~~- :Jol ] 
1+-X -

99 70 

= tan - I [ i ] + tan - I ( -
2

9 ) 
1 - 25 6931' 

144 

- 1 (120) -1 ( 1 ) . =tan - - tan-
119 239 

[ 

120 1 l . 
= tan- 1 119 239 = tan- 1 (1) = 1C 

0 

1 120 1 4 +-X -
119 239 

if -1 ~X~ ~ 

if X> 1 

if X< -1 
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Inverse Trigonometric Functions 4.31 

ii. 2tan-1x= 

-1 (1- .:l-
2

) cos --2 , 
l+x 

· - 1(1-x2
) -cos --

2 
, 

]+x 

if O~x<oo 

if-oo<x~O 

Proof: 

i. Letx=tan8, 8e(-7r/2,1rl2) . => O=tan- 1x 

Now, sin - I ( 
2

x 
2

) = sin - J ( · 
2

tan ~ ) = sin-1 (sin 28) = sin -J (sin a), where a~ (-1r, n). 
1 + x I+ tan f) 

Now, consider the graph of y = sin -I (sin a). where a e (- n, ir). 
y 

I I 
_j __ --+·----~Tr "-"----..k---J_. 

2 

Fig. 4.24 

From the graph, 

. - 1 ( 2x ) . - 1 ( . ) sm --
2 

= sm sm a 
l+x 

{

-a-n. 
= a, 

- a+n. 

- 1r <a< ( -n /2) 

( - 1r /2) sa~ (tr /2) 

(n /2) <a< 1r 

-2 tan - I (x-tr) -Tr < 2 tan - I x <-(1C /2) 

= 2tan-1 x, (-7r/2):S2tan-1 x<5.(n/2) 

-2 tan-1 (x+ 1C), · (Tr /2) < 2tan-• x<n 

-2tan- 1(x-rr). (-rr/2)<tan- 1 x<(-n/4) 

- 2 tan -t x, (-1r /4)::; ian -l x::; (rr /4) 

-2tan-1(x+rr), (7r/4) < tan-1 x< (Tr/2) 

-2 tan- 1 (x-tr), x <-I 

= 2 t -I . ] < . < 1 ~n "'· - _x_ . 

-2tan- 1(x+7r'), x >l 
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4.32 Trigonometry 

Frorn this infonnation, we can also draw the graph of y = sin -I ( ·zx 
2

) as'follows (Fig: 4 .25). 
l+x 

y 

1t =l-2 v ~ 1"--- -
_-4 . -3 

~l{ 
0 1 2 3 4 --

I . I 

}( 

y' 

Fig. 4.25 

ii. Letx=tan 8, Be (-rd2, 7r/2) 

Now, cos-' ( l -<) = c~s- • ( J -tan:e)- cos-!(cos28) = cos-'(cosa),~hereae (-1f,TC). 
l +x l+tan 8 · . 

Now, consider the graph of y = cos_, (cos a), where a e (- n, n). 

y 

-1t 1t n n 

2 y' 2 

Fig. 4.26 

From the graph, · 

. -I ( 1-x
2

) - 1 ( ) cos --
2 

= cos cos a 
l+x 

={-a, 
a. 

= {-2ta~-~ x, -n<2tan-~ x<O 

2tan - I x , 0::; 2 tan_, x < 1r 

. .. 
=· {-2tan- 1 

x, (- TC /2) < tan-
1 
x < 0 

2 tan-1 x, OS tan-• x<(Tr / 2) 
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Inverse Trigonometric Functions 4.33 

= {- 2 tan -I x, x < 0 

2tan-1 x, x ~ 0 

From this information, we can also draw the graph ofy -= cos -I('-X: J as follows (Fig. 4.27). 
l+x 

y 

1t 

0 .!:. ! 
y' 2 

X 
1t l!!.j 

2 

Fig. 4.27 

E~n m pic 4.40 
2x ·2x · 

lfsin- 1 
2 

=t.an-1 --
2 
,thenfindthevaluesof.~. 

,J + x 1 -x . 
Sol. 

r . _1 2x . _1 2x 
Byre1erring tothegraphsofy = s1n 2 andy= sm 2 , weget-'l<x< I. 

I +x · I +x 

E.xlliU!llC 4.41 irs in-• ( 4x J + 2 tan- 1 (- x J is independent of .x, find the \'a lues ofx. 
x2 + 4 2 

Sol. 
. 

sin- J ( 4x J +2 tan-t (-~J = sin-1 
x2 + 4 2 

X 
2x-

2 2 -1 X 
- tan -

2 

=> 
X 
- :5 1 => lxl :5 2 2 

2 - 1 X .2 -1 X 0 
= tan - - tan - = 

2 2 

=> -2 ~x~2 

6x 1t 
Exam pic 4.42 If cos-1 = -- + 2 tan-• 3.x, then find the values ofx. 

1 + 9x2 2 
Sol. 

I 6x 7r 2 - 1 3 cos- =-- + tan x 
1 +9x2 2 

tr . -1 6x 1C I 
- - sm ---=- - +2tan- 3x 
2 .I +9x2 2 
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4.34 Trigonometry 

6x 
sin-1 = 7r -2 tan- 1 3x 

1 +9x2 

2 x3x 
sin-1 ------:- = TC- 2 tan-1 3x 

1 + (3x)2 

It is true when 3x> I 

i.e., xe G· M J 

1 
=> x>-

3 

Exa.rnplc 4.43 lf(x-l)(x2 +J)>O,thenfindthcv~lueofsin(-21 tan-1 lx -ta·n-•xJ . 
l -x2 

Sol. 

Sol. 

~ x> 1 

· sin [ ~ tan-• L ~::2 ) - tall_, x] ~sin[~ (->< + 2tan-• x)- tan-• x] =sin(- ~J =- I 

Solve cos-' (~x' +)I-: x' ~1- x4') = cos-1 ~-cos-' x. 

L.H. S. > 0, hence R.H .S. > 0 co~-l _:: -cos- 1 x > 0 
2 

Si~ce cos- 1x is a decreasing function, we get 

~ X E (0, 1) 

ExampJc·4.45. If x E ( 0, ; J. then show that 

. , cos-• G (l+ cos2x) + )<sin2 x -48cos2 x )sin x) = x- cos_, (7 ~os x) . 
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Sol. 

= cos- 1 (cosx)-cos- 1 (7cosx) 

= x- cos-' (7 cos x) 

Inverse Trigonometric Functions 4.35 

( . : COS X < 7 COS X) 

if -1 ~X< 0 
Ex<implc 4.46 

{

2tr-cos-·1 (2x2 -t), 
Prove that 2 cos- 1 x = 

cos-1 (2x2 -l), 
Sol. 

ifO ~X~ I 

Let cos- 'x= 8, where 8e [0, 1t] => cos ()=x 

Now, cos-1(2x2'- 1) = cos-1(2cos28- 1) = cos-1(cos 29) = cos- 1(cos a), where ae [0, 2n] 

Refer the graph ofy = cos-1(cos a), a E [0, 2n]: 

From the graph, 

cos-1(2x2 - J) = { a, 
2rr-a, 

y 

y' 

if 0 5; a< n 
iLrr :5 a .5; 2Tr 

Fig. 4.28 

{ 

2cos-1 x, if 0:5 2cos- 1 x :5 1r 

= 2n-cos-1 x, if Jt < 2cos-1 x :5 21t 

={ 2cos-1 x, ifO~cos-1 ~·:5(Tr/2) 
2n - cos-1 x, if (n/2)<cos-1 xsrr 

{ 

2cos-1 x, if 0:5 x ~1 

= 2n-cos- 1x, if-J:5x<0 

if-}:::; X< 0 

if 0 :::; X S } 
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4.36 Trigonometry 

EXERCISES 
Subjective Type ~-· Solutions on page 4.54 . ·. . 

1. Solve 2 cos-1 x = sin-• ( 2x J1 - x2
). 

2. Find the d~main forf(x) ;; sin-1 (l +x
2

). 
2x 

3. Find the range ofj(x) = coc1 (2x -x2
). 

4. Find the sum coC1 2 + coC1 8 + coC1 18 + ... oo. 

5. Find the sum cosec-1 .JJO + cosec-1 .J50 +cosec -I .Jl70 + ... + cosec-1 {n2 + 1) {n2 + 2n + 2) . 

6. Find the number of positive integral solutions 9f the equation 

tan-1 x+cos-1 Y -sin-1 -
3-. 

~t-l JlO 

7. If (an_, y = 4 tan_, x (1 x I <tan ; ), find y as an algebraic function of x, and hence, prove thattan rr/8 

is a root of the equation x4
- 6xl + I = 0. 

8. lfx1, x2, x3 and x4 are the roots of the equation x4 -x3 sin 2/3 + x'- cos 2/3-x cos /3 - sin /3= 0, 

prove that tan-1 x1 + tan-1 x2 + tan-1 x3 + ~an- 1 x4 = nn+ (7r/2)- {J, where n is an integer. 

. (sin - 1 x)3 + (cos- • x)3 

9. Solve for real values ofx: _
1 

_
1 3 

= 7. 
(tan x +cot x) 

10. Find the set of values of parameter a so that the equation (sin-1 x)3 + (cos-1 xi= arf has a solution. 

. p-q - lq-r -lr-p 
11. J f p > q > 0 and pr < - I< qr,.then find the value of tan-1 +tan -.-- +tan -- . 

. .1 + pq I + qr l + rp 

12. Solve the equation J1 sin -I I cos iII+ I cos-1 I sin x II =sin -I I cosx 1- cos-1 I sin x 1. 

- 1 x+] - 1 x-1 I 
13. Solve the equation tan --+tan -- =tan~ (-7). 

X -· X 

14. Solve the equation sin-1 6x + sin-1 6../3 x =·-1r12. 

15. IfO < a 1 < a2 < ··· < an• then prove that 
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Inverse Trigonometric Functions 4.37 

Objective· Type 

Each question has four choices a, b, c and d, out of which Oll~l' om! is correct. 
1. The principal value of sin-1(sin 1 0) is 

a. 10 h 10-3Jr c. 3Jr-10 

2. cos-' (cos( 5:)) is given by 

a 5Jr · h 3tr 

4 4 
-Jr 

c.-
4 

3. The value of sin-1 (sin 12) + cos-1 (cos 1 2) is equal to 
a. zero h 24-27r c. 4n-24 

-~ 

Solutions on page 4.59 

d none of these 

d none of these. 

d none of these 

4 . . The value of the expression sin -I (sin 
2~") +cos_, (cos 

5
;) + tan -• (tan 

5
;) + sin_, (cos 2) is 

a. l77r -2 
42 

h - 2 
-1{ 

c. --2 
21 

d none of these 

5. The value of sin-' (cos ( cos-1 (cos x) + sin_, (sin x ))), where x e ( ~ . 7r). is equal to 

7r 
h-Jr a 

2 

6. cos-1 (cos (2 coc1 
( ../2 - I))) is equal to 

a. .fi - I b 1C . 

4 

a. 0 

-t ~ -t .J6 +I 8. The value of cos - -cos .J3 is equal to 
3 2 3 

a. 
1C 

3 

·g 
b.-

4 

9. The value of cos G cos-1 i) is 

a. 
3 

4 

3 
b. --

4 
10. If tan (x + y) = 33 and x == tan-1 3, theny will be 

a. 0.3 

C.tr 

37r 
c.-

4 

1C 
c. -

3 

71: 
c.-

2 

1 
c.-

16 

1C 
d --

2 

d none of these 

d none of these 

d.!. 
4 

d tan-' (/
8

) 
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4.38 Trigonometry 

1. (1 -·(JS·)J . 11. The va uc of tan 
2 

cos 3 IS 

a. 
3+.J5 

2 
b.3 +J5 

2 - I [ cos X ] . I 1 . tan . . ts equa to 
l +smx 

c. !(3-.[5) 
2 

d none of the.se 

13. lf f(x) = x 11 + x() - x1 .+ x3 + 1 and [(sin- ' (sin 8)) =a, a is a constant, thcnf(tan- 1 (tan 8)) is equal to 

a. a. b. a - 2 c. a+2 

14. Themaximumvalueofj{x)= tan- 1(<f2-;)x
2

) is 
x + 2x +3 

a. 18° b 36° . c. 22.5° 

15. The value of sin-• [ x~ -.J;~J -x2 J is equal to 

d2-a 

a. s in-• x + sin- 1 J; b sin- 1 x - sin- 1 .J; c. s in-1 ~ - sin- 1 x d none of these 

(x) (x-y) 16. tan- 1 -... - tan- 1 - - is 
. y x+y 

. 1C 1C a.- h -
3 

C.· -
2 

f 
_1 a+ x - t a - x 1r 

1 
2 

17. I tan - - +tan -=-,tlcnx = 
a . . a 6 

a. 2.J3a h .J3a 

18. If coC1 !!_ > 1C , n e N, then·the maximum value of n is 
Jr 6 

4 

1r 3n 
d -or--

. 4 4 

d none of these 

a. 6 b. 7 c. 5 d none of these 
19. sec2(tan- 1 2) + cosec2(cot- 1 3) is equal to 

a. s· b. n c. 15 d 6 

20. If A = tan- • ( x J3 ) and B = tan- 1 
(

2
x JJ K) , then the value of A - 8 is 

2K- x K 3 

a. 0° . b. 45° c. 60° d 30° 

21 . The value of sec [ tan_, 

a2 

b + tl _ , a] . 
--- tan - IS 
b - a b 

h.J2 c. 4 dl 

downloaded from jeemain.guru



Inverse Trigonometric Functions 4.39 

· 22. If a sin-1 x- b cos-1 x = c, then a sin-1 x + b cos-1 xis equal to 

rrah +c(b -a) 1r 
a.O b c.-

trab + c(a -b) d __ ___,;~~ 
a +b 2 a +b 

23. The number of solution of the equation cos_·, (J + x
2

) - cos-1 x = ~+ si!l- l xis given by 
2x 2 

a.O hi c.2 d3 

24. Thesum.ofthesolutionsoftheequation2sin-• ~x2 +x+l +cos-1 ~x2 +x = 3
.7t is 
2 

a. 0 h - I c. 1 d 2 

25. The number of solutions of the equation tan-1
( I + x) + tan-1

( I - x) = 1t is 
2 

a.2 b 3 c.l dO 
26. The number of solution of the equation sin-1 x + sin-1 (I -x) = C<?s-

1 x is 
a. 1 h 0 c. 2 d none of these 

If -I J- X I -1 h . 1 27. tan --=-tan x, t en x JS equa to 
.l +x 2 

a. I h .J3 c. ~ d none of these 

28. for the. equation COS-I X+ COS-I 2x + tt= 0, th~ number of rea} Solution is 
a. 1 h 2 c. 0 d 00 

29~ The value of 'a'. for which ax2 + sin-1 (x2 -2x +. 2) + cos-1 
(_;- 2x + 2) = 0 has a real solution is 

.7t .7t 2 . 2 
a - h - - c. - d - -

2 2 1C 1C 

30. ·The number of real solutions of the equation tan-1 ~x2 
- 3x + 2 

a: one h. two c. zero 
+COS- I J4x- x2

- 3 = 1CiS 

. d infinite 

31. lf3 tan-1 
( 

1.[3) -t~n-1 .!.. = tan-1 ! , then x is equal to 
2 + 3 X 3 

a. 1 b.2 c.3 

32. If tan-I X+ 2 coC1 X= 
2
ft , then X is equal tO 
3 

.j3- 1 
a. .J3 + 1 

b3 c.J3 

33. ( 
2x ) _1 ( 1. - x

2 
) • _ 1 ( 2x ) _ rr · 

Jf3 sin- 1 · 2 - 4 cos 2 + 2 tan 2 - - where 1~1 < I then xis equal to l+x · I +x 1 - x 3, "" ' 

1 
a.-

.J3 
1 

b --
..[3 

c. · .J3 

34. Jfsin-1 (~) + sin-1 (g) = 1C , thenx is equal to 
X X 2 

a. 2_ b. 
4 

c. 13 
13 3 

d - .J3 
4 

e. 

d ~ 
7 

. ..[3 
2 
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4.40 Trigonometry 

35. If sin- 1 (x- I) + cos-1 (x- 3) + tan-1 (~) ~ c~s-:- 1. k + 1r, then the value of k is 
2-x- · . 

l I 
a. 1 h- - c. - d none of these 

.J2 .n · 
1C ' 

36. If coC1 x + coC~ y + coC1 _z = '2 , x, y, z > 0 and ~J' < I, then ~+ y + z is also equal to 

I 1 1 
a. - +-+- h xyz c. xy+yz + zx d none .of these 

X Y Z 
37. lfcoS- I X+ COS- I y+ COS- I Z = 1r, then 

a. x2 + l + ~ + xyz = 0 
c. x2 + / +; + ~J'Z = I 

b. x2 + J + z2 + 2xyz = 0 
d. x2 + y + z2 + 2.~vz- I 

38. lftan-1 x + tan-1 J' + tan-1 z = rr then 
2' 

a. x + y + z - xyz = 0 b. x + y + z + xyz = 0 c. ~y + yz + zx + 1 "" 0 

39. If cos- 1 JP +cos-1 h +cos- 1.JI -q = JTC, then the value ofq is 
4 

a I b. ~ c.~ 
J2 ~ 

a. 2abc b abc 
1 

C. -llbC 
2 

d xy + yz + zx - I = 0 

d.!. 
2 

I 
d -abc 

3 
41. If sin-1 X+ sin-1 y + sin-1 z = 1t, then x4 + l + z4 + 4x2/z2 = K (x2 ; + lz2 + z2.\.2), where K is equal to 

a. I h 2 · c. 4 d none of these 

42. If cos- 1 x- cos-1 ~ =.a, then 4x2
- 4xy cos a+ i Is equal to 

a. 4 b. 2 sin2 a. c. - 4 sin2 a. d 4 sin2 a 

I I 4x 
43. The value of x which sa.tisfies equation 2 tan- 2x =sin- 2 is valid in the interval 

1 +4x 

lL [~,-) h ( -.-~] ._[- I, I] 

44. l.fxe [ - I , 0), then cos-1 (2y2 - l )-2 sin- 1 x is equal to 

1C 
a.--

2 

a.[-1 , 1] 

h1C 

b. [--1 1] J2 ' 

3n 
c.-

2 

[ 
' 1 I ] 

c. - J2 ' J2 
. . 

d [ - .!_ • .!.] . 
2 ' 2 

d - 21C 

d none of these 

46. lfx1 = 2 tan-• (
1 + ~J , x2 = sin- • (I - x~) , where x E (0, l), thenx1' + x2 is equal to 
I- .\ l+x 

a.· 0 h 21c c. rr d none of these 
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Inverse Trigonometric Functions 4.41 

47. The value ofsi~(2 sin-1 (0.8)) is equal to 
a. sin 1.2° b. sin 1.6° c. 0.48 d 0.96 

48. The value of tan (sin-1 (cos (sin- 1 x)))tan (cos- 1 (sin (cos-1 x))), where x E (0, I), is equal to 
a. 0 b. J c. - I d none of these 

49. lf~in-1 ( 20
2
)+sin-1

( 
2
b 2 );:;::2 tan-1 x, thenxisequalto[a,bE (0,1)] 

· l+a l +b 

a. a-b h _ b_ c. _b_ 
l+ab l+ab l-ab 

50. Ifx takes negative permis~ible value, then sin-1 xis equal to 

d a+b 
l- ab 

a. cos-1 ~1- x2 h -cos-:-1 ~1- x2 c. c.os-1 J x2 -1 d n- cos-1 .J1-x2 

51. If} +V + z2 
= r2

, then tan-• ( ~ )Han-• (~;) +tan-• ( ;; }s equal to. 

a.n b. !:. 
2 

c. 0 

52. lf/(x)=sin-1 (J3x_]_~h-x2 J. _..!. ~x~ l , thenf(x)isequalto 
2 2 2 

. -1 1r 
C. Sill X+ -

6 

53. Jfx E (0, 1 ), then the value of tan - I (l- x
2 

]+cos- 1 (l-X: J is equal to 
2x l+x 

a. 
1'{ . 

2 
h 7..ero 

n 
c.-

2 
54. The trigonometric equation sin-1 x = 2 sin-1 a has a solution for 

a. all real values 
I 

b.lal<-
2 

I 
c. lal ~ .fi 

55. lf2 tan-• x = n:+ tan-• ( 
2
\), then 

l-x 

a. x> I b. x< 1 .c. x> -1 . : -t;; -F,:IJ . 56. . I sm J is equal to 
r=l r(r+ I) 

a. tan- 1 (~)- 7r 
4 

h tan-1 (J,;+i)- n 
4 

c. tan-1 (J;;) 

• ( 2'0
1 

) 57. 1: tan-• 
2 1 

. is equal to 
r=l l + 2 r-

a. tan-1(2") b. tan- 1(2")- 1t 
4 

c. tan-1(2"+1) 

d none of these 

d none of these 

dTr 

. 1 1 
d -<lal<-

2 Ji 

d-l <x< l 

d tan-1 ( J,;+l) 

·d tan-1(2"+1)- n 
4 
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4.42 . Trigonometry 

~8. f tan -I ( 
4 

2171
2 

) i~ equal to 
m=l m +m +2 

. a. tan- 1 ( n2 + n . J h tan -1 ( 112 - n J 
n2 +n+2 n2 - n + 2 ( 

? J _ 11 - +n + 2 
c. tan 1 

2 - d none of these 
n +11 

59. The .value of ~ tan-1 ( 
1 

2
) is equal to 

r=O l + r+ r 

a. 
7C 

2 
c. 

n · 

4 

60. If sin- 1 x = 8 + ,Band sin-1 y = 9 - fj, then 1 +.xy is equal to 

61. Jf u = coC1 ~tan . a - tan-1 ~tan a ' then tan ( 7C - u) is equal to 
4 2 . 

a. ~tan a h ~cot a c. tan a 

f [
TC 1 · _1 a] [TC 1 - t a] . I 62. o tnn - +-cos - + tan - - - cos - 1s equa to 
42 b 42 b . 

2a 
a. 

b' 
h 2b 

a 

63. The value 2 tan - 1 [~~- b tan 
6

] is equal-to 
a+b 2 

_1 (acos9+b) a. cos 
a+bcose 

h cos_1 (a+ bcos9) 
acosO+b 

a 
c.­

b 

_1 ( acosO ) c. cos 
· a +bcos9 

· _, [ .JJ - sinx+.Jl + sinx] ·( [ "]) 64. cot where x E 0, -
2 

is equal to 
~1-sinx-~J+sinx 

·a. n- x b 2TC-X 
X 

c. -
2 

65. The value of tan - I ( xco~e )-coC1 ( . cos.e ) is 
1-XStn 8 X - Sill(} 

a. 29 hO c. 012 

66. lfxe (- 1C, n),thenthevalueoftan-1 (tanx) +tan- '( JsinZx ) is 
2 2 · 4 5 + 3 cos 2x 

d none of these 

d cot a 

d~ 
a 

d COS-I ( bcoSfJ ) 
acos9+b 

X 
d 7C --· 

2 

d indepeJ1dent of e 

.a. x/2 h 2x c. 3x d x 

67. Jfcot- 1 (.Jcosa)- tan- 1 (Jcosa) ~x, then sinx is 

a. tan2 a 
2 

2 a -b cot - -
2 

c. tan a 
a 

d cot-
2 
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· Inverse Trigonometric Functions 4.43 

68 .. tan (TC +_!_cos-' x) + tan ( 1C- ..!..cos-1 x) , x ~ 0, is equal to 
4 2 4 2 . 

a. X 
2 

c. -
X 

69. The least and the greatest values of (sin-1 x)3 + (cos-1 x)3 are 

-TC 1C 
a.--

2 '2 

70. Range off(x) = sin-1 x + tan-1 x + sec-1 xis 

a (: :3:) h [1C 3TC] 
4 ' 4 

71. Range oftan-1 
( 

2
x 

2
) is 

1+x 

a. [- 1C' 1C] 
4 4 . 

h (- rr n) 
2 ' 2, 

n3 7rr3 

c.--
32' 8 

d none of these 

d none of these 

'd none of these 

d [:' ~] 
72. lf(coC1 x] + [cos-1 x] = 0, where [·] denotes the greatest integer function, then the complete set of 

values of x is 
a. (cos I, I] h (cos I, cos 1) c. (cot 1, I] d none of these · 

73. sin- 1(sin 5) > x2 -4x holds if 

a. X = 2 - ~9 - 2 1C h X = i + ~9 7 2 1C 

C. X> 2 + ~9 - 2 1C d X E (2 - · ~9 - 2 1C, 2 + .j9- 2 1C ) 

74, · The value of~ coscc2 (~tan -'~)+~ sec2 G tan-• (!)}• equal to 

a. (a- {J) (fil + {32) b (a+ {3) (cl- {32) c. (a+ {3) (cl + {i) 

75. The value of lim cos (tan-1 (sin(tnn-1 x))) is equal to 
J.,t-.oo 

a. -1 
l 

c. - .J2 
76. sin-1(3x- 2 -x2) + cos-1(x2 -4x + 3) = !!.. can have a solution for x e 

. . 4 

a. [1 ,2] 

2ft/ ttl 
77. lf 2 /sin-• X- 2(a + 2) 2/sin-•.r +Sa< 0 for at least one real x , then 

d none of these 

d __!_ 
.J2 

d none of these 

a. i,;a<2 ha< 2 c.aeR-{2} dae [o, i-)u(2,~) 
78. The number of integral values of k for which the equation sin-1 x + tan-1 x = 2k + I has a solution is 

a.l h2 c.3 d4 
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4.44 Trigonometry 

79; lftan-1(sin2 8-2 sin 8 + 3) + coC1 (sscc2 
y + 1) = n 'then the value of cos2 8- sin 8 i~ equal to 

2 ' ' ' 

a . 0 b. - 1 c. l d none of these 
80. Complete solution set of[coC1 x] + 2 [tan-1 x] = O, ·where [·)denotes t.he greatest integer function, is 

equal to 
_a.(O,cotl) b. (O,tanl) ... c.(tanl , (X)) d(cotl , tanl) 

tan- 1 x tan- 1 2x -1 3 tan x 

81. Let 
tan- 1 3x tan-1 x tan- 1 2x 

tan - I 2x tan-1 3x -I tan x 
= 0, then the num~er of values of x satisfying the equation is 

a. I b.2 c. 3 d4 

82 . . Which oft~e following is the solution. set of the equation 2cos-'x = cor' ( 
2pJ·? 

. 2x 1- x 

a. (0,1) h (- 1,1}-{0} c. (- 1,0) d [-1 ,1] 
83. The values of x satisfyjng the equation sin(tan-1 x) =cos (cor' (x :T 1 )) is 

1 · } . r;:: 
a. - h -- · c. v2 -1 d no finite value 

2 2 

84. There exists a p~siti~e real number·; satisfying cos. ( tan-•x) = x. Then th~ value of cos-t ~ J is 

tc tc 2tc 4n 
a. - h- c.- d -

10 5 5 5 
85. The range of values ofp for which the equation sin cos-1 (cos(tan-1x)) = p has a solution is 

h [0,1) d (-1, J) 

86. Sum of roots of the equation sin-1 x - cos-1 x = sin-1 (3x- 2) is 

a. 3!2 h I c. lf2 d2 

87. The solution s~t of the eq~1ation sin-1 ~1 - x2 + cos- 1 x = cot-1 p -sin- 1 x is 
X 

a. [- I ' ] ]- { 0} h (0, 1] u {-1} . c. [-1 ,0) u { l} d [- 1,1] 

88. The number of real solutions of the equation ~1 + c~s 2x = .,fi. sin-1 (sin x), -n~x ~ tr, is 

a. 0 h I c. 2 d infinite 

• 1C 
89. Th_e equatiOn 3 cos-1·x -tcx ~ 2 = o_ has 

a one negative solution 
c. no solution 

h one positive solution 
d more than one solution 
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_1 (I -x
2

) rr. 
90. Jf cos 2 < - then 

J +X 3' 

axe[-~·~] 
1C J + x4 + l 

91. lfsin-•x+sin-•y = -
2

, then 2 2 2 2 isequalto 
. x - xy+y 

a. 1 h2 
I 

c.-
2 

92. The value of sin-1(x2-4x + 6) + cos-•(x2 - 4x + 6) for all x e R is 
rr. 

a. - b 1t' c. 0 
2 

93. The product of all values of x satisfying the equation 

sin- 1 cos(2x: + IOixl+4)=cot(cot-J (2-~l~lxl))+ n is 
"' X + 5lxl+ 3 9 X 2 

a. 9 h -9 c. -3 

94. The value of2 tan-• (cosec tan-• x- tan cor-1x) is equal to 
] 

1-
h coC x 

Multiple co·rrect Answers .Type 

c. tan- 1 x 

d none of these 

d none of these 

d none of these 

d-1 

d none of these 

Solutions on page 4.80 

Each question has four choices·a, b, c and d, out ofwhi<.;h rme or more answers are correct. . 

1. If a, {J(a < {3) are the roots of the equation 6r + llx + 3 = 0, then which of the foJlowing are real? 
a. cos-1 a h sin-1 {3 c. cosec-1 a d BothcoC1 aandcoC1Jj 

2. 2 tan- 1
(- 2) is equal to 

a. - cos-' ( ~3) b -1 3 -rr.+ cos -
5 

1C -1( 3) c.- 2' +tan -
4 

3. If a , f3 andy are the roots oftan-1(x- l) + tan-1 x + tan- 1(x + 1) = tan-• 3x, then 

a. a+f3+y=O h ajj+{3y+ ya=-114 
c. a{3y= 1 d Ia-Plma"< = 1 

4. lf[(x) = sin- 1x + sec-1x is defined, then which of the following value/values is/are in its range? 
a. - rt/2 h rrl2 c. 1C d 31fl2 

a. has a maximum value of2 
c. 16 different Dare possible 

h has a minimum value ofO 
d has a minimum value of- 2 

6. Jndicate the relation which can hold in their respective domain for infinite values ofx. 

a. tan ltan-1 xl = lxl b cot jcoC1 xl = lxl c. tan-1 jtan xl = l.xl d· sin Is in-• xl = lxl 
7. If a is a real number for which/(x) = lo&, cos-.1 x .is defined, then a possible value of [a] (where [ ·] . 

denotes the greatest integer function) is 
a.O hi c.-1 d-2 
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8. Which of the. following is a rational number? 

(
n . - t 3) h cos 2 -sm 

4 

J ( 
. ( 1 . -J .J63JJ c . . og2 sm '4 sm -

8
- d tan (.!..COS-I JSJ 

2 3 

9. If z .~ se;_, ( x +:) + sec_, ( y + ~) , where xy < 0, then the possible values of z is (are) 

8n 
a. -

10 10 
10. Iff(x) = (sin- 1 xi + (cos- 1x)2, then. 

n2 
a. f(x) has the least value of ­

g · 
. 2 . n 
c. f (x) has the least value of -

. 16 

9n 
c. -

10 
d 2ln 

20 

· 5n2 

b. f(x) has the greatest value of -
8
-

5n2 · 
d f (x) has the greatest vaJ4e of 4 

_ 1 ( .n2
- JOn + 21.6 J 7r 

12. If cot 7r > "6.' n EN, then n can be 

a.3 h2 c.4 d8 
13. If S~ = coC1 (3) + coC1 (7) + cot-1 (13) + coC1 (21) + · .. n te~s, then 

S -1 5 a. 10 = tan -
6 

7r . 
hS =­

"" 4 
S . . - 1 4 c. 6 = sm · -

5 
1 ... The value of k (k > 0) such that the length of the 1ongest interval in which the function . 

f(x) = sin-1 !sin kxl + cos-1 (cos kx) is constant is 7r/4 is/are 
a. 8 h 4 c. 12 

15. Equation 1 + x 2 + 2x sin (c'os-1 y) = 0 is satisfied by 

a. exactly one value of x 
c. exactly one value ofy 

h exactly two values of x 
d exactly two values ofy 

d 16 

, 
2
Xv,-IA ( 1) Xo,-l,, 2 · . 

16. To the equatiOn 2 - a+ 
2 

2 . -a = 0 ._has onl~ one real r?ot, then 

a. I ,5;a~3 b. a '?: l c. a~-3 d a'?:3 
. . 

17. If sin- ' (a -a
3

2 

+ a: + · · · J + cos_, (I + b + b2 + · .. ) ~ ~ , then 

· 2a-3 
a. b= - -

3a 
h b = 3a-2 

2a 
3 

c.a = - -
2 -3b 

~ 2 
da=--

3-2b 
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18. lf2 tan- 1 x +sin-' 
2
x 

2 
is independent ofx, then 

l+x 
n. x> I hx <- 1 

J9. cos-• x + cos-' ( ~ + ~ ~3 - 3x2 
) is equal to 

c. 0 <x< I 

a ~ forxe [~·'] h ~ for x e [ 0, ~ ] 
C. 2 COS-I X - COS-I 1_ for X e 

2 [~ ·'] d 2 COS- I X- COS-I _!_ for X E 
2 

20. Which of the following quantities is/are positive? 
a. cos(tan-1 (tan 4)) h sin(coC1 (cot4)) c. tan( cos-• (cos 5)) 

d -1 <x<O 

(o.~] 
d cot(sin-1 (sin 4)) 

21. If cos-•x + cos-•y+ cos-•z = rc, then 

a x2 + ;f + z2 + 2x)1z = I b 2(sin-1x + sin-1y + sin-1z) = cos-1x + cos-1y + cos- 'z 

c. xy + yz + zx = x + y + z- I d (x+ :)+(y+: )+ + :)~6 
22. Which one of the following quantities is/are positive? 

a. cos (tan-1 (tan 4)) b sin (coC1 (cot 4)) c. tan (cos-• (cos 5)) d cot (sin-1 (sin 4)) 

23. Which of the following is/are the vaiue of cos [~cos_, (co{-
1 ~"))]? 

acos(-
7
;) h sin(~) ~ cose:) d -cos(

3
;) 

•, 

Reasoning Type Solutions on page 4.87 · 

Each question has four choices a, b, c and d, out of which fJnly mu! is correct. Each question contains 
STATEMENT 1 and STATEMENT2. 

a. Both the statements are TRUE, and STATEMENT 2 js the correct explanation ofSTATEMENT I 
h Both the statements are TRUE but STATEMENT 2 is NOT the correct explanation of STATEMENT I 
c. STATEMENT I isTRUEandSTATEMENT2 is FALSE 
d STATEMENT I is FALSE and STATEM.ENT2 is TRUE 

1. Statement I: Number of roots of the equation coC1x + cos-12x + ft-= 0 is zero. 
Statement 2: Range of coC1x and cos- ' xis (0, 1r) and [0, rc], respectively . . 

2. Statement 1: Range off(x) = tan- •x + sin-•x + cos-1x is (0, 1r). · 

Statcmcnt2:f(x) = tan-1x+sin-1x+cos-1x = ~ +tan-1x, forxe [- 1, 1]. 

3. Statemenll: cosec-• G ~ ~) >sec- • G + ~). 
Statement 2: cosec-' x < sec-1 x if I ~x < ..fi . 

4. Statement!: sin-o (}.) >tan -o ( J;). 
Statement 2: sin-1 x > tan-1 y for x > y, 'V x,y e (0, 1 ). 
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4.48 Trigonometry 

5. Statement I: Principal value ofcos-1(cos30) is 30 -91C. 
State.mcnt2: 30-97r E [0,1r]. 

6. Letf(x) = sin - I ( 
2

x ., J. 
1 + x-

Statement I :/~(2) = - 3. 
5 

Statemen~ 2: sin-1 ( 
2
x.

2 
J = n- 2 tan- 1 x, ":/ x > I 

l+.x 

7. Statement ·1: Domain oftan- 1x and coC1x is R. 
Statement 2:f(x) =tan x and g(x) =cot x are unbounded functions. 

8. Slatemenll: lan-• (!)+ tan- • (~ )=: 
Statement 2: Forx> O,y> O, tan-1 - +tan-• -- = -(XJ (y -.XJ 1C 

. y y +x 4 

9. Statement 1: Principal value ofsin-1(sin 3) can be 3 if we restrict the domain of[(x)= sinxto [m'2, 31l12]." 
Statement 2: The restriction that the principaJ values of sin-1(sin x) is [- 7r/2, - 7r/2] is a matter of 
convention. We could have allowed principal values [n/2, Jn/2] without affecting the condition 
required for definition of inverse function. 

linked Comprehensio·n Type Solutions on page 4. 88 

Based upon each paragraph, three multiple choice qu~stions have to be answered • .Each question has four 
choices a, b, c and d, out of which only one is correct. 

