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1.

lff: A—> B, g: B — C are two bijection,
then prove that gof: A —» C is also a
bijection.

: Given: f: A — B, g: B —C are bijection.

Part1:
To prove that gof: A —» C is one-one.

Now f: A —> B, g¢ B —»C are one-one
functions.

=gof: A—>C is a function.

Leta,a,e A=f(a) f(a) B

and (gof) (a,), (gof)(a,) € C.

Suppose that (gof)(a,) = (gof)(a,)

= glf(a,)] = gff(a,)]

= f(a,) =f(a,) " g is one-one
=a, =a, - fis one-one

..gof: A— C is one-one.....(1)

Part 2:- To prove that gof: A —C is onto.

Now f: A —B, g: B — C are onto functions.
gof: A —C is a function.
Let ¢ €C; Since g:B—C is onto, there
exists at least one element b B such that
g(b) =c.
Since f: A — B is also onto, there exists at
least one element acA such thatf(a) =b
Now (gof) (a) = gf(a)]

= g(b)

=c
.. Forc eC, there is an elementa €A such
that (gof) (a) =c.

so gof: A —>Cis onto.....(2)

Since gof: A — C is both one-one and onto

From (1) & (2)

[ .. gof: A — C is a bijection. ]

Functions LAQ Q.No:18 |

2. Iff: A— B, g: B —C are bijection, then
prove that (gof) ' = f 'og".
A: Given that
f. A— Bis a bijection.
g: B — Cis a bijection.
f-1:B — Ais a bijection.
g':C —Bis a bijection.
gof: A — Cis also a bijection.

(gof) ': C — A'is a bijection.
f-og': C — A. is a bijection.

Thus (gof) -* and (f 'og™') both the functions
exist and have same domain C and same
co domain A.

Let ¢ be any elementin C.

Since g: B — C is onto, there exists atleast
one element b €B such thatg(b) =c¢
=b=g"(c) - gisabijection

Since f: A — B is onto, there exists atleast
one elementa €A such thatf(a) = b.
=a=f"(b) --fisabijection

Consider (gof) (a) = g[f(a)]
= g(b)
..(gof) (a) = c.
= a=(gof) ' (c) . gof is a bijection

Consider (f'og”) (c) =f' [g “(c)]
=11 (b)
=a

.. (gof) ' (c) = (F'og™) (c) V ¢ €C.

[ .. (gof) ' =fog"! ]
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3. Iff: A—> B, I and I, are identity

functions on A and B, then prove that
fol, =1, of =f.

A: Given thatf: A— B
l,:A — Aisdefined byl (a)=a V a €A
|,:B—Bisdefinedby |, (b)=b VbeB.

Part 1:- To prove that fol, = f

Now
L A —A,
f.A—>B
=fol,: A—>B
Alsof:A— B

Thus fol, and f both the functions exist and have
same domain A and same co domain B.

Leta €A
Since . A — B, there exists a unique
elementb €B such thatf(a) =b
Consider (fol,) (a) = f[l,(a)]
=f(a)
= (fol)) (a) =f(a) Vae A
Hence fol, =f............. (1)

Part 2:- To show that I; of=f

Now
f.A—>B,
l,: B—B
= lof:A—>B
Alsof:A— B

Thus |,of and f both the functions exist and
have same domain A and co domain B.

Consider (I of)(a) = |,[f(a)]

11
—
O
-

From (1) & (2) fol, =f =1, of.

Functions LAQ Q.No:18 |

4. If f: A —> B is a bijection, then show that
fof' =1, and f'of = ..
A: Given that f: A — B is a bijection
=f"B—>A
Part 1:- To show that fof' = |
Now
f.B—>A,
fA—>B
=fof": B —»B.
Also |.: B —B
Thus fof* and |, have same domain B and
same co domain B.

R
=

Let a be any elementin A.