For Problems 1-3 

For x~y, z, 1 e R, sin- 1 x + cos- 1y + sec- 1z ~ t2 - .J2i r + 3rr · 

I. The value ofx + y + z is equal to 
a. ] b 0 

2. The principal value ofcos- 1(cos 5t 2) is 

3n 
a-

2 
b 7r 

2 
3. Thevalueofcos-1(min {x,y , z})is 

a. 0 

For Problems 4 - 6 
ax+ b (sec(tan-1 x)) = c and ay + b (sec(tan-1 y)) = c 

4. The valu~ ofAJ' is 

2ab c2 - h2 
a. (]2 -b2 h 

a2 -b2 

. 5. The value of x + y is 

2 ac c2 - b2 
a 

2 b2 b· 
2 h2 a - a -

c.2 

1t 
c.-

3 

c.rr 

? b2 c- -
c. 

a2 +b2 
' 

c2 - b2 
c. 

a2 +b2 

d -1 

d 21t 
3 

d rr 
3 

d none of these 

d none of these 
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. x+ )' 
6. The value of - - ·is 

1-.xy 

2 ab 

For Problems 7-9 
2 . 

Consider the system o'fequations cos-1 x + (sin-1 y)2 = p: and (cos-• x} (sin-1 

7. The value of p for which system has a solution is 
al h2 ~o 

8. The value of x which satisfies the system of equations is 

n2 . 
a cos-

8 

1!2 
hsin-

4 

d none of these 

d - I 

d none of these 

9. Which of the following is not the value ofy that satisfies the system of equations? 

l 
a. I . b - l c. -

2 
d none of these 

For Problems 10- 12 

Let cos - 1(4x3 - 3x) =a+ b cos- •x. 

10. lfxE (-~ . - l).thenthcvalueofa+b~ris 
a. 21! h 3rr c. 1C d -2rr 

I I. lfx E [-~.~].then the principal value of sin- 1 (sin:) is 

n b 1! '1C d 1! a. ~ --
3 3 6 6 

12. If x E U·. tJ.then the value of limb cos (y) is 
2 y~n 

a. - 1/3 h-3 
.I 

d3 ~-
3 

Matrix-Match Type . Solutions 011 page 4. 9 I 

Each question contains statements given in two columns which have to be matched. Statements a, b, c, d in 
column 1 have to be matched with statements p, q, r, sin column 11. If the correct matches are a-p, aws, bwq, b­
r, Cwp, C•Q and d-s;thcn thC COrrectly bubbled 4 X 4 matriX ShOUld be aS fOllOWS: 

p q r s 

a@@0® 
b@@00 
c@@0@ 
d®@00 

downloaded from jeemain.guru



4.50 Trigonometry 

]. 

Column I Column II 

a. cos-1(4x3- 3x) = 3cos-1x, p. [112, 1] 
then x can take values 

b. sin-1(3x - 4x3
) = 3sin-1x, q. [- 1/2,0) 

then x can take va lues 

c. cos"1{4x3 - 3x) = 3sin-1x, r. [0, .../312] 
then x can take values 

d. sin- 1{3x - 4x3) "" 3cos-1x, s. [0, 1/2] 
then x can take values 

2. 

Column I Column 11 

1C2 
a. (sin- 1 x)2 + (sin- 1 Yi = 2 . p. l 

::;x3 + .l = 

b. (cos-1 x)2 + {cos-1y)2 = 2Tfl 
·~xj+/ 

q.-2 

4 

c. (sin-1 x)2 (cos-1yi = : => Jx-yl r.O 

d.Jsi n-1 x - sin- ' y I= 1C => x·v s. 2 

3. 

Column 1 Column II 

a. x e [n, 2r.] ~ jtan- 1 (tan x) I can be p.jx-21l'j 

b. x e [n, 2n] ~ jcoC1 (cot x) I can be q.lx- nl 
c. x e [- n, lr] => jsin- 1 (sin x) I can be r. lxl 
d . x e [- Tr, 1r]::; lcos- 1 (cosx) I can be s.lx +tel 

4. 

Column 1 Column 11 

. -t 4 2 -J I p.TC/6 a. s•n - + tan - = 
5 3 

b . - 1 12 - 1 4 - 1 63 
q. tr/2 . sm -+cos -+tan - = 

13 5 16 

c. If A: tan-' xJ3 _ -t ex -A) r.rr/4 ? A. _ and B - tan J3 , 
- X A 3 

then the value of A - B is 
. 

d - 1 I 2 - J 1 . tan - + tan - = 
7 3 

s. Tr 
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5. 

Column I Column II 

a. Rangeofj(x) = sin- 1 x +cos- 1 x+coC1 xis p. [ 0, ~) u ( ~ . "] 
b.Rangeofj(x) = cot-• x + tan-1 x+cosec-1xis [ n 3n] q- -. 2. 2 

c. Rangeo(f(x) = cot-1 x +tan-1 x+cos- 1 xis r.{O, tr} 

d. Rangeofj(x) = sec-• x +cosec- 1x+sin-1 xis s. [3;. s;] 

6. 

ColumnJ Column II 

a. sin-• x+x >O, for p.x < O 
b. cos- • x -x ~ 0, for q.xe (0, I] 
c. tan- 1 x + x < 0, for r. xe T- 1, 0) 
d. cot'"' x+x>O, for s.x > 0 . 

Integer Type . Solutions on page 4.94 . 

1. The solution set of inequality ( coc' x) (tan-• x) + ( 2 - ~ }oc'x- 3tan -•x- 3 ( 2- ~) > 0 is (a, b), 

then the value of coC 1a + coC 1b is 
---~ 

2. ]f x = sin-1 (a6 + 1) + cos- • (a4 + I) - tan- 1 (if+ 1), a E R, then the value ofsec2x is---~ 

3. If the roots of the equation x3 - lOx+ I 1 = 0 are"~ v and w. Then the value of 3cosec2(tan-1u 
+ tan-1v + tan-1w) is ___ ___: 

4. Number of values ofx for which sin- 1(x2
- x4 

+ x
6 

. .. ] + cos-1 (x4
- x8 

+ x
12 

. .. ] =!!.. 1 where 0 
. 3 9 3 9 2 

S lxl < ~ . is--..,....-----

5. If the domain of the function j(x) = J3cos- 1 (4x) -Jr is [a, 6]1 then the value of 4a + 64b is 

6. If 0 < cos-1 x < I and 1 +sin ( cos- 1 x) + sin2( cos - I x) + sin3 ( cos- 1 x) + ··· oo = 2, then the value of 12x2 is 

7. If tan-1 (x + l) -tan- 1 (x -~) = tan- 1 6 
, then th~ value of x4 is ___ __,; 

X X X 

8. Jfrange or the function j{x) = sin- 1x + 2 tan- 1x + x2 + 4x + 1 is fp, q}, then the value of(p + q) is 

9. If n is the number of terms of the series coC1 3, coC1 7, coC1 13, coC1 2 11 . .. , whose sum is 

• 1 I ( 24 ) 2 cos- 145 , then the value of n - 5 is---~ 
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10. lftheareacnclosedbythecurvesf(x)=cos-1(cosx) and g(x)=sin- 1(cosx)inxe[9Jr/4, 15tr/4] is 
artlb (where a and bare coprime), then the value of(n - b) is ___ ....; 

II. Absolute value of sum of all integers in the domain of j(x) = coC1 ~(x + 3) x + cos-1 )x2 + 3x + 1 is 

12. The least value of(l + sec-1x) (I + cos-1x) is-----' 

13. Let cos-1(x) + cos- 1(2x) + cos- 1(3x) ben. If.x satisfies the equation ax3 + bx'l +ex- I = 0, then the 

value of (h-a-c) is----= 

.14. Number ofintegral values ofx satisfying the equation tan-1(3x) + tan-:"1(5x) = tan-1(7x) + tan- 1(2x) is 

Archives · Solutions on page 4. 98 

Subjective 
I. Find the value of cos(2 cos-1 x + sin- 1 x) at x = l/5, where 0 S cos- 1 x S ·nand -rc/2 S sin-1 x S rc/2. 

(liT ..JEE, 1981) 

2 P . h -I . - 1 ~2 + 1 . rove t at cos tan sm cot x = 
2 

. 
. X +2 

(liT -J EE, 2002) 

Object;ve 
Fill i11 tile hlank.tt 

I. Let a, band c be positive real 'numbers. Let B= tan - I a(a +b + c) +tan -I b(a +b +c) 
be ca 

_ 1 c(a+b+c) 
+tan ab . Then tan 8 = _ . (IIT-~JI~E, 1981) 

2. The numerical value of tan ( 2 tan - • G)-:) is equal to __ (IIT~EE, 1984) 

' 
3. The greater of the two angles A = 2 tan-1 (2J2-J) and B::;: 3sin - 1 (1/3) + sin-' (3/5) is __ . 

Multiple choice t/IU!stiolls with one correct a11swer 

6 
a.-

17 
112. 

16 

16 
c. -

1 

(liT ..J EE, 1 989) 

(IIT~EE, 1983) 

d none of these 

• 
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2. The principal value of sin - • (sin 
2
;) . is 

21r 
a--

3 
e. none of these 

h 21C 
3 

41C 
c.-

3 
d 5n 

3 

(llT-JEE, 1986) 

3. lfwe consider only the principal values of the inverse trigonometric functions, then the value of 

( 
-1 I . -1 4 ) . 

tan COS SJ2 - san Jl7 IS 

a.--
3 

h 29 
3 

~ c.-
29 

4. The number of real solutions of tan -I ~ x(x + 1) +sin - t ~ x2 + x + J = 1C 12 is 
a. zero hone c. two 

(IIT-JEE, 1994) 

d 2._ (JIT-JEE, 1999) 
29 

d ·infinite 
{IIT-JEE,20QI) 

5. lf sin-1 (x-~+x3 

- .. ·)+cos-1(x2 -x4 

+x
6 

- .. ·) =TC forO<Ixl < ./2 , thenxequals. 
2 4 2 4 2 

a. I 12 b 1 c. -1/2 d - 1 

6. Domain ofthe.definition of the function fix) = Jsin - I (2x) + 1r 16 is 

a. [- 1/4, 1/2] b [-1/2, 1/9] c. [- 1/2, 1/2] 

7. The value ofx for which sin(coC1 (J + x)) = cos(tan-1 x) is 
a. 112 b. 1 c. 0 

Mat~/1 tlte fol/owillg type 

{liT -JEE, 2003) 

d (- 1/4, 1/4] 

{llT-JEE, 2004) 
d -1/2 . 

1. The question contains statements given in two ~olumns which have to be matched. Statements a, b, c, 
d in column I have to be matched with statements p, q, r, sin column 11. The answers to these questions 
have to be appropriately bubbled as illustrated in the following example. lfthe correct matches are a­
p, a-s, b-q, b-r, c-p, c-q, and d-s, then the correctly bubbled 4 x 4 matrix should be as foiJows: 

p Q r s 

aQQOO 
boooo 
cQOOO 
doooo 

(liT -JEE, 2007) 

Let (x, y) be such that sin-1(ax) + cos-1(y) + cos-1(bxy) = tr/2. Match the statements in column I with 
statements in column II and indicate your answer by darkening the appropriate bubbles in the 4 x 4 
matrix given in the ORS. 
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Column .l ·Column 11 

a • . If a = I and b ~ 0~ then (x,y) p. lies on the circle x2 + y = I 

b. Jf a= 1 and b = 1, then (x,y) q. Jies on (x2 - I )(y- 1) = 0 

c. If a= I and b = 2, then (x,y) r. lies ony = x 

d. If a = 2 and b = 2, then (x,y) s. lieson(4~- I)(y- I)=O 

ANSWERS AND SOLUTIONS 

1. Let x =cosy, where 0 ~Y ~ Jr, lxl S I 

2 cos-• x = sin-1 (2x ~J -x2 } 

~ 2 cos-' (cosy)= sirf 1 (2 cosy~J - cqs2 y) 

= sin-• (2 cosysiny) 

=: sin-• (sin 2y) 

~ sin- • (sin2y)=2yfor-n14S)•S7r/4 

and 2 cos-• (cosy) = 2y for 0 s; y ~ .1r 

Thus, Eq. (i) holds only when 

ye [O,nt4) ~ x e [I/J2,1] 

2. f(x) = sin-1 (I+ x
2

) is defined for - 1 S ., + x
2 

s; 1 or 1 +x
2 

s t 
2x 2x 2x 

~ II +~I S 12x1, for all x 

:::::;> I + x2 S 12xl, for all x (as J + ~ > 0) 

:::::;> x2
- 2~1 + 1 S 0 

~ lxl2 - 2lxl + I S 0 (asx2 =~I) 

::;::) Clxl- I )2 s 0 

But n\·1- I )2 is always either positive or 7..ero. 

Thus, ( jxl- 1 i = 0 

= lxl= J ==x =::t:l 

Hence, domain forf(x) is {-J , I}. 

3. Let 8 = coC1 (2x-~), wh~re fJe (0, .1r) 

:::::;> cot 9= 2x-x2
, where Be (0, .1r) 

= 1- (I -2x + x2), where fJe (0, Jr) 

= I - (1 -xi, wherc9e (0, Jr) 

:::::;> cot 8 s; I, where 9 e (0, n) 
.7l" 

~ -$8< rc 
4 

=> ·Range off(x} is [: , :n:) 

{i) 
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4. Let t n denotes the nth term of the series. 

Th -I 
2 

2 - I I _, -(2n + 1) - (2n -1) 1 ( 1 en tn =cot n = tan - 2 = tan 
2 

. =tan- 2n + 1)- tan- (2n - I) 
2n I + ( 4n - 1) 

Putting n = I, 2, 3, ... , etc. in (I), we get 
11 = tan- 1 3- tan-1 I 
t2 = tan-1 5 - tan-1 3 
t3 = tan-1 7- tan-• ~ 

1
11 

= tan- 1 (2n + I)- tan- 1 (2n - I) 
Adding, we get 
Sn = tan- 1 (2n + I) -tan-• I 
as n, oo, tan-1 (2n + I) ~ Trl2 

Hence, the required sum = 1C. 
. 4 

5. Let 9= coscc-1 ~( n2 + 1 ){"
2 + 2n + 2) 

' 6. 

=> cosec29= (n2 + J)(n2 +2n + 2) = (n2 + 1)2 +2n(n2 + l)+n2 + I =(n2 +n+ ti + 1 · 
=> cot2 9= (n2 + n + 1)2 

.l (n +1}-n 
=> tan 9 = = -.:...._....,..---;..._-

"2 +11 + 1 1 +(n + 1)n 

=> 9 = tan- 1 [ (n +1).-n] =tan- 1 (n+ 1)-tan-1 n 
1 +(n +l)n 

Thus, sum of n terms of the given series . 
= (tan-• 2 -tan- • J)+(tan-1 3 -tan-• 2)+(tan-1 4 - tan-1 3) + ... +(tan-• (n+ 1)-tan-1n) 
= tan-• (n + l) -1r/4 

y . - 1 3 
Here tan- 1 x + cos-• r:---:2 ::::sm ~ ' vl - y2 vlO 

"" tan"' x + tan-• ( ~) = tan-• (3) 

= tan-• ( ~) = tan-• 3 -tan-• (x) 

=> tan-1 (~J = tan- • (~) 
y 1+·3x 

') +3.x 
=> y= --

3- x 
. . 

As x , yare positive integers, x = 1, 2 and correspondingy "" 2, 7. 
Therefore, the solutions are (x, y) = (I , 2) and (2, 7), i.e ., there are two solutions. 

7. We have tan-• y;;; 4 tan- 1 x 

2x 
=> tan-1y=2tan-1 

--2 (aslxl < 1) 
l-x 
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1C 
Ifx = tan -

8 

Trigonometry 

4x 

l-x2 
""tan- 1----

4x2 

=> tan-1 y = 4 tan-1 x = 1C 
2 

Hence, tan 1! is a root ofx4
- 6x2 + I = 0. 

8 
8.- xtt x2) x3 and x4 are the roots of the equation 

x4 -x3 sin 2{3 + ~2 cos 2{3-x cos {3- sin fJ=.o . 
(-sin 2,8) . · 

2
{3 

L.x1 = x1 +x2 +x3 +x4 = = sm 
1 

L.x1x2 = cos 2/3 

Lx1X~3 = COS {3 and X1X~3X4 =- Sin {3 

Now, tan [tan-1x1 + tan- 1x2 + tan- 1x3 + tan- 1x4] 

= :Ex1-l:t1x2x3 = sin 2{3-co~{J = 2 sin{Jcosf3~cos /J = c~s{J(2s~n/3-l) =cot{J 
1- Ix1x2 + x1x2-t:3x4 1- cos 2{3 -sm /3 2sin2 {J- sm f3 sm {J(2sm {3 -I) 

or tan [tan_, x1 + tan- ' x2 + tan_, x3 + tan_, x4] - tan ( ~ - fJ) 

~ tan-1x1 + tan-1x2 + tan-1x3 + tan-1x4 = mr+ 1! - {J, n e Z 
. 2 

9. As, tan-1x + co~-l x = !!.. 'V x e R 
2 . 

So, the given equation can be written as 

(sin-' xi+ (cos-' xi ": 7( ":) 
=> (sin -lx +cos -'xi- 3(sin - 'x) (cos-' x) (sin- ' x + cos- 'x) = 1 ( ~ )' 

"" ( ~ r - 3 (sin_, x) (cos - I x) ( ~) ,; 1 ( ~ r ·"" (sin- ' x)( cos- ' x) = - ": 

Now, as the maximum value of cos-1 xis 1C ( :. cos-1 xis always~ 0) and the minimum value of sin- 1 x is 
-;r/2 and this happens at the same value ofx, i.e., x = -1. · 
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Inverse Trigonometric Functions 4.57 

So, t.hc minimum value of(sin-1 x) (cos-1 x)'"" (- ~) (n) = _ ~
2 

. 

2 
So, if(sin- 1 x) (cos- 1 x) = _!!_,then x = - I only. 

2 
10. (sin-1x)3 +(cos._' x)3 = an 3 

;;;::> (sin- • x + cos-1 x) ((sin-• x + cos-1xi- 3 sin-• x cos-• x) = arr~ 
2 

1C 3 . -l -1 2 _2 ;;;::> - - Slll X COS X = Qlr 
4 

. -1 (K . -1 ) 1t2 (1 8 ) => s m x "2 - sm x = 12 . - a 

2 
=> (sin-' x)2 - 7r sin-• x =- !!_ (l-8a) 

2 12 

=> (sin -• x - 1Z')

2 

= 1Z'
2 

(Sa :._I) + 7r
2 

4 12 16 

1Z'2 
= - (32a -I) 

48 . 

N . - t [ 1Z' n] ow sm xe -- -, 2 ' 2 

3n . _1 n 1r 
=> - - :::;; Stn X - - :::;; -

4 4 4 

0 S (sin -I X - : r S 
9~2 

1C2 91r2 
=> Os-(32a - I)s-

48 16 
=> 0~32a-1<5.27 

1 . 7 
=> -:s;;a-5.-

32 8 

Thus, the required set of values of a is [ -
1 

, 2]. 
32 8 ,' 

11. Since p, q > 0, therefore pq > 0, 

tan-1 p-q =tan- 1 p -tan-• q 
I+ pq 

Since 9' >- 1, 

- 1 q - r - 1 t - 1 tan -- = tan q- an r 
1+qr 

Since pr <- I and r < 0, 

tan-• r - p =1Z' +tan-1 r - tan-1 p 
l+rp 

On adding Eqs. (i), (ii) and (iii), we get 

tan-• p-q +tan-• q-r + tan-1 r- p = n 
1 + pq I + qr I+ rp 

(i) 

(ii) 

(iii) 

downloaded from jeemain.guru



4.58 . Trigonometry 

12:· Given Jlsin- 1 lcosxll .+lcos-1 lsinxll ::;sin-1(lcosxl)-cos-1jsinxl 

When x e [o. tr.], 0 ~ :rr -x ~ n, we have 
2 2 2 

. - 1 . ( n ) - I ( n ) . - I ( . ( n )) -1 ( ( n )) sm sm 2-x +cos cos 2 -x = sm sm 2-x -cos cos 2-x 

=> N;-x)=;-x-;+x 
1t 

~ x=-
2 

Whenxe --.0 -~--x~n.we ave [ Tt ]Tt 1r . h 
2 ' 2 2 ' 

~ ..Jn+2x.= 0 ~ x=- rc 
2 

13. Taking the tangents of both sides of the equation, we have 

[ -JX+I] [ -JX -1] · tan tan --:--:=- + tan tan -.- . 
.X 1 ,\ . - 1 

---=--=-----==-=co-----~ = tan ((tan ( -7)) =-7 

1 [ -1 x+ l] [ -1 x -1] - tan tan -- tan tan -- . . 
. X -l X 

x+l x-I 
--+--

~ x-1 x =-? 

1
_ x +l x-l 

X - 1 X 

2x2 -x +1 
=> =-7 

1-x 
so that x = 2. · 
This value ll)akes the left-hand side of the given equation positiye, ·so there is no value of x strictly 
satisfying the given equation. 

• .. . .. . _1 X +I - 1 X - 1 -I 
1 he value x = 2 ts a solutton of the equation tan --. +tan -- = 11"+ tan (- 7). 

x - 1 x .. 

J 4. Let us transfer sin-1 6.J3x to the right-hand side of the equati~n and calculate the sine of the both 
sides of the resulting equation: · 

sin(sin_1.6x) =sin(- sin-1 6.J3x- rd2) 

~ 6x =- sin.(sin-1 6J3x+sin-1 1) [using sin-1 (-x) =- sin-1 (x)] 

= -sin(sin- 1 ~~ -108.x2 ) (i) 

Squaring both sides, we get 
36x2 = 1- I 08x2 => 144_; = 1 
whoserootsarex = l/12andx =-l/12. 
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Let us verify: 
Substitutingx = 1/12 in the given equation, we get 

sin-'(-~)+sin- 1 
( - ~)--=-; -~ ~ 

Thus x = 1/ 12 is the roots of given equation. 

Using Eq. (i), we getx == ~~ 

1 
L.H.S.=-

2 

R.H.S. = -~l -108x2 =-112 
Thus L.H.S. ~ R.H.S. ofEq. (i) 
Thusx = - 1/ 12 is a root of the given equation. 

J 5. Here, 

[ )' l . tan- • (atx - y) = tan-1 at-; = tan-1 at -tan-t y 
x+a v . )' x 

• ~ I:+ at-
X 

tan-1 (a~)- cot -I a, 

Inverse Trigonometric Functions 4.59 

Adding, we get L.H.S. c tan-• an+ coC1an - tan-! I= 1r - tan- 1L = R.H.S. 
X 2 X 

= COC1L = (30-l X 

X )' 

- ··· ' 
O~jective Type 

.. 0 •• 

I. c. sin-1 (sin 1 0) = sin- t [sin (3tr- l 0)] = 3n- l 0 

2.b. COS-I (COS 
5
:) =COS-I (cos( 21r-

5
: )) -COS-I (COS 

3
:) = 

3
: 

3. a. sin-1(sin 12)+cos-1 (cos 12);;sin-1 (sin(l2-41t))+cos-• (cos(41Z'- 12)) = 12-47r+41r- 12 = 0 

4. a. . - 1 . (221r) . - 1 . (3 1r) 1Z' stn sm 7 = sm sm 1Z' + ? = - 7' 

COS- I COS e:) =COS- I COS ( 21r- ; ) =; 
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4.60 Trigonometry 

lan-
1 

lao en= lan-
1 

130 ("-
2
;) = - . 

2
; 

sin-1 cos (2) == n - cos-1 cos 2 = tr - ·2 
2 2 

• Tt . Tt 21C Tt 
Therefore, the requtred value= -7 + 3 ---:;- + 2- 2 

= (-18 +35)7C- 2 = J7tr - 2 
42 42 

5. d. sin- 1 (cos (cos-t (cos .x) + sin-1 (sin x))) = sin- 1 (cos (x + n-x)) [as x e (rc/2, n)] 

. - I ( ) . -I ( 1) 1C = sm cos n = sm - = --
2 

6.c. cos-
1
(cos(2coC

1
(J2-1))) = cos- •(cos(2(67.5o))) 

= cos-.1 (cos (t:3s.,. )) = 135°= 
3
: 

7.a. W h . -1 ( ( . -1 f2=J3 -1 .J1i -1 ~2)) · 
e ~VC Sin COt Sin . v~ +COS ~ + SCC v L. . . 

. -1( ( · -J(.J3-t) _,../3 -1 1 JJ = sm cot sm 
2
J2 +cos T+ cos J2 

= sin-1 [cot (15° + 30° + 45°)) 

= sin-1 (cot (90°)) = sin- 1 (0) = 0 

8. d. 

- -- -----
2 3 6 

9. a. Let COS-I (.!.) = 9, where 0 < 8 < 7t, then ..!_ COS- I .!_ = .!_ 8 
8 . 2 8 2 

( 1 - 1 lJ () 
~ cos - cos - = cos -

2 8 2 
I . 

· Now cos- 1 - = 8 
' 8 

. ] 
~cos 8 = -

8 

10. c. x=tan-1 3 => tanx=3 

tan(.x+ y) = 33 

2 8 9 
~ cos - =-

2 16 

8 3 
~cos - =-

2 . 4 
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tan x+ tan y ___ ___:___ ;;; 33 
1- tan xtan y 

=> 3+ tan y ;;; 33 
1 -3tan y 

=> 3 + tany= 33-99 tany 
=> 100tany=30 

=> tany=0.3 ;::::> y =tan-1 (0.3) 

ll.c. Letcos-1 (JSJ =a.. Thencosa= ,J5 , whereO<a< n 
3 3 2 

Inverse Trigonometric Functions 4.61 

Now, tan a = 1-cosa ~ t-1513 = lJ- 15 =~(3- 15)2 =.!_(3-15) 
2 1 + cos a J + J513 3 + J5 9-5 2 

12. a. tan-'[ cosx ]= tan-t [ sinl(n/,2)-x] ] 
1 +sin x ·1 +cos [(n/2)- x] 

_ 1 [2 sin l(1r/4)- (x/2)] cos 1'{1r/4)- (x/2)]] = ~n . 
2 cos2 f.(~r /4) - (x /2)] · 

-1 (7! XJ 1! X = tan tan 4 - "2 ;;;.4 -
2 

:Tr:Tr X 1! 
=> --<---<-

2 4 2 2 

3n x n 
=> --<--<-

4 '2 4 

n x 3n 
=> --< -<-

.4 .2 4 

n x 3n 
=> ---< -<-

2 2 2 

13. d. f(x) + f(-x) = 2 

Now (sin-1(sin 8)) = 3:tr- 8 = y 

and (tan-1(tan 8)) = (8 - 3n) 

Hence, f(y) + [(- y)-= 2 

Givenf(v)""' a., we havef(-y) = 2 -a. 

.. -1 ( (M-2)x
2

) 14. d. f(x) = tan 4 2 · x +2x +3 

2(J3-I) 
3 

x2 +2 +2 
X 

downloaded from jeemain.guru



4.62 Trigonometry 

2 3· {;; . 
As x +2~ 2v 3 [using A.M. ~G.M .] 

X 

~ x2 +~+2~ 2+2.J3 
X 

-I ( 2( .J3 - 1) J 1t 
:. (t{x))~aK.= tan ~(.J3 +1) "" 12 

15.b. Let x=sin8and .[; = siniP,wherexE [0, 1] =>8,¢E [O, m'2] 

=> IHe[ -;, ~] 
Now, sin-

1 (xFx .- .[;~1 - x~ ) = sin- 1 (sin8 ~1 - sin 2 ¢ - sin ¢ ~1- sin 2 8) 
= sin- 1 (sin 8 cos ¢>-sin ¢cos 8) 

= sin-) sin (8- ¢) = 8~ ¢ = sin- 1 (x) - : sin- 1 ( ..Jx) 

16.c. tan- 1 x -tan- ' ( x ~ yJ = tan-1 ~- tan- • ( 1- (y/.x)J 
· y x+y · y l+(ylx) 

= tan -1 
: - ( tan -1 1- tan -1 ~) 

- 1 X - l Y ~ = tan - + tan - --
Y . X 4 

- 1 X - I X 7C 1t 7C 1t 
= tan -+cot --- = ---= 

y y 4 2 4 4 

17 G
. . . - 1 a+ x _1 a - x n 

. c. tven equation 1s tan --.- + tan -- = -
a a 6 

. · [ a +x a-x l -- +-- . 
=> tan- 1 a .a = 1t 

· 1 _ a+x~ 6 
. a · a 

2a2 n 1 2 r; 2 
=> 7 = tan '6 = .J3 => x = 2v 3a 

18 - 1 n rc . c. cot - >-
tc 6 

n n 
-<cot­
~ 6 

[as c?C1x is a decreasing f\lnction] 

~ !!..<J3 => n <5.46 => maximum value of n is 5 
~ 

19. c. Lettan- 1 2 = a 

and coC1 3 = f3 
~ tan a = 2 

~ cot {3 = 3 
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Inverse Trigonometric Functions 4.63 

sec2 (tan-1 2) + cosec2(coC1 3) = sec2 a+ cosec2 f3 = I + tan2 a+ i + cot2 f3 

-·=2+(2i+(3i= 15 

A 
8 

tan A - tan B 
20. d. tan ( - ) = ----

1 +tan A tan B 

J3 x 2x- K 

2K - X .J3 K 
= 

l + .J3 x 2x -K 
2K- X· .Jj K 

.., 316:- (2x- K) (2K - .t) 
( 2 K - x) J3 K + J3 x ( 2x - K) 

3Kx - (4Kx - 2x2 
- 2K2 + Kx) 

= 
2..(3 K 2 

- .J3K.t + 2'.J3 x2 -../3 Kx 

2.x2 -2Kx + 2K2 I 
- 2J3 .x2 - 2 J3 K.x + 2../3 K2 = .J3 = tan 30o 

:. A - B=30° 

b +a a ----
21 b 

_1 b+a _1 a _1 IJ- a b 
. • tan -- - tan - = tan 

b-a b 1 + b +a~ 
b - a b 

b2 + ab - ab + a2 a2 + b2 

= tan-1 ::: tan:...1 = tan-1 I = 1r 
b2 

- ab + ab + a2 a2 + b2 4 

Therefore, the required value =sec (:) = ..fi 
22.d. a sin-1 x- b cos- 1 x = c 

We have b sin-1x + b cos-1 x = ~JC ~ (a+ b) sin-1 x = brc +c 
2 2 

(bn) 
-- +c 

sin- 1 x = --=2=---­
a +b 

_1 nab+ c(a -b)' 
COS X= b 

a+ 

• • COS = - + Sin X + COS X 23 b - I (I + x
2

) 1C ( • -1 - J ) 

2x 2 

=> cos-1 (
1 + x

2

) = TC => (I+ x
2

) = cos n=-1 
2.x 2.x. 

24. b. 0 :S: x2 + x + I :S: 1 and 0 :S: x2 + x :S: 1 
:. x=- 1,0 
Forx = - 1 

L.H.S. = 2 sin-1 I + cos-1 0 = 3n 
2 

=>x=- 1 
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4.64 Trigonometry 

:. x =-I is a solution. 

For x = 0, L.H.S. = 2 sin-1 I + cos-• 0 = 
3

1l' 
2 

Therefo~e, x = 0 is a sol~tion and sum of the solutions = - I. 

25.c. tan-1(1+x)+tan-1(l - x)=!:, 
2 

:=) tan- • (I +x)= ;r -tan-1(1-x) 
2 

= coC1(1 - x) 

= tan-
1 
(-

1 
) 

1-x 

:=) ] +X = -
1
- :=) I - ~-= I =X= 0 

1-x 
26. c. We have sin-• x + sin-• (I -x) = cos-:1 x 

:=) sin(sin-1 x + sin-1 (I -x)) = sin(cos- 1x) 

:=) x~J - (1 - >.l +JJ-x2 (1-x)=JI-x2 

=> x~l-(1-~i =xJt-x2 

I 
:=) x = 0 or x = -

- 1 1- X I - 1 . 
27. c. We have tan --=-tan x 

:J +X 2 

. 

tan =-- 1 [ I - tan 8] 1 8 
1 +tan fJ 2 

[ 

Tr f)] tan-- tan 
tan-• 4 =!!.. 

l +' tan : tan 8 2 

- 1 (Tr . .n) 9 tan tan 4 - u = 2 
1C 8 
-- 8=-
4 2 

6 =.!:. = tan- 1 x 
6 

1r .I 
=> x = tan '6 = J3 

.2 

' 

(putting x = tan (}) 

28. c. We have cos-1 x + cos~1 (2x) = -n, which is not possible as cos-1x and cos-12x never take negative 
values. 

The giveri equation is ax2 + sin-• ((x- li + I)+ cos_1.((x-li + 1) = 0. 
Now,- 1 =:; (x- I )2 + I S 1 => x = I . 

29. b. 

. 1r 1C 
So we have a + - = 0 :=) a = - -

' 2 2 
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Inverse Trigonometric Functions 4.65 

and ~4x -x2 -3 ~ 0 =>0 < cos-1 ~4x-x2 -3 $ 1C 
. 2 

Adding, we have 0 < L.H.S."< 1r 

Therefore, the given equation has no solution. 
31. b. The given equation can be written as 

)tan-• (2 -../3) =tan-• (:) + tan~' m 
1 'I 
- + -

1 ,. 3 3+x 
=> 3(15°)=tan- "' => I= =>x=2 

1 _ _!. .!. 3x - 1 
X 3 

32 - 1 2 -1 2Tr . c. tan x + cot x = - · 
3 . . 

- • 2 (n -1 ) 2(rr (;c -1 )J 2 ( tr -• ) => tan x = 3" ~ cot x = J - "2 - tan x = - "6 +tan x 

. -1 1C => tan x=-
3 

=> x =tan 1C = J3 
3 

33. a. Put x = tan 8 

1 2 tan 6 . 1 I - tan 2 6 1 2 tan 8 TC 
:. 3 sin- - 4 cos- + 2 tan- - -

J+tan 2 8 l+tan2 8 l-tan2 8 

=> 3 sin-1 (sin 2 8)- 4 cos-1 (cos 2 lJ) + 2 tan- • (tan 2 8) = 1C 
' 3 

=> 3(20)-4(28)+2(28)=Tr => 28=n => 8 = 1C 
3 3 6 

34 P . _1 5 A 5 . A . c. ut sm . - = => - = sm 
X X 

. -1 12 B 12 . B sm - = => - =sm 
.X X 

1C 
=> A+B= -

2 

=> sinA=sin (~- 8) =cosH = Jt-sin2 8 
=> 3._ = J• _ 144 => 169 = I 

x x2 x2 

3 

1C 1 
=> x=tan 6' = .J3 

=> x'- = 169 => x= 13 [ ·: x = -13 does not satisfy the given equation] 
35. c. sin-1 (x- 1) => -1 Sx-1 :s; 1 => 0 Sx~2 

cos-1 (x-3) => - l~x-3~1 => 2~x$4 
:. x=2 

. 2 . 
So, sin-1 (2- I)+ cos-1 (2 - 3) + tan-1 -- = cos-1 k+ rr 

2-4 
=> sin-• 1 + cos-1(-1) + tan- 1 (- 1) = cos-1 k + 1C . 

downloaded from jeemain.guru



4.66 Trigonometry 

n n - lk - + 1f - - = COS + TC 
2 4 

l 
::::> cos-• k = 1C => k =-

4 .fi. 

36. b. coC1x + coC1 v + coC1 z = 1& 
- 2 

7C -1 1C -1 . 1C -l 1C => - - tan x + - -tan y + - - tan z = -
2 2 2 2 

=> tan-• x+tan- 1 y+tan-1 z = rc 
=> tan-• x + tan- 1 v = n- tan-! z 
=> tan (tan-1 x + t~n-• y) =tan (n- tan-1 z) 

x+y -- =-z 
l-xy 

=> x+y+z=xyz 
37. d. Given that cos-• x + cos-• y + cos-• z := tr 

=> COS-I (x) +COS-I (y) ~ 1t - COs-1(z) 

=> cos-1 (xy -~1 - X
2 ~~- i) = cos-1 (-z). 

=> xy- J(t- x2)(1- y2
} =- z 

=> (xy+z)= J(t- x
2 }(1- i} 

Squaring both sides, we get x2 + /· +'z2 + b.yz = 1 

Trick: Put x = y = z = .!. so that cos-1 ~ + cos-1 ]_ + cos-• _!_ = n. 
2 2 2 2 

38. d. Given that tan-• x + tan-1 v + tan-1 z = 1f 
- 2 

- I [ x + y + z -xyz ] 1f => tan =-
1 - ;ry - yz - xz 2 

Hence, X)'+ yz + zx- I = 0. · 

· 39. d~ .Let a= COS- I .JP, {3 = COS-I ~ and y =COS-I -Jl-q 

=> cos a= .JP. cos /3. = ~ and cos r= h 
Therefore, sin a ;:;: h, sin {3 = .jP and sin y = ..{q 
The given equation may be written as 

3n 
a+fJ+r=-

4 

/3
. ' 31t' 

=> a+ =- -· r 
4 

=> cos(a + /3) =cos ( 
3
: -:- r) 

=> cos acosjJ-sinasin iJ= cos(n- (: + r )) =-cos (: + y) 

= fPFP-hfP=-(:nh- ]{#) 
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Inverse Trigonometric Functions 4.67 

==> 0= h- [q ~ 1- q = q ==> q =.!.. 
2 

40. a. Let sin-1 a= A, sin-1 b =Band sin-1 c =- C 

=> sin A =a, sin B = b, sin C = c 

and At B+ C= n=> sin 2A +sin 2B+ sin 2C=4 sin A sin B sin C 

=> sin A cos A+ sin B cos B +sin C cos C = 2 sin A sin 8 sin C 

(i)" 

=> sin A J(t- sin2 A}+ sinB J(•- sin2 n) + sinC ~1 - sin2 C =~sin A sinBsin C (ii) 

=> aJ(l- ~2 ) + bJ(l -b2
} + c~(l- c)~ = 2abc 

1 I 
Trick: Let a= .fi , h = .fi , c = 1. 

Then a~ +b~J-b2 +c~l - c2 = -1-~1 - 1 +-1-~J - .!.+I.JH c: I. ../2 '2 ..fi. 2 

41. b. Since sin-1 x + sin-1 y + sin-1 z = 1t 

:. sin-1 x + sin-1 y = 1!- sin-1 z 

=> sin-1 (x~l - i + Y ~1 - X
2

) = 1r- sin-1 (z) 

=> x ~~ - / + y ~l - x2 =sin (1!- sin-1 (z)) =sin (sin-1z) = z 

=> ~(1-y)=i+i(1-~)-2zy ~1- x2 => (l-y-z2
)
2 =4y2 z2(l-x2

) 

==> i + l + z4
- 2x2y-2x2z2 + 2yi = 4y2z2

- 4~;fz2 

==> x4 + / + z4 + 4x2/z.2 
= 2(~~ + /i + z2x2

) 

42. d. We have cos-1 x- cos-1 Y = a 

=> K=2 

43. d. 

2 

=> x~ cos (cos -t ~~a) ~cos( cos-1 ~)cos a -.sin (cos-' ~) sin a 

)' Ry2 ... = - cos a - I - - sm a 
2 . 4 

=> 2x=ycosa-sin a ~4- y2 

=> 2x - ycos a=-sin a ~4 -l 
Squaring, we get 

4x2 + 1 cos2a-4xycos a = 4 sin2 a-Y. sin2 a 

=> 4x2 -4xy cos a+ y2 = 4 sin2 a 

4x 
2 tan-• 2x = sin- 1 ---:--

1 +4x2 

1! 2 -1 2 TC => - - :5; tan x :5; -
2 2 

1t - 1 2 1t => - - $; tan x S -
4 4 
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4.68 Trigonometry 

~ -J::;2x~l 

I 1 
==> - -::;x$-

2 2 

44. b. cos-1(U -1) = 2n-2cos-1 x(asx <0) 

~ COS-I :(~·2 "":" J) - 2 sin-l X= 21r- 2 COS-l X- 2sin-l X 

45. c. 2 sin-' x c sin-' { 2x)l- x2 ) 

= 2tr- 2 (cos- ' x +sin-' x) 

1r 
=2n-2 -=n 

2 

Range or the right-hand angle is [- ~. ~ j 
1C 2 . - 1 < 1r --::; sm x _ _ 
2 2 

-TC . -1 1C 
~ - ::; Sin X ::; -

4 4 

~ xe [-Jz· Jz] 
46 2 -1 (l+x) d · . _, (l -x2

) _ 1 (J-x2
) • c • . x 1 == tan -- an x2 =sm --

2 
=tan --

l -x I +x 2x 

l+x 
·Now-->1 

1-x 

2(l+x) 
1-x 

1- (.!..!.!.)2 
= n+ tan -- = 1C- tan --_1 ( 1 - x

2 
) _1 ( 1 - x

2 J 
-2x 2x 

J-x 

47. d. sin (2 sin- 1 (0.8)) = sin (sin_, (2 x q.sJJ- (0.8)2 
)) =sin (sin - l 0.96) = 0.'96 

48. b. tan (sin-1 (cos (sin-' x))) tan (cos-1 (sin (cos-t x))) 

.. tan(sin-1(cos(cos-1 ~1-x2 ))) tan{cos-1(sin (sin-1 ~l-x2 )')} 

= tan(sin-1 .J1-x2 
) tan(cos-1 .J1-x2 

) 

=tan (cos-1x) tan (sin-1x) 

= tan(cos-1x) tan(n:/2- cos..:1x) = tan(cos-1x) cot(cos-1x) = I 

9 S. . -t'( 2x ) 2 _, l'. ( 4 .d. mcesm - . -
2 

= tan x ,orxe - I , I) 
1+x 

. _, ( 2a J . _1 ( 2b ) 2 _1 sm --
2 

+ sm --
2 

= tan x 
. l+a l+b . 

=> 
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Inverse Trigonometric Functions 4.69 

:=:> tan-1 a+tan- 1 b= tan- 1 x 

- 1 ( a+b) - 1 => tan -- = tan x 
l-ab 

a+b 
:=:> x=-

l-ab 

50. b. Jfx < 0, then sin-1x < 0 but cos-1 .J1- x2 is always positive. 

51. b. 

52. b. 

So, sin-1x = -cos-1 .Jt- x2
. 

~)' YZ y2 y2 
We have --=-= < 1 

zrxr r 2 x2 +y2 +z2 

:=:> tan -I ( xy) + tan - J ( yz) +tan -I ( xz) = tan - I ; +-;,:- +tan - I (5..) 
[ 

xv yz l 
zr xr · yr xy yz yr 

. . 1---
zr xr- · 

xzr -1 (xz) +tan yr · 

= tan-·1 + tan-1 -· (xz) 
. yr 

-1 ( ) '') -1 (xz) . 1r = tan - + tnn - = -

Letx = sin8where - ..!. ~X~ 1 :=:> - 1r ~ e ~ 1r 
. 2 6 2 

Thenf(x) ;sin-• ( ~ x - ~ ,/J-x') 
. - I ( J3 .. 8 1 o) = sm - sm --cos 

2 . 2 

. . -1 ( . (n TC)J = Sin Stn u - 6 . 

8 
7r: • - 1 1C = - -=sm x --
6 6 

xz yr 2 

53. c. Lety= tan-1(l -x2 J.+ cos-1(l-x2

) 
2x 1 +x2 

downloaded from jeemain.guru



4.70 Trigonometry 

Putx = tan 9. Asx E (0, 1), fi E (o. nJ and n -28e(O,n/2) 
. ' 4 2 

.•. y =ta~-• (cot 26) + cos- • (cos 29) = tan- • (tan(~ -29) )+cos- 1(cos29), = ~ -29+ 29 = ~ 
54. c. sin- 1 x = 2 sin-1 a 

. n . - 1 n 
Now-- $; sm x $; -

2 2 

1t 2 ' - l 1C 
~ -:-- $; sm a $;-

2 2 

1C . -1 1C 
~ --::;; sm a$; -4 . 4 

55. a. Let tan-1 x = 9, where _n < 9 < n 
' 2 2 

1C 
Let - < 28 < n 

2 

1C 1C 
~ - < 8 < -

4 ·' 2 
=> 

7r -] 7r 
-< tan x<-
4 2 

. =>x> 1 

=> tan-1 ( Ztan~ J == tan-1 (tan28) = tan-1 (tan(28 ...:.. ~)) == 28 - n =2tan...: 1x - n 
1- tan 9 · . 

. -l(Fr-~J . -1(~-~J· 56. c. sm 
1 

= tan 
vr(~+ 1) 1 +.Jr(r-1) 

n . - (.J;-~J n . 
,Lsm

1 ~ . = :L(tan-1Fr-tan-1.Jr-l) == tan-1.J;;, 
r=l r(r + l) r=l ' 

57. b. ~ tan-1 - "tan-1 n ( zr-1 J n ( 2r-l J 
~ . 1+22r- l - ~ . 1+ 2' '2r-l 

= 'tan 1 n _ ( 2,. _ 2'-1 J 
f:': . 1 + 2' 2' - 1 

58. a. 
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Inverse Trigonometric Functions . 4.71 

n , 

= ,Lttan-1 (nl +m+ l)- tan-1(n? - m+ I)] 
m=l 

= (tan-• 3- tan-11) + (tan-• 7- tan -• 3) + (tan-• 13 - ~n-1 7) + ··· + [tan- • (rt + n + 1}- tan-1 (tf -~ + 1 )] 

For n----+ oo, sum -= tan- 1(1)-= : 

59. a. tan -'C + 
7

1
+ 

72 
) = tan - I C: ;;; ;I)) 

= tan-1(ri-l)-tan-1(r) 

II 

~ 2,.[mn- 1(r+ l)-tan.-1(r)] =tan-1 (n+ l)-tan- 1 (0) 
r=O · 

= tan-1(n + 1). 

~ · ltan-•( 1 
· 

2
):::tan-1(oo)= Tr 

r=O I+ r+r 2 

60. b. Obviously, X = sin(9+ /3) andy = sin(8-/3) 

~ 1 + xy = I +sin (8+ {3) sin (8- {3) = I + sin2 8- sin2 {3 = s in2 8+.cos2 f3 

6J.a. Let ~tan a =tanx, thenu=coC1 (tanx) - tan- 1 (tanx)= 1r -x -x.;;!!._2x 
2 2 

62. b. 

Tr 1C ll 
~ 2x = --u 

2 
~ ---

4 2 

=> tanx = tan (: - ;) 

=> Jtana =tan(:-;) 

tan - + - cos - + tan - - - cos -[
tr l ~1 a] [Tr I _1 a] 
4 2 b . 4 2 b 

Let..!_ COS- I :!_= 8 ~ cos2 8= a 
2 b b 

· Thus, tan [: + 8] + tan [ :- 8] = : ~ t:n 
8 
6 + : : ::: 

I + tan 2 6 + 2 tan 8 + 1 + tan 2 8 - 2 tan 8 =- - -----,----.,........---- --(1 - tan2 e) 
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4.72 

63.a. 

Trigonometry 

2 2b 
=--=-

1 - tan 2 
(} cos 2(} (a I b) a 

· (a-b) 2 (} 

- 1 [~-b (}] - - 1 I - -;;-+b tan 2 
2 tan - - tan - - cos / ) 

a+ b 2 1 la -b 2 (} + -- tan -
· a+b 2 

= COS- I 2 
[ 

(a + b) - (a - b) tan 
2 

(} l 
9 

(a + b) + (a - b) tan 2 
-
2 

[ 

1 -tani 
9 l +b . 2 a e 

. l + tan2
_ "2 

- I [a cos 9 + b] =cos 
· a+ b cos(} 

[
·: 2 tan-1 x = cos-1 l - x: ] 
. l+ X . 

_1 [~1 - sin x + .J.t + ·sin x ] 64. d. cot .Jl- sinx- .Jl + sin x 

= coC1' [ (.Jl-sin x + .Jl +sin x) (.Jt- sin _x + .Jt +sin x)] 

( .Jt - sin x - :Jt +'sin x) ( .Jl - sin x + .J1 + sin x) 

= coC1 [(1- sin x) + (1+ sin x) + 2)1 - sin
2 x] = ~ot_1 [2(1 + cosx)] 

(l -sinx) - (1+ sinx) .· -2sinx 

• _1 [ 2 cos
2 

(x/2) ]. _1 ( x) ~1 [ ( ~)] . x 
= ~ot ~ 2 sin (x/2) cos (x/ 2) = cot - cot2 =.cot cot n - 2 ·= n- 2 
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66.d. 

Inverse Trigonometric Functions 4.73 

xcos8 x - sin 8 
1-xsin8 cos8 

1 + ( x co~ 8 ) ( x - sin 8) 
. 1-xsmO cos8 

-t( xcos
2

8 - x + sin8 + x
2

sin8- xsin
2

8 · J =tan · 
cos·e -xcos8sin 8+ x2 cosO- xcosOsin 8 

= tan --~. -------------------------
_ 1 ( -xsin 

2 
8 +sin& + x

2 
sinO - xsin

2 
8 J 

cos8-2xcos6sin8+x2 cosO 

. _ 1 ( · - 2xsin
2 

(}+sin 8+ x
2 

sin(} J 
=tan 

cos(} - 2xcos8sin e + x2 cos(} 

= tan = tan- 1 (tan e) = e - t(sin8(-2xsin8+ l+ x
2

) J 
\ cos 8(1- 2x sin (} + x2

) 

6tanx 

l+tan2 x _1(tan x ) -I( 3sin2x ) - 1 (tan x) _1 tan -- +tan = tan -- +tan 
4 5+3cos2x 4 S+ 3(1-tan2 

x) 

l+tan2 x 

= tan -- +tan _,.(tan x) _1 ( 6tan x ) 
4 8+2tan2 x 

=tan -- +tan _ 1 (tan x) _1 ( 3tan x ) 
4 4+tan2 x 

= tan-1 

tanx 3tan x 
--+------

4 4 + tan2 x 

1
_ 3tan2 x 

4(4+.tan2 x) 

_1 (16 tan x + tan
3 xJ = tan 16+tan2 x 

[ 
tan x 3 tan x 1] as-- < 

4 4+tan2 x 

= tan-1 (tan x) = x 

67.a. coC1 (.Jcosa) -tan- 1 (~cosa). = x 
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4.74 Trigonometry 

=> ' tan_ ''(~)- ;.n-1 {Jcos a)= x 
. cos a 

~ - .jcosa 
·-I a 

=> tan l ' 
"": X 

1 + ..{cOOa ~cos a 
cos a 

tan-1 1- cos a 
=::> =x 

2~cos a . 

1- cos a 
=::> tan x= 

2~cos a 

=> cot x = 
2 ~cos a 

· l-cos a . 

=> cosec x;; 1 
4 cos a 1 + cos a 

+ 2 = 
( 1 _ cos a) 1 - cos a 

. 1- cos a 2 sin~ (a/2) 2 12 =::> . SIO X = = = tan a 
l + cos a 2 cos2 (a/2) 

2 2 =---- --
cos(cos-1 x) · X 

69. c. We have (sin-1 x)3 + (cos71 x)3 = (sin-1 x + cos- 1 xi- 3 sin-1 cos- 1 x (sin-• x + cos-1 x) 

3 
n 3( . -1 - 1 ) n = -- sm x cos x -
8 2 

n3 3n . _1 (n . _1 ) 
= 8-~Slfl X 2-s~n X 
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Inverse Trigonometric Functions 4.75 

n
3 

3n
2 

. -1 3rt ( . -1 )2 = --- sm x+- sm x 
8 4 2 

3 3 [ . ] 1C 1C • -1 2 1C • -1 
= - +- (san x) - - sm x 

8 2 2 

n3 3n ( . -I n)2 
= 32 +2 SIO x-4. 

So, the least value is n
3 

when (sin-1 x- ;c) = 0. 
. 32 4 

And ;he greatest value occurs when (sin_, x- : r -(-~-= )' - -9
1
:-

2 

n3 9n2 3n 7n3 

Therefore, the greatest value is - +-x- = - . 
32 16 2 8 

70. c. f(x) = sin- 1 x + tan- 1 x + sec- 1 x, clearly domain of[(x) isx = ±1 . 

. Thus, the range is {f(l),/(-1 )) , i.e., {:, 
3
:}. 

71. a. I +; ~ 2 ~I 

·72. c. 

73.d. 

74.c. 

2x = -ls; --s;l 
1 +x2 

[coC1 x] + [cos- 1 x] = 0 

- I ( 2x ) [ 1C Tr] tan -- e --,-
. l+x2 4 4 

As cos-1 x, coC1 x;::: 0, [cot-1 x] = [cos-1x] = 0 
[ coC 1 x] = 0 ~ x e (cot I , oo) 
[COS- I X] = 0 ::::::> X E (cos I ' I ] 
Henc~,fromEqs.(i)arid(ii),xe (cotl, 1]. 

31C 51C 
-<5<- . 
2 2 
~sin-' (sin 5) = 5-2n 
Given sin-1 (sin 5) > x2 -4x 
=> ~-4x+4 < 9-2n 
=> (x-2)2 < 9-2Tr 

=> - ~9-2tc <x- 2 < J9-2;c 

~ 2- .J9-21C <x <2+ .J9-2n 
. . 

-cosec -tan - +-sec -tan -a3 2(1 -1 a) /3
3 2(1 - 1 13) 

2 2 f3 2 2 a 
3 l ~3 J . 

=a l,-cos( tan-• (~ )f l +cos( tan_,!) 

(i) 
(iO 
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4.76 .. Trigonometry 

= ~a2 +'112 [ ~( )a2 + 132 + /3)+ 13( )a2 + 132 -a)] 

= ~a2 + 13~ (a+ tJ)~a2 + 132 

c (a+ {J)(a2 + /32) . 

75. d. lim cos (tan - 1 (sin (tan - 1 x))) = cos( tan -I (sin (tan -I oo ))) 
1-'1-+oo 

= cos (tan - 1 (sin (1t /2))) 

= cos(tan- 1(1)) =cos(;r/4)= ~ 

76.d. sin-1 (- (x-1)(~-~))+cos-1((x-3)(x-l)) ""' : 

Forx e [1 , 2] => sin-1(-(x- J)(x-2)) E [0, 7r/2) 

and cos- 1((x- 3) (x - 1 )) E [7r/2, rr] ::::> no solution in the given range 

A I so, - 1 S 3x - 2 - x2 S) and - 1 S ~ - 4x + 3 S I 

77. d. 22/l'lsin-•"' :_ 2(a + 2)2/tlsin-• ·" +Sa< 0 

(2nl~in-l ". - 4)(2"/sin-•x - 2a) <0 

Now 2"1' 1" _, x e ( 0, ;] u (4, ~) 

2~~' SIO ·" E ( 0 I ' _, I . _, 1] 
Now for . '4 , we have (2" s•n "' - 4) < 0 

=> 2a < 2"1sin-• x 1 
=> 2a <-

4 

=> 2 - .J2 'S.xs 3 +~ 
2 
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l 
.::::) O ~ a <-

8 

Similarly, for 2"1~in·•_.. ~ [4, oo),a > 2, we get 

a +·i) u (2.~) 
78. b. Given that sin-1 x + tan 1 x = 2k + 1 

Th f h fu . . -1 -1 . [-31r 31r] . c range o t e nctJon sm x +tan x 1s 4' 4 
Therefore, the integral values of k are- .I and 0. 

• 2 

79. c. From the given equation sin2 8 - 2 sin. 8 + 3 = 55CX: .v + 1, we get 

(sin 0- 1)2 +2= 5sec2
y +1 

L.H.S.~6, R.H.S. ~6 

Possible solution is sin 9=- 1 when L.H.S. = R.H.S. 

80. d. [coC1 x] + 2[tan-1 x] = 0 ~ [cot-1 x] = 0, (tan-• x] == 0 

or [coC1 x] =2, (tan- 1 x] =-1 

Now[coC1 x]=O::>xe (cot l,oo) 

[tan-• x] = 0::::) x e· (0, tan 1) 

Therefor~, for [coC1 x] = [tan-1 x] = 0, x e (cot J, tan 1) 

[ coC1 x) = 2 ::::) x e (cot 3, cot 2] 

· [tan-1 x] = -I => x E [-tan I, 0) => No such x exists. 

Thus, the solution set is (cot 1, tan 1 ). 

81. a. Expanding, we have 

(tan-1 x)3 + (tan-• 2x)3 +(tan·' 3x)3 = 3 tan-• x tan-• 2x tan-• 3x 

:::>x=O 

82.a. - •( 2x
2 

- 1 ) 2 cos-• x= cot ~ 
2xvl- x2 

Putx =cos 9: LHS = 29; 0 ~ 9~ nand-1 -~x ~ l 

Inverse Trigonometric Functions 4.n 

. . 
[as both functions arc increasing] 

(i) 

R.H.S.=cot-1( cos
29 

·J = coc1. (cot29) = 29 if0 < 29<tr 
2 cos 91 sin e I . 

(ii) 

From Eqs. (i) and (ii), we get 0 < 9< trl2 

:. x e (0,1) 

x x+ 1 
sJ.d. ~- I 

v·l + x 2 v(x + 1}
2 + 1 
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4.78 
I~ ltigonometry 

~ x2 [(x + l )2 + I]= (x·+ 1 )2 ((r + 1 )] 

::::) x2 (x + 1 )2 + r = r (x + I )2 + (x + 1 )2 

~ x2 ::: (x + I )2 => x + I - x not possible as x---+ oo 

=> x + J ~ -x => x = -1/2 which is also not possible as for this L.H.S. < 0 but R. H .S. > 0 

1 
84. c. Let tan-1 (x) :::::: 8=> X= tan8=> cos e-X => I ;;;; X 

. vl + x2 

· 2(] + -..2) - J · 2 -I±.JS 2 JS-1 x
2 JS-1 

~x x-- =>x = =>x = =>-=--
2 2 2 4 

N -•(JS -lJ _1 ( • 1t) -•( 2rc) 2n · 2n ow cos =cos stn- =cos cos-. =- == -
4 "10 5 . 5 5 

85. b. sin cos-' (cos (tan-' x)) = p 

For x e R tan-' x E (- rd2, rd2) · 
cos (tan-• x) e (0, 1] 
cos-•cos(tan-'x) e [0, rc/2) 
sin( cos·• (cos(tan·•x))) e [0, I) 

86. a. sin·' x-:- ~os·' x =sin 1(3x-2) 

87. c. 

1C -I -1 1r -I (. 3 2) => - - COS X - COS X = - - COS X -
2 2 

=>2cos-•x=cos-'(3x-2). Aisoxe [-1 , 1] 

=>cos-'(2x2-: l) = cos-1(3x - 2)and(3x- 2) e [- 1,1], i.e., - 1 :5: Jx-251 

=> 2x'- 1 = 3x- 2; hence, x e [~ .1] 

1 
=> 2r-3x + I = 0 => x = I or -

. 2 

. -•Jt 2 -1 -J~l-x2 . -• Sin - X + COS X ;;; COt - Stn X 
X 

. .J . 2 
or!!.+sin-1 ~l-x2 =cot-• l-x 

2 X 

-J ~l -x2 . -1 /1 2 0 tan . +sm 'I -x.;;;; 
X 

~ xe [-l , O)u {I} 
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Inverse Trigonometric Functions 4.79 

88. c. Here I cosx I= sin· • (sinx) 

89.b. 

I I 
• I I 

~-----~-------~----:---------- 2 
I I 
I I 
I 
I 
I 
I 
I 

• • 
------~-------1 

I 
I 
I 
I I 
I I 

------~------------~---------2 I I 
I I 
I I 

From the graph, number of solutions is 2 

y = sin-1(sin x) 

I 
I 

I I 
----r· ·---~----- , ----~ I I • 

I I 

I 

' ' ' 

: y= Ieos xt 
I 
I 

' ' ----~-~----r - ----------,-----
1 I 
I I 
I I 

• • I I 
I I 
I I 

-----------~-----------~·----1 • I 
I I 
I I 

Fig. 4.29 

rr 
3 cos·• x-rrx-- = 0 . 2 

1TX 1r 
:::::>cos·•x =-+-

3 6 

I 

• 
' I 
I 
I 

- ----~--------nf2 I 
I 
I 
I 

' I 
' • 
' I 
I 

I 
I 

- ---L------·-nf2 I 

I 

' I ··---------r-----· I 
I 
I 
I 
I 
I 

' I 
I 
I ---- .. -----· 
I 
I 
I 
I 
I 
I 

' I 
I 

' ' 

I 
I 

' I 
I 

' I 
I 
I 

-----------~----- · 

Fig. 4.30 

n n 
Y =-x +-3 6 

90. b. We have 

cos <-_1 ( 1- x
2

) 1r 

J + x2 3 

1- x2 rr 
:::::>O~cos·•--,..... <-

1 + x2 3 
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4.80 'f ~Trigonometry 

9t.b. sin-• x + sin-• y = ~ ~ -sin-• x =- ~ - sin-• y ~ sin-• x =sin -• J1 ~ Y2 ~ x2 + y1 =: 1 

92.d. sin-'(.r -4x + 6) + cos-•(r -4x + 6) = sin- 1 ((x- 2)2 + 2) + cos- 1((x- 2)2 + 2) . . 
(x - 2)2 + 2 ~ 2, for which sin~'x and cos-•x ar~ not defined. 

93.a. - - cos cos = cot cot-1 
- - 2 + -1t - I ( 2(x

2 
+51 xI+ 3)- 2 J ( 2 ) n 

2 x2 +5lxl+3 .9lxl 2 

n 2 2 Tr 
--2+ :;::; --2+ -
2 x2 + 5lxl + 3 9lxl · 2 

==:) lxl2 - 4 ~I+ 3 = o 

lxl = 1, 3 ==:)X = ± I ' ± 3 

94. c. 2 tan-• (cosec tan-• x- tan cot-1x) = 2 tan-1 [cosec tan-• x- tan coc1 x] 

2 l 

[

sec 0 - 1 ] . = tan-
tan 8 

(putting x =ian 8] · 

[ 

2 . 2 0 l .1 8 sm -
= 2 tan-1 [ · - _cos ] = 2 tan-• 

0 
2 

9 
Sin 9 2 sin- cos-

. 2 2 

B 8 
= 2 tan-• tan-= 2 x- = 8= tan-' x 

2 2 
' ' ---......-·-.-....---
Multiple .Cor.rect Answers. Typ~ . I - - ....... ----··--------,; 

I. b,c,d. 

6x2 + 1 1 x + 3 = 0 

~ (2x+3)(3x+ 1)=0 
==:) x=-3/2,-J/3 . 

For x =-3/2, cos-1 x is not defined as domain of cos-1 x is [-J , I] and for x = - 1/3, cosec-1 xis not 
defined as domain of cosec-1 xis R - {-I , I). However, coC1 xis defined for both of these values as 
domain ofcoc1 x is R. 
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'< Inverse Trigonometric Functions 4.81 

2. a, b, c. 
Let tan- 1(-2)=0 
=> 28= (-Jr, 0) 

:::) tan8=-2:::) ·e=(-n/2,0) 

I - tan2 8 -3 
cos(- 28) =cos 28 = 

2 
-:- -

l +tan 8 5 

2() -1(-3) -13 => - = cos - = 1C- cos -
. 5 5 

2 8 
_ J .3 _ 1 4 t- 1 3 7r • _ 1 3 7r _ 1 '3 

=> =- 7r + cos - = - 7r + tan - = - 1r + co - =- 7r + - - tan - =- - -tan -
5 3 4 2 4 2 ' 4 

7r -1( 3) =--+tan --
2 . 4 

3. a, b,d. 
tan-1(x- I) + tan-1(x) + tan- 1(x + 1) = tan-1 3x 
:::) tan-1(x- l)+tan-1(x);::tan-1 3x-tan-1(x+ I) 

=> tan-1 [ (x - J) + x ] = tan- J [ 3x - (x + 1)] 
1 - (x- 1) (x) 1 + 3x(x + l) 

2x -1 2x- l 
=> ----::-- = ---=----

1 - x2 + x 1 + 3x2 + 3x 

=> (1 - x2 + x) (2x - 1) = ( 1 + 3~ + 3x) (2x- 1 ) 

l 
:::) x=O ±­

' 2 
4. h 

We know that sin-1x is defined for x e [- 1, I] and sec-1x is defined for x e (-oo, -I] u [ J, oo). 
Hence, the given function is defined for x E {-1, I} . · 
Therefore,/ (I) = n/2,/(- I)= tr/2. 

5. a, c,d. 
(sin-1 x + sin- 1 w) (sin-1 y + sin-1 z) = n'-
:::) sin-1 x + sin-1 w = sin- 1 v + sin-1 z = rc 
or sin-1 x + sin- 1 w = sin-1y + sin-1 z =·- tr 
=> x = y = z = w = I or x = y;:: z = w =-1 

XN' yN2 
Hence, the maximum value of = 

'!..N3 WN4 

- l -1 1 
= 2 and minimum value = -2 . 

1 I 

Also, there are 16 different determinants as each place value is either 1 or -I. 
6. a, b, c, d. 

{

tan-1 x, if x ~ 0 
Since !tan-• xl = 

-tan-l X, if X <0 

=> ltan-1 xl = tan-• ixl 'r:l x E R 
=> tan ltan-1 xl =tan tan-1 lxl = lxl 
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4.82 Trigono.metry 

Also lcoC1 xl = coC1 x; 'V x e R 
=cot jcoC1 xl =x, t1 x E R 

tan- 1 1 tan xl={x, 
- X , if 

if .tan x > 0 

tan x < 0 

7. a, c. 

XE [0; '1] . 

xe[-1,0) 

Domainofftx)=lo&ros- 1xisxe [-1, I) 
.·. [a] =-l orO 

8. · a, b, c. 

(a) sin( tan-• 3+tan~1 ~)=.sin~ =I' 

(" . 3) . (' . 3) 3 (b) cos 2' - sin-1 

4 
=cos cos-1 

4 
= 4 

( ) . ( 1 . -1 .J6jJ c sm 
4 

stn -
8
-

L . - 1 -.[63 8 etsm --"" 
8 

. J63 1 
.. ~ sm 8= -- =cos 8=-

8 8 

· 9 l +cos9 3 
We have cos - = = -

2 2 4 

R 8 · I . 
=>. sin 

4 
= = 

2
..fi 

N I . ( 1 . -1 .J63J t I 3 ow, og2 sm - sm -. - = og2 ..fi = - -
4 8 2 2 2 

(d) co~-1 .J5 = 8 =cos 8= J5 
3 3 

. (} 3 -.JS h' h . . . 1 • . tan - = w 1c 1s trrat1ona . 
2 2 

9. c, d. 

1 l . 
xy <O ::::> x+ - ~2,y+- ~-2 

X )' 

I 1 
orx+- 5 - 2,y+- ~2 

X y 
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1 
x+-~2:::;:) 

X 
·-·( 1) [Tr Tr) sec x+ x e 3, "2 

y+ l. ~-2:::;:) sec'""• (y+.!.) e (Tr , 2tr] :::;:) z e 
y . y 2 3 

JO. a, d. 
~etf(x) = (sin- • x)2 + (cos-1 xi 

= (sin- • x + cos-• x)2 - 2 sin-1 x cos- 1 x . 

II. a, d. 
For the given equation 0 ~x.y~ l. 

Also, sin-1 x + sin-1 y = tr 
2 

:::;:) sin-1 x = cos-1 y = sin - I ~1 - y2 

=> X = ~~ - i :::;:) _x2 + i = 1 

Again, sin 2x = cos 2y 

=> cos(; -2x) =cos2y 

1C 
:::;:) --2x :;;; 2mt ± 2 v , where n e 1 2 .. 

/ 
I 1C 

:::;:) x ± y = - - ntr 
4 

Inverse Trigonometric Functions 4.83 · . 

(5Tr 7tr) 
6. 6 · 

(i) 

(ii) 
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4.84 Trigonometry 

From Eqs. (i) and (H), we get 

x = ~ + ~ ~ - ~ andy= ~ ~ - ~ - ; 

12. a, c. 
We have 

_1 (n2
- JOn +21.6) Tr cot >-

1C . 6 

n2 -IOn+ 21.6 1t 
~ <cot-

Tr . 6 
(as cot x is decreasing for 0 < x < tr) 

~ n~-l0n+21.6 < TCJ3 
~ n2 -I On+ 25 + 2 J.6-25 < rr.J3 

~ (n-5)2< TC..[3 +3.4 

~ -.JJ3n+3.4 < 11-5 < ~.J3JC+3.4 

Since 5 = 5.5 nearly, ~.fin+ 3.4 - .J89- 2.9 

~ 2.1 <n <1.9 

n =3,4, 5,6, 7 

13. a,b.d. 
Let I r denote the r th term oft he series 3, 7, 13, 21 , ... and 

S=3+7+J3+2l+· ... +tn 

-S= 3+7+13+ .. ·+tn- 1 +111 

0 = 3 + 4 + 6 + 8 + · · · + 2n - t 11 

. . 1 
~ tn =3+4+6+·:·+2n = 1+2 x-n(n+l) = n2 +n+ I 

2 

LetT,. = coC1(? + r .+ I) = tan-1 ( 
1 J = tan- 1 ( r +I-~ J = tan-1(r + 1)- tan-1 r 

· r2 + r + 1 I + r ( r + 1) 
Thus, the sum of the first n tenns of the given series is 

n . 

L[ tan -I (r + 1)- tan -I r J = tan-'(n + I)-tan- 1(1) 

r=l -o[n+l-n] -1( n) -I[ I] = tan = tan -- c tan --
l+l(n+'l) n+2 l+2 

S ' )' - 1 [ ' 1 · ] Tr s _, 10 _, 5 " 
~ , eo= 1m tan - .- = - , 10 = tan - = tan -

n-.- I 2 4 q , 6 +-
n S - 1 3 . -1 3 

6 =tan - =sm -4 . 5 

S - 1 10 - 11 1 
20 = tan - = cot . 

11 

(i) 

{as n eN} 
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14. b. 
f(x) = sin-1jsin kxl + cos-1(cos kx) 
Let g(x) = sin-1 1sin xj + cos-1 (cosx) 

2x, 
1r 

O~x~-
2 

g(x)= . 1C 3TC 
1C, - <x~-. 

2 2 

4n -2x, 
3n · 
-<x~2n 
2 

Inverse Trigonometric Functions 4.85 

g(x) is periodic with period 21< and is constant in the continuous interval [ 2nl< + ~, 2nl< + 
3
;] 

(where n e I) andf(x) = g(/a). 

S j( ) . · . h . 1 [2nTr 11: 2n1t 31t'] o, x IS constant m t e mterva --+-, --+-
. k 2k k 2k 

n: 3n 11: rr 1r 
=:::) -=--- => -=- =:)k=4 

4 2k 2k k 4 
15. a, c. . 

Given equation isx2 + 2x sin (cos-' y) + I= 0. Sincex isreal, D ~ 0 
· 4 (sin(cos-1y)i-4~0 

=:::) (sin (cos-1y))2 ~ I 
=:::) sin (cos-1y) = ± J 

- 1 1C 
~ cos )' = .± - =:::) y = 0 

2 
Putting value of y in the original equation, we have x2 + 2x + 1 = 0 => x =-I. 
Hence, the <:quation has o.nly one solution. 

16. b,c. 

1C 
I~ <oo 

COS-I X 

Hence, 2 should lie between or on the roots of i'- (a+~) 1-,; = 0 where t = 2•/=-•' 

~ ft2)~0 =:::) J+2a-3~0 ~a -E (-oo,.-3]v(l , oo) 
17. a,c. 

2 3 

The given relation is possible when a-~+!:.....+ ... = 1 + b + b2 + ... 
. 3 9 

. a2 • aJ 
Also - I~ a- - + - + ... ~ I and- I ~ I + b + b2 + ... ~ I 

' 3 9 

· a 1 
~ lbl < 1 ~lal <3and -= -

1 +a 1-b 
3 

. . . 
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4.88 Trigonometry 

1-x 

=tan-•(xyJ+tan- • __ Y 
1+!. 