Since f: A — B, there is a unique element

beB.

such thatf(a) = b
= a=f'(b) -+ fis a bijection

Consider (fof")(b) = f[f -'(b)]

=f(a)

=b

l; (b)

w1 B>B=1(b)=b
= (fof ") (b) = 1,(b) beB
Thus fof' = IE

Part 2:- To prove that f "of = I,
Now
f:A—B,
f1:B—>A
= f-of: A>A
Also |,: A —>A
Thus f'of and |, have the same domain A

a+nd the same co domain A.

Now (f “of) (a) = f-'[f (a)]

A A>A= 1, (a)=a
(fof) (a) =1, (a)

- flof =1,
- foft =1 and f'of =1,.

VaeA
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5. Iff:A— B, g:B— A are two functions
such that gof = |, and fog = | then prove
that g = f.

A: Given that . A — B, g: B — A are two
functions
Such that gof = |, and fog = |_.

Part 1: - To prove that f is one-one.
Leta,a,cA=f(a) f(a,) € B
Consider f(a,) = f(a,)
= glf(a,)] = glf(a,)]
= (gof) (a,) = (gof) (a,)
=1,(a,)=1(,)
=a, =a,
Thus f: A — B is one-one.

Part 2:-To prove that f is onto.
Letb B
. g: B—>A, there exists a unique elementae A
such that g(b) = a.
Now f(a) = flg(b)]
= (fog) (b)
=l (b)  fog =1,
=b
So f: A— Bis onto.
Since fis one-one and onto, so fis a bijection.
=f":B—>A
Alsog:B—>A

Thus both the functions ' and g have the same
domain B and same co domain A.

Part 3:- To show that g =f -
From previous part, f (a) =b
=a=f"1(b)
Alsog(b)=a
~.g(b)y=f"(b) Vb eB.

ng=f.

Functions LAQ Q.No:18 |

6. LetA={1,2,3},B={a,b,c},C={p,q,r}
Iff: A—> B, g: B> C are defined by

f={(1,a),(2¢),(3,b)}, 9={a,q) (b, 1),
(c, p)}, then show that f 'og' = (gof) .

A: Given that
A={1,2,3},B={a,b,c},C={p,q, 1}

f. A— B, g:B — C are given by

f={(1,a),(2,¢c), (3, b)}
= f={(a,1), (b, 3), (c, 2)} and

f g gof  (gof)~!
(L,a) —=(aq) (@ q (@1
2,¢) »p @2 p O®2)

(3, b) —=(b,7) 3, (r3)..(1)

gt ft g tof !
(ga) » (a,1) (@ 1)
(r,b) = (b,3) (r,3)

@ ) - (c2) (® 2)..(2)

~.From (1) and (2) (f "og") = (gof) -'.
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7. Iff: Q >Q defined by f(x) = 5x+4 for
all x € Q, show that f is a bijection and
find f.
A: Given that
f: Q >Q is defined by f(x) = 5x + 4
Part 1:- To prove that f is one-one
Letx,, X, Q (domain) and
f(x,) = f(x,)
=5x,+4="5x,+4
= X, = 5X,
=X, =X,
- f:Q—>Qis one-one.
Part 2:- To prove that f is onto
Lety e the codomain Q and x € domain Q

such that

So for every y e codomain Q, there is a
preimage e domain Q such that

B

Thus f: Q —=Q is onto.

Part 3:-To find f'(x)
Since f is both one-one, onto, so it is a
bijection.

fix) =y =x=f'(y)

X +4=y=x==f(y)

X—4
- F(x) = .
(==

Functions LAQ Q.No:18 |

8. Iff={(4,5),(5,6),(6,—4)}and
g =1{4,-4),(6,5),(8,5)} then find

DOf+g (D) f—g (i) 2f+4g

@) f+4 @ fg (m')g

Wid|fl wiid)\[f @x)f* Xf3.