)' 

-J(X) - IJ -1 X 1t = tan - + tan ·- tan - = - . 
y )' 4 

N . E (') . X 3 ow, m q. 1 , puttmg - ;;;; - , we get 
y 4 

tan-• (! )+ tan-• ( ~) = = 
Hence, both the statements are correct and statement 2 is the correct explanation of statement I . 

9. a. See theory 
-·--~---~------~~-----

Linked Comprehension Type 
--·-----

For Problems 1 - 3 

I. d, 2. b, 3. c 

Sol. 

• _ 1 [ rr rr] . sm xe ---
2 ' 2 

cos-• y e [0, n] 

sec-
1 
z e [ 0, ~) u ( ~ , 1r l 

Also, 12
- .fiii t + 3n 

2 [1r n n ( {;)
2 

5n 5rr =' -2v2'+2- 2+31f = ~ - ~r:;: +2~2 

The given inequation exists if equality holds, i.e., 

5n 
L.H.S. = R.H.S. = -

2 

::::::) x = I y = - 1 z = - 1 and 1 = {1C , ' '/2 
cos-1(11_lin{x,y, z}) = cos-1(- 1) == n 

For Problem's 4-6 

4: b, 5. a, 6. b 

Sol. 
Given ax+ b(sec(tan-1 x)) = c and ay + b(sec (tan-1 y)) = c 
Let tan-1x = a and tan- 1y = /3, then the given relations are 
a tan a :.r b sec a= c and a tan f3 + b sec f3 = c 

51t' 
2 

-----. 

From these two relations, we can conclude that equation a tan 8 + b sec9 = 'c has roots a and /3. 
a tan 9 + b sec 8 = c 

~ b sec 9 = c - a tan 9 

==> b2 sec2 9 = c'- - 2 ac tan 8 + a2 tan2 9 
=> b2 + b2 tan28 = c2

- 2 ac tanfJ + cf tan28 
::::::) (cr ·:- b2) tan28 - 2 a~ tanfJ + c2- b2 = 0 
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Inverse Trigonometric Functions 4.89 

2 ac 
Therefore, sum of the roots, tan a+ tan f3 = x + y = 2 2 a - b 

c2 -b2 
and the product of roots, tan a tan f3 - xy = 2 2 a - b 

2ac 

and _::.:1_ = a2 - b2 
.1- ·-~y c2 -b2 

l---:--­
a2 - b2 

2ac 
=---

For Problems 7-9 

7. b, 8. d, 9. c 

Sol. 

Let cos-• x;::: a=> a e [0, n'] 
and sin-• y = b =>bE [-1r/2, 1r/2] 

)1~2 
Wehavea+b2 = -1-

1f4 
andab2=-

16 

4 

Since 62 e [0, ~/4], we get a+ b2 e [0, n+ ~/4] 

pn2 n2 
So, from Eq. (i) we get 0 ~ -- $ 1f +-

i.e.,OSp~ ~ + 1 
1f 

Sincepe Z,sop =O, I or2. 

4· 4 

Substituting the value of b2 from Eq. (i) in Eq. (ii), we get 

a ( p:1 -a) = ;~ 
since a E R => D ~ 0 
i.e., 16p2 ~r4 -64:Tt~o 

Substitutingp == 2 in Eq. (iii), we get 
16tl- s.Tt a+ n4 = 0 . 

2 4 

( " ) 1r b2 -- ~ From Eq. 11 , we get -
4 16 

=> p =2 

1f2 
=> x=cos-. 

4 

b 
1! . _, 

=> =±- = sm y 
2 

·For Problems 10 - 12 

lO.c, H. a, 12.d 

Sol. 

Let cos- 1 x= 9=>x= cos 9, where Be [0, n] 

=> y=± J 

cos-1(4x3
- Jx) = cos-1(4cos3 9- 3cos9) - cos -•(cos 39) = cos -'(cos a) . . 

(i) 

(ii) 

(iii) 
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4.86 Trigonometry 

Ja 1 . h . fi . I I . 
~ -- =--, t ere are m lntte y many so ut10ns 

a+3 J - b 

=> 3a-3ab=a+3 :;;:) 2a-3ab=~ 

· 2a-3 · 3 
=> b = and a=--

. 3a 2-3b 
18. a, b. 

We know that 

if~l S 1, then 2 tan- 1 x = sin-• (~) 
1 +x 

I I 2x 
ifx> J, 2 tan- x- 1l'- sin- 2 ) +X 

2x 
ifx<- 1, 2 tan- 1 x =-n - sin- 1 

2 I+ X 

Hence, the required values are x < -I or x > I . 
19. a, d. 

1 
Casel: lfO~x~- , then 

2 

cos-• (x +}_.JJ- 3x2
) = cos-• (~..!.+~I - x2 J3) = cos - • x- cos-• }_ 

2 2 ° 2 2 2 

l 
Case2: l f - ~ x $ J , then 

2 

cos- • (~ +}_~3-3x2 ) =cos- •..:!..-cos- 1 x 
2 2 2 

20. a, b, c. 
a. cos(tan-1(tan(4'-n))) = cos(4- n) = cos(1Z'-4) =-cos 4 > 0 
b sin(coC1(cot(4 - n))) = sin(4 -1l') =- sin 4 > 0 (as sin 4 < 0) 
c. tan(cos-1(cos(2tr- 5))) = tan(2n- 5) =- tan 5 > O.(as tan 5 < 0) 
d cot(sin-1(sin(n- 4)) = cot(tr- 4) =- cot 4 < 0 

21. a, b. cos- • x + cos-• y + cos- 1 z = 1'C => sin- • + sin- • y + sin-1 z = tr/2 

: 

:;;:) c~s- 1 
x + cos-• y =cos-.' (- z) => zy- ~1- x 2 J1 - l ;::; - z => x 2 + l + z2 + 2xyz =I 

22.a,b. . 
a. cos (tan-1(tan (4- n))) = cos (4- tr) = cos (n - 4) = -cos 4 > 0 
b siri (cot -•(cot (4 -tr))) =sin (4 -Tr) = - sin 4 > 0 (as sin 4 < 0) 
c. tan (cos-•(cos (2n- 5))) "" tan (2n- 5) =-tan 5 > 0 (as tan 5 < 0) 
d cot (sin-•(sin (TC-4)) = cot (tr-4) =-cot 4 < 0 

23.b, c, d. 

( 
14rr) 14n 4n cos - - ;;; cos - = cos-
·5 5 5 

J -1 ( 41l') 2Tr Hence, cos-cos cos- =cos -
. 2 5 5 
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Inverse Trigonometric Functions 4.87 

Reasoning Type 

1'. a. Statement 2 is correct, from which we can say coC1x +cos- ' 2x = - tr is not possible. Bence, both the 
statements are correct and statement 2 is the correct explanation of statement I . 

2. d. Obviously, statement 2 is correct, but when x E [-I, I] we have tan- 'x E [-tr/4, n/4]. 

Jt implies that ! + tan- 1x e [n/4, Jn/4]. 
2 

Hence, statement 2 is true but statement 1 is false. 

3. c. cosec- 1 x > sec-1x 

4.a. 

- 1 1r -1 
~ cosec x > - - cosec x 

2 

- 1 1r 
~ cosec x >-

4 

( 
1 l ) I ~x < .J2 and 2 + .J2 e fl • .J2) 

But statement 2 is false. 

sin- ' x = tan- 1 p >tan- 1 x >tan- ' y 
1 -x2 

Therefore, statement 2 is true . 

. I 1 
->-J;Jn Now, e <TC 

By statement 2, we have 

Therefore, statement 1 is true. 

5. d. 30-9n E [0, n] is true but it is not principal value of cos-1(cos30) as cos-1(cos30) = cos-1(cos (9n 
+ (30- 9n))) == cos-1(--cos (30 - 9n)) = 1t- (30 - 9n) = I Otr- 30. 

Hence, statement 2 is true but statement I is false. 

6.a. /(x)=sin-1 (~) = ~ - 2 tan-1x, x ~ I 
I +x 

2 . 2 
~ f'(x)=- l +x2 ~ /'(2) = -5 
Thus statement I is true, statement 2 is true and statement 2 is the correct explanation of statement 1. 

7. b. We know that tan- •x and coC1x have domain R, also tan x and cot x ar~ unbounded functions. On the 
other hand; sec x is an unbounded function, but its range is R- (-I , I), and not R. 

8.a. Forx>O,y >O, 

tan-• (!..) +tan-1 (Y -x) 
y y +x 

(i) 
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4.90 T rlgonometry 

where a== 30e [0, 31r] 
Refer the graph ofy = cos-1(cos a), a E [0, 37r] . 

y 

y' 

From the graph, 
Fig. 4.31 

cos -1(4x3 - Jx) =cos - •(cos a) 

{ 

a . 0 ~a< n 

== 21r - a , 1r -5: a~ 21r 

a - 2n, 21t <a~ 31f 

3cos- 1 x, 0 5 3cos-1 x < 1r 

= 2n - 3cos - 1 x, 1r $:; 3cos - 1 x:; 2n 

3cos-1 x- 21r, 2n <3cds-:1 x::; 3n 

3cos- 1 x, 

= 2n-3cos - t x, ( 1r I 3):; cos - I x '5: (2n I 3) 

3cos-1 x-2n. (2n / 3) < ~cos-• x:; 1r 

~COS-I .i·. (I I 2) <X '5: 1 

= 2tr -3cos-1 x, (-I/i):;x:;·(J/2) 

3cos-1 x- 21C, - 1::; x < -(1/2) 

3cos- 1 x-21C, - l$x<(- 1/2) 

= 2n - 3cos-1 x, (-l/2):; x-5: (112) 

3 - 1 
COS X ,. (1/2} < x-5:1 

For x e [ - 1, - ~), .cos -'(4x3
- 3x) = 3 cos-'x ..!211 

~ a =-2n and b = 3 ~ a + bn = 1C 

Forx e [ - ~, ~]. cos -1(4x3
- 3x) = 21r -·3 cos-'x 

7> a= 2irand b=-3 => sin" 1 (sin:)= Sin-• (sin =;J 
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Inverse Trigonometric Functions 4.91 

=sin-•(-~)= -; 
For xE (~ ,1]. cos -1(4x3- Jx) = 3 cos- 1x=> a= 0 and h = 3 

lim bcos (y) = Jim 3cos (y) ;;:: 3 
y-+a y....O 

·-··· - - - -------- -~------------·-·- - · -·------.... 
Matrix-Match Type 

1. a --+ p; b --+ qJ s; c--+ r, s; d --+ r, s 
a. cos-1(4x3 - 3x)"" 3 cos- 1x 

0 ~COS-I ( 4x3
- Jx) ~ 71: 

=> 0 ~ 3 cos-1x ~ n · => 0 ~ cos-1x ~ (n/3) 
h sin-1(3x-4x3) = 3 sin-1x 

(-n/2) ~ sin- 1(3x-4x3
) S (11:/2) 

=> (-11:/2) ~ 3 sin-1x ~ ((d2) 

=> (- Tr/6) ~ sin-1x s; (Tt/6) 

=> (-J/2) ~X S (1/2) 

c. cos-1(4x3 - 3x) = 3 sin-1x 

0 ~ cos-1(3x - 4x3
) ~ n 

:;;;> 0$3 sin-1x~.TC 

=> 0 ~ sin-'x ~ TC/3 

=> OSx~(../312) 
d sin-1(3x- 4x3) = 3cos-1x 

(-n/2) ~ sin-1(3x -4;') ~ (11:!2) 

=> (-7r:f2) ~ 3 COS-IX~ (n/2) 

=> ( -rr/6) S COS- I X$ ( 1r/6) 
=> . 0 ~COS-IX S: (tr/6) 

=> O~x~(-../312) 
2. a.--+ q, r, s; b--+ q; c-+ r, s; d--+ p. 

1C2 
a. (sin-1 xi+ (sin-• y)2 = -

2 

. _, n . _, n 
=> sm x=± - sm y=±-

2' 2 
=> x -= ± 1 andy = ± I 
=> x3 + / =-2, 0, 2 

b. (cos-1 x)2 + (cos- 1y)2 = 2~ 
=> (cos:-' xi= (cos-1yi = n 

=> x=y= - 1 
=> xs+ys =-2 

J 

=> (112) ~xS I 
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4.92 Trigonometry 

4 

c. (sin-1 xi (cos-1y)2 = !!..___ 
4 

=> (sin- 1 x)2 = n
2 

and (cos-1y)2 = ",r. 
4 

~ (sin-1 x) = ± 7r and (cos-1y) = 1r 
2 

::} x=± I andy=-1 
~ -lx-yi=0,2 

d lsin-1 x- sin-1 y I = 1r 

. -! 7r d . -1 . 1r 
~ sm x= -- an sm y=-

2 2 

.. -1 7r ; d . -1 7r or sm x = - an sm y =: --
2 2 

=> xY = 1 (-1) or (-J) I = 1 or-) 

3. a~ p, q; b ~ q; c ~ q, r, s; d ~ p, r 
Refer the graphs ofy = sin-1 (sin x),y = cos-1(cos x),y = tan- 1(tan x) andy= coC1(cqt x). 

4. a~q; b~s;c~p;d~r 

. - 1 4 -1 4 a. sm -= tan -
5 3 

2 . -1 I -1 3 -1 4 
tan -=tan -=cot -

3 4 3 

and tan:-1 x +cot-1 x = !!.. 
2 

b tan-1 g +tan-1 ~ +tan-1 63 =tr+tan-1 48 
+l

5 
+ tan- 1 63 

. 5 4 16 20 - 36 16 

-1 63 -1 63 
= rc- tan -+tan - = rc 

16 16 

c. A - tan -I 2~~ x and B- tail-' e~.JJ A) 

tanA -tan 8 
Now, tan (A -B) = I A B 

+tan tan 

2x -A 

= _2_-1_-_x-=--_A......:..~-3 _ 
x../3 2x -It 

1+-- ---=-
21l -x }..,..fj 

= 3xit +(2x- ll)(x -2it) 
J3 [it (2it -x) +x (2x -~)] 
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lnv~.rse Trigonometric Functions 4.93 

2.! 
1 2 - 1 1 -1 l -1 3 -1 1 -1 3 - + tan - = tan - + tan -- = tan - + tan -
7 3 7 1-.!. 7 4 

1 3 
-+-

9 

:::: tan-1 7 4 = tan- 11 = n/4 
i -!~ 

74 

5. a~ s; b ~ p; c ~ q; d ~ r 

a. f(x) = sin-1 x +cos-1 x+cot-1 x 

= n +cot- 1 x x E [- 1 1] 2 , , 

For x E (- I, 1), coC1 x E [: , 
3
:] 

b. f (x) = coC1 x + tan-1 x + cosec-1x 

1C -1 
-+cot X E 
2 [

3tr 5n:] 
4 , 4 

= 1C +cosec-1x,wherexe (-oo,-l]u[l,oo) 
2 

Now cosec- ' x e [- ~, 0 )u( 0, ~] 
c. I (x) ~ coC1 X + tan- • X + cos-1x 

=!:. +cos-1 ~. wherex e [-I , I] 
2 

=> -+cos x E --n - 1 [n 3n: ] 
2 2' 2 

d sec- 1 x +cosec- 1 .x+sin- 1 x, wherex e {-I, J} 

n . - • = -+sm x, wherexe{-1, I} 
2 

Hence,.ftx)e {0, .n'}. 
6. a ~ q; b ~ r; c ~ p, r; d ~ q, r, s 

y • I • I 
I 
I 

______ , __ _ _ 
I 
I 

• I 

• • I 

--+----....:W.:__---+---t-X ------~----· 1 
2 

I 
I 

' ' ' 
·-·-r·--~---

• 

y 
I 
I ____ __ ... ____ _ 
I 
I 
I 
I 
I 

• I 
I 
I ------.. -----.. 
• I 
I 

' • 
I 

1 
' • 
' I • ______ ,. ____ _ 
' I . 

Fig. 4.32 

I 
I 
I 
I 

y 

t I 

--r--------1------~2 
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Refer graph for solution. 

· T.rigoQometry 

' ' ' I t • I 

-- - I -----~------~---· · 3 --......-._1 : . 

-3 - 2 . 

' 

I 

' I I I 

----:-------:------ ~- - - ·-1 
I I 

y 

-----~------T---
1 I 
I I 
I I 
I I 
I I 
I I 

•• • ••,••••••T• • • 
I I 
I I 
I I 
I I 
I I 
I I -T·-----T·--

1 

' 

Fig. 4.33 

~~-·---....--.-.---- -_..,.._._..-.rz · - -

Integer Type 
----------, 

·-~· -~------- - .. .... .. _ , , ___,..,.,_........._.._ _______ ._ .. ,.__ ..... :-:··_) 

I. (5) (coc!x)(tan-'x)+ ( 2- ~ )coc;x-3tan-1x - 3( 2 - ~) > 0 

:=::) coc1 x > 0 
:=::) (coC1x- 3) (2- coC1x) :> 0 

~ (coC1x- 3)(coC1x- 2) < 0 

~ 2 <coC1x < 3 

~ cot3 <x < cot2 

~Hence, x e (cot3, cot2) 

~coC 1~ + coC 1b=coC 1(cot 3)+ coC 1(cot2)=5 

2. (2) Since sin-1 is defined for (- I, I] 
:. a =O 

1t 
: . x = sin - I I + cos - I J - tan - t I == 4 
~ sec2x=2 · 

3.(6) Let tan- 1u=a~tana=u 
tan-1v = {3~ tan {3= v 
tan-l.w = y ~tan r= w . 

SJ - SJ 0-(-11) 
tan (a+ {3 + y) = I - s2 = 1 - ( - 1 0) 

11 
=- :::;] 

11 

I . 1t 
:. a+ ,8 + r = ~an- (J) !:: 4 
:=::) 3cosec2(tan-1u + tan- •v + tan-1w) = 6 

(. x4 x6 J ( 4 x
8 

x
12 J 1C 4. (3) sin- 1 

( x2 
- 3" + 9- · · · + cos-• x - 3 + 9 ·.. = 2 

·~ (xi_ x: + x: ······] =( x• _ x: + x~
2 

·····] 

[as coC1x is a decreasing function] 
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=> 
x2 x4 

= x2 4 
I X 1+- . +-

3 3 

· 3 3x2 
orx=O => = 

3+ x2 3+ x4 

=> 9 + 3x4 = 9x2 + 3x4 or x = 0 

=> ~= I => X = 0~ I or - I 

Therefore, t~e number ofv~lues is equal to 3. 
' 

5. (7) j(x) = ~3cos-• (4x)- 1r is defined 

Tr 1 1 
J f cos-• 4x ~ 3 => 4x ~ 

2 
=> x ~ 8 

- 1 1 
Also, -1 :S; 4x ~ 1 => - ~ x ~-

4 4 

[-] 1] 
Therefore, from Eqs. (i) and (ii), we have domain: x e 4' 8 · 
=>4a+64b= 7 

6. (9) I +sin (cos-1 x) + sin2 (cos- 1 x) + ··· oo = 2 
1 . 

=> =2 
1- sin(cos-1 x) 

1 
=> 

2 
=I -sin (cos- • x) 

=>sin (cos- • x) = ~ => 

../3 
=>x= - . => 12x2 =9 

2 

1t 
cos-1x=-

6 

6 
:::: tan-• -

X 

=>x2
- ~ =0 => x4 =9 

x2 

8.(4) /(x)=sin- 1x+2tan-1x+ (x+2)2 - 3 

Domain off(x) is (-1, 1). 

lnv~rse Trigonometric Functions 4.95 

(i) 

(ii) 
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4.96 Trigonometry 

Alsoj(x) is an ·increasing function .in the do~ain 

1C ·(-TC) . :.p=fmin.(x)=f(-1)=~2+2 4 +l -3.= ~ n- 2 

. 1C (1C) and q=fmaxo(x)='[(l)=-:;+2 4 +9-~ =~~6. 

Therefore, the range of[(x) is [- n- 2, n + 6). 
' Hence, (p + q) = 4. 

9. (6) T = tan-1 ( n +.I-I ) 
n 1 + (11 + 1)1 

-1 -1 
=tan (n+ I)-tan (n) 

-1 -1 
Hence, S. =tan (n + I)- tan J 

0 n 

-t( n+l- 1) ( 0 _1 n ) I 0 
_1(24) 

= tan I+ (n + 1)·1 = t~n n + 2 = 2
0 

cos 145 

=>2(tan-1
-

11 
) = cos-1 (~) 

n+2 . 145 

=> cos:_1 
( 

2
(n: l) ) = cos-t(~) 

0 n2 + 2n +·2 145 

~{ /~"2:~2) = (~~:) . 
=> J2(n+ .1)2- J45(n+ I)+ 12=0 

=> ((n+ 1)- J2)(12(n + 1)-1)=0 

=> n + I = J2 => n =' ll 

10. (l) We have g(x) = sin-1(cosx) = TC- cos-1(cosox)o 
2 .' 

Y · 

Fig. 4.34 
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lnv~J:Se Trigonometric Functions 4.97 

Both the curves bound the regions of same area 

m -- , -,- andsoon . [n 7n] [9n 15n] 
4' 4 4 4 

97r2 an2 

Therefore, the required area= area of shaded square= -
8
- = b 

:. a= 9 and b = 8 ~.a- b = I 

11. (3) We must havex(x + 3) ~ 0 

~ x ~ 0 or x :5 - 3 

Also,-15r+3x+ I~ I 

~ x(x + 3) 50 ~ -3 5 x 50 

From Eqs. (i) and (ii), we getx = {0, - 3} 

Hence, required sum is 3. 

12. (I) Given expression is defined only for x = 1 and - 1 

:. f( 1) = 1 and J( - I ) = ( 1 + n')( I + n) = (I + n)2 

Hence, the least value is I . 

13. {3) cos-1(x) + cos-1(2x) + cos-1(3x) = 1l 

~ cos-1(2x) + cos-1(3x) = n-cos-1(x) = cos-1(-x) 

~ cos-1[(2x)(3x)- J1- 4x2 J1 - 9x2 ] = cos-1(-x) 

~ 6~ - ~J - 4x2 J1 - 9x
2 

- - x 

~ (6x2 +xi=(1 - 4x2){l - 9x2) 

~ ~ + 1 2x3 = I - 13x2 

~ 12x3 + 14~- J =0 

~a=J2· b=J4·c=O , , 
~ b-a-c = 14-12 +I =·3 

J 4. (1) tan-1(3x) + tan- 1(5x) = tan- 1(7x) + tan- 1(2x) 

~ tan- 1(3x)- tan- 1(2x) = tan- 1(7x)- tan-1(5x) 

~ tan-•(3x- 2xJ = tan-• ( :x- 5~ J 
1 + 6x2 1 + 35x2 

x 2x 

· ~ 1 + 6x2 -= 1 + 35x2 

~x=O or I +35~ = 2+ 12x2 

1 l 
~x = Oor x= -or---. J23 .fjj 

(i) 

(ii) 
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4.98 Trigonometry 

Archives 

1. cos (2 cos- • x + Sin-• x) =cos (cos-o x ·+ ; ) 

= -sin (cos-1 x) = -sin(sin ~1 JI - x2
) = -~1 - x2 

Atx=.!...value =- Jl- 1 
=- (2ii =- 2../6 . s · 2s · v2s s 

2. L.H.S. = cos(tan-1 (sin (coc1 x))) 

=co{an++in-• Q ))J ifx >O 

( -1 ( . ( . -1 1 )JJ andcos tan sm n-sm . ~l+x2 ifx< O 

( ) ( Jg2J ~ 1 -t . +x x + I 
In each case, L.H.S.; cos tan-1 ~ =cos cos 2 ... = 

2 l+x2 2+x x +2 

Objective 

Fill in tile blanks 

I 11 _ 1 a(a+b+c) _1 b(a+b+c) tan- 1 c(a+b+c) 
• • Q = tan + tan + 

be ca ab 

a(a+b+c) b(a+b+c) = atb+c =I+~.+~> I 
be ca c c c · 

a(a+b+c) + . b(a +b +c) 

~ 9= n + tan- 1 be ca + tan-1 c(a+b+ c) 

a(a+b+c) b(a+b+c) 
+ 

be ca 

j¥(~+~) 
= n +tan_, l +tan -t 

1
_:a +b+c 

c 

c(a+ b +c) 

·ab 

ab 

I 
( 

c(a ~b +c) J _1 c(a +b+c) 
-Tr+tan- - r---- + tan =n ~ tan8=0 

ab ab 

2. lan(2tan- l.!._ n) = tan(tan-1 
( 

215 
2
J- tan- 1(1)) 

5 4 l- (1/5) 

j 
-·' . ·-.- ..... ----4··' 
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~ tan (tan -I c~)- tan -I (I) J 

= ta.n(tan- 1 ((S/1
2)-JJ) 

1+(5112) 

= tan(ta.n-1(-7/17)) = -7/17 

Inverse Trigo~ometric Functions 4.99 

3. We have~ 

A= 2 tan-1 (2v'2 -1) 

= 2 tan-1 (2 x 1.414- 1) 

=2tan- 1(1.828)>2tan- 1 .J3=2rc/3 :::::) A>(27r/3) (i) 

Also, B = 3 sin-1
( 1/3) + sin-1 (3/5) = sin -I [3 x!-4x-

1 
] + sin- 1 (3/5) 

. 3 27 

• sin - I G~) +sin_, (0.6) = sin - I (0.852) +sin_, (0.6) <sin - I ( .J3i2) +sin_, ( .J3 f 2) = 2.1£/3 

:::::) B < (2n/3) · (ii) 
From Eqs. (i) and (ii), we conclude A> B. 

Multiple clloice questions with Ollf! correct n11swer 

.J.d. 

2. e. 

3. d. 

4.c. 

tan(cos-1 ( 4)+tan-I· (~)J = tan(tan-1 ~ +tan-1 2
) = tan(tan-1( (3/

4)+(2
/
3

) )) 
5 3 4 3 · l-(3/4)x(2/3) 

17 12 17 
=-x-=-

12 6 6 

The princ ipa I value of sin-' ( sin 
2
:) = principa I value of sin_, ( ~) = trf3 

tan( cos-1 5~ - sin- 1 Jn) = tan (tan- 1 .7- tan-1 4] ;. tan ( t~n-• ( ;
9 
)) • ;

9 

tan_1 • .j[x(x+l)] =(rc/2)- sin-1 ~(x2 +x+l) = cos- • ~x2 +x~l = tan- 1 ~-x2 _-x 
~x2 +x+l 

.J-x2 -x 
:::::) .jx(x+l) = J :::::) x=0, -1 aretheonlyrcal solutions. 

x2 +x+ I . 

S.b. sin-'(:•< + x: +·}cos-'(xz _ x; < +·+~ 
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4.100 Trigonometry 

2 x4 x6 - x2 x3 
=> x - -+-···-x--+-··· 

2 4 2 4 
We have G. P. of infinite terms on both sides. 

X 2x 

;n}~ · -(-n 2+x 

=> x(x-1) = 0 => x = 0, I but 0 < lxl < .J2 => x= 1 

6. a .. ~or f (x) = sin -I (2.\:) + : to be defir;ed and real sin- 1 2x + (tc/6) ~ 0 

. - 1 2x > Tr => sm _ _ -
' . -6 . 

But we know that -n/2 ~ sin- 1 2x $ rc/2 

Combining Eqs. (i) and (ii), we get 

- 1r16 $ sin- 1 2x $ Td2 

=> sin(- n/6) ~ 2x ~sin ('n/2) 

7.d. sin[ cot-1 (x + t)] = sin(sin-1 
· l · J = I 

~ x2 + 2x + 2 ) x2 + 2x .+ 2 

cos (tan-• x)~ cos (cos-• 1 J = : 1 
·· 

~I+ x2 ~~ + x2 

J }-
Thus, · = => 

~x2 + 2x + 2 ~1 + x2 

Mate II tile followi"g type 

I. a~ p; b ~ q; c ~ p; d ~ s 

sin- 1(a.x) + cos- 1 y + cos- 1(bxy) = 1r 
. 2 

1 
x2 + 2x + 2 = I + x2 => x = - -

2 

=> cos-1 y + cos-1(bxy) = ·n - sin- 1(ax) = cos-1 (ax) 
2 

Let co.s-1 y =a, cos-1(hxy) = /3, cos-1(a.x) = r 
=> y = cos a, bxy = cos /3, ax = cos r 

. . 

Therefore, we get a+ f3= r . => cos(r- a) = bxy ::::) cos ycos a + sin .ysin a = bxy 

=> (a - b) xy =- sin a sin r => (a- b)2 :t; = sin2 a sin2 r= (1- cos2 a)( I - cos2 n 

,. 

(i) 

(ii) 
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,, Inverse Trigonometric Functions 4.101 

=> (a-b)2x2/=(i-c?l)(l-i) (i) 

a. For a= 1, b = 0, Eq. (i) reduces to 

~l=o -~)(J -Y)=>x2+y2 = 1 

b. For a.= I, b= l,Eq. (i) becomes (l-x2
) (t-/) =0 

~ (x2 
- I) (v2- I)= 0 

c. For a= I. b = 2, Eq. (i) reduces to 

x2y2 = (J -x2)(l _ y2) 

~ x2+l= I 

d. For a=' 2, h = 2, Eq. (i) reduces to 0 = (1 -4x2) (I -y2) 

=> ( 4x2 - I) (y2 - · l) = 0 
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5.2 Trigonometry 

STANDARD SYMBOLS 
The following symbol's in relation to !lABC are universally apopted . 

. • mLBAC=A 
mLABC=B 
mLBCA=C 

A+B+C=1r 
AB = c. BC = a, CA = b 

S . . fh . I a +b+c • ema-penmeter o t e tnang e, s = ---
2 

So. a ;+- h + c = 2s 

A 

· Fig. 5.1 

• The radius ofthe_.circumcircle of the triangle, i.e., circumradius = R 
• The radius ofthe incircle of the triangle, i.e., inradius = r 
• Area of the triangle = 1::. 

·. SINE RULE 
a b c 

The sine rule is - - = - - = -- = 2R 
sin A sin 8 sin C 

a 
We shall prove here that - - = 2R. 

sin A 

Cas~ J: 

1t 
O<A<-

2 

Suppose 0 is the circumccntre of MBC. 

80 intersects the circumcircle at D. 

'Fig. 5.2 

Here, BD = 20B = 2R and L.D = L BDC :=LA 

Now in /::.BCD, mLBCD = 1t 
. . - 2 

=:) sinD= BC = _!!_ 
BD 2R 

[angles in the same segment] 

• .[angle in a semicircle) 

(i) 
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. a 
::::::> smA=-

2R 
a 

::::) -- =2R 
sin A 

CaseJJ: 

11ABC .is right angled and A = 7r 
. 2 

BC is a diameter of~he circumcircle. 
.. BC=2R 

Now a= BC = 2R = 2Rsin n · =2RsinA 
' 2 

a 
--=2R 
sin A 

Case Ill: 

1r 
· -<A<n 

2 

c 

Fig. 5.4 

As LA is obtuse, so A is on the minor arc BC. 
Now, take any point Don the major arc BC. 

1r 
Here,, mLBDC= n-A <-

. . 2 

Now in llBCD, sin (L BDC) = BC 
BD 

. a 
::::::> sin(n- A) =-

2R 
. a 

::::::> smA=-
2R 

::::::> a=2RsinA 

[;<Ao] 

Solutions and Properties of Triangle 5.3 

[using Eq. (i)] 

(ii) 

[using Eq. (ii)] 
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5.4 Trigonometry 

. a 
Thus, in each case, ~A = 2R. 

sm 

. . b c 
Similarly, we can prove that -:--

8 
= 2R and ---:--C = 2/?. 

s1n s1n 

a b c 
--=-=--=2R 
sin A sin B sin C 

Nepier's Formula 

i. tan ( 8 - C) = b -: c cot A 
2 b + c 2 

ii. tan ( C - A) == =-.:..!!.. cot 
8 

2 c +a 2 

iii. tan (A - 8 ) ·= a - b cot C 
2 a+ b 2 

Proof: 

b c 
i. From the sine rule, we have ~B = ·~c 

SIO Sin . 

=> 
sin 8 b 

sine c 

sin B- sin C b- c 
-----=-
sinB+sinC h +c 

=> 

=> 

2 cos ( 8 + C) sin ( 8 
- C) 

2 2 b- c 

2 . (B +C) (B-C)=~ sm cos 
2 2 

. => cot ( B + C) tan ( B - C) = ~ 
2 2 b + c 

=> tan A tan ( B - C) = bb- c 
2 2 + c 

tan ( 8 ~c) = b- c 

A b +c 
cot-

2 

=> 

=> tan ( 8 -C)= b- e cot~ 
2 b +c 2 

Similarly, we can prove the other fonnulac. 

Note: 
.. . --. 

Thesefornwlae are also known as tangent rules. These are useful in calculating the remaining paris 
of a triangle whe_n _two sides and i~cl_ud~d angle are lJi~~e~: .. . . . . . . ... ... .. . 
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Solutions and Properties of .,. 'angle 5.5 

Example 5.1 The perimeter of a triangle ABC is 6 times the arithmetic mean oft he sines of its augles. · 
lfthe side a is I , then find angle A. 

Sol. 

G
. h b 

6 
sinA +sinB+sinC 1vcnt ata+ +c= x-------

3 
=> 2R (sin A+ sin B +sin C)= 2(sin A +sin B + sin C) 

a 
Now -- =2R 

' sin A 

=> sinA ;::;:_!_(·:a= l) ~A =30° 
2 . 

~R= l 

Exam pi(' ~.2 
cosA cosB· cosC . . 

If --= --= - - and the s1dc tl = 2, then find the area of the tnangle. 
a b c 

cos A cos B cos C 
Sol. --=-- = --

a b c 
cos A . cos B cos C 

~ = = 
2Rsin A 2Rsin B 2Rsin C 

=> tan A = tan B = tan C 

=> ll. is equilateral 

J3 2 ' r::: => Area ll. = -a = ...;3 (as a= 2) 
4 

Example 5.3 If A= 75°, B =45°, then prove that h + c ..fi =2a. 

Sol. A=15°,8=45°=>C=60° 

a b c 
-=-=--=2R 
sinA sinB sinC 

=> a = b = c =2R 
sin 75° sin 45° sin 60° 

h 
~2 sin 45° ~2 sin 60° 

=> + c-v t. :;::;: a + v .1. a 
sin 75° si~ 75° 

1 J3 . 
'2 ~ 2 2 2J3a = "'" a+v2 a= a+ =2a 

J3+1 J3+1 J3+I ~+I 
2J2 zJi 

. . 

Example 5.4 If the base angles of a triangle are 22.!. 0 and 112.!. 0 , then prove thatthe altitude oft he 
·2 2 

triangle is equal to !. of its base. 
2 

Sol. 
A 
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5.6 Trigonometry 

ln MBC, BC = _A_C_ 
sin45° 1 · sin 22- 0 

2 

In MLC, AL =sin 67 ..!_o 
AC 2 · 

1 
AL =ACcos22 - 0 

2 

~ AL= .BC . sin22..!. 0 cos22..!_o [usingEq. (i)] 
~n45° 2 2 

= .!. BC sin 45° 
2 sin45° 

1 1 
~ AL = - BC = - ofbase. 

2 ~ 2 

J~xan1ple 5.5 · 
1 +cos(A-B)cos C a2 + b2 

Prove that = ~-::-
1 +cos(A ~ c) cosB a2 +c2 

• 

Sol. 

Sol. 

1 +cos(A-B)cosC = 1 -cos (A .:... a) cos (A +B) 
1 +cos(A - C) cos 8 1 - cos(A - C) cos (A +C) 

= 1-- (cos
2 

A -si~2 B) sin2 A +sin2 B 

1 -(cos2 A -sin2 c)· .sin2 A+ sin2 C 

a2 +bz 
= 2 2 [usinga=2RsinA,etc.] 

a + c 

P
. h a2sin(B-C) 'b2sin(C -A) c2sin(A-B) 

0 rove t at + + = . 
sinB + sinC sinC + sinA sinA + sinB 

a 2 sin (B-C) 4R2 sin2 A sin (B - C) 
sin 8 +sin C 

·Similarly, 

= 
sin B + sinC 

= 4R2 sin A .sin (B +C) sin (B- C) 

sin B +sin C 

4R2 sin A (sin2 B - sin2 c) 
·-

. sin B -+ sin C 

=4R2 sin A (sin B ~sin C) 

b 2 sin ( C - A) · 
. C . A = 4R2 sinB(sinC- sinA) 

sm + sm . 

(i) 
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Solutions and Properties of Triangle 5.7 

r? sin (A - B) 
and . . = 4 R2 sin C (sin A - s in B) 

stn A +stn B 

Adding, we get 

a2 sin(B-C) b2 sin (C-A) · c2 sin (A - B) 
. l'1 • C + . C . A +· . A . B = O Sin J +Sin Slfl +Sill Sltl +Stn 

I . I ·r az._ b2 sin( A...: B) h h I . I i . h . h n any tnnng e, • 2 2 == • , t ~n pro\'c t at t ac tnang e s e1t cr rag t 
a + b . sm(A +B) · 

angled or isosceles . . 

a2 -b2 sin( A - 8 ) 
Sol. =----

a2 + b2 sin(A +B) 

4R2 sin2 A-4R2 sin 2 lJ sin (A-/J) --:----:-----:---:--= ___ ..;... 
4R2 sin2 A+ 4R2 sin 2 B sin (A+ B) 

sin·(A+B)sin(A-B) sin (A-8) . 
= 

sin2 A+sin2 B sin(A+B) 

sin (Tr- C) 
=> · sin (A- B)= 0 or . 2 . 2 = --- -

sm A+ sm B sin(1r-C) 

'::::} A = Borsin2C = sin2A+sin28 
=> A= B or c2 = cl + h2 [from the sine rule] 
Therefore, the triangle is isosceles or right angled·. 

ABCD is a trapeziun~ such thatAB II CD and CB is perpendicular to them. If LADB = 6, 

(p 2 + q 2 )sinO 
BC == p and CD= q, show that A.B = . 

pcosfl+qsmO 

Sol. 

Let L.ABD= LBOCc a 
.. L BAD= 180°- (0 + a) 
By the sine fonnula, in llABD, we have 

AB BD 

sinO= sin(l80°- (8+a)) 

Fig. 5.6 

AB= BD sin 8 == IJD ~in 8 
· · sin (B +a) sin 9 cos a +cos O sin a 

.(i) 
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5.8 Trigonometry 

In 6. BCD, sin rx= p/BD 
and cos a=·qfBD. Also BD2 == p2 + (l 
Therefore, from Eq. (i), we have 

BD . 8 BD2 sin 8 
AB= Sin = = 

sin 8 (q!BD) + cosfl (pi BD) qsin 8 + pcos8 

.(J}+l) sin 9 

pcos() + q sin 8 

E~amplc 5.9 In a tria ngle ABC, LA::::: 60° and b: £• = ..J3 + 1 : 2, then find the value of(LB- LC). 

Sol. 

.J3+1 IJ-c .../3+ 1-2 . .../3._.1 I 
-= ~--= = -.,,........--

2 h+c .J3+1+2 . (J3+ J)J3 

b 

c 

8-C b-e A . .J3-I ../3 ~ 8-C· 
Nowusingtan =--cot-.wegct -=2-.....;3~ =15° 

2 b~c 2 .' (J3+~)J3 2 · 

:. B.- C= 30° 

Concept Application Exercise 5.1 

I I 
I -tan -A tan -IJ 

I. Prove that _c_ = 2 2 . 
a+ b I+ tnn .!_ALan.!_ B 

2 2 

2. If the angles of triangle ABC are in the ratio 3:5:4, then find the value of a+ b + c .J2. 
3. Prove that a cos A + h cos B + c cos C =.4R sin A sin 8 sin C. 

2 2 2 

4 F. d I I f a +b +e . . h I d . I . m t 1e va ue o R
2 

111 any ng t-ang c tnang e. 

5. In triangle ABC, if cos2.A + cos2 lJ- cos2 C = I, then identify the type of the triangle. 

6. If angles A, 8 and C of a triangle ABC are in A.P. and if £ = ~ , t~en find angle A. 
. c .....;2 

7. Prove that h2 cos 2A- a2 cos 28 = h2 - c?. 

COSINE ~ULE 
In a dABC, we have 

b2 +c2 _ a2 
cos A= , 

2bc 

c2 + ti- b2 

cos8=-----
2ca 
a2 + h2 _ c2 

and cos C = ----
2ab 
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Solutions and Properties of Triangle 5.9 

- b2 + c2 - a2 
We shall prove that cos A = -----

2ab 

' 

· A 

bsin c 

s~----~------~--------~c 
D ~---:-- b cos C 

..... !---- - 8 --------.... 

Fig. 5.7 

From Fig. 5.7, BD =z a-b cos C. Now, in triangleABD, 
AB2 = AIY + BD2 

~ c2 = (h sin ci +(a- b cos C)2 

= b2 sin2 C + a2 + b2 cos2 C- 2ab cos C 

= (b2 sin2 C + ti cos2 C)+ a2 - 2ab cos C 

= h2 + cf -2ab cos c; 

C
. a2 + b2 _ c2 

~ cos =-----
2ab 

Note: 

• The above proofwi/1 not change even ~'{LA is '' right angle or an obluse angle. 

• If the lengths ofthe three sides of a triangle are known. we can find all the angles by using cosine 
rule because thi.li rule gi,:es us cos A, cos Ban~/ cos C. We know that A, Band Care in (0, 1t) and 
the cosine function is one- one in ro, n], So, A, B andC~ are precisely determined. Similar~v. ((two 

b2 + c2 _ a2 
sides (sa;-' hand c) and !he included angle A are given, the cosine rule cos A = will 

2bc 

give us a and then knowing tJ~ band c we can find /J and C b); the cosine rule. 

Example ~.I 0 
. c c 

In MHC, ~>rove that (n-h)2 ~os2 2"+ (a+ b)
2
sin2 2" = c2

• 

Sol. LHS. 

= (a2 + b2
- 2ab) cos2 C + (a2 + b2 + 2 ab) sin2 C 

2 2 

=a +b ... + 2ab sin~ -..,-cos -2 ., ( .. C ·2 CJ 
. 2 2 

""' a2 + h2 
- 2ab cos C 

= ; + b2 _ ( a2 + 62 _ c2) = c2 

Example 5.ll In llABC, if(n + h +c) (a- b +c)= 3ac, then find LB. 
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5.10 Trigonometry 

Sol. 
(a+ c)2- i/ = 3ac ~ q2 + c2 - b2 = ac 

a2 +c2 -b2 l TC 
But cos B = = - => B = -

2 OC 2 3 
1 

If a= J3,h= 
2 

{.J6 + J2)and c =Ji ,then findDA. 
' • • ' • ' • I~ ·'.! 
.:t~xa-.'11 jifc.5:n -.: 
'- ..._ .. . . . ...... ' , " .. 
,; •, . . - -· ~--

I 

2 

1C 
~A=-

3 

. t x ~ rii ri.l~-5:~ ~;1. 
; I • ' • • o ~ o • 

If the angles A, B, C of a triangle are in A.'P. and sides a,h, c arc in G. P., then pr:cwc that a1
, 

h2
• c2 arc in A.J>. 

Sol. 

Sol. 

Sol. 

Given. 2B=A + C~3B= 1r~ B= Td3 
Also;, b, c in G.P. => b2 = ac . 

. 1 c2 +a2 -1>2 
Now, cos B =cos 60° = - = ----

= ca = ? + c?- b2 

==> 2b2 = c2 + (? 
==> J-, b2

• ~are in A.P. 

2 2C(l 

J fin a triangle ABC, LC = 60°, then prove that ._· _I_+ _l_ = 3 

a+c b+c a+b+c 

By the cosine 1brmula. we have ' . 

c2 = a2 + b2 
- 2ab cos C ~ c2 =- c? + h2 - 2ab cos 60° = c? + b2 .:.. ab 

1 1 3 
Now --+------

1 a+c b+c a+b+c 

= [(b +c) (a ~b +c)+ (a +c){n+b +c) -3 (a +c) (b +c)]. 
((1 +b)(b+c)(a +b +c) 

(i) 
(ii) 

[by using Eq. (ii)) 

(i) 

( a 2 +b2 -ab) -c2 

= =0 [fromEq.(i)] 
((l +b)(b +c) (a +b+c) 

1 J 3 = --+--=---
a+c b+c a +b +c 

Jnatriangle,ifthcanglesA,BandCarcinA.Jl,showthat 2eos!(A-C)= 
1 

a+c 
2 va2 -ac+c2 

Since angles A, Band Care in A.P. 
:. A +C=2B 
But,A+B+C= 180°=>38= 180°=>8= 60° 

1 a2 + c2 - b2 

Now, cosB=- =-----
2 2ac 

==> d- + c? - b2 = ac 
=> a2 - ac + c2 = b2 

a +c a +c 2R(sin A +sin C) . 
=> . = -- = -----------

Ja2 -ac.: +c2 b 2R sin B 
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Sol. 

Solutions and Properties of Triangle 5:11 

2 . (A+ c) (A-c) Sin COS 

= 2 2 = 2sin 60° cos( A - C) = 2cos(A -C) 
sin B sin 60° · 2 2 

The sides of a triangle arc~+ x+ l, 2x +I and .~ --.1, prove that the greatest angle is 120°. 

Let a = ; + x + 1, b = 2x + i and c =; - I. . 
First of all, we have to decide which side is the greatest. We know that in a triangle, the length of each side 
is greater than zero. Therefore, we have b = 2x + I > 0 and c-=.x2- I > 0. 
~ x >- I /2 and x2 > I · · 

~ x > - l /2 and x <- I or x > 1 => x > 1 
a=;+ x +"I= (x + 1/2)2 + (3/4) is always positive. 
Thus,. all sides a, band care positive when x > J. 
Now,x> 1 :::> ;>x 
=> x2 + x + I > x + x + 1 
:::> x2 +x+l>2x+l=>a>b 
Also, when x > 1, 
x2 + x + I > ~- I :::> a> c 
Th~s, a- i +x + I is the greatest side and the angle A opposite to this side is the greatest angle . 

b2 + c2- a2 
cosA= - --- -

2bc . 
= ( 2x + 1 )

2 
+ ( x2 

-1 t -( x2 + x + l t 
2(2x +1) (x2 -1) 

-2x3 -x2 + 2x +1 l 
=~------,.. 

2 ( 2x3 + x2 - 2x - 1) :;;; -2 
=cos 120° 

·1·::\amplr ::;:17 TriangleABChasBC=I andAC=2. Find the maximum possiblevalucofangleA 

Sol. 

Using cosine rule, we have 

e x2 + 4 - 1 
cos =----

4x 

x2 +3 
= - -

4x 
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5.12 Trigonometry 

8 

.·~ 
· A C 

2 
,. Fig. 5.8 

l·lcnce, cos Ois minimum if x = J3. 

Therefore. the minimum value of cos 8=2 x J3 = J3 , and 
. 4 2 

1r 
the maximum value of 0= 

6 

Ex<lmplc 5.18 Let a, hand c be the three sides of a triangle, then prove that the equation b2~ + (h2 + c1 

- a2)x + c2 = 0 has imaginary root~: 

Sol. . . 
h2x2 + (b2 + c2

- a2)x + c? = 0 

Letf(x) = b2x2 + (2hccosA)x + c2 
• 0 

Also in MBC, where A E (0, n) in a triangle, we find cos A E (-I , I) 
::} 2hc cos A E (-2bc, 2bc) 

~ .D = (2bc cos Ai-4b2c? = 4b2J (cos2 A - I) < 0· 

Hence, Lhe roots are imaginary. 

Ex~unplc 5:19' · Let a s h~ c be the lengths of the sides ~fa triangle. If t11 + h2 < c~, then prove that 6 is 

obtuse angled: 

Sol. 
a2 + b2 < c2 

=> dl + b2 < ci + b2 - 2ab cosC 
~ cosC < 0 
~ C is obtuse 

,-----------11 Concept.Application Exercise 5.2 .~---------:---...., 

J. Jfthe sides of a triangle are a, ~ and ~a2 +ab'+IJ2 , then find the greatest angle. 

2. Prove that (a - hi cos2 ~ +(a +b)
2 

sin2 .~ =:= c2
. 

3. If the line segment joining the points A (a, b) and 8 (c, d) subtends an angle 8 at the origin, then 

ac+bd 
prove that cos 0 = . 

J<a2 +b2)(c2 +d2) 
• 

4. Prove that in MBC, a2
, h2

, c2 are in A.P. if and onJy if cot A, cot 8 , cot C are in A.P. 
5. 1 f x , y > 0, then prove ~hat the triangle whose sides are given by 3x + 4y, 4x + 3y and 5x + 5y units is 

obtuse angled. 
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Solutions and Properties of Triangle 

6. In MBC, angle A is 120°, BC+ CA =? 20 andAB +DC= 21. Find the length ofthe sideBC. 

7. ln6ABC,AB= J,BC= 1 andAC = I/.J2 .1ni:1MNP, MN= J,NP= 1 and LMNP= 2LABC. Find the 

sideMP. 

PROJEmON FORMULA 
A 

a~--~~--------------~c ccosB o _____ bcos C 

..----- 8 --------1 .... 
Fig. 5.9 

Projection of AB on DC= BD = c cos B 

Projection of AC on BC::: CD= b cos C 

Now, BC =a= BD +DC= c cos B + b cos C 
Similarly, other formulae follow. 

Ex:uliJ>Ir 5.20 Prove that a(b cos C- c cos B)= b2 -c2
• 

Sol. a (b cos C- c cos B)= (b cos C + c cos B)(b cos C- c cos B) 

= b2 cos2 C - c2 cos 2 8 

Ex:unpk 5.21 

= b2 (I - sin2 C).- c2 (I - sin2 B) 

= b2 - c2 -(b2 sin2 C- c2 sin2 B) 

= b2
- c2 [as by the sine rule b sin C = c sin B] 

Jf in a triangle a cos2 C + c cos2 A = Jb , then find the relation between the sides of the 
triangle. · 2 2 2 

Sol. a cos2 C +ccos2 ~ = 3b 
2 2 2 

~ a(l + cosC) '+ c(I +cosA) = 3b 
~ a+ c +(acos C+ccosA)=3b 
=> a + c + b == 3b [by the projection formula] 
=> a+ c = 2b 
~ a, b, c are in A:P. 

Ex;unplt' 5.22 Prove that (b +c) cos A+ (c+ a) cosB +(a+ h) cos C= 2s. 

Sol. (h+ c)cosA+(c+a)cosB + (a + b)cos C . 
= (bcos A +acosB)+(ccosA+acos C)+(bcos C+c cos B) = c + b +a= 2s 
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5.14 Trigonometry 

1"·-i:l!r.:~lli~>I!Hi-tll:! •'I~ • '1~~.~:m •:j'tli.:t»:.-.,~~~~-~~( otrH1~~'e!~i"';".:!'!~ '•41.~n 
Concept .App1ieat1on· Exerc1se 5.3 
')·~··lfolll't .~t•·••"l'ff t!IIJ.t.',li!U ~ • .,. ,,..._,..,.~, ,1,..,11-:,t, ,.a,,. • ~·-~4., Ao'lt.,,,~"'~t !2 "l.h tGt.,.,.,, 

1. ln 6ABC, prove tha~ c cos (A- a) + a cos (C + a) ;;:;; b cos a 

2. p ' h cos C +cos A cos 8 1 
rove t at +--=-. 

c+a b· ' b 
3. Prove that a(b2 +c2) cos A + b(c2 + a 2)cos B + c (a2 + b2

) cos C = 3abc. 

HALF-ANGLE FORMULAE 

1
. . . A ~(s- b) (s- c) 
• 1. sm - = 

2 be 

Proof: 

.. . B ~(s - c) (s - a) n. sm - ;;:;; 
. 2 . ca 

... . C ~(s-a) (s - b) 
111. sm - = --..:..· - -

2 ab 

• • 2 A 1- cos A 
1. sm - =---

2 2 

_ 1 [ . b
2 + c2 

- .a
2 

] -- J- - - --
2 2bc · 

. = .!_ [2bc - b
2 

- c
2 

+ a
2

] 

2 . 2bc 

= 2_ [a2 
- (b -c)2

] 

2 · 2bc · 

= (a - b +c) (a + b - c) 

·' 4bc 

(a + b + c - 2b) (a + b + c - 2c) 

4bc 
= (2s - 2b) (2s -2c) 

[ ·: a + b + c = 2s] 
4bc 

. 2 A (s - b) (s - c) 
==> sm - = .,-------'---

2 be 

A 0 
A 7L • A 

s < -<-, so sm - .> 0. 
2 2 2 

.------
A ~(s - b) (s - c) Hence sin - = -----'-

' 2 be· 
The other fonnulae can be proved similarly. 

2. i. cos A = ,js (s-a) 
. 2 v be 

.. II ~s(s-b) n. cos- = 
2 ca 
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Proof: 

... C )' (s- c) 
111. cos- = 

2 ab 

• 2 A J +cos A 
I. COS-=----

2 2 . 

1 [ b2 + '(;'i - a 2 J 
c: - I+-----

2 2bc 

= _!_ [2bc + b
2 

+ c
2 

- a
2

] 

2 .2bc 

= .!_ [(b + c)
2

- a
2

] 

2 2bc 

= .!_ [<b + c + a) (b + c- a)] 
2 2bc 

(b +c +a) (a + b + c - 2a) = -----------
4bc 

2s (2s- 2a) 
= ----

4bc 
2 A s (s - a) :. cos - = ___; _ ____;_ 

2 be 
A 1C A 

As 0 < - < - so cos - > 0 
2 2 2 

A ~s (s-a) Hence, cos - = . 
2 be 

The other formulae can be proved in the same way. 
3. From the above formulae, we can prove 

. A (,\' -b) (s- c) 
1. tan-= 

2 s(s -a) 

.. B (s -a}(s -c) 
11. tan - = 

2 s (s :-b) 

... C (s- a) (s -I>} 
ut. tan - = 

2 s (s- c) 

Example 5.23 If cos A = ~b + c , then prove that a'+ ~2 =cl. 
2 2c 

A l+c s(s-a) b +c . Sol. cos - = -- => = -- [squarmg] 
2 2c be 2e 

=> 2s(2s-2a) = 2b(b +c) 
=> (h+c+ a}(b+ c - a} = 262 + 2bc 

=> (b+ci - c/=2b2 +2bc 

=> ~=o~+b~ 
~ 

Solutions and Properties of Triangle 5.15 

[using cosine rule] 

[·: a+ b+ c=2s] 
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5.16 Trigonomet~y 

Ex:unplc 5.24 If the cotangents ofhaJfthe angles of a triangle are in A.P., then prove that the sides are 
~A~ . . 

. A 
S I cot-= o. 2 

s (s-a) - s (s .:..a) . 
(s -b)(s-c) - 6. 

B s (s-b) C s (s -c) 
Similarly cot - = and cot- = . 

, 2 6. 2 ll 

A B C · 
cos-, cot- and cot - are in A.P. 

2 2 2 

· s (s-a) s (s - b) · s (s-c) . 
::::;:) and arc m A.P. 

ll 6. 6. 

::::;:) s-a,s-band s - carc in·A.P. · 

::::;:) a, band care in A.P. 

Conce.pt Application Exercise 5.4 

1. 
B C 

If b + c = 3a, then find the value of cot cot- cot- . 
2 2 

A · B C 
2. Prove that be cos2 - + ca cos2 - + ab cos2 

- = Sl. 
. 2 2 2 

3. If in AABC, tan A= ~ . tan C ~!.,then prove tbat a, band c arc in A.P. 
2 6 2 5 

AREA OF TRIANGLE 
Different fonnulae for area of triangle are as follows. 

A 

csinB 

~----~~--------------~c 
D 

~----=---a -----------~ 

Fig. 5.10 

From Fig. 5.10, area of triangle ABC is 

A= ~AD x BC = !csinB x a= .!.acsinB 
2 2 2 

Similarly, we can prove that fl. = _!_ ab sin C = _!_ be sin A 
. 2 . 2 
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Solutions and Properties of Triangle 5.17 

Also; by the sine rule: sin A=~ 
· 2R 

==> 
6

= abc = (2RsinA}(2RsinB)(2RsinC) 

4R 4R 

= 2R2sin A sin 8 sin C 

Also, 6 == .!.acsin B 
2 

. 8 B 
= ac sm- cos-

2 2 

,; ac /(s- c) (s- a) ~s (s -b) 
V ca ca 

= ~s(s-a)(s-b)(s-c) 

Example 5.25 I fin triangle ABC, A2 = a1 - (h -c)1, then find the value oftan A. 

Sol. 6 2 =(a+b - c)(a - b+c) 

~ 62 = [2(s-b)2(s-c)f 
. 2 2 

~ s(s - a)(s -:- b)(s-c)= 16(s- b) (s - c) 

(s-b) (s -c) 
~- = 

s(s-a) 16 

A 1 
==> tan-=-

2 4 

2 2 tan (A /2} 2. (I/4) 8 
~ tan A= = -

l-tan2 (A/2) 1-(1/16)- 15 

Example 5.26 Prove that a1 sin 28 + h1 sin 2A = 46. 

Sol. cl- sin 2B + b2 sin 2A = 4k- [sin2 A (2 sin B cos B)+ sin2 B (2 sin A cos A)] 

= 8R2 sin A sin B (sin A cos B +sin B cos A) 

= slf- sin A sin B sin (A+ B)·· 

= 8R2 sin·A sin B sin C= 46 

Example 5.2i 
(a+b+c)(b+c-a)(cta-b) (a+b-c) . 2 Prove that 2 2 = sm A. 

4b c 

(a+ b +c) (b +c-a) (c +a -b) (a+ b·-c) _ 2s2(s -a) 2 (s-b) 2(s-c) 
Sol. 2 2 - --!...-...!....-......:.....-.:..,..._...:..............:.... 

4b c 4b2c2 

[using sine rule] 
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5.18 Trigonometry 

. ' 

Exainple ·5 . .28· 1 f the sides of a triangle are 17, 25 and 28, then find the greatest length of the altitude. 

Sol. We know from geometry that the greatest altitude is perpendicular to the shortest side. 
Let a= 17, b = 25 and c = 28. 

A . 

a ~------=o~_.. c 

1 
Now,L\=- ADxBC 

2 

2L\ 
~AD=-

17 

where L\2 = s(s- a) (s - b)(s - c) = 2102 
· 

=> AD= 420 
17 

Fig. 5.11 

Ex~unple 5.29 Jn eq·uilateral triangle ABC with interior point D, if the perpendicular distances from D 
to the sides of 4, 5 and 6, respectively, are given, then find the area of MBC. 

Sol. 

. . . ax4+ax5+ax6 
Area of tnangle ts 6. = ------ ­. 2 

a(4 + 5 + 6) 3.J3 2 
=> = --a 

2 4 

15 .J3 a 
=>- =--

2. 4 

30 
=> a = J3 =10J3 

.jj . 
=> L\= 4 xl00x3 = 75.[3 
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. . 

Solutions and Properties of Triangle 5.19 

Ex a mplc $.30 If area of a triangle is 2 sq. units, then find the \'aluc of the product of the arithmetic 
mean of the lengths of the sides of a triangle and harmonic mean ofthe lengths of the 
altitudes of the triangle. 

Sol. 
ah = bh ';,c h =26 

I 2 3 

l .I .I a+b+c 
=> -+-+-=---"1 h2 ,3 26 

f:xamplc 5.31 · A triangle has sides 6, 7 and 8. The line through its inccntrc parallel to the shortest side 
is drawn to meet the other two sides at Pand Q. Then find the length of the scgmcnt.fQ 

Sol. 
!l=rx s 

:. 21xr = 6xh=)h · 
2 2 

r 2 
=> -=-

11 7 
Now APQ and ABC are simi liar 

h-r PQ 
=> --=-

" 6 

=> 1-!:.. = PQ 
, 6 

2 · PQ 
=> J--=-

7 6 

=> ~ = PQ => PQ = 30 
7 6 7 

A 

.. 

i Concept Application Exercise 5.5J 

1. If c2 = a2 + b2• then prove that 4s (s-a) (s - b) (s - c)= a2b2• 

2. If the sides of a triangle are in the ratio 3:7:8, then find R : r . 

3. In triangle ABC, if a= 2 and be= 9, then prove that R = 9/2A .. 
4. The area of triangle ABC is equal to (a2 + b2 - c2

), where a, band c are the side of the triangle. Find 
the value oftan C. 

5. Let the lengths of the altitudes drawn from the vertices of A ABC to the opposite sides are 2, 2 and 

3. If the area of A ABC is A, then find the area of triangle . 
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5.20 Trig_onometry 

Different Circles and Centres Connected With Triangle 
Circumdrcle and Circuincentre(O) 
The circle passing through the arigular po~nt of f:!,ABC is called its circumcircle. The cent~e of this circle is the 
point of intersection of the perpendicular bisectors of the sides and is called the circumcentre. Its radius is 
denoted by R. 

• Circum centre of an acute~angled triangle lies inside the triangle. 

A 

Fig. 5.13 

• Circumcentre of an obtuse~angled triangle lies outside the triangle. 

Fig. 5.1.4 

• . Circumcentre of a right-angled triangle is the mid-point of the hypotenuse. 

Fig) 5.1S 
• Distance of the circumcentre from the sides can be calculated as follows. 

Fig. 5.16 

At the circumcentre, the perpendicular bisectors of the sid~s are concurrent. 
Also, L BOC = 2LBAC = 2A. Triangles BOD and COD are congruent. 
Hence, L BOD =A. 

.. 
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Solutions and Properties of Triangle 5.21 

. OD OD 
Now m t:,. BOD cos A= - = - ::=; OD = RoosA 

' ' OB R 
Similarly, 0£= R cos Band OF= R cos C. 

. . 
In~Circle and In·Centre (I) 
Point of intersection of the internal bisectors of a triangle is called the in-center of the triangle. Also, it is the 
centre of the circle touching all the three sides internally. In-centre always lies inside the triangle. 

A 

Fig. 5.17 

• Points A FIE, BDIF and CEJD are con cyclic 
• lnternal bisector AP divides side BC in ratio AB:AC 

BP AB c 
or-=-= - =>BP=ck, CP:::bk 

PC AC b 
ButBP+CP=a 
~ ck + bk = a 

~ k= _a_ 
b+c 

ac ab 
~ BP=--andCP=--

b+c b+c 

Similarly,AQ= ..5!.._ , CQ= _!!!!..__ 
a+c · a+c 

be ac 
andAR= -- BR= --

. a+b' a+b 
• Area of the triangle in ternis of r 

I I .I 1 
llAHC = llmc + ll1Ac+ ll1A8 = 

2 
ra +2 rb.+ 

2 
rc = 2r(a +b +c) = rs 

A B C 
• r=(s -a)tan - =(s-b)tan- =(s - c)tan-

. 2 . 2 2 

A (s- b) (s - c) 
.Proof: (s-a)tan- =(s-a) 

. 2 s (s-a) 

= J<• -a) (s ~b) (s -c) 

= Js (s - a) (s- b) (s- c) 

s 
ll 

=- =r 
s 

Similarly, the results r = (s - b) tan 
8 

and r = (s- c) tan C can be proved. 
2 . 2 
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5.22 

' ' 

Trigonometry 

4R 
. A . B . C 

• r = sm - sm - sm - ' 
2 1 2 2 

P f 4R 
. A .· B . C 

4
R (s - b)(s-c) (s-c)(s - a) (s-a) (s-b) 

roo : sm - sm - .sm - = 
2 2 2 be ca 

=
4
R (s - a) (s- b) (s- c) 

abc 
= 4R s (s -a) (s - b) .<s - c) 

abc s 
1 A·2 

[ 
a~ · ~ ] A where A = -and~ = s ( s - a) ( s - b) (s - c) = - = r 

, . 4R . . · s 

• Distance of the in-centre from the vertex 

. B JD r 
In 11/DB sm - = - = -

' 2 Bl BI 

r 
~BJ= -­

. B 
sm-

2 
r ·· r 

Similarly, A/= -- and CI = --
. A . C sm - sm-

2 2 
• Length of angle bisector AP 

Area of MBP + Area of MCP = Area of MBC 

~ (li2)AB AP sin (A/2) + (1 /2)1C AP sin (A/2) = (112)AB AC sin A 

=> (1/2) (c +b) AP sin (A/2) .=. (1/2) [cb .2 sin (A/2) cos (A/2)] 

( 
2bc J · 

~AP = b + c cos (A/2) 

ab 

Similarly, length of angle bis~ctor th~ough point Band C is BQ = (-:::c J cos (B/2), 

CR = ( :~b J cos (C/2) 

Orthocentre 
Orthocentre (H) is the point of intersection of the altitudes of a triangle. 

• Orthocentre (H) of an acute-angled triangle lies inside the triangle. 
Here, His the orthocentre of A ABC. · 

A 

Fig. 5.18 
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Solutions and Properties of Triangle 5.23 

• Orthocentre (H) of an obtuse-angled triangle lies outside the triangle. 
Here, His orthocenter of l!t.ABC. 

H 

B 

Fig. 5.19 

• Orthocentre (H) of a right-angled triangle ABC ·lies at the right angle itself. ln Fig. 5.20, the 
orthocentre H coincides with the right angle B. 

A 

Fig. 5.20 

• Image of orthocentre (H) in any side of a triangle lies on the circumcircle. 

A 

p 

Fig. 5.21 

L.HBD= L EBC=(7d2)-C ~LB.HD= C 

Also, LBPD = L.BPA = L.BCA = C 

Thus, l!t.BPD and MHD are congruent. 

This implies HD = DP ~Pis image in H in BC. 
• Distance of the orthocentre from vertices and sides of a triangle can be calculated as follows. 

A 

Fig. ·s.22 
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5.24 Trigonometry -
1 r 11· ,, 

1r 
ln 6ADB L BAD= --B 

- ' 2 -
ln ~A FC, AF = blos A [projection of AC on AB] ... 

(
n J AF bcos A ln tlAFH cos --B =-=--

' 2 AH AH 

bcosA 
=> AH~ ;;;;: 2RcosA 

sinB 

SimiJarly, BH = 2 R cos Band CH = 2 R cos C 

ln ~ AFH, tan (tr: -sJ = FH = FH 
2 AF bcos A " 

l . 
FH 

bcosAcosB ·
2

R A ·
8 => = = cos cos 

sinB · 

Similarly, EH = 2R cos A cos C and HD = 2 R cos B cos C 

' Pedal T~angle 
The triangle formed by the feet of the altitudes on the sides of a triangle is called a pedal triangle. 

, . , 
I 

I 
I 

I 
I • 
I 
I 
I 
I 
\ 
\ 
\ 
I 

' ' 

A 

/ 
, .,'""' 

'~--------~--------------------------~ 

Fig.·5.23 

• In an acute-angled triangle, orthocentre of ~ABC is the in-centre of the pedal triangle DE F. 

Proof: 

1T: 
PointsF, H,DandBareconcyclic. => LFDH =LFBH= LABE= - - A 

2 
Similarly,pointsD, H,EandCareconcyclic => L HDE = L HCE= LACF= ;r: - A. 

2 
I 

Thus, L FDH = L HDE. =>AD is angle bisector of L FDE. Hence, altitudes of MBC are internal angle 
bisectors of the pedal triangle. Thus, orthocentre of 6.ABC is the in-centre of the pedal triangle DEF. 
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• Sides of pedal triangle in acute-angled triangle 

Jn 6.AFE,AF= bcos A,AE= ccosA 
By cosine rule, EF2 "" A£2 + AF2 -2A£ AF cos (LEAP) 
~ EF2 = 62 cos2 A + e2 cos2 A - 2 be cos3 A 

= cos2 A (b2 + ~-2 he cos A)= cos2 A (i?) 
=a cos A 

• Circum radius of pedal triangle 
Let circumrad ius be R ' 

2R'= 
EF a cos A 

~ = 
sin(LEDF) sin (n-2A) 

=> R'=R/2 

Centroid of Triang~e 

= a cos A 

2sin A cos A 
I 

( 

Solutions and Properties of Triangle 5.25 

a = =R 
2sin A 

ln 6 ABC, the mid~points of the side~ BC, CA and ABare D, E and F, respectively. The lines, AD, BE and CF 
are called medians of the triangle ABC, the points of concurrency of three medians is called the centroid. 
Generally, it is represented by G. 

A 

Also AG= ~AD BG= ~ BEandCG= 
2 

CF. 
' 3 ' 3 ,3 

• Length of medians and the angles that the medians make with sides 
From Fig. 5.24, we have 

AD2 = AC + CD2
- 2AC X CD X cos c 

2 
= b2 + !:... -ab cosC 

4 

=b + - -ab 2 a2 (b2 +a2 -cz J 
4 2ab 

21i +2c2 -a2 

= 
4 

=> AD=.!. ~2b2 +2c2 -a2 

2 ' 

Similarly, BE= .!. ~2c2 + 2a2 -:-b2 

2 

and CF=.!. Jza 2 +2b2 
- c2 

2 

• Apollonius theorem 

AB2 + AC = 2(AD2 + BD2
) 

# 
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5.26 , . !.j ... Trigonometry 

Proof: '· 

2(AD2 +BD2) = 2 -(2b2 +2c2 -a2 )+- =b2 +c2 =AB2 +AC2 
[

1 0,2] . 
. 4 . 4 . 

• Centroid (G) of a triangle is situated on the Line joining its circum centre ( 0) and 
orthocenter (H) and divide this line in the ratio 1:2. 

Proo~ . 
Let ALbea perpendicular from A on BC,, then H 1ies on AL. If OD is perpendicular from 0 on BC, then 
Dis mid-point of BC. · 

Fig. 5.25 

Therefore, AD is a median of S ABC. Let the line HO meet the median AD at G. Now, we shall prove 
· that G is the centroid of the dABC. Obviously, L1 OGD and L1HGA are similar triangles. 

OG GD OD RcosA 1 
=-=-= - -

HG GA HA 2Rcos A · 2 . . 

.. GD = ..!_ GA ~ G is centroid of dABC and OG: HG = 1:2. 
2 

F.:Ulllllll~ 5.32 ABC is an acute-angled triangle with cir.cumcentre '0' orthocentre H.lf A 0 = AH, then 
find the angle A. · 

Sol. OA= HA 

R = 2R cosA 

1 
·=> cosA = -

2 

n 
=> A=-

3 

.Exampk· 5.33 Jf x, y and z are the distances of incentre from the ·vertices of the triangle ABC, 
abc A B C 

respectively, then prove that -- = cot - cot-cot-. 
X y z 2 2 2 A 

Sol~ x = r cosec~ and a = r (cot!!_+ cot C) 
2 2 2 

· . . A A 

=> a = ( cot B +cot ¢)sin~ = sm2cos2 
X 2 2 2 . B. C 

Sin - Sl0 -
2 2 

A B . C 
abc cos2cos 2. cos2 A ) B C 

=> -::::: --=---=---=- = cot -cot - cot-
. xyz . A · . B . C 2 2 2 sm - sm - sm-

2 2 2 
Fig. 5.26 
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Solutions and Properties of Triangle 5.27 

Example S.34' LctABCbe a triangle with L.BAC=lrr/3 and AB = xsuch that (AB)(AC) =I. Ifxvaries, 

then find the longest possible length ofthe angle bisector AD 

2hc A bx 
Sol. AD = y= --cos- =-- (as c=x) 

h+c 2 b+x 

. 1 
But bx = I => b;:; -

X 

X 
: . y= 2= I 

l+x x+-
x 

A 

c~ 
8 D C 

Fig. 5.27 

1 
=> Ymax = 

2
. since the minimum value of the denominator is 2 if~ :> 0. 

· Exa 111 pic· 5.35 LctABCbc an acutetrianglewhose orthocentrc is at H. lfaltitudc from A is produced to 
meet the circumcircle oftriangleABCat D, then prove .liD =4R cos 8 cos C 

Sol. !J.BHN and !:18DN are congruent. 

·:. HN = ND = 2R cos 8 cos C 
:. HD=4RcosBcosC 

Ex«tmpi~..· 5.36 In an acute-angled triangle ABC, point D, E and Fare the feet oft he perpendiculars 
from A, Band ContoBC,ACand AB, respectively. His orthocentrc.lfsinA :=3/5 and 
BC= 39, then find the length of AH. 

Sol. G ivcn sin A = 3/5 =;> cos A = 4/5 
Also a= 39 

a 
:. --=2R 

sin A 

39x5 
:::) =2R 

3 
:::) 2R = 65 

4 
=> AH ;:; 2RcosA = 65 · - = 52 s 

A 

Fig. 5.29 

' • 

downloaded from jeemain.guru



5.28 Trigonometry 

Ex•unplc 5;37 In triangle A.BC, CD is the bisector of the angle ·c. If cos C =.!. and CD= 6, then. find - (1 1) 2 3 
the value of ~ + b . 