Sol:

Given that f=

{(4,5),(5,6), (6,—4)}and
g9=1{4,-4),(6,5),(8,5)}

Of +g ={(4,5+ (-9),(6,+(-4) + 5)}
={(4,1),(6,1)}

i) f— g ={(4,5 - (-49),(6,—(—4) + 5)}

(iii) 2f +4g

{(4,10),(5,12),(6,—8)} +
{(4,—-16),(6,20),(8,20)}={(4, -6), (6, 12)}

(iv) f + 4 ={(4, 5+4), (5, 6+4), (6, -
4+4)}={(4, 9), (5, 10), (6, 0)}

(v) fg=1{(4,-20),(6,-20)}
w0 2= {(4-3).(o-2)

wid|f| = {(4,5),(5,6),(6,4)}
wiii)\/f = {(4,V5),(5,V6)}
(ix)f? = {(4,25),(5,36),(6,16)}

X)f3 ={(4,125),(5,216),(6,—64)}.
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. Using mathematical induction, Show that 1% + 22 + 3% + ...

n(n+1)(2n+1)

Sol:let p(n) = 12 + 22 + 32+..+n? = .

Step-1:TO P.T P(1)istrue (putn=1)

L.H.S , R.H.S

2 n(n+1)(2n+1)
n — e
12 123
= (1) =2

=1 =1

LHS=RH.S -p (1) istrue for n=1.

Step-2: let us assume that p(k) is true for n = k.

2 _ n(n+1)(2n+1)
Lnt = e
t, =n?
tk = kZ

= p(k) = 12 + 22 + 324, k2 = LDEAD
6
Step-3: To P.T p(k + 1)is true{adding both sides (k + 1)term}
p(k + 1) =12 +22 + 324, +k? + (k + 1)2 — k(k+1)(2k+1) (k+1)2
. . 1
_ k(k+1)(Q2k+1D)+6(k+1)?
6

_ (k+1D)[k(Rk+1)+6(k+1)]

6

_ (k+1D)[2k*+k+6k+6]

6

_ (k+1)[2k*+7k+6]

6

_ (k+1)[2k?+4k+3k+6]

6

_ (k+1)[2k(k+2)+3(k+2)]

6

_ (k+1)(k+2)(2k+3)

6

_ (k+1)(k+2)[2(k+1)+1]

6

~ Thus p(k + 1)is true forn =k + 1.

by the principle of mathematical induction, p(n) is true for all n€ N.

MATHEMATICAL INDUCTION LAQ Q.No:19 |
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2 2
. Using mathematical induction, Show that 13 +23 +33 + ... .. ....+n3 = @
Sol: let
p(m)=13+23433+- .....4n3 = G2V
4
Step-1: put n=1 t =n3
n
L.H.S R.H.S
= n3 = 1’12(1’;—+1)2 tk == k3
3 1.22 3
=@ 'y tisr = (k+ 1)
=1 =1

L.HS=RH.S -p (1) istrue for n=1.

Step-2: let us assume that p(k) is true for n = k.

Sp(k) =13 427 +3% 4 o n? = T
Step-3: adding both sides (k + 1) term
p(k + 1) = 13 + 23 + 33 + cee L .....+k3 + (k + 1)3 — kz(k+1)2 + (k+11)3
_ kZ(k+1)%+4(k+1)3
a 4
_ (k+1)*{k*+4(k+1)}
B 4
_ (kR+1)*{k*+4k+4)}
B 4
_ (er1)(k42)?
4

o Thus p(k + 1)is true forn =k + 1.
by the principle of mathematical induction, p(n) is true for all n€ N.
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. ST

1.2.34+2.3.443.4.5+........... up to n terms = "("H)(TZ)(MB).
Sol: let
p(n) =123+234+--+nn+1)(n+2) =

n(n+1)(n+2)(n+3)
" :

Step-1: putn=1
LH.S R.H.S
n(n+1)(n+2)(n+3)
n(n+1)(n+2) " :
_ _ 1234
=1.2.3 ==,
=6 =6
L.HS=RH.S -p (1) istrue for n=1.