Sol. fl. = f11 + Ll2 

1 b . c 1 6b . c 1 6 . c ==> - a sm = - sm - + - a sm -
2 ·2 2 2 2 

b
. . c c 1 

6
b . '<c · 1 

6 
. c 

==> a sm - cos __:_ = - sm - + - a sm -
2 2 2 2 2 2 

1 1 1 
=> - +-=­

a b 9 · 

c 

E\amplc 5.3H Letf,g and II be the lengths of the perpendiculars from th~ circumcentre of MBC'on 

· a b c labc 
the sides a, band c, respectively, then prove_ that f + g + h = 

4 
fgh · · 

Sol. Distance of circumcentre from to side BC is R cos A = f 
Similarly, g =:= R cos B, h = R cos C . 

a b c 2R sin A 21? sin B 2R sin C . 
=>- + - + - = + + = 2(tan A +tan B +tan C) 

f g h R cos A R cos B R cos C . 

a b c . 
A I so, 7 g h = ~ ta~ A tan B tan C 

But in triangle, tan A + tan B + tan C = tan A tan B tan C 

abc labc 
==> - +-+ - =--. f g . h 4 fgh 

E\ample 5.~W If the incircle of MBCtouches its sides, respectively, atL,M and Nand if x,y, z are the 
circumr~dii of the triangles MIN, NIL, and LIM where I is the incenter, then prove that 

1 xyz= -Rl-. 
2 

Sol. In Fig. 5.31, AN IM is a cyclic quadrilateral. 
Also, Al is the diameter of circumcircle MNI. 
LetA1 =2x 

A 2x 
==>cosec-=-

2 r 

r r r 
=> x - y- z----- A' - B' - C 

2sin - '2sin - 2sin-
2 2 .2 

=>xyz= . A . B . C =-=-
8sm- sm- sm- 2~ 2 · 

2 2 2 R 

A 

B '----- _.:::......._.::::....._ _ _ ___ __,. C 
L 

Fig. 5.31 
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Solutions and Properties of Triangle 5.29 

ESCRIBED CIRCLES OF A TRIANGLE AND THEIR RADII 
The circle which touches the side BC and two sidesAB andAC produced of triangle ABC is called the escribed 
eire le opposite· to the angle A. Its radius is denoted by r 1• Similarly, r2 and r3 denote the radii of the escribed 
circles opposite to the angles 8 and C, respectively. The centres of the escribed circles are called the ex­
centres. The centre of the escribed circle opposite to the angle A is the poi.nt of intersection of the external 
bisectors of angles Band C. The internal bisector of angle A also passes through the same point. The centre 
is generally denoted by / 1• 

In any tlABC, we have 

t:. t:. 6. 
i. r 1 = --, r2 = --. '3 = --

s-a s- b s- c 

A 8 C 
ii. r1 =stan -. 'i = s tan - , r3 = s tan -

2 2 2 
... 4R . A 8 C 
111. r 1 = sm 2 cos 2 cos 2 

4R 
A . B C 

r2 = cos - sm - cos - · 
2 ·2 2 

4R 
A B . C 

r3 = COS 2 COS 2 SI~ 2 
Proof: 

Let / 1 be the point of intersection of external bisectors of angles 8 and C of 6.ABC. Suppose the'circle 
touches the side. BC at D and sides AB and AC produced at F and. E, respectively. Clearly, 
11D = /1£= 11F=_ r 1. . 

i. Area of t:.ABC =area of !:J./1AC +Area of tl/1AB - Area of !:J.I1BC 

1 1 1 
~ 6 = - r 1 b + - r1 c- - r 1 a 

2 2 2 
1 

= -r1 (b+c-a) 
2 
r. . 

=...!.. (2s-2a) 
2 

6 
~ r ·=--

1 s-a 
A 

Fig. 5.32 
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5.30 Trigonometry 

A A 
Similarly, it can be shown that r 2 = --b and r 3 = --

s- s-c 

A (s- b) (s- c) = -~s(s ..:. b) (·s- c)(s -:- a) . A . 
ii. stan - = s ....l...---~---- = -- = r1 2 s(s-a) s-a s-a 

Similarly, r 2 =stan ~ and r3 ~s tan ~. 

4R 
. A . B C 

4
R ~,.-(s---b)_(_s ___ c_) ~s(s - b) ~s(s - c) 

iii. sm - cos - cos - = . 
2 . 2 2 be ac ab 

s(s- a)(s-b)(s -c) = 4R ---'--'---'--'---
abc(s-a) . 

4R ~2 ~ 
=- - --

abc ( s - a) s - a 

=rl 

Similarly, we can prove for r2 and r 3• 

Example ::i.40 Prove that r 1 + r2 + r3 - r = 4R. 

Sol. 
~ A A A . [ s - b +s-a ( s - s. +c)] 

r 1 + r 2 + r 3 -r= -- + --+-- - = ~ + ~-=--------=-~ 
s-a s ~b . s-c s (s - a) (s-b) s(s -c) 

Ex~1mple 5.41 

-
6 [(s-a)c(s - b)+ s(sc-c)] 

= Ac[s (s -c) +(s-a) (s-b)] 
_ s(s-a) (s-b) (s - c) 

Ac 2 
= - [2s -s (a+b+c) + ab] 
~2 

= (ciA) [2s2 - s(2s) + ab] = 4 (abc/4A) = 4R 

Prove that cos A+ cos B +cos C= 1 +.r!R. 

Sol. cos A+ cos B +cos C = 1 + 4 sin•(A/2) sin (B/2) sin (C/2) 

= I +[4Rsin(A/2)sin(B/2)sin(C/2)]/R= 1 +r/R 

Example S.42 P h 
a cos A + bcos B + ccos C r 

rovet at = - . 
- a+b+c R 

Sol. We have, 

a cos A + b cos B + c cos C = R(2 sin A cos A + 2 sin B cos B + 2 sin A sin C) 

= R(sin 2A +sin 2B + sjn 2C) 

=4Rsin A sinBsinC 
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Solutions and Properties of Triangle 5.31 

and a+ b + c = 2R(sin A+ sin B +sin C)= 8 R4 cos (A/2) cos (B/2) cos (C/2) 

a cos A + b cos 8 + c cos C 

a+b+c 

4Rsin A sin Bsin C =------- --
8R cos A/2 cos B/2 cos C/2 

= [4R sin (A/2) sin (8/2) sin (C/2)]/R= r!R 

Example 5.43 Jf in a triangle r1 ""r2 + r3 + r, prove thai the triangle is right angled. 

Sol. We have r 1 == r 2 + r3 + r 
~ r1-r=r2 +r3 

.1 .1 6. .1 
=> -- - -=--+--

s-a s s-b s-c 

6.a _ 6.(2s -b -:-c) _ .1a 
~ 

s(s -a)- (s -b) (s - c)- (s-b) (s -c) 
=> s(s - a) = (s- b)(.~-c) 

=> s2-sa=s2-(b+c)s+hc 
=> 2s (b + c-a) = 2bc 
=> (a+h+c)(b+c-a)=2hc 
=> ( b + c i - a2 = 2 be 
=> b2 + c2 = a2 

lienee, the triangle is right angled. 

Exampll: 5.44 '• +r2 Prove that 
1 

C = 2R. 
+cos 

I. 
2. 
3. 

4. 

4R( C ( . A 8 . B ·A)) = cos- stn - cos-+sm - cos-
2 2 2 2 2 

=4R( cos2 ~)= 2R(l +cos C) 

---'-'i _+--=r2_ = 2R 
I +cosC 

Concept Applicc;1tion Exercise 5.6 

In .1A BC, if r1 < r2 < r3 , then find the order of lengths of the sides. 
Find the radius of the in-circle of a triangle where sides are 18, 24 and 30 em. 
If in 6.A BC, (a- h) (s - c)= (b- c) (s-a), prove that r1, r2, r3 are in A.P. 

. tr I 
In tnangle ABC, LA=-, prove that r + 2R = -(b+ c +a). 

2 2 
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5.32 Trigonometry 

1 1 1 1 
5. Prove that - +-+- = -. 

'i '2 ' 3 ,. 

. 1 
6. Prove thatr1r2 +r2r3 +r3r 1 = - (a +b+c)2

. 
4 

'i + ' 2 + ' 3 7. In any triangle ABC, find the least value of -=----__...:;....---=-
. r 

Geometry Relating to Ex-centres 
Consider an acute-angled AABC. 

'1 
Fig.·S.33 

At / 1, external bisectors of L B and LC and internal bisector of LA are concurrent. 

n B 
Also LIBC= B/2 and LCBJ1 = --- ~ L /811 = 7r:/2.or 81 l..I/3 2 2, 
Similarly, C/ ..1.. 11h and AI ..L h/3. 

Thus, the in-centre of triangle ABC is orthocentre of .!l 111213 and ABC is the pedal triangle of 6.1112/ 3• 

' 

Distance Between In-centre and Ex-centre 

ln .!l !DB BI= ID 
· ' sin L IBD 

r 

sin(B/2) 

. Bl 
Also in6./BI1,111 = --­

cosLBII1 

,. 
sin (B/2) cos(~-~) 

r 

sin (B /2) sin (C /2) 

Similarly, lh = · r and /h = r 
sin (A/2) sin (C/2) sin(A/2) sin (B/2) 

Distance Between Ex-:-centres 
Let us fin~ 1112• Points B, 1, C and / 1 are concyclic. 

Hence, L l/1C = L IBC= B/2. 
Similarly, points A, I, C and /2 are concyclic. So, L //2C= L IAC= A/2 . . 

. . A+B 
Then m .t1//112, L f / 12 = 1r: --- . 

. 2 
' 
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Solutions and Properties of Triangle 5.33 

Now in 61112 from the sine rule, we get 

l1l2 _ 11, 

.... ( A + B) - . (A) 
Sin TC--

2
- SIO 2 

r 

1,12 
. (B)· . (c) 

-

SIO -
2 

Sin -
2 

cos(~)- sin(~) 

Similarly,J2/3 = 4Rcos( ~) andJ1/3 = 4Rco;( ~} 

MISCELLANEOUS TOPICS 

m-n Theorem 
Let D be a point on the side BC of a A ABC such that BD: DC = m:n and LADC 1:: 8, LBAD = a. and 
LDAC- /3. Then 

i. (m + n) cot 8= m cot a-!1 cot /3 
ii. (m+n)cotB=ncotB-mcotC 

Proof: 

. BD m 
i. Gtven- = -and LADC= B 

DC II 

A 

Fig. 5.34 

LADB= (180°- 8), L BAD= a and LDAC= {3 
L.ABD = 180° - (a+ 180° - 8) = 8- a= B 

BD AD 
From6ABD. -- = - --­

. sin a sin (8 -a) 
(i) 

."'· 
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5.34 Trigonometry 

F A ADC DC - AD . rom L.VI , -- - ----

. sin f3 sin ( 0 + /3) 
Dividing Eq. (i) by Eq. 0,0. we get 

BD s in f3 .:- sin ( 9 + /3) 
DC sin a- sin (0 - a) 

m sin f3 sin 0 cos f3 +cos8 sin f3 
- -- = 
n sin a sin8 cos a -cosO sin a 

- . -

~ m sin J3 (sin ·ecos a- cos Osin a) = n sin a (sin Ocos {3 + cos 0 sin /3) 

(iii) 

~ m cot a - m cot 8 = n cot f3 + n cot 8 [dividing both sides by sin a sin f3 sin 8) 
=> (m·+ n)cotO= mcota-ncot/3 · (iv) 

ii. We ~ave L CAD= 180° - (0+ C) 
LABC= B,LACD=C, LBAD=(O.- B) 
Putting these values iil Eq. (iii), we get 
m sin(B+ C) sin B = n sin C sin(B- B) 
~ m (sin fJ cos C +cos 0 sin C) sin B = n s in C (sin 0 cos 13 - cos 0 sin B) 
Dividing both sides by sin 0 s in B s in C, we get · 
m(cot C + cot 8) = n (cot B -cot 0) 
· (m + n) cot 0= n cot B - m cot C 

Example 5.45 If the median AD of triangle ABC makes an angle n/4 with the side BC, then find the 
value of I cot B - C()t q. 

Sol. 

A 

~ 
B 0 C 

Fig. 5.35 
By m- n theorem, 

· (J?D + DC) cot (rc/4) = DC cot B-BD cot C ~ lcot B- cot Cl = 2 

Inequality 
3 

In Chapter 2, we have proved that cos A+ cos B +cos C ~ -. 
2 

Also in MBC, cos A+ cos B +cos C= 1+4sin~sin .8 sin t 
2 2 2 

. A ·· . B . C 1 
~ sm-sm-sm- ~ -

2 2 2 8 

ln6ABC, r =4R sin A sin B sin C ~R~2r[usingEq . .(ii)] 
. 2 2 2 

Prove that a cos A+ b cos B + c cos C ~ s. 

· Sol. a cos A + b cos B + c cos C = R(2 sin A cos A + 2 sin B cos B + 2 sin C cos C) 

(i) 

(ii) 

I 
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Solutions and Properties of Triangle 5.35 . 

= R(sin 2A +sin 2~ + si~ 2C) 

= 4R sin A sin B sin C = ~ ( 2R2 sin A sin B si~ C) 

2 rs 
= -6 = 2- $s [·: R;:::2r] 

R R 
F:xample 5.47 In triangle ABC, prove that the maximum value of tan A tan B tan C is !i_. 

2 2 2 2s 
Sol. For triangle ABC, we have 

A B C (s -b)(s-c) 
tan -tan- tan-= 

2 2 2 s(s -a) 

(s-a) (s-c) 
s(s -b) 

= ~s(s -a)(s -b)(s-c) 
s1 . 

6 r R =-=-<-
s2 s - 2s· 

Area of Quadrilateral 

(s-a) (s-b) 
s(s-c) 

ABCD is any quadrilateral where AB =a, BC = b, CD= c, AD= d and L.DPA = a. Let us denote the area of the 
quadrilateral by S, then 6 DAC = area of 11APD+ area of 11DPC. 

=.!. DPxAPxsina+~ DPxPCx sin(n:- a) 
2 2 

= ..!_DP(AP+PC)sina 
2 

D c 

·· ... p .. ·· 

a ·~><.)~ 

1 . 
Areaofi1DAC= - DPx ACxsina 

2 · 

Similarly,areaof/1ABC= _!_ BPxACsin a 
2 

:. S =area of 11 DAC +area of 11ABC 

- _!_ DPxACsin a+.~ BPxACsina 
2 2 

~.. . . 
,• 

a 
Fig. 5.36 

"" _!_ (DP + BP)ACsin a 
2 

1 . 
~s=- BD x ACsin a 

2 

'• .... 

(i) . 

. Qi) 

[using (ii) and (iii)] 

(iii) 

T~erefore, area·of quadrilateral= ~ (product of the diagonals) X (sine of included angle). 

Cyclic Quadrilateral 
A cyclic quadrilateral is a quadrilateral which can be circumscribed by a circle. 
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- ·· 

5.36 Trigonometry 

Note: 

• Sum of rile opposite angles of a cyclic quadrilateral is 180°. 
• In a cyclic quadrilateral, sum of the products of the opposite sides is equal to the prof/ucl of !he 

diagonals. This is known as Ptolemy:" theorem. 
• If swn of the opposite sides of a quadrilateral is equal, then and only then a circle can be inscribed 

in the quadrilateral. 

Regular Polygon 
A regular polygon is a polygon which has equal sides as well as equal angles . . In any polygon of n sides, sum 

of its internal angles is (n ..:_ 2)n, then in regular polygon each angle is ( n -
2
)" . 

n 

Note: 

• In the regular polygon, the circumcentre and the in·centre are the same. 

Radii of the inscribed and the circn mscribed circles and area of a regular polygon of 11 sides with 
each side fl. 

A 0 
" ,I' 

I I ' 

/:\R 
R / ' \ 

I I ' / r: \ 
I I \ 

I I \ 

/ : \ 
------a------~ IC 

L 

Fig. 5.37 

D 

LetAB, BC and CD be three successive sides of the polygon and 0 be the centre ofboth the incircle and 
the circumcircle of the polygon. 

L.BOC = Zn ~ LBOL = ..!_ ( 2Jr) ;;; 7r 
n 2 n n 

a= BC-;::; 2 BL = 2R sin L.BOL = 2R sin !!. a 7r 
~R=- cosec-

n 2 n 
· n a 1r 

Again, a=2 BL=2 OL tan L.BOL =2rtan- ~r=- cot-
n 2 n 

Now, the area of the regular polygon ~ n times the area ofthe 60BC ~ n G OL x BC) 

=nH~c<)a ~ 
na2 

1C 
= - cot - [in terms of side of polygon] 4 , (i) 

Now, a= 2r tan !E. ~ 11 = nr2 tan(!!..) 
ll . 11 

[from Eq. (i)] 

AI 2R . 1C nR
2 

• (2Jr) so, a= sm- ~t:.= --sm -
II 2 ll 

(from Eq. (i)] 
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Solutions and Properties of Triangle 5.37 

Example 5.4~ ·. Find the sum of the radii of the circles, which arc, respectively, inscribed and 
circumscribed about a polygon of 11 sides, whose side length is a. 

Sol. Radius of the circumscribed circle = R = ~ c~sec !: 

Sol. 

2 . 11 

and radius ofthe inscribed circle= r= ~a cot (1Cin) 
. . 2 

a acos(n/n) a[l+cos(trln)] 
~ R + r = + = ----=~-----:---....;,-=---

2sin(7CIH} 2sin (n/n) 2x2sin(tr/2n)cos (n12n) 
= .!_ a cot (.!!...) 

2 2n 

lfthc area of the circle isA 1 and the area ofthe regular pentagon inscribed in the circle 
isA2, then find the ratioA 1/A1. 

Fig. 5.38 

360° 
lnl\OAB OA=OB=randLAOB= -- =72° , . 5 

Therefore, area of MOB= _!_ r x r sin 72° = ! r 2 cos 18° 
2 2 

Area of pentagon (A2) = 5 (area of ll AOB) = 5 ( ~ r 2 cos l8o) 

Also, area of the circle (A 1) = nr2 

A nr
2 

21C (tr) Hence, - 1 = 
5 

= - sec -
A2 -r2cosl8o 5 10 

2 

(i) 

(ii) 

[from Eqs. (i) and (ii)] 

Ex~rnplc 5.50 Prove that the area of a regular polygon of211 sides inscribed in a circle is the geometric 
mean of the areas of the inscribed and circumscribed polygons of 11 sides. 

Sol. Let a be the radius of the circle. 
Then, 

S1 =Area of regular polygon of n sides inscribed in the drcle =.!_ na2 sin (21Cin) 
. 2 

S2 =Area of regular polygon ofn sides circumscribing the circle= nrJ tan (n/n) 
S3 = Area of regular polygon of2n sides inscribed in the circle = na2 sin (n/n) 

[replacing n by 2n is Sd 
Therefore, geometric mean of S1 and S2 = ~(S1S2) = nrl-s.in (n/n) = S3 
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5.38 Trigonometry 

. SOLUTION OF TRIANGLES (AMBIGUOUS CASES) 
The three sides a, b, c and the three angles A, B, Care called the elements of the triangle ABC. When any three 

. of these six elements (except all the three angles) of a triangle are given, the triangle is known completely; that 
is, the other three elements can be expressed in terms of the given e~ements and ca~ be evaluated. This 
process is called the solution of triangles. . · 

• lfthe three sides a, band c are given, angle A is obtained frorri tan A = 
2 

b2 2 2 

A +c -a B d C b b · d · · 'I cos = . an can e o tame m a simi ar way. 
2bc 

(s-b)(s-c) 
1-'--..:....:....-~ or 

s(s -a) 

· · · 8 -C · b-·c A B-C 
• I ftwo sides b and c and the inc1uded angle A are given, then tan-- = -- cot - gives --. 

· 2 b +c 2 2 

Also, B + C = 90° - A , so that .B ahd C can be evaluated. The third side is given by a = b sin A or 
2 2 sinB 

a2 = b2 + c2
- 2bc cos A. 

• lf two sides b and c and the angle B (opposite to side b) are · given, then sin C = ~sinB , 
·. b 

A = 180° - (B + C) and ·a= b ~in A g.ive the remaining elements. 
smB 

Case 1: 
b < c sinB 
We draw the side c and angle f!. Now, it is _obyious from Fig. 5.39 that there is no triangle possible. 

A 

Fig. 5.39 

Case II: 
b = c sin B and B is an acute angle, then there is only one triangle possible. 

A 

Fig. 5.40 
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Solu~ions and Properties or Triangle 5.39 

Case· Ill: 
b > c sin B, b < c and B is an acute angle, then there are two values of angle C. Hence, two triangles are 
possible. 

A 

I 
csin 8 . 

Fig: 5.41 

CaselV: 
b > c sin B, c < band B is an acute angle, then there is only one triangle possible. 

A 

Fig. 5.42 · 

CaseY: 
b > c sin 8, c > band B is an obtuse angle. For any choice of point C, b will be greater than c which is 
a contradiction as c > b (given). So, there is no triangle possible. 

c .. ... ... ... 

/ 

Case VI: 

····· .... b 
··. 

c 

Fig. 5.43 

. .. ...... 
·· . . A 

b > c sin B, c < band B is an obtuse angle. We can see that the circle with A as centre and bas radius 
will cut the line only in one point. So, only one triangle is possible. 

Fig. 5.44 
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5.40 Trigonometry 

Case VII: 
b > c andB = 90° 
Again the cirCle with A as centre and bas radius will cut the line only in one point. So, onl~ one triangle· 
is possible. 

Fig. 5.45 . 

Case VIII: 
b :5 c and B = 90° 
The circle with A as centre and bas radius will not cut the line in any point. So, no triangle is possible. 

. ' 

Fig. 5.46 

Alternative method: 

a2 +c2 -b2 
By applying cosine rule, we have cos B = ----

. 2ac 
=> cr- (2c cos B) a+ (c2

- b2) = 0 

=> ~=ccosB± ~(ccosBf-(c2 -b2
) 

= c cos B ± ~ b2 
-:- ( c sin B)2 

This equation leads to the following cases: 

Case 1: If b < c sin B, no such triangle is possible. 
Case II: Let b = c sin B. There are further fol.lowingtwo cases: 

a. B is an obtuse angle=> cos B is negative. There exists no such triangle. 
b. B is an acute angle~ cos B is positive. There exists only one such triangle. 

Case Ill: Let b > c sin B. There are further following two cases: 
a. B is an acute angle => cos B is positive. In this case, two values of a will exist if and only 

if c cos B > ~b2 - (c sinB)2 or c > b ~two ~uch triangles are possible. If c <: b, only one 
such triangle is possible. · · 
b. B is an obtuse angle~ cos B is negative. In this case, triangle will exist if and only if 

)b2
- (qsin.B)2 > clcosBI => b >c. So, in this cas~, only one such triangle is possible. lfb < c 

there exists no such triangle. ¥ • 
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Solutions and Properties of Triangle 5.41 

Note: 

. asinB asinC 
• Jf one s1de a and angles 8 and Care given, then A = 180° - (8 +C) and h = . , c = . . 

smA smA 
• Jfthe three angles A, 8 and Care given, we can onl.,vflnd the ratios oflhe sides a, band c by using 

I he sine rule (since there are infinite number of similar triangles possible). · 

If h = 3, c = 4 and B = n/3, then find the number of triangles that can be constructed. 

Sol. We have, 
sin B · sin C sin (1C 13) sin C 

~ ;--

3 4 
~ sin C = ~ > I which is not possible. --=--

c 
Hence, no triangle is possible. 

-~:xamplc 5.52 If A = 30°, u = 7 and h = 8 in A ABC, then find the number of triangles that can be 
constructed. 

• 

S h 
a b . 

8 
b sin A 8 sin 30° 

417 ol. We ave -- = -- => sm = = = 
sin A sin B a 7 

Thus, we have, b > a> b sin A. 
Hence, angle B has two values given by sin B = 4/7. 

Exmnplc 5.53 · I fin triangle ABC, a =(1 + J3) cm,h =2 em and L.C= 60°, then find the other two angles 
and the third side. 

Sol. 
a2 +b2 -c2 

From cos C = , we have 
· 2ab 

1 (1 +·J3Y +4 -c2 

2 = 2(1+~)2 
=> 2 + 2 .J3 = 1 + 3 + 2J3 + 4 - c2 

::::> c2 
:c 6 => c = J6 em 

. Also sin A =sin 8 =sinC => sin A= sinB = .J3t2::::>sin 8 ;_l_ 
' a b c I +.J3 2 J6 J2 

=> B=45°=>A= 180°-(60°+45°) = 75° 

Example 5.54 Jn AABC, the sides h, c and the angle 8 are given such that a has two \'a lues a 1 and a2• 

Then prove that I a1-a2 1 ""2 ~b2 
- c 1 sin2 B. 

=> c1-- 2c cos 8 a+ c2 
- h2 = 0 

~ a1 + a2 = 2ccos B, a1a2 = c2 -b2 

~ (a1 - a2)
2 = (a1 + a2l- 4a1a2 

= 4c2 cos2 8-4(2- b2
) = 4h2

- 4? sin2 B = 4(b2 - r? sin2 B) 

~ la1 -a21=2~b2 -c2 sin2 B 
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5.42 Trigonometry 

Exam pic 5.55 

Sol. 
. b2 + c2 - a2 

We have cos A= => b2 - 2 be cos A +(?-a-2)=0 
2bc 

It is given that h1 and b2 are the roots of this equation. 
Therefore, h 1 + b2 = ~c cos A and b1 b2 = c2 

- a2 

~ ~b1 = 2 ccosA, 2b? = c2 -a2 

=0 2 ( 
2
; cos A r = C' - a

2 

=> 8c2( I .:... sin2 A)= 9c? - 9c2 

. J9a2
- c2 

~ smA= 
2 8c 

EXERCISES 
. ... --... 

Subjective Type Solutions on page 5. 63 

l. 0 is the circumcentrc of 6. ABC and R1, R2, R3 are, respectively, the radii of the circumcircles of the 

. · a .b c abc 
tnangles OBC, OCA and OAB. Prove that-+-+- = -

3 
. 

R1 R2 · R3 R 
2. In triangle ABC, Dis on AC such that AD= BC, BD =DC, LDBC = 2x and LBA D = 3x, all angles are 

in degrees, then find the value of x. 
3. If in !1ABC, the distances ofthe vertices from the orthocentre are x, yand z, then prove that 

a b c abc 
-+-+-=-. 
X )' Z .\)'<: 

4. In tlABC, a semicircle is inscribed, which lies on the side c. Ifx is the length of the angle bisector 
through angle C, then prove that the radius of the semicircle is x sin (C/2). 

S. Prove that the distance-between the circumcentrc and the orthocentre of triangle ABC is 

R Jt -8 cos A cosBcosC . 

6. Prove that the distance between the circum centre and the incentre of triangle ABC is ~ R2 
- 2Rr . 

7. The two adjacent sides of a cyclic quadrilatera! are 2 and 5· and the angle between them is 60°. If the 

area oft he quadrilateral is 4.J3, find the remaining two sides. 
8. If p and q are perpendiculars from the angular points A and B of the 6 ABC drawn to any line through 

the vertex C, then prove that a2b2 sin2 C = a2p2 + b2cf - 2 abpq cos C. 

9. If I is the in centre of 6 ABC and R1, R2 and R3 are, respectively, the radii of the circumcircles of the 
triangles JBC, JCA and IJ!B, then prove that R1 R2 R3 = 2 rR2

. 

I 0. ln a circle of radius r, chords of lengths a and b em subtend angles Band 38, respectively at th~ centre. 

Show that r =a ~ em. 
~3;:b 
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Solutions and Properties of Triangle 5.43 

I I. If in triangle ABC, the median AD and the perpendicular AE from the vertex A to the side BC divide the 

A . 2 A 3a2 

angle A into three equal parts, show that cos 3 sm 3 = 
32

bc. 

J 2. Perpendiculars are drawn from the angles A, Band C of an acute-angled triangle on the opposite sides, 
and produced to meet the circumscribing circle. If these produced parts are a, {3, y, respectively, then 

a b c 
show that - + {3 +- = 2(tan A+ tan B +tan C). 

a r · 
13. Show that the line joining the incentre to the .circumcentre of triangle ABC is inclined to the side BC at 

I _1 (cos B +cosC -1) an ang e tan . 
sin C-sin 8 

14. If the tangents ofthe angles of a triangle are in A.P., prove that the squares of the sides are in the ratio 
ofx2 (x2 + 9):(3 + x2

)
2

: 9 (1 + x2
) where xis the tangent of the least or the greatest angle. 

15. In ABC, right angled at C, if tan A= J,/5 -1
, sho,.; that the sides a, band care in G.P. . 2 

. .. 
Objective Type Solutions on page 5. 72 

Each ques1ion has four choices a, b, c, and d, out of which only one answer is correct. 

I. If in dA8C, sin A cos 8 = "~I and sin 8 cos A= ~,then the triangle is 

a. equilateral b . isosceles c. right angled d . righ-angled isosceles 
2. ABC is an equilateral tTiangle of side 4 em. If R, rand hare the circumradius, inradius and altitude, 

. I h R + r . I respecttve y, t en IS equa to 
h 

a.4 h 2 c. I d3 

3. In flABC, if 
sin A sin B sin C c b a 

· B + --+ - 1 - = -b +-+ -b , then the value of angle A is 
c sm c ' a ac c 

a. 120° h 90° c. 60° d 300 
4. A piece of paper is in the shape of a square of side I m long. Jt is cut at the four comers to make a 

regular polygon of eight sides (octagon). The area of the polygon is 

d none of these 

5. If A, Band Care angles of a triangle such that angle A is obtuse, then tan B tan C will be less than 

1 
a.-
~ 

h..[j 
2 

c. I d. none of these 

6. In 6ABC, LB = 1lf3. The range of values ofx, where x =sin A sin C, is the interval 

. a. [-.!. ~] 
. 4' 4 h ( 0, !) d [: ' !] 
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5.44 Trigonometry 

~ 7. If in Ll ABC, A C is double of AB, then the value of cot A cot 
8 

- C is equal to 
2 2 

1 . 1 1 
a. h -- c. 3 d -

3 3 . 2 
8. In a right-angled isosceles triangle, the rat~o of·the circumradius and inradius is 

3. 2(.V2 + l):J h (.V2+ .. 1):1 C. 2:) r d .V2:) 
9. In triangle ABC, a= 5, b = 3 and c = 7, the value of 3 cos C. + 7 cos B is equal to 

a. ·s h 10 c. 7 d 3 
10. I fin triangle ABC, LB= 90°, then tan2(A/2) is 

b-e 
a. - -

b+ c 

b+ c 
h -­

h -c 

2bc 
c. -b­

- e 

cot A 
1.1. Tnil ABC, ifb2 + c2 =2a2, thenvalueof C is 

· · cotB +cot 

d none of these 

a.
1 h ~ c.~ d ~ 
2 2 2 . 3 

. 12. lf sin f) and - cos 8 are the roots of the equation ax2 - bx- c = 0, where a, b and c are. the sides of a 
triangle ABC, then cos B is equal to 

c c 
a.l -- hl - -

2a a 
c 

c. I +-
2a 

13. In Ll ABC, c? + b2 + c2 = ac + ab J3, then the triangle is 
a. equilateral h isosceles c. right angled 

14. InilABC,(a+b+c)(b+c- a) = kbc if 

a. k <O h k > O c. 0 < k <4 

c 
d l+-

3a 

· d none of these 

d k > 4 
15. lf one side of a triangle is double the other, and the angles on opposite sides differ by 60°, then the 

triangle is 
a. equilateral h obtuse angled c. right angled d acute angled 

16. In triangle ABC. if r 1 = 2r2 = 3r3, then a:b .is equal to 

5 
a. -

4 

4 . 
b -

5 

7 
c.-

4 

17. If in ~ triangle, (1 -.i.J(t-.l) = 2, then the triangle is 
'2 ~':\ ' 

a. right angled h isosceles c. equilateral 

d i 
7 

d none of these 
18 . .Jn an equilateral triangle, the inradius, circumradius and one ofthe ex-radii are in the ratio 

a. 2:3:5 h 1:2:3 c. 1 :3:7' d 3:7:9 

19. Jn any LlABC, if cot A , cot 
8

, cot C are inA.P., then a, b~ c.are in 
. 2 2 2 

a. A.P. h G.P. c. H.P. d none of these 

20. In .ilABC, if A = 30°, b = ·2, c = .J3 + l , th.~n C; 
8 

is equal to 

a. 15° h 30° c. 45° d none of these 
21. In triangle ABC, if a:b:c = 7:8:9, then cos A: cos B is equal to 

a. .!.!. h 22 , c. 3. 
63 63 9 

d none of these 
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Solutions and Properties of Triangle 5.45 

22. In triangle ABC, if cos A+ cos 8 +cos C = 2, then R is equal to 
4 r 

3 h~ 2 d~ a c.-
4 3 3 2' 

23. In A ABC, cot _i +cot !!_ +cot C is equal to 
2 2 2· 

6. (a +b+c)
2 

~ d~ a. 
,2 

h 2.R c.-
abc r Rr 

• 2 2 2 cot A +cot C 
24. In tr1angle ABC, a-+ c = 2002b , then is equal to 

cot B 

2 3 . 4 
a b c.-- d--

2001 200.1 · 2001 2001 
25. I fthe hypotenuse of a right-angled triangle is rour times the length ofthe perpendicular drawn from the 

opposite vertex to it, then the difference of the two acute angles will be 
a. 60° B. 15° c. 75° d 30° 

26. Jn 6. ABC, if sin2 A, sin 2 8 
and sin2 C are in H. P., then a. band c wi II be in 

2 2 2 . 
a. A.P. h GP. c. H.P. d none of these 

27. Given b=2,c= .J3, LA= 30°, then inradiusofAABC is 

a. 
J3- J 

2' 
b J3 +) 

. 2 c. 
J3- 1 

4 
d none of these 

28. If Pis a point on the altitude AD of the triangle ABC such that LCBP = B/3, then AP is equal to 

a. 2a sin C h 2b sin C c. 2c sin B d 2c sin C 
3 3 3 3 

29. Jn triangle ABC, LA= tr12, then tan(C/2) is equal to 

a-c a-b a-c a-b 
a.-- b-- c.-- d--

2b 2c b c 
30. With usual notations, in triangle ABC, a cos (B- C)+ b cos (C -A)+ c cos (A- B) is equal to 

a. abc h abc c. 4 abc d abc 
· R2 4R2 R2 r 2R2 

31. In 6. ABC, sin A+ sin B +sin C = l 4: Ji and cos A+ cos+ cos C = Ji if the triangle is 

a. equilat~~l h isosceles c. right angled d right-angled isosceles 

32. Jf .!_ = '2 
, then 

'i '3 

a. A =90° h 8=90° c. C= 90° d none of these 
· 33. lfin a l:lABC, cos 3 A+ cos 38 +cos 3C = I, then one angle must be exactly equal to 

a. 90° h 45° c. 120° · d none of these 
34. lf cos 8 cos C +sin B sin C sin2 A= I, then triangle ABC is 

a. isosceles and right angled 
h equilateral 
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5.46 

35. 

36. 

37. 

38. 

39. 

Trigonometry 

c. isosceles whose equal angles are greater than m4 
d none 

Jn triangle ABC, internal angle bisector~ makes an angle Owith side BC. The value of sin 8 is equal to 

a sin ( 
8

; C) c. sin ( ~ - c) c. cos ( B; C) d cos ( ~ - C J 
. . n 

In an acute angled triangle ABC, r + r1 = r 2 + r3 and L B > -, then 
3 

a. b + 2c<2a <2b + 2c h b + 4c < 4a <2b + 4c 
c. b+4c<4a< 4b+4c d b+ 3c < 3a<3b+3c 

In triangle ABC, LA= 30°, BC =:= 2 + .J5, then the distanc~ of the ~ertex A fr~m the.orthocentre of the 
triangle is 

a. 1 
J3 +1 

c. 2.Ji 
If I is the in centre of a triangle ABC, then the ratio JA:JB:JC is equal to 

A B ·C "' . A . B . C a. cosec -: coses - :cosec - u. sm - : sm-: sm -
2 2 2 2 2 2 

A . B' C 
c. sec -:sec- :sec-

2 2 2 
d none of these 

d .:!. 
2 

In AABC, the bisector of the angle A meets the side BC at D and the circumscribed circle atE, then DE 
equal~ 

a
2 sec~ a. __ ....::::.. 