Step-2: let us assume that p(k) is true for n = k.

nn+1)(n+2)(n+3)

>p(k) =123+234+ -+ k(k+1)(k+2)= "

Step-3: adding both sides (k + 1) term

= P(k+1)=1.2.3+2.34+...+k(k + D) (k + 2) + (k + 1)(k + 2)(K + 3)

_ k(k+1)(k+2)(k+3)

(k+1) (k+2)(k+3)

4 1

_ k(k+1)(k+2)(k+3)+4(k+1)(k+2)(k+3)

4

_ (k+1)(k+2)(k+3){k+4}
4

& Thus p(k + 1)is true forn =k + 1.

by the principle of mathematical induction, p(n) is true for all n€ N.

MATHEMATICAL INDUCTION LAQ Q.No:19 |
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2
4, ST 2.3+34+4.5+..uptonterms= W'

Sol: let p(n) = 2.3 + 34+ - + (n + 1)(n + 2) = 2D,

3

Step-1: putn=1
L.H.S R.H.S
nn?+6n+11)
(n+1)(n+2) —
_ _ 1(1+6+11)
=2.3 ==
-6 =%_¢

3
L.HS=RH.S -p (1) istrue for n=1.

Step-2: let us assume that p(k) is true for n = k.
=>p(k) =23+34+ -+ (k+D(k+2) = k(k%km)

Step-3: adding both sides (k + 1) term
P(k+1)=234+34+ -+ (k+1)(k+2)+ (k+2)(k+3)

= KT | (ke + 2)(k + 3)

_ k(k*+6k+11) | (k+2)(k+3)
- 3 N 1
k(k?+6k+11)+3(k+2)(k+3)
3
k3+6k?+11k+3(k%+5k+6)
3
k3+6k2+11k+3k?+15k+18
3
k3+9Kk?+26k+18
3
_ (k+1)(k?+8k+18)
- 3
_ (k+1)(kK242k+1+6k+6+11)
- 3
_ (k+D[(k+1)*+6(k+1)+11]
o 3
o Thus p(k + 1)is true forn =k + 1.

by the principle of mathematical induction, p(n) is true for all n€ N.

MATHEMATICAL INDUCTION LAQ Q.No:19 |

www.Aimstutorial.in



JR.MATHEMATICS - IA AIMSTUTORIAL. IN

n[2a+(n-1)d]
-5, -
n[2a+(n-1)d]
-,

5. ST a+(a+d)+ .+uptonterms =
sol: letp(n)= a+(a+d)+--.+a+(n—1)d =

Step-1: putn=1
L.H.S R.H.S
a+ (Tl _ 1)d n[2a+(n-1)d]
2
_ _ 1[2a+0]_2a
=a+0 = =222
=a =a

LH.S=RH.S -p(1) istrue for n=1.

Step-2: let us assume that p(k) is true for n = k.
=>p(k) =a+(@+d)+-+a+(k-1d=2{2a+ (k- 1)d}

Step-3: adding both sides (k + 1) term

> pk+l)=a+(@+d)+--+{a+(k—1)d}+ (a + kd)
=2 {(2a + (k — Dd}+(a + ka)

__ k{2a+(k-1)d} | {a+kd}
a 2 + 1

_ 2ak+k*d—kd+2a+2kd

a 2

_ 2a(k+1)+k*d+kd

2
_2a(k+1)+kd(k+1)

2
_ (k+1){2a+kd}

2
_ (k+1D){2a+(k+1-1)d}
2
o Thus p(k + 1)is true forn =k + 1.

by the principle of mathematical induction, p(n) Is true for all n€ N.

MATHEMATICAL INDUCTION LAQ Q.No:19 | www.Aimstutorial.in
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6. ST a+ar+ar’+--uptonterms = a((rr_—_ll))
sol:let p(n) = a+ ar + ar?+---a.r" 1 = %
Step-1: putn=1
L.H.S . R.H.S
n—-1 (T'n—l)
a.r —
=a.ro = aE
r—1
=a =a

L.HS=RH.S -p (1) is true for n=1.

Step-2: let us assume that p(k) is true forn = k.