2(b+ c) 

2 . A a sm-
h 2 

2(b +c) 

A 
a2 cos2 c.---=-
2(b +c) 

z· A a cosec-
d 2 

2(b +c) 

40. lf Dis the mid-poirt of the side .BC of triangle ABC and AD is perpendicular to AC, then 
a. 3b2 = a2

- c2 b. 3dl = b2 - 3c2 c. b2. = a2 - c2 d a2 + b2 = 5c2 
41. Two medians drawn from the acute angles of a right-angled triangle intersect at an angle 1!16. lfthe 

length ofthe hypotenuse of the triangle _is 3 uryts, then the area of the triangle (in sq. units) is 

. a. .J3 b. 3 c. J2 d 9 
42. For triangle ABC, R = 512 and r = 1. Letlbethe incentre of the triangle and D, £and Fbe the feet of the 

· ID x IE xJF 
perpendiculars from 1 to BC, CA and AB, respectively. The value of 1A x 

18 
x IC is equal to 

a. 
5 ' 

2 
h2 

4 

I 
c. -

lO 
43. If the median of AABC through A is perpendicular to AB, then 

I 
d -

5 

a. tan A + tan B = 0 b. 2 tan A + tan B = 0 c. tan A + 2 tan B = 0 d none of these 
44. In AABC, the median AD divides LBAC such that LBAD: LCAD = 2:1. Then cos (A/3) is equal. to 

sin B· sin C 2 sinE 
a. h c. d none -of these 

2 sin C 2 sin B sin C 
45. If in ~ABC, b = 3 em, c = 4 em and the length of the perpendicular from A to the side BC is 2 em, then 

the number of solutions of the triangle is · 
a.1 hO c.3 d2 
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Solutions and Properties of Triangle 5.47 

46. In in triangle ABC, I, sin A =~and I, /1 1 = 9 (where / 1, 12 and 13 are ex-centres and 1 is in-centre, then 
. 2 5 . 

circumradius R is equal to 

a~ h~ ~~ d~ 
8 . 4 2 12 

47. In triangle ABC, mediansADand CE are drawn. If AD= 5, L.DAC= tc/8 and LACE= rd4, then the area 
of the triangle ABC is equal to 

25 .. 25 25 10 
a- h- ~- d-

9 3 .18 3 
48. In triangle ABC, iftan (A/2) = 5/6 and tan (B/2) = 20/37, the sides a, band care in 

a. A.P. b. GP. c. H.P. d ·none of these 

49. If H is the orthocentre of a acute-angled triangle ABC whose circumcircle is x~ + l = 16, then 
circumdiameter of the triangle HBC is 

a. I h 2 . c. 4 d 8 

SO. Jn triangle ABC, a= 5, b=4 and c= 3. G is the centroid of the triangle. Circumradius of triangle GAB is 
eq1;1al to 

5'1. 

52. 

53. 

54. 

a 2.Jl3 h 2_ ../13 ~ ~ ~13 d '3_J13 
:12 3" 1

j 2 
In triangle ABC, line joining circumcentre and inccntre is parallel to side AC, then cos A+ cos<:: is equal 
to 

a. -1 . h I c. -2 d 2 

In triangle ABC, line joining the circumccntre and orthocentre is parallel to side AC, then the value of 
tan A tan C is equal to 

a. J3 h 3 c. 3../3 d none of these 
!fin t:.. ABC, 8R2 = a2 + b2 + c?, then th~ triangle A IJC is 

a. right angled h. isosceles c. equilateral d none of these 

In triangle ABC, ~ = 2 
and sec2 A= ~.Then the number of triangles satisfving these conditions is 

li 3 5 " 
a.O h 1 c. 2 d3 

55. We are given b, c and sin 8 such that B is acute and b < c sin B. Then 
a. no triangle is possible b. one triangle is possible 
c. two triangles are possible d a right-angled triangle is possible 

56. If a, band A are given in a triangle and c1, c2 are the possible values of the third side, then 

cf +ci - 2c1c2 cos A= is equal to 

a. 4a2 sin 2A h 4a2 sin2 A c. 4rr cos2A d 4a2 cos2 A 

57. In t:.. ABC, a, h, A are given and c1, c2 are two values of the third side c. The sum of the areas of the two 
triangles with sides a, b, c1 a~d a, b, c2 is 

a. (l/2) b2 sin 2.4 . b. (1/2) a1 sin 2A c. IJ2 sin 2A d none of these 

58. The area of the circle and the area of a regular polygon of n sides and of perimeter equal to that of the 
circle are in the ratio of 

a. tan (TC): TC h cos(TC): 1C c. sin 1t: 1C d cot (rc): 1C 
11 1J 11 II 11 ll 11 1l 

59. The ratio of the area of a regular polygon of n sides inscribed in a circle to that ofthe polygon of same 
number of sides circumscribing the same circle is 3:4. Then the value of n is 

a. 6 h 4 c. 8 d 12 
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5.48 : Trigon~metry 

60. ·In triangle ABC, if P, Q, R divides sides BC, ACandAB, resp·ectively, in the raito k : 1 On order). If the · 

. (area PQR) . 1 h k . 1 ratio IS - , t en JS equa to 
area ABC 3 . 

a. 1/3 h 2 c. 3 d none of these 

· 2! 2! 1 ga 
61. ThesideoftriangleABCareinA.P.(orderbeinga,b,c)andsatisfy 

1191 
+ 

3
,.,

1 
+ 5151 = -(-, th~n 

. • . .f . • . 2b)! 

the value of cos A + cos B is 

12 
a.-

7 
h!l 

7 

1 1 
c. -

7 
d.!.Q 

7 

62. Let ABC be a triangle with LB= 90°. Let AD be the bisector of LA withDonBC. Supoosc AC= 6 em 
and the area of the tria~gleADC is 10 cm2

• Then the length of BD in em is equal to 

3 h2. 5 d~ a. c.-
5 10 3 3 

63. 
a2 '-+b2 +c2 

has the maximum value of In any triangle ABC, 
2 R 

a. 3 . b. 6 c. 9 d none of these 

. 2a . 2b ·. 2c 
64. If a, hand care the sides of a triangle, then the minimum value of b + b + b is 

. . +c - a e +a - a+ -c 

a.3 c. 9 c. 6 d 1 

65. ln any triangle, the minimum value ofr1r2rl? is equal to 
a. I b. 9 c. Tl d none of these 

66. In a convex quadrilateral ABCD, AB =a, BC = b, CD= e and DA =d. This quadrilateral is such that a 
circle can be inscribed in it and a circle can be also circumscribed about it, then tan2(A/2) is equal to 

a. ad . h .ab . c. ed d be 
be cd ab ad 

67. In triangle ABC, sin A, sin Band sin Care in A.P, then 

a. the altitudes are in H.P. b. the altitudes are in A.P. 
c. the altitudes are in G.P. d none of these 

68. In triangle ABC, LC = 2rd3 and CD is the internal angle bisector of LC, meeting the side AB at D. 
Length C,D is equal to 

ab 
a. 

2(a+b) 
h 2ah 

a+b 

2ab d~ 
a+b c . .j3(a +b) 

69. In fl. ABC, let R = circumradius, r = inradius, if 1· is the distance between the circumcentre and the 
incentre, then ratio Rlr is equal to 

a. J2- I b. J3 -l . c. J2 + 1 d .J3 ~ 1 

70. In the given figure, AB is the diameter of the circle, centered at '0' . If L COA = 60°, AB = 2r, 
A C =; d and CD = I, then I is equal to 
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ad.J3 

c. 3d 

Fig. 5.47 

h dl../3 

d J3dl2 

Solutions and Properties of Triangle 5.49 

. . 
71. In triangle ABC, base BC and area of triangle 6. are fixed. Locus of the centroid of triangle ABC is a 

straight I ine that is 
a parallel to side BC h right bisector of side BC 

, c. right angle of BC d inclined at an angle sin-• ( ~) to side BC 

72. Let AD be a median of the 6A.BC.If A£ and A Fare medians of the triangleABD and ADC, respectively, 
and AD= m1, A£= m2, AF= m3, then cl-18 is equal to 

2 2 2 2 "2 2 a 1112 +m3 - 2m1 h m1 + m2 -2m3 

2 2 2 2 fth c. m1 +m3 - m2 d none o ese · 
73. A variable triangle ABC is circumscribed about a fixed circle of unit radius. Side BC always touches the 

circle at D and has fixed direction. If Band Cvary in such a way that (BD) (CD)= 2, then locus of vertex 
A will be a straight line 

a parallel to side BC 
h perpendicular to side BC 
c. making an angle (n/6) with BC 
d making an angle sin-• (2/3) with BC 

74. In triangle ABC, LA= Jrl3.and its incircle is of unit radius. If the radius of the circle touching the sides 
AB, AC intemaily and incircle externally isx, then the value ofx is 

a. lf2 b. 1/4 c. 1/3 d none of these 
75. The radii r1, r2, r3 of the escribed circles of the triangle ABC are in H.P. ffthe area of the triangle is 24 

. cm2 and its perimeter i~ 24 em, then the length of its largest side is · 
a 10 h 9 c. 8 d none of these 

76. 1 f '0' is the circumcentre of llA BC and R
1
, R

2 
and R

3 
are the radii of the circumcircles of triangles OBC, 

a b c 
QCA .and OA 8, respectively, then R; + R

2 
+ R

3 
has the value equal to 

abc R3 46 6. 
a 2R3 b. abc c. R2 · d 4R? 

77. Jn triangle ABC, If A- B = 120° and R = 8r where Rand r have their usual meaning, then cos C equals 
a~ hW c.~ dm 
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78. In triangle ABC, LA = 60°, LB = 40° and LC == 80°.1f Pis the centre ofthe circumci1·cle oftria.ngleABC 
with radius unity, then the radius of the circumcircle of triangle BPC is 

a.] b.J3 . c. 2 . d J312 

79. Let' area of triangle ABC is { .J3 - 1 )jz , h = 2 and c ;::::. ( J3 - 1) and LA is acute. The measure of the 

angle Cis 
a. 15° - b. 30° c. 60° d 75° 

80. In triangle ABC, R(b +c)= aJbc where R is the circumradius of the triangle. Then the. triangle is 

a. .isosceles but not right h right but not isosceles 
c. right isosceles . d equilateral . 

Sl. ln triangle ABC, L.ABC ;::::. 120°, AB= 3 and BC == 4. If perpendicular constructed to the sideAB at A and 
to the side BC at C meets at D, then CD is equal to 

a. 3 h gf3 
3 

c. 5 d wJ3 
3 

M~ltiple Correct Answers Type Solutions on page 5. 9 5 

Each question has four choices a, b, c, and d, out of which one or more answers are correct. 
1. If the tangents of the angles A and B. of triangle ABC satisfy the equation ahx2

- c2x + ab = 0, then 
a. tan A = a/ h h tan B = b/ a 
c. cos C = 0 d sin2 A + sin2 B + sin2 C = 2 

2. In a triangle, the angles are in A.P. and the lengths of the two larger sides are J 0 and 9, respectively, 
then the length of the third side can be 

a. 5 + ..J6 h 0.7 c. 5 - .f6 d none of these 
3. In triangle ABC if2ib2 + 2b2c2 

= a4 + b4 + c\ then angle 8 is equal to 
a. 45° 11 135° c. 120° d 60° 

4. Tf in triangle ABC, a, b, c and angle A are given and c sin A < a < c, then 
a. b1 + b2 = 2c cos A h b1 + b2 ;::::. c cos A c. b1b2 = c2 - i 

5. There exists triangle ABC satisfying 
a. tan A + tan 8 + tan C = 0 

h sin A_= sin B =sin C 
2 3 7 

c. (a+ b)2 ~ c2 + ab and .Ji (s!nA +~osA) =..J3 

d 
. A . 8 . J3 + I .f3 . . B 

Sin + sm . = , cos A cos B;::::. - = sm A Sin 
2 4 

6. CF is the internal bisector of angle C of /1 ABC, then CF is equal to 

2ab C a +b C bsinA 
a. - - cos- .h - -cos- c. ( C) · 

a +b 2 2ab 2 · 
sin B +2" 

7. The sides of 11 ABC satisfY the equation 2c? + 4b2 + c2 = 4ab + 2qc. Then 
a. the triangle is isosceles h the triangle is obtuse 

c.B =cos- 1(7/8) d A = cos-1(1/4) 

d none of these 
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8. Let ABC be. an isosceles triangle with base BC. 1 f 'r' is the radius of the circle inscribed in A ABC and 
r 1 is the radius of the circle escribed opposite to the angle A, then the product r 1 r can be equal to 

c. .!_ a2 

2 
where R is the radius of the circumcircle of the AA8C. 

9. If in a triangle, sin4 A + sin4 8 + sin4 C = sin2 B sin2 C + 2 sin2 C sin2 A+ 2 sin2 A sin2 B, then its angle 
A is equal to 

a. 300 c. 150° d6()0 

10. The area of a regular polygon of n sides js (where r js inradius, R is circumradius and a is side of the 
triangle) 

a. nR
2 

sin ( 2n) b. nr2 tan (1C) c. "a
2 

cot 1C d nR2 t~n (n) 
2 " , n 4 n n 

J 1. In acute-angled triangle ABC,AD is the altitude. Circle drawn·withAD as its diameter cuts ttie AB and 
AC at P and Q, respectively. Length PQ is equal to 

a. ~ b. abc 
2R 4R2 

c. 2 R sin A sin B sin C 

12. J fA is the area and 2s is the sum of the sides of a triangle, then 

..,2 s2 s2 

a. AS: 4 h.A·S: 
3
.J3 c. A < .J3 

d A 
R 

d none of these 

13. lfthe angles of a triangle are 30° and 45°, and the included side is { .J3 + 1} em, then 

a. area of the triangle is ~( .J3 + J) sq. units 

b. area of the triangle is ~ ( .J3 -1} sq. units 

. f 'd II 'd . .J3 + 1 
. c. ratto o greater. s1 e to sma er s1 e 1s .J2 

d ratio of greater side to smaller side is 
1 ~ · 

4v3 
J 4. Sides of llABC are in A.P. 1f a < min {b, c}, then cos A may be equal to 

a. 
4b - 3c 

2b 

h 3c - 4b 
2c 

c. 
4c-3b 

2b. 

15. Lengths of the tangents from A, 8 and C to the incircle are in A.P., then 

16. If sides of triangle ABC are a, b and c such that 2b = a+ c, then 

b 2 b 1 b 
a. - >- b. - > - c. - <2 

c 3 c 3 c 

· d 
4c-3b 

2c 

4c-3b 
d cosA= ---

2b 

b 3 
d- < ­

c 2 
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. A t+c 17. ln MBC, 1f cos - = --,then 
2 2c 

a. area of triangle is ~ ab 
2 

1 
c. area of triangle is -be 

2 

h 

d 

circumradius is equal to 
1 
- c 
2 

circumradius is equal to 
l 
-a 
2 

18. If the sides of a right-angled triangle are in G.P.,_ then the cosines of the acute angle of the ~riangle are . 

a. 
..{5-1 

2 
d ~~ +1 

2 
------·· ... --- ----·--·-~-------- --- ---~ 

:_ Reaso~ing_ Type 
', 

Solutions on page 5. 102 i 

Each question has four choices a, b, c and d, out of which o11/y one is correct. Each question contains 
STATEMENT1 andSTATEMENT2. 

a. Both the statements are TRUE and STATEMENT 2 is the correct explanation of STATEMENT I 
b Both the statements are TRu'E but STATEMENT2 is NOT l.hc correct explanation ofSTATEMENT 1 

c. STATEMENT I isTRUEandSTATEMENT2isFALSE . 
d STATEMENT 1 is FALSE and STATEMENT2 is TRUE 

1. Statement 1: If side BC and ratio of r 2 and r 3 of an acute-angled triangle is given, then the locus of A 
is a hyperbola. 
Statement 2: Jfbase of a triangle is given and difference of two variable sides js constant (less than the 
base), then locus of variable vertex is a hyperbola. 

2. Statement I :li1 any aABC, the maximum value of r 1 + r2 + r 3 = 9R/2. 
Stateme~t 2: 1n any AABC, R~2r. · 

3. In acute-angled !!.ABC, a> b > c 
Statement I: r1 > r2 > r3. 

Statement 2: cos A <cos 8 <cos C. 
4. Statement I: The incentre of the triangle fonned by the feet of altitudes from the vertices of triangle 

ABC to the opposite sides is the orthocentre of the triangle ABC. 
Statement 2: The incentre of triangle ABC is orthocentre of the triangle 111213, where /1, / 2,/3 arc ex centres 
oftriangleABC. · 

5. Statement .l: lf I is in centre of 6. ABC and / 1 ex centre opposite to A and Pis the intersection of 111 and 
BC, then .IP· ! 1P == BP· PC. 
Statement 2: In fl ABC, 1 is inc entre and ./1 is ex centre opposite to A, then IB/1 C mu~t be square. 

6. Statement I: 1fthe quadrilateral Q1 fonned by joining mid-points of sides of another quadrilateral Q2 

is cyclic, then Q1 is necessarily a rectangle. 
Statement 2: The quadrilateral Q1 formed by joining mid-points of sides of another quadrilateral Q2 is 
always a parallelogram. 

7. Let/" /2, /3 be the lengths of the internal bisectors of angles A, B, C of MBC, respectively. 

A 8 C 

· Statement I: __ 2_ + __ 2_ + __ 2_ = 2 !J.. + !1. + /3 
cos- cos- cos- ( ) 

11 ?2 · /3 . a b c 

Statement2: ti =be[ I-( b-:JJ/f =ca[l-( c!Jllj ;ab[t-(a:b J] 
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8. Statement 1: ln ll ABC, the centroid (G) divides line joining orthocenter (H) and circumcenter in ratio 
2:1. 
Statement 2: The centroid (G) divides the median AD in ratio 2: I. 

9. Statement t : Circumradius of M 1/ 2/3 is 2R. . 
Statement 2: Circumradius ofthe triangle tormed by feet of altitudes of ll ABC is R/2. 

10. Statement J: If the incircle of the triangle ABC passes through its circumcentre, then 

. A . B . C r;;
2 sm- sm -sm -= v.l. 

2 2 2 

Statement 2: Distance between the circum centre and incentre is ~ R2 - 2rR. 
1 J. Statement l: In triangle ABC, Dis a point on the side AB such that C02 =AD· DB, then the greatest 

value of sin A sin B is sin2 
( C/2). 

Statement 2: Greatest value of sin A sin B occurs when CD is the angle bisector of angle C. 
12. Statement I: lf a, b, care the sides of a triangle, then the minimum value of 

2a 2b 2c: 
---+ + is 9. 
b+c -a c +a -b a +b -c 

Statement 2: A.M.~ G.M. ~ H.M. . 

13. Statement 1: JfC=45°,B=60°, then the line joining A and circumcentrc(O)dividcs BC in ratio 2: ../3. 

S 2 . . . . A d . (O)d' 'd BC' . sin 2C tatcment : Lme JOimng an CJrcumccntcr 1v1 es · m rat1o . . 
· sm28 

14. Statement 1: If a= 3, b= 7, c= 8, and internal angle bisector AJ meets BC at D (where I is incentrc): then 
Ali!D= I 1/2. 
Stat_ement 2: Internal angle bisector of angle A divides the side BC in ratio ABIAC. 

ti~ked Comprehension Type · Solutions on page 5.106 

Based upon each paragraph, three multiple choice questions have to be answered. Each question has four 
choices a, b, c, and d, out of which 011/y o11e is correct. 

For Problems 1-3 

Given that ll = 6, r 1 = 2, r 2 = 3, r 3 = 6. 
I. Circumradius R is equal to 

a. 2.5 b. 3.5 

2. lnradius is equal to 
a.2 b. I 

c. 1.5 

c. 1.5 

3. Difference between the greatest and the least angle is 

- 1 4 
a. cos - b. -1 3 tan -

5 

For Problems 4-6 

4 
Let a = 6, b = 3 and cos (A - B) = - . 

5 
4. Area of the triangle is equal to 

a. 9 h 12 
5. Angle Cis equal to 

4 
-1 3 c. cos -

5 

c. I 1 

d none of these 

d 2:5 

d none of these 

d JO . 
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31r 
a 

4 

Trigonometry 

h !: 
4 

6. Value of sin A is equal to 

1 
a - -

2../5 
For Problems 7- 9 

. I 
h -

Jj 
1 

c. r; 
-vs · 

d none of these 

p 1, p2, p 3 are altitudes of tr.iangle ABC from the vertices A, B, C and !l is the area of the triangle. 

7. The value of p~2 + p22 + p)2 is equal to 

a· 
a+b+c 

.1 

8. The val~e of _!_ + __!_ + -
1- is equal to 

P1 . P2 P3 . 

2 
a 

r 
h 2s 

.1 
. cos A cos B cos C . . 

9. The value of --+--+-- JS equal to 
P1 P2 - P3 

a. 
R 2R 

For Problems 10- 12 

c. 

8R 
c.-

abc 

!l 
c.-

2R 

Let 0 be a point inside a .1 ABC such that LOAB = L.OBC = LOCA == e. 
10. cot .A +cot B + cot C is equal to 

a tan2 e b' cot2 8 c. tan e 
11. cosec2 A + cosec2 B + cosec2 C is equal to 

a cot2 e b. cose:c2 e c. tan2 e 
12. Area of .1 ABC is equal to 

For Problems 13- 15 

d none of these 

d none of these 

d none ·of these 

d cote 

~ a +h2 +c- cot e 
( 

2 2 ., J . 

Let D, E and F be the feet of altitudes from the vertices of acute-angled triangle ABC to the sides BC, A C and 
A B, respectively. Triangle DEF is defined as the pedal triangle of triangle ABC. (Rand rare circumradius and 
inradius of triangle ABC, respectively.) 

13. Consider the following statements: 
i . orthocentre of the triangle ABC is incentre of the triangle DEF 
ii. A, B, Care ex centres of triangle DEF · 

a only (i) is true b. only (ii) is true 
c. both (i) and (ii) are true . d both (i) and (ii) are fal~e 

J 4. Circum radius of a pedal triangle of triangle ABC is 
a R/2 , b r/2 c. R/4 d r/4 

15. If x, y, z are the sides of a pedal triangle, then x + y + z is equal to 
a. L\R/2 · b. 11/2R c. L\R d none of these 
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For Problems 16- 18 

lncircle of ~ABC touches the sides BC. AC and A!J at .D, £and F, respectively. Then answer the follt'\\~ng 4uestions. 
16. L DEF is equal to 

1t-B 
a--

2 
l 7. Area of 6DEF is 

h 1!- 28 

a. 2rsin (2A) sin (28) sin (2C) 

c. 2r sin (A -B) sin (8- C) sin (C -A) 
18. The length of side EF is 

. A 
a. r sm -

2 

For .Problems 19-21 

2 
. A 

b. rsm-
2 

c.A - C d none .of these 

A B C 
b. 2r2 cos - cos - cos -

2 2 2 
d none of these 

A 
c. r cos - . 

2 

A 
d 2rcos-

2 

Internal bisectors of 6 ABC meet the circumcircle at points D, £and F, 
l 9. The length of side EF is 

a 2R cos ( ~) h 2R sin ( ~ ) c. R cos ( ~) 
20. Area of 6 DEF is 

a 2R'cos
2 

( ~ }os
2 

( ~ }os
2 

( ~) 
c. 2R'sin

2 
( ~ }in

2 
( ~ )sin

2 
( ~) 

21. Ratio of area of triangle ABC and triangle DEF is 
a.~l b.~l c. ~1/2 

d 2Rcos (~}~s(~) 

d ~ J/2 

Matrix-Match Type· Solutions on page 5. 11 I 

Each question contains statements given in two columns which have to be matched. 
Statements (A, B, C, D) in column I have to be matched with statements (p, q , r, s) in column ll.lfthe correct 
match are a-p, a-s, b-q, b-r, c-p, c-q and d-s, then the correctly bubbled 4 x 4 matrix should be as follows: 

p q r s 

]. 

Column I Column II 

a. b > c sin 13, b < c and 8 is an acute angle p.O 
b. b > c sin B, c < b, and B is an acute angle q.2 
c. b > c sin B, c < b and 8 is an obtuse angle r. data insufficient 

d. b > c sin 8, c > band 8 is an obtuse angle s. I 
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5.56 Trigonometry 

2. J n acute-angled triangle ABC 

Column I Column IJ 

a. cos A, cos 8, cos Care in A.P. p. Distances of orthocentre from vertices of triangle 
are in A.P. 

b. sin (A/2), sin (B/2), sin (C/2) are in A.P. q. Distances of orthocentre from sides of triangle are 
inH.P. 

c. Distances of circumcentre from the r. Distances ofincentre from vertices of triangle are 
vertices of the triangle ABC are in A.P. inH.P. 

d. Circumradii of triangles OBC, OAC s. Distances ofincentre from excentres oftriangle 
and OAB are in H.J>. (where 0 is are in A.P. 
cicumcentre of triangle ABC) 

. 3. 

Column r Column IJ 

a. If the sines ofthe angles A and B of a triangle ABC satisfy the 
equation c2~- c (a + b) x + ab = 0, the triangle can be 

p. right angled 

b. If one angle of a triangle is 30° and ~he lengths of the sides q. isosceles 

adjacent to it are 40 and 40J3, the triangle can be 
c. 1 f two angles of a triangle ABC satisfy the equation r. equilateral 

8 1sln
2 

:x + 8 Jcos
2 

x = 30, then the triangle can be (x E ({), m'2)) 

d. In triangle ABC, cos A cos B +sin A sin B sin C = I, s. obtuse angled 
then the triangle can be 

4. Let 0 be the circumcentre, H be the orthocentre, I be the incentre and 11, 12, 13 be the ex centres of acute­
angled ~ABC 

Column] Column II 

a. Angle subtended by OJ at vertex A p.IB-CI 

h. Angle subtended by HI at vertex A 
IB-Ci q. 

2 

c. Ang!e subtended by OH at vertex A 
B +C 

r.-
2 

d. Angle subtendcd by li3 at 11 
B 

s. --C 
2 
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s. 

Column I (Condition) Column II (Type of t1ABC) 

A b +c 
a. cot-=--

2 a 
p. always right angled 

( A+B) b. a tan A + b tan 8 = (a + h) tan -
2
- q. always isosceles 

c. a cos A = b cos B r. may be right angled 

sin B 
d. cos A= 

2 
. C 

san 
s. may be right-angled isosceles 

Integer Type Solutions on page 5.115 

1. Suppose a, {3, yand o are the interior angles of regular pentagon, hexagon, decagon and dodecagon, 
respectively, then the value of Ieos a ·sec {3 cos r cosec 81 is ___ .....; 

AB AF 
2. Let ABCDEFGHJ.JKL be a regular dodecagon. Then the value of AF + AB is equal to _ __ _; 

3. Two equilateral triangles are constructed from a line segment of length L. If A!f and mare the maximum 
and minimum value of the sum of the areas of two plane figures, then the value of Mlm is _ __ _; 

· a2 + h2 + c2 
4. In 6ABC, if r = I, R-= 3 and s = 5, then the value of is ___ .....:. 

3 

5. Consider aM BC in which the sides are a -= (n + I), b = (n + 2), c = n with tan C = 4/3, then the value 
of Ml2 is ___ _,; 

6. In AA0, Tis the midpoint of X£, and Pis the midpoint of ET. If MPE is equilateral of side length equal 
to unity~ then the value of [(A..A'f/2] is (where [ . ] represents greatest integer function) ___ .....; 

7. Jn MBC: the in circle touches the sides BC, CA and AB, respectively, at D, E and F. Jfthe radius of the 
incircle. is 4 units and BD, C£ and A Fare consecutive integers, then the value ofs/3, where s is a semi-
perimeter of triangle, is ___ __ 

8. The altitudes from the angular points A~ Band Con the opposite sides BC, CA and AB of MBC arc 
210, 195 and ·182, respectively. Then the value of a/30 is (where a= BC) ---"""" 

9. ln 6 ABC, if LC = 3LA, BC = 27 and AB = 48. Then the value of AC/7 is-----= 

l 0. The area of a right triangle is 6864 square units. If the ratio of its legs ·is 143 : 24, then the value of 
(r/4], where [·] represents the greatest integer function, is ... 

2 (a +b)4 

t I. ln AABC, if cos A+ sin A - . = 0, then the value of - as ___ _; 
cos B + Stn B c 

a2 + b2 + c2 
12. In MBC, LC = 2LA and AC = 2 BC, then the value of R2 (where R is circum-radius of 

triangle) is ___ .....; 

13. A circle inscribed in a triangle ABC touches the side A Bat D such that AD= 5 and BD = 3. If LA = 60°, 

then the value of [BC/3] (where[·] represents greatest integer function) is ___ ......:. 

... 
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14. The sides of triangle ABC satisfy the relations a+ h- c = 2 and 2ab- d = 4, then square ofthe area 
of triangle is _ _ _ _ 

15. The lengths of the tangents drawn from the vertices A, Band C to the incircle of 6. ABC are 5, 3 and 2, 

respectively. lfthe lengths of the parts of tangents within the triangle which are drawn parallel to the 
sides BC, CA and A B of the triangle to the incircJe are a;{3 andy, respectively, then the value of [a + {3 
+ y] (where [·]represents greatest. integer funciton) is-- ----' 

16. If a, b and c represent the lengths of sides of a triangle, then the possible integral value of 
a b c 

- -+-- +--· 
b + c c + a a + b IS 

17. In triangle ABC, sin A sin B + sin B sin C + sin C sin A == 9/4 and a = ~. then the value of .J3'1l , where 

6. is area of triangle, is _ __ __; 
18. In tlABC, AB = 52, BC =56, CA = 60. Let .D be the foot of the altitude·fromA, and E be the intersection 

of the internal .angle bisector of L.BAC with BC. Find the length DE is------' 

Archives . 
.. . Solutions on page 5.121 

Subjective 
1. ABC is a triangle. Dis the middle point of BC. Jf AD is perpendicular to AC, then prove that 

· · 2 (c2 - a2) 
cos A cos C = . (JIT-JEE, 1980) 

3ac 
2. ABC is a triangle with A B =A C. Dis any point on the side BC. E and Fare points on the s ides AB and 

A C, respectively, such that DE is parallel to A C and DF is parallel to AB. Prove that 
DF+ FA + AE + ED=AB+AC. (JIT-JEE, 1980) 

3 • .Let the angles A, Band C of triangle ABC be in A.P. and ·let ·b:c be .J3: J2. Find the angle A. 
(UT-JEE, 1981) 

4. The exradii r 1, r2 and r3 of tlABC are in H.P. Show that its sides a, band c an~ in A.P . .. 
(IIT-JEE, 1983) 

5. For triangle ABC, it is given that cos A + cos B + cos C = ~.Prove that the triangle is equilateral. 
2 

(JJT-JEE, 1984) 
6. With usual notation, if in triangle ABC, 

b + c c + a a+ b · cos A cos B cos C 
- - = = -- then prove that - - =-- = ---. 

11 12 13. 7 19 25 
(IlT-JEE, 1984) 

7. In triangle ABC, the median to the s ide BC is Of length ~ 1 
and it divides the angle A into 

11-613. 
angles 30° and 45°. Find the length of the s ide BC. (JlT-JEE, 1985) 

8. Tf in triangle ABC, cos A cos B +sin A sin B s in C =I. Show that a:b~c= I: 1: .fi . 
(IJT-JEE, 1986) 

9. The s ides of a triangle are three consecutive natural numbers and its largest angle is twice the sma11est 
one. Determine .the s ides of the triangle. (IIT-JEE, 1997) 

10. In a triangle of base a, the ratio of the other two sides is r ( < 1 ). Show that the altitude of the triangle 

. ar 
is less than or equal to 2 . 

1- r 
(IIT-JEE, 1997) 
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11. Three circles touch one another externally. The tangents at their points of contact meet at a point 
whose distance from a point ofcontanct is 4. Find the ratio of the product ofthe radii to the sum of the 
radii of the circles. _(IIT-JEE, 1992) 

. I 2. Consider the following statements concerning triangle ABC 
i. The sides a, h and c and area (A) are rational 

,. B d C . . I 
11. a, tan - an tan - are rat10na 

2 2 
iii. a, sin A: sin Band sin Care rational 

Prove that (i) => (ii) =>(iii)::::> (i). (IIT-.JEE, J 994) 

:13. Let ABC he a triangle with incentre I and inradius r. Let D, E and F be the feet of the perpendiculars 
from I to the sides BC, CA and AB. respectively. If r 1, r 2 and r 3 arc the radii of circles inscribed in the 
quadrilaterals A FIE, BD/Fand CEID. respectively, prove that 

_r._l- + ' 2 + (IIT-JEE,2000) 
r-fj r-r2 r- '3 

14. If 6 is the area ~fa triangle with side.lengths a, band c, then show that6 .~ : .Jca + b + c) abc .Also 

show thal the equality occurs in ~he above inequality if and only if a = b =c. 
. 01T-JEE,2001) 

J 5. If 1, is the area of n-sided regular polygon inscribed in a circle of unit radius and On be the an~a ofthe 

polygon circumscribing the given circle, prove that 1. ~ ~ (I + . I - ( 
2
:." r). 

(IIT-.JEE, 2003) 

16. Two parallel chords of a circle of radius 2 are at a distance J3 + 1 apart. Jfthe chord subtend angles n 
k 

2n 
and - at the centre, where k > 0, then find the value of [k). 

k . . 

(Note:) [k] denotes the largest integer less than or equal to k) (IIT-JEE,20JO) 
1 7. Consider a triangle ABC and let a, b and c denote the lengths of the side$ opposite to vertices A, B and C, · 

· respectively. Suppose a= 6, b = 10 and the area of triangle is 15.../3. If LACB is obtuse and ifr denotes 
the radius of the incircle of the triangle, then find the val~:~e of r 2

• (IIT-JEE, 20.10) . 
Objective 
Fill in tile bfa11ks 

1. In MBC, LA= 90° and AD is an altitude. Complete the relation BD :;; AB . 
DA ( .. ·) 

(UT ... JEE, 1980) 

2. ABC is a triangle, Pis a point on AB and Q is a point on AC such that LAQP = LABC. Complete the 

. area of 6APQ ( ) 
relation f A ABC =--2 · (JIT-JEE, 1980) 

nrea o Ll AC 
3. ABC is a triangl~ with LB greater than LC. D and E are poi~ts on BC such that AD is perpendicular to 

BCand AE is the bisector of angle. A. Complete the relation LDAE ~ ~ [(···)- LC]. 

(IIT-JEE, 1980) 
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5.60 · Trigonometry 

4. The set of all real numbers a such that ct + 2a, 2a + 3 and J + 3a + 8 arc the sides of a triangle is __ . . 
(IIT-.JEE, 1985) 

5. In triangle ABC, if cot A, cot B~ cot Care in A.P., then cl, h2
, c2 are in __ progression. 

{liT -J EE, I 985) 
6. A polygon of nine sides, each side oflength 2, is i~scribed in a circle. The radius of the circ'te·is __ . 

(UT-JEE,.t987) 

7. If the angles of a triangle are 30° ·and 45° and the included sid~ is ( ..f3 + I) em, then the area ofthe 
triangle is __ . (IIT~JEE, 1988) 

2 cos A cos B 2 cos C a /J 
8. If in triangle ABC, + -- + ::::- + - , then the value of the angle A is _ _ 

a b c c ca 
degrees. (JJT-.JEE, 1993) 

9. ln triangle ABC, AD is the alti tude from A. Given b > c, LC = 23° and AD == 2abc 2 ,then 
b - c 

LB = (IIT-.JEE, '1994) 
10. A circle is inscribed in an equilateral triangle of side a. The area of any square inscribed in this circle 

is . (IIT-JEE, 1994) 
J I. ln triangle ABC, a:b:c = 4:5:6. The ratio of the radius of the circumcircle to that of the incircle is __ . 