=>p(k) = a+ar +ar?+--a.r ((TT _11))
Step-3: adding both sides (k + 1) term

plk+1)=a+ar+ar’+--ar¥ 1 +ark

(r* —1)
=aGTp ter

I
ﬁ

=a {(E;, _11)) }

rk—1+rkyr—rk
=-qaQ\—
r—1

Tk+1—1

= a( r—1 )-

o Thus p(k + 1)is true forn =k + 1.
by the principle of mathematical induction, p(n) is true for all n€ N.
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2
7. ST 124(1242%) +(1% + 22 +3%)+ ..up ton terms = “DCD

Sol: let p (n) = 12+(12+22) +(17 + 22 +32) + .......+ "D
_n(n+1)3(n+2)
- 12 '
Step-1: putn=1

L.H.S R.H.S

n(n+1)(2n+1) n(n+1)?(n+2)

6 12 )
_123 _ 10+1%(1+2) 12
T 6 - 12 T12

LHS=RHS =p (1) is true for n=1.

Step-2: let us assume that p(k) is true for n = k.

2
Sp(k) = 12 + (12 + 22) + (12 + 22 + 32)+ .. ., DD k) (h2)

6 12

Step-3: adding both sides (k + 1) term
plk+1)=12+(12+4+22) + (12 +22+3) + ...+

(k+1)(k+2)(2k+3) _ k(k+1)?(k+2) | (k+1)(k+2)(2k+3)
6 12 6
_ k(k+1)%(k+2)+2(k+1)(k+2)(2k+3)

12
_ (k+1)(k+2){k(k+1)+2(2k+3)}

12
_ (k+1)(k+2){k?+k+4k+6}

12
_ (k+1)(k+2){k?+5k+6}

12
_ (k+1)(k+2){(k+2)(k+3)}

12
_ (k+1)(k+2)%(k+3)
- 12 :

k(k+1)(2k+1)
6

+

o Thus p(k + 1)is true forn =k + 1.
by the principle of mathematical induction, p(n) is true for all n€ N.

MATHEMATICAL INDUCTION LAQ Q.No:19 | www.Aimstutorial.in
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13 13423 13423433

— L 2
8. S.T Tt T 1+3+5 +-up tonterms = - (Zn +9n + 13).
1B 13423 13423433 (n+1) 5
sol: let p(n) = + =t T Tt (Zn +9n + 13).
Step-1: putn=1
L.H.S R.H.S
2
(17 2 (2n2 +9n + 13).
4 24
] — (2+9+13) 24 4
4 24 24

L.HS=RH.S ~p (1) istrue for n=1.

Step-2: let us assume that p(k) is true for n = k.

_r 13+2 13+23+33 (k+1) 5
=>pn) = Tt T Tt (2k + 9k + 13).
Step-3' adding both sides (k + 1) term
_» 13+2 13+23+33 (k+1)2 (k+2)?
p(n) = + w3 T e TUY T T

k+2)?
=£(2k2+9k+13)+( *2)
24 4

_ 2k3+9k%+13k+6(k?+4k+4)
B 24

_ (2k*+9k?+13k+6k%+24k+24)
B 24

. (2k3+15k2+37k+24)
a 24
_ (k+1)(2K%*+13k+24)

24
_ (k+1)(2k%+4k+2+9k+9+13)

24
_ (k+D{2(k+1)%+9(k+1)+13}
24

~P (k+1) is true
Hence, by the principle of mathematical induction, the given statement is
true for all n€ N.

MATHEMATICAL INDUCTION LAQ Q.No:19 | www.Aimstutorial.in
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1,1 1 n
9. Showthat — + —+_—-+ - uptonterms = —.

7.10
Sol: let
1 1 1 1 n
p(n) = T Tt T (3n-2)(3n+1)  3n+1"
Step-1: putn=1
L.H.S R.H.S
1 n
(3n—-2)(3n+1) 3n+1
_ 1 1
T (3-2)(3+1) 3+1
1 1

T14 T 14
LHS=RHS -p (1) is true for n=1.

Step-2: let us assume that p(k) is true for n = k.