. (IIT-J.EE, J 996) 
Mtiltiple choice questio11s. with o11e correct OIISIVer 

1. ·In triangle ABC, angle A is greater than angle B. 1 f the measures of angles A and 8 satisfy the equation 
3 sin x - 4 sin3 x -:- k = 0, 0 < k < 1, then the measure of angle Cis 

a-
3 

2Tr 
c.-

3 
d . 5Jr . 

··6 .... 
(~IT ... IEE, 1990) 

2. lfthe lengths ofthe sides of triangle are 3, 5 and 7, then the largest angle of the triangle is 

a.-
2 

b. 5rr 
6 

2Tr . 
c.-

3 

31I' 
d - -

4 
(JIT-JEE, 1994) 

sin LBAD 
3. In lriangleABC, LB= 1C/3 and LC=' 117'4. LetDdivide DC internally in the ratio I :3. Then . .equals 

smLCAD 

I . 
a-

J6 
b.! 

3 

1 
c.-

J3 

4. In triangle ABC, 2ac sin (~(A - B + C)) is cqu~l to 

a;+~-~ b.~+J - ~ ~~-d -el 

(JITwJ E E, 1995) 

d c2 - cl- b2 

(IJ1:.JEE, 2000) 
5. Jn triangle ABC, let LC = 1C/2. If r is the inradius and R is circumradius of the triangle, then 2 (r + R) is 

equal to 
a a+h b. b+c c. c+a d a+b + c 

(JJT-.JEE, 2000) 

downloaded from jeemain.guru



~olutions and Properties of Triangle 5.61 

6. Which of the following pieces of data does NOT uniquely determine an acute-angled triangle ABC 
(R being the radius of the circumcircle)? 

a. a, sin A, sin B h a, b, c c. a, sin 8, R d a, sin A, R 
(JIT-.JEE, 2002) . 

7. l fthe angles of a triangle are in the ratio 4: I: 1, then the ratio of the longest side to the perimeter is 

a. .J3 : (2 + .J3 ) b 1 :6 c. I :2 + . .J3 d 2:3 
(TIT..JEE,2003) 

8. The side of a triangle are in the ratio 1: .J3 :2, then the angles of the triangle are in the ratio 
a. 1:3:5 b 2:3:4 c. 3:2:1 d 1:2:3 

(IIT-JEE,2004) 
9. ln an equilateral triangle, three coins of radii I unit each are kept so that they touch each other and also 

the sides of the triangle. Area of the triangle is 

Fig. 5.48 

a. 4+2 J3 h 6+4.J3 c. 12+ ?..J3 
4 

d3+ ?../3 
4 " 

(I.IT..JEE,2005) 
J 0. In triangle ABCt a, b, c are the lengths of its sides and A, 8, C are the angles of triangle ABC. The 

correct relation is given by 

a. (b-c)sin(B;C) -ocos ~ b (b- c) cos (A) =a sin _B_-_c_ 
2 . 2 

. (B+C) A c. (b +c) sm .
2 

=a cos 2 d (b-e) cos(~) -2 a sin B; C 

(I IT -JEE, 2005) 

.11. One angle of an isosceles L\ is 120° and radius of its incircle = .J3. Then the area of the triangle in sq. 
units is 

a.7+12../3 h 12-7.J3 c. 12+7../3 d 41r 
(IIT.JEE, 2006) 

12. LetA BCD be a quadrilateral with area 18, with side AB parallelto the side CD and AB = 2 CD. Let AD 
be perpendicular to AB and CD. If a circle is drawn inside the quadrilateral A BCD touching all the sides, 
then its radius is 

a.3 h2 
3· 

c. - dl 
2 

(JIT-JEE, 2007) 

.· 
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5.62 Trigonometry 

13. Let ABC be a triangle such that LACB = rr/6 and let a, band c denote the lengths ofthe side opposite 

to A, Band C, respectively. The vaiue(s) ofx for which a = x2 + x + 1, b = x2 - I and c = 2x + I is (are) 

a. -(2+J3) b l+J3 c. 2+-fJ d 4J3 
(liT -JEE, 201 0) 

Multiple choice questions witlt one or more titan one correct answers 

.L There exists a triangle ABC satisfying the conditions 
a. b sin A = a, A < n'/2 h b sin A > a, A > n/2 
c. bsinA > a,A < rr/2 d . bsinA < a,A < rr/2,b'>.a 
e. b sin A < a, A > n/2, b = a (UT-lEE, 1986) 

2. In a triangle, the lengths of the two lar.ger sides are 10 and 9, respectively. If the angles are inA.P., then 
the length of the third side can be 

a. 5-/6 h3 -J3 c. 5 

3. If in a trianglePQR, sin P, sin Q, sinR are inA.P., then 

a. the altitudes are in A.P. 
c. the medians are in G.P. 

b the altitudes are in H.P. 
d the medians are in A.P. 

d 5+ /6 
(liT -JEE, 1987) 

(DT -JEE, 1988/ 

4. LetAoA 1A2A3A4A5 be a regular hexagon inscribed in a circle of unit radius. Then the product of the 
lengths of the line segments AoA 1, AoA2 and AoA4 is 

a. 
3 
4 

b 3-[3 c. 3 d3.J3 
2 

(IIT-JEE, 1998) 
5. In M BC, internal angle bisector of LA meets side BC in D. DE .lAD meets A CinE and A B .in F. Then 

2bc A · 4bc A 
a. AE is H.M. of band c h AD= --cos- c .. EF = -b- sin - d 6 AEF is isosceles 

b+ c 2 + c 2 

(IIT-JEE, 2006) 

6. A straight line through the vertex P of a triangle PQR intersects the side QR at the point S and the 
circumcircle of the triangle PQR at the point T. If Sis not the centre of the circumcircle, then 

1 1 2 1 1 2 
h a. -+-< -+-> 

PS ST ~QSxSR PS ST ~QS xSR 

1 1 4 
d 

I 1 4 
c.-+-<- -+->-

PS ST QR PS · ST QR 
7. In a triangle ABC with fixed base BC, the vert~x A moves such that 

cosB + cos C = 4 sin2 ~ 
2 

(IIT -JEE, 2008) 

If a, b and c denote the lengths of the sides of the trangle opposite to the angles .A, B and C, 
respectively, then 

a b+c=4a b b+c= 2a 
c. locus of point A is an ellips~ d locus of point A is a pair of straight. lines 

(liT -JEE, 1009) 
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Solutions and Properties of Triangle 5.63 

ANSWERS AN 0 SOLUTIONS·======::::::=:======== 

Subject;ve Type 

I. If 0 is the circumccntre of ll ABC, then 
OA =OB =OC=R 
Let R1, R2 and R3 be circumradii of llOBC, llOCA and llOAB, respectively. 

a 
lnll0BC,2R1 = -­

sin2A 
=> !!.... =2 sin2A 

Rl 

Similarly, .!!..... = 2 sin 28 and !!.... = 2 sin 2C 
R2 R3 

a b c 2( · 2A · 28 · 2C) 8 · A · B · C 8 ° b c abc => -+-+- = Stn +Sin +Stn = Sin Stn Stn = --- =-
R1 R2 R3 . 2R 2R 2R R3 

2. ln6ABC, 

AC BC 
--=--
sin 5x sin 3x 

a+ p a 
=> sin 5x = sin 3x 

a 
Jn llBDN, cos 2x = 2p 

=> a = 2p cos 2x 

A 

A 

s~------------~c 
8 

Fig. 5.49 

"-'-~=--_.;N:...:...~.-__ ..=.:.J~ C 

~------ a __ a_/_2 __ ~•~1 

Fig. 5.50 

2 p cos 2x + p 2 p cos 2x 
From Eq.(i), sin 5x · = sin 3x 
=> 2 sin 3x cos 2x + sin 3x = 2 sin 5x cos 2x 

(i) 
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5.64 Trigonometry 

==> sin 5x +sin x + sin 3x =sin 7x + sin 3x 
=>sin 7x - sin 5x =·sin x 
==> 2 cos 6x sin x = sin x 

. 1 
~cos6x= -

' 2 
=>x = lOo 

3. We know that distance of orthocentre (H) from vertex (A) is 2R.co.sA 
or x = 2R cosA,y = 2R cosB, z = 2R cosC 

abc 2RsinA 2RsinB 2RsinC ==> - +-+- == + + = tan A+ tan B + tan C = tan A tan B tan C 

4. 

Also, 

X y z 2R cos A 2R cos 8 2R cos c 

(lbc· = (2R sin A)(2 R sin B)(2R sin C) = tan A tan -B tan C 
xyz , (2R cos A)(2R cos B)(2R cos C) 

c 

Fig. 5.51 

from Fig. 5.51, 

(1/2) ra + (1/2) rb = (112) a b sin C 

==> r( a + b)= 26 

2..1. 2 abc abc ==> r == - - = . - -~-----
a+b 4R(2RsinA+2RsinB)- 4R2 (sin A+sinB) 

2ab C 
Also x = a+ b cos 2 [length of ~ngle bisecter] 

2 x .!. ab sin C 
From Eq.(i), r= -~2=---

a+b 

2 b 
. c c 

a sm - cos-
= --~2:...._______.:2::.... 

a+b 

I c 
2 abcos- C 

= 2 . -----.:::.... · Slll -
a+b 2 

. c 
';::;:; X SIO -

' 2 

., 

(i) 
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Solutions and Properties of Triangle 5.65 

5. Let 0 and H be the circumccntre and the orthocentre, respectively. 
IfOFistheperpendiculartoAIJ, we have 
LOAF= 90°- LAOF= 90°- C 
Also. LHAL = 90°- C 
Hence, LOAH=A -LOAF-LHAL 

=A- 2 (90° :-C) 
=A +2C-180° 
=A +2C-(A +B+C)= C-B 

Also, OA = R, and /fA = 2R cos A 

Fig. 5.52 

NowinAAOH. 
OH2 =0A2 +/jA2 -20A JJA cos(LOA/1) 

=R2 + 4R2 cos2 A- 4R2 cos A cos (C -B) 
= R2 + 4R2 cos A Ieos A- cos (C-B)) 
=R2 -4R2 cos A [cos (B +C)+ cos (C- /3)] 
= R2

- 8R2 cos .A cos B cos C 

Hence, OH=R"1-8cosA cos/J cosC 

A 

6. Let 0 be the circumcentre and OF be the perpendicular to A B. 
Let 1 be the inccntrc and IE be the perpendicular to AC. 
Then LOAF= 90°- C. 

A 

Fig. 5.53 

~ LOAI=LIAF- LOAF= A -(90°-C) = ~ +C- .A +B +C = C-B 
2 2 . 2 2 

I 

A) AI JE r 4R . B . C 
SO = = --= Stn - SJn -

' . A . A 2 2 sm- sm-
2 2 
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5.68 Trigonometry , 

Hen~e in AOAI, OL2= OA 2 + A/2 - 20A .AI cos L dAJ 

· ~ 

R2 16R2 . 2 B . 2 C SR2 . B . C C- B 
= + sm -sm - - sm-sm-cos- -

2 2 2 2 2 

- = 1 + 16sin2
- sin2

- - 8 sin- sin - cos- cos- +sm- sm-012 B C B C ( B C . B . C) 
R2 2 2 · 2 2 2 2 2 2 

1 8 . B . C ( B C . B . CJ 
~ - sm- sm- cos- cos- - sm - sm-

2 2 2 2 . 2 2 

1 8 
. B . C B +C 

= - sm - sm - cos .......___ 
2 2 2 

l 8
.B.C.A 

= - sm- sm-·sm-
2 2 2 

Therefore, OI=R l-8sin A sin 
8 

sin C =~R2 - 2Rr 
2 2 2 . '• 

. 7. LetA BCD be the cyclic qQadrilateral in whichAB = 2 and BC = 5, L ABC= 60° 

L ADC= 180°-60° = 120°. 

Area of, cyclic quadrilateral ABC[)= Area of AABC + Area of AA CD 

4./3 = ..!_ AB BC sin 60° + .!_ CD DA sin 120° 
2 2 

= .!.2 x 5x(J312) +.!. xy(.,f3 /2) , where CD =x,AD = y 
2 . . 2 

xy=6 

From AABC, we get 

AC2 =AB2 + BC2
- 2AB BC cos 60° = 4 + 25 - 20 (112) := 19 

Fig. 5.54 

Also from.AACD, 

AC2 = CD2 + DA 2 - 2CD DA cos 120° = x2 + y 2 + xy = x2 + y 2 + 6 [using Eq. (i)] 

Now from Eqs. (ii) and (iii), we have 

x2 + y 2 + 6 = 19 or x2 + y 2 = 13 

Solving Eqs. (ii) and (iv), we g~t 

(i) 

• (ii) 

(iii) 

(iv) 
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Solutions and ProP,erties of Triangle 5.67 

~ x=2,3 =>y=3, 2 

Hence, the other two sides of the cyclic quadrilatcraJ arc 3 and 2. 

8. Let LACE= a Clearly, from Fig. 5.5~, we get 

..}!_=sin a , _g_ =sin( a+ C) 
AC BC 

=> P =sin a, q = sinacosC+cosasinC 
b a 

~ q = p cos C +cos a sinC 
a b 

Fig. 5.55 

~ (: - : cosC) =cos' asin2 C= 1- :, (1·-cOs2 c) 2 ( 2) . 

~ l +p2 
co.s2 C- 2pqcosC=J - ·P

2 ~ (J-p2 )cos2 C 
a2 .b2 ab ll b

2 

~ fl + P
2 

-
2 

pq cos C = sin2 C 
a2 b2 ab 

=> a2p 2 + b2l- 2 abpq cos C = a2b2 sin2 C 

9. Let I be the in-centre of t11c !J. AJJC. 

B+C n-A· n+A 
ln 6IBC LBJC= n--- = rc--- = --, 2 . 2 2 . 

A 

Fig. 5.56 

Now, radius of circumcircle of !J.IBG, by sine rule is 

• b 
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5.68 

10. 

Trigonometry 

BC a 2R sin A . A 
R1= 2si~(LB/C) = 

2 
. (n+A) "" A = ZRsm2 

· sm -- 2cos -
2 2 

Similarly, radius of circumcircle of ~ICA and ~JAB are given by 

R.., = 2Rsin 8 
andR3 = 2Rsin C . 

- 2 . 2 
R R R 8R3 . A . B . c 2 .D 2 ==> 1 2 3 = sm-sm - sm- = rl\ 

2 2 . 2 . 

A 

c 
Fig. 5.57 

Applying cosine rule in L\ OAB, we get . 

2r2 - a 2 

cos 8= 
2 

=> a2 = 2r2 (·1- cos 8) 
2r. 

2 
. 8 

=> a= rsm -
2 

Applying cosine rule in L\ OBC, we get 

2r2 - b2 

cos 38 ::::;: 2 
2r 

=> b = 2r sin ( 
3
: ) 

=2r[3sin ~ ~4sin3 ~ ] 

= 2r[3a _ 4a
3

] 

2r 8r~ 

a J 
= 3a - -• ? 

r-

==> r=a ~·em 
V~· 

·' 
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AE BE 
11. In llAEB, ( A)= --A = c 

sin 90°-3 sin3 ' 

A£ ED 
lnllAED, ( A)= --A 

sin 90°- "3 sin 3 
NowBE=ED=a/4 

A 

Fig. 5.58 

=cos A = AE and~= a/4 =>sin~=!:. 
3 c A . A 3 4c cos- sm-

. 3 3 

a a 
·-+-

Iu llAEC sin 2A = EC or 2sin A cos A =.1__!= 30 

) 3 b 3 . 3 b 4b 

. A 3c 
1.e .. . cos - =-. .3 . 2b 

A . 2 A 3c a 2 3a2 
. 

Now, L.H.S. =cos 2sJn 3= 2b x 16c2 = 32bc =.R.H.S .. 

Solutions and Properties of Triangle 5.69 

(I) 

(2) 

12. Let AD be the perpendicular from A on BC. When AD is produced, it meets the circumscribing circle at 
E. From question, DE= a. · 

A 

E 

Fig. 5.59 

Since angles in the same segment arc equal,' we have 
LAEB = LACB = LC, and LAEC= LABC= LB 
From the right-angled triangle BDE, 

BD 
tanC=­

DE 

.. 

(i) 
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5.70 

13. 

... Trigonometry 

From the right-angled triangle CDE, 

tanB = CD 
DE 

Adding Eqs. (i) and (ii), we get 

BD +CD BC · a 
tanB+tan C= = - = -

DE · DE a · 

Similarly, tan C+tanA = ~ . 

c 
and tanA +tan B= -

r 
Adding Eqs. (iii), (iv) and (v), we get 

a b c . 
- +- +- = 2(tanA +tan B +tan C) 
a f3 r 

A 

Fig. 5.60 
Let I be the incentre and 0 be the circumcentre of the triangle ABC. 
Let OL be parallel to BC. Let LIOL :;;:: 8, IM = r, OC,; R, LNOC:;;:: A 

IL IM- LM 
~ tan()= OL = BM -BN 

\ 

1M -ON 
=----

BM -NC 

r - RcosA 
= ------

rcot 
8 

- Rsin A 
2 

4R . A . B . C R A sm- sm-sm - - cos 
= ____ 2=---...-2=-----=2=------

= 

4R . A . B . C . 8 R . A sm- sm- sm-.cot - - sm 
2 2 2 2 

cos A + co·s B +cos C - 1- cos A 

sinA +sinC -:sinB-sinA 

cosB +cosC- 1 
=-----

sinC - sin B · · 

~ &=. tan_1 [cos B +cosC- 1] 
sin C -sin B · 

(ii) 

(iii) 

(iv) 

(v) 
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14. Let tan A= x 
tan A + tan C =:: 2 tan B ::::::> tan C = 2 tan B - x 
Also, tan A +tan B + tan C = tan A tan B tan C 
::::::> x+ tan B + 2 tan B - x= x tanB(2 tanB - x) 
:::::> 3 = x (2 tan B-x) 

. 2 
3+x B --=tan 

2x 

3+x2 3 
::::::> tan C = - x == -

X X 

Now, 
a2:b 2:c2

- sin2 A :sin2 B:sin2 C 

tan2 A tan2 B tan2 C 
= . ·---

] +tan 2 A · 1 +tan 2 8 · I + tan 2 C 

= x' . ( 
3 ~/ )' . W' 

I + x' . I + ( 3 :/ r . I + e)' 
x2 (3+ x2

)
2 9 

= I + x2 : (x2 + 9) (x2 + 1) : x2 + .9 

=x2(x2 +9):(3 +x2i :9(1 +x2
) 

15. A +B=90° 

::::::> tan A= cot 8 

J5 -1 
:::::> = cot2 B 

2 

cos2 8 sin2 B 1 
::::::) ---=-= JS -I 2 - J5 + J 

- ( 2 Jr.:I - J5 +1 v·--M [ fJ5=1] ·:tan A =v~ 

= 2 ~,/5 + I= 2 J(,/5 + 1)
2 

=I 
../5+1 .JS-1 J5+L 4 ·· 

=> b2 = ac =>a, b, c arc in GP. 

Solutiovs and Properties of Triangle 5.71 

[·:A+B+C=nj 
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5.72 •• Trigoryometry 

------~ - ---··- ... ----,,..-.-----------·------- ·---- - , 
Objective Type --.. -~--..:-...... 

1. c. 

2. c. 

Adding, sin(A + 13) = l 

and sublracling, sin(A - B)= F~ 2. = 1 -- . .fi ;t 0 

· ·A+ B= 90°,A >tl3 

A 

'-----.L......L.---.l.t 8 D 

Fig. 5.61 

In equilateral triangle= circumcentre (0) and inccntre (!)coincide. 

Also from the diagram R-:!-r = h ~ R + r = l 
h 

sin A sin 8 sin C c b a 
J.b. +-+-- = - +-+-. 

c sin B c b ab ac be 

- a sin B sin C c _ b a 
=> -+--+-- = -+-+-

be c b ab ac be 
sin B sin c c · b 

~ --+-- =-+-
c b ab ac 

b sin 8 + c sin C c2 + b2 

=> =---
. be abc 

b2 + c2 b(2R sin B) + c(2R sin C) 
=>a= = b sin 8 + c sin C . b sin 8 + c sin C 

• ==>a= 2R · 
=>LA =7d2 

4. a. 

Fig. 5.62 

I 
CJearlv. x + .J2 x + x = 1. So, x.= .J2 

• 2 + 2 

The required area= ( 12 
-- 4 x ~ x2

) m' 

-- ---· - ~ ~.~ . . . -- _/ 

downloaded from jeemain.guru



= {1 - (-/2 ~ !)2 } m
2 

= [t-(~-1)2 ] m2 =2(.J2 -l)m2 

5. c. As A is an obtuse angle, 

90°<A < L80° 
=> 90° < 180 -(B+ C)< 180° 
=> O<B+C<90° 
=> B + C < 90° ::) B < 90°- C 
. . tan B < tan(90° - C) . 
tan B < cot C => tan B tan C < 1 

. J l[ 1] 6.d. x=·
2 

l.cos(A-C)-cos(A+C)]= 
2 

cos(A-C)+ 
2 

, 

But 0 ~cos (A-C)~ 1 

7. c. Here b = 2c. 

8. b. 

8-C .b-e A 
Now tan--=-- cot-

' 2 b+.c 2 

A B-C b+c 3c 
cot- cot--=-- = -=3 

2 2 b-e c 

..fia .a 
Here R=-=-

, 2 J2 
1 2 ., 

ll 2a a 
r=- = = -----:= 

s ~ (a+a+J2a) 2 + ..fi_ 

. . R =.!!_X 2+J2 =-fi +1 
r ..fi a 

a 

a 

Fig. 5.63 

Solutions and Properties of Triangle 5.73 
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5.74 

9. a. 

10. a. 

-Trigonometry 

a 2 +bz - cz 25+9-49 1 
cosC= = = --

2ab 2 X. S X 3 

az +c2 - b2 25+49-9 
cosB = = = 

2ac 2x5x7 

. 3 13 
=> 3 cos C + 7 cos B = --+-= 5 

2 

L B = 90° => cos A = 
. 2 A 

1 - tan - 1 

-----=2=- = ~ 
1 + tan2 A b 

. 2' 

2 

c 
b 

2 

13 
14 

(1 + tan
2

· AJ- (1 - tan
2 AJ 

2 2 _ (b -c) 

(1 + tan2 ~ J +- tan
2 ~) - (b +c) 

A b - c 
::::> tan2- = - -

2 b + c 

R(b2 +c2 - a 2
) 

__ c_o_t _A __ = abc 
11. a. cotB +cotC .R(az + cz -b2) R(az + bz -c2) 

____..:.. ____ ...:__ + ---'------'-
abc abc 

12. c. Here, sin 8- cos 9 = b and sin 9 cos 8 = !: 
· a a 

=> 
. b2 

1 - 2 sm e cos 8= -
az 

2c ·b2 

::::> 1--=-
a a2 

=> a 2
- b 2 

::o 2ac 

a 2 + c2 -b2 2ac +c2 c 
Hence, cos B = = = 1 + - · 

2ac 2ac 2a 

13. c. We have a 2 + b2 + c2 - ac - abJ3 = 0 

=> 
a 2 

2 3a2 
2 

- - ac + c + - + b - ab J3 =0 
4 4 ' 

~ 
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::::;> a=2cand2b= .fia ::::;> b2 +c2 =a2 

Hence, lhc triangle is right angled. 
14.c. (a+b+c)(b+c-a)=kbc 

::::;> (b +c)2- a 2 = kbc 
~ b2 +c2 -a2 =(k-2)bc 
~ 2bc cos A = (k -2) be 

k -2 
=> cosA= --

2 
Now, A being the angle of a triangle, 

- I < cos A < 1 :::::> - 2 < k- 2 < 2 
=> O<k<4 

15. c. a= 2b and A - B = 60° 

A-B a-b C 
We know that tan-- = --cot-

2 a+b 2 

~ tan 30° ==!cot C :::::> tan C =_I_ 
3 2 2 .J3 

=> C==60° 

SolutiOIJS and Properties of Triangle 5.75 

·. 

Hence, A+ B= 120° 
16. a. r 1 == 2r2 == 3r3 

=>' l4 = 180° => A =90° B=30° C=60° , ) 

~ ~;;;;2~=3~ 
s-a s -b s - c 

1 2 3 
~ --;;;;--;;;;--=k (say) 

s- a s-b s-c 
. 1 2 3 

::::;> s - a= - s- b = - and s- c = -
k ' k k 

6 
Adding, wegct3s - (a+h+c) = 

6 
k 

::::;> s=-

17. a. ·We have (1- s - b) (•-~) = 2 
s-a s-a 

=> 2(b-a)(c-a)=4(s-a)2 

=> 2(bc- ac- ab + a2
) = (2s- 2a)2 

=> 2(bc-ac-ab+a2) = (h+c-a)2 

=> a2=b2+c2 
Hence, triangle is right angled . 

.J3 2 3a 
18. b. We have !J. = -a s = -

4 ' 2 

!i a abc · a3 a 
r =-=-- R=-=--;;;;-

s 2.J3 ' 4/J. .J3a2 .J3 
!J. /314a2 J3 

andr1=--= . =-a 
s-a a/2 · 2· 

a a ../3 
Hence, r :R:r1 = 

2
.fj : .J3: 2 a;;;; J: 2 : 3 

k 

5 . 4 
=> a=- andh=-

k k 
a 5 

=> ---
h 4 
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5.76 Trigonometry 

19 A B C . AP • a. cot-, cot-, cot- are m .. 
2 2 2 

B A C => 2 cot-= cot-+cot-
2 2 2 

=> 2(s - b) =s-a + s - c 
=> 2b=a+c 
:::::> a, b, care inA.P. 

C-B c-b A 
20. b. We have tan = -- cot - · 

2 c + b 2 

tan (
C..:... B) 

2 

=> C - B = 30o 
2 

.J3 + 1 - 2 150 . = cot 
~ +1+2 

../3-1 1 

~ .J3 + 3 tan (45 - 30°) 

.. .J3 - 1 J3+ 1 1 
= ~+3 J3-1 ~ .J3 
=tan 30° 

. b2 +c2 -a2 64 +81 --49 145 - 49 96 
21' d. cosA = 2bc . = 2x8x9 = 144 = 144 

22. b. 

a 2 +c2 -b2 49 +81 - 64 66 11 
cosB= = =-= -

2ac 2x7 x9 126 26 

7 
cos A+ cosB + cos C=-

4 

14
.A.B . C 7 

=> + sm - stn - sm - ;:;: -
2 2 2 4 

4
.A . B . C 3 

=> sm - sm - sm - = -
. 2 2 2 4 

r 3 R 4 
=> - = -=>-=-

R 4 r 3 

A B C s (s-a) s(s- b) s(s - c) 
23. a. cot- +cot- +cot- = + + ~----.!.. 

2 2 2 4 6 6 

[ ·: r = 4R s.in (A/2) ~ih (B/2) sin (C/2)] 

· (A)2 

s · i 7 A 
=- (3s-(a+b+ c)] =-=--=-

A · A A ? 
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Solutions and Properties of Triangle s.n 

cot A +cot C sin( A+ C) sin 8 
24. b. = cotB sin A sin C cosB 

sin2 8 
= sin A sin·c cos 8 

4R2 b2 

= 
4R2 ac cos8 

'2b2 '2b2 
= = 

2accos8 a2+c2-b2 

2b2 2 
= =--

2002b2 -b2 2001 

25. a. 
A 

b 

a~--------------~ a 

1 1 
IJ. = - ab = - p 4 p 

2 2 
Also, a 2 + b 2 = c 2 = 16p2 

:. (a - b)2 =a2 +b2 - 2ab=8p2 

Also, (a+ b)2 = a 2 + b2 + 2ab ·= 24p2 

A-8 a - b C 1 
tan--=--cot-= -1 

2 a +b 2 .J3 

=> A - 8 =30o 
2 

=> A-B=60° 

1 1 
26. c. , 

8
, C are inA.P. 

sin2 A sin2 sin2 -
2 2 2 

1 1 1 
::;; => 

. 2 c . 2 B . 2 8 . 2 A sm- Sin- sm - Stn -
2 2 2 2 

ab ac 
=> - = 

Fig. 5.64 

ac 

(s - a)(s -b) (s-a)(.~ - c) (s-a)(s - c) 

be 
(s-b)(s-c) 

downloaded from jeemain.guru



5.78 Trigonometry 

. . 

~ (-a J(b(s- c)- c(s-b)J=(-·C J (a(s-b)-b(s-a)) 
s-a (s- b)(s-c) s - c (s-a)(s- b) 

~ ab - ac = ac - bc 
=> ab +be = 2ac · 

112 . b .H => -+-::::;;-, t.e., a, , carem .P. 
c a b 

27. a. b = 2, c = .J3. L A= 30° 

28.· c. 

a= ) b2 + c2 
- 2bc cos A = ~ 4 + 3 - 2 x 2 J3 ~ = I 

· A b+ c - a · A ·.J3+I .J3 + 1 
=> r = (s - a) tan 2 = 

2 
tan 2 = 

2 
tan 15° = 

2 

B 

LBPA = 90° + (B/3), LABP = 28/3 · 
ln!J.ABP, 

AP c 

Fig. 5.65 

c ----= = - - -
sin (2B/3) sin [90° + (B/3)] cos (B /3) 

~ AP= csin(2B/3) = 2csin(B/3)cos(B/3) 
cos(B /3) cos(B /3) 

= 2 c sin (B/3) 

A 

c 

29. d. LA= 1C =>a2 =b2 +c2 

2 
c 

2tan-
sin C = !:.. = 2 

a l+tan2 C 
2 

c 

c 

Fig. 5.66 

[by sine rule] 
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Solutions and Properties of Triangle 5.79 

=> c tan 2 C - 2a tan C + c = 0 
2 2 

C 2a±~4a2 -4c2 2a±2b a±b 
=> tan-= = =--

2 2c 2c c 

a-b 

c 

. C a+b C 
Because af tan - = --, then tan - > 1 

2 c 2 
C n C. n h' I . 'bl => 2' > 4 => > 2 w 1c 1 1s not poss1 c. 

30. a. a cos (B - C) + b cos ( C-A) + c cos (A - B) 

= 2R sin A cos (JJ.- C)+ 2R sin B cos (C -A)+ 2R sin C cos (A- B) 

= 2R sin (8 +C) cos (B - C)= R[sin 2B +sin 2CJ · 
= Rlsin 28 +sin 2C + siti.2C +sin 2A +sin 2A +sin 281 . . 
= 2R (sin 2A +sin 28 + sin2C) 
= &R sin A sin B sin C 

= &R _.!!._ _!!_ _.5_ = abc 
2R 2R 2R R2 

31. d. If the triangle is equilateral . 

. A . Jr.> • C 3.[3 sm + sm .) + sm = -
2 

If the triangle is isosceles, letA = 30°, B = 30°, C= 120°. 

Then, sinA +sinB+sinC= I+ J3 
2 

lfthe triangle is right angled, letA== 90°, B = 300,C= 60°. 

Th . A . B . C 3+../3 cn, sm +sm +sm = --
2 

If the triangle is right·angled isosceles, then one ·or the angles is 90° and the remaining two are 45° 

32. c. 

each, so tltat 

sin A+ sin /J +sin C= 1 + .fi 
and cos A + cos B + cos C = J2 
r r2 -=-
'i ~'\ 

=> r r3 =r1 r 2· 

A A A A 
=> --------

s s - c s-a s-b 

=> 
(s-a)(s-b) 

=1 
s(s-c) 

.. 
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5.80 Trigonometry 

tan 2 C = 1 ~ tan C = 1 
2 2 

c 0 

- =45°~C=90° 2 0 

33. c. Since cos 3A +cos 3B + cos 3C = 1 
... 

4 
. 3A . 3B . JC O sm - sm - sm - = 

2 2 ·2 

. 3A 3B 3C · . 
Etther- == 180° or·-= 180° or-. - = 180° 

2 2 ° 2 
Either A = 120° orB= 120° or C = 120° 

34. a. Given, cos· B cos C + sin B sin C sin 2 A = 1 
Now, we know that sin2 A :5: 1 · 
Also, sin Band sin.C are positive. 
=> sin B sin C sin2 A s sin B sin C .· 
~ 1 -cos B cos C :5: sin B sin C, [by using Eq. (i)J 
~ cos (B- C) ~ 1 ~ cos (B - C) = 1 ~ B- C = 0 ~ B = C 
Also, sin 2 A = 1, i.e., A = rc/2. Hence, the triangle is right-angled isosceles. 

35. c. 
A 

D . 

Fig. 5.67 

6= n- (c+~) . 8 . (c A) . (c rc B +C) (8-C) ~ sm = sm + ~ = sm +2--
2
- = cos -.

2
-

· 36.d r-r2 = r 3 - r 1 

!l. !l. 
=> ----=-----

s s-b s-c s - a 
-b c - a 

=> = 
s(s-b) (s-a)(s - c) 

(s -a)(s-c) a-c 
~ =--

s(s-b) 

2 B a-c => tan - =--
2 b 

But B E ( 1C rc) 
2 6' 4 

~ t~2 ! E (! tJ 
2 3' 

b 

(i) 
(ii) 

(iii) 
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Solutions and Properties of Triangle 5.81 

37. b. 

1 a -c 
=> -< --<1 

3 b 
=> b <3a - 3c <3b 
~ b + 3c < 3a < 3h + 3c 

R = a = 2 + J5 = 2 + J5 = ( 2 + J5) 
2 sin A 2sin 30° 2 x .!. 

. 2 

Now, A If= 2R cos A = 2(2 + ...{5 ) cos 30° = (2 + .J5 ) {3 
A 

Fig. 5.68 

. r 
38. a. We know that /A = -­

. A 
Sln -

2 

A B C 
~ JA : JB:JC=cosec - :cosec - :cosec-

2 2 2 

. BD AB c 
39. a. Using the property of angle bisector, we have DC= AC = b 

~ BD +DC= ck + hk = a 

a 
~k=-- . 

b+c 
Also x y = b c I? (property of circle) 

[ 

2bc cos A ] · 2 - -........::2=- bca · 
=> X= b + C ( b + C )2 

a2 sec A 
= __ ___,2,._ 

2(b +c) 

40. a. From the right angled ACAD, we have 

b 2b a2 + b2 
- c

2 

cosC= -~-=----
a/2 a 2ab 

:::::) a2 + b2 - c2 = 4b2 => a2
- c2 = 3b2 

A 

E 

Fig. 5.69 

downloaded from jeemain.guru



5.82 

41. a. 

42. c. 

Trigonometry 

·n 

~· 
B . .! D .!. C 

2 . 2 

Fig. 5.70 

y 

C(O, b) 

(a/2, 0) 

Fig. 5.71 

. -2b - b 
Slope ofGC= m1 = -;slope ofAG == m2 = -

a 2a 

1 3ba => - = __,__. ~----:-
.J3 2(a2 + //) · 

In triangles AJF andAlE, 

'3b 

2a and a2 + b 2 = 9 
b2 

l+-
a2 

A 

B D 

Fig. 5.72 

2 IE · IF IF =AI =· IE 
sin (A/ 2) . sin (A/ 2) 

~ AI=-~-­
sin2 (A/ 2) 

ID ·IE·IF . A . B . . C r 1 
- --- = sm- sm- sm - =- = -
IA · TR · IC 2 2 2 . 4R 10 

A 
(a, 0) 

c 
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. 
Solutions and Properties of Triangle 5.83 

43. c. We have BD =DC and LDAB = 90°. Draw CN. perpendicular to BA produced, t11en in ll BCN, we have 

I 
DA = .-CN andAB=AN 

. 2 
8 

N 

Fig. S. 73 

LetLCAN=a 

. CN AD·· 
·:tanA=tan(tr-a)=-tana=-- = - 2- =-2tan·B 

NA AB 
=> tanA +2tanB=O 

44. a. 
A 

B D 

. Fig. 5.74 

. A 
Let-= LCAD= 8 

3 
Now, by m- n theorem, 
(1 +I) cot a= 1 cot28- 1 cot 8 => 2 cot (B + 28) =cot 28- cot 8 
=>cot (8 + 28) +cot 8= cot 28- cot (B+ 28) 

sin(B + 38) sin B 
=> = 

sin(B + 28) sin (J sin(B + 28) sin 28 

=> 
sin(B -t A) sin B 

sin 8 = sin 28 

. C sin B => sm = 
2 cos 8 

A sin B 
=> cos 3 = 2 sin C 
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