1 1 1 1 k
=pl) =T+ w7 Tt T G eren  sker
Step-3: adding both sides (k + 1) term
1 1 1 1 1
plk+1) = mt Tt t (3k—2)(3k+1) + (3k+1)(3k+4)
k 1
=——+
3k+1  (3k+1)(3k+4)
1k 1
"~ (3k+1) {I + 3k+4}

1 3k*+4k+1
_(3k+1){ 3k+4 }
1 3k*43k+1k+1
"~ (3k+1) 3k+4 }
1 Bk(k+1)+1(k+1)
"~ (3k+1) 3k+4 }
1 (3k+1)(k+1)
T (3k+1) 3k+4 }
_ (k+1)

T (3k+4)

_ (k+1)

T 3(k+1)+1}

~N P

~P (k+1) is true
Hence, by the principle of mathematical induction, the given statement is

true for all n€ N.
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10. Show that 49" + 16n — 1 is divisible by 64 for all + ve integers n.
Sol: let p(n) = be the statement

Step-1: put n=1

P (1) =49' +16(1) — 1=49+16-1
=64
=64(1)
Thus p(1) is divisible by 64.

Step-2: let us assume that p(k) is true for n = k.

= p(k) = 49% + 16k — 1 = 64m, for somem € N

=49% = (64m — 16k + 1)... (1)

Step-3: if n=k+1
>plk+1) =491 +16(k+1)—1

=49k.49 + 16k + 16 — 1
=49{64m — 16k + 1} +16k+15
= 49.64k — 16k.49 + 49 + 16k + 15
= 49.64k — 16k.48 + 64
= 49.64k — 16k.12 X 4 + 64
= 49.64k — 12k.64 X 4 + 64
=64{49m-12k+1}
~thus the statement is divisible by 64

Hence, by the principle of mathematical induction,
49™ + 16n — 1 is divisible by 64 for alln € N.

10
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JR.MATHEMATICS - IA AIMSTUTORIAL. IN

11. Show that 3.5%"*! + 237*1 jg divisible by 17 for all + ve integers n.
Sol: let p(n) = be the statement

Step-1: putn=1

P (1) = 3.52n+1 4 23n+1 =3 53 4 24
=3(125) + 16
=375+ 16
=391 =17 x 23

Thus p(1) is divisible by 17.

Step-2: let us assume that p(k) is true for n = k.
= p(k) = 3.52n*1 4+ 23"*1 = 17m, for some m € N

=3.52"1 = (17m — 23" ... (1)

Step-3: if n=k+1
>p(k +1) = 3.520+1 4 23n+1

—3.52k+1 52 4 93k+1 93
=25(17m — 23™+1) 4 23k+1 g
=25.17m -25. 237+1 4 g, 23n+1

=25.17m-17. 23n+1

=17(25m-23"*t1)
~thus the statement is divisible by 17

Hence, by the principle of mathematical induction,

11
3.52n*1 4 23n+1 s divisible by 17 for alln € N.
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JR.MATHEMATICS - IA AIMSTUTORIAL. IN

12. S.T 2.4%"*1 + 337*1ljs djvisible by 11, foralln € N.
Sol: Sol: let p(n) = be the statement

Step-1: put n=1
P (1) =2.42n+1 4 33041 =D 43 4 34
= 2(64) +81
=128+ 81
=201=11x19
Thus p(1) is divisible by 11.

Step-2: let us assume that p(k) is true for n = k.
= p(k) = 2.4%%%1 4 33%*1 = 11m, for somem € N
=2.4%+1 = (11m — 2341y ... (D)

Step-3: if n=k+1
:p(k + 1) — 2_42(k+1)+1 + 33(k+1)+1

=2 .42k+1 42 4 33k+1 33
=16(11m — 33k+1) 4 33k+1 27
=16.11m -16. 33"+ 4 27 33n+1
=16.11m +11. 331

=11(26m-33"+1)
~thus the statement is divisible by 11

Hence, by the principle of mathematical induction,
2.42m+1 4 33n*+1is divisible by 11 for alln € N.

12
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AIMSTUTORIAL. IN

13. 2+43.2+3.2% + ---upto nterms = n. 2"

Sol:letp (n) = 24+3.2+3.22 + -+ (n + 1)27"1 = n. 2",

Step-1: putn=1
L.H.S R.H.S
2 n.2"
L.H.S=R.H.S

~ p (1) is true for n=1.

Step-2: let us assume that p(k) is true for n = k.

=p (k) =24+3.243.22 + -+ + (k + 1)2k1 = k. 2K,

Step-3: adding both sides (k + 1) term

=p (k+1) =2+3.243.22 + -+ (k + 1)2% 1 + (k + 2)2F
= k.2¥ + (k + 2)2F
=2k + k + 2)
=2%(2k + 2)
=2k 2(k+ 1)

=21 (k + 1)
o~ Thus p(k + 1)is true forn =k + 1.
by the principle of mathematical induction, p(n) is true for all n€ N.

13
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[ Jr. MATHEMATICS - IA ]

b+c c+a a+b
c+a a+b b+c
at+b b+c c+a

1. S.T =2

a b
b c
c a

TV A

b+c c+a a+b
c+a a+b b+c
a+b b+c c+a

Sol: L.H.S

R, >Ry +R,+Rs

2(a+b+c) 2(a+b+c) 2(a+b+c)
= c+a a+b b+c
a+b b+c c+a

(a+b+c) (a+b+c¢c) (a+b+c)
=2 c+a a+b b+c
a+b b+c c+a

RZ_)RZ_Rl:RS_)RS_Rl

(a+b+c¢) (a+b+c) (a+b+c)
=2 —b —c —a
—c —a —b

Ri >R +R,+R3

a b c
=2|-b —c -—a
—c —a -b
a c
=2(-)()[b ¢ a
c a b
a b c
=2|b ¢ a| RHS
c a b

Matrices LAQ Q.NO: 20 & 21
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[ Jr. MATHEMATICS - IA ]

a b c|* |2bc-a? c? b?
2. b ¢ a| = c? 2ac — b? a?
c a b b? a? 2ab — c?
= (a*? + b* + ¢? — 3abc)?
a b cl|? a b clla b ¢
LHS|b ¢ a|l =|b ¢ a|llb ¢ a|l(Ry; < R3)
c a b c a bllc a b
a b c¢ a b c
=|b ¢ a|l(—)|c a b
c a b b ¢ a
a b c||-a —-b -—c
=|b ¢ al|l|c a b
c a bllbp c a
—a?+bc+bc —ab+ab+c? —acH+b?+ac
=|—-ab+c?*+ab —-b*+ac+ac —bc+ bc+ a?
—ac+ac+b?> —bc+a’*?+bc —c®*+ab+ab
2bc — a? c? b?
= c? 2ac — b? a?® (1)
b2 a? 2ab — c?
a b c|?
nowl|b ¢ a
c a b

= [a(bc — a?) — b(b? — ac) + c(ab — ¢?)]?

= (abc — a® — b3 + abc + abc — ¢3)?
= (3abc — a® — b3 — ¢3)?

= (a® + b3 + ¢3 —3abc)? ... (2)
from (1)& (2)

L.HS=RHS

Matrices LAQ Q.NO: 20 & 21
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[ Jr. MATHEMATICS - IA ]

a a> 1+ad a a* 1
3. If b b> 1+b3|=0and|b b* 1|+0,
c ¢2 1+ c ¢2 1
show that abc = —1.
a a*> 1+a3
Sol: Given |b b2 1+b3|=0
c c? 1+¢3
a a*> 1 a a*> ad
=1|b b? 1|+|b b* b3|=0
c c? 1 c c? ¢3
a a* 1 1 a a?
=|p b2 1|+abc|1 b b2 =0{C & C}
c c? 1 c c /#®
a a*> 1 a 1 a?
=|p b2 1|—abc|lpb 1 b%| =0 {C, & C3}
c c? 1 c 1 c?
a a* 1 a a* 1
=(p b%2 1|+abc|p b? 1| =
c c? 1 c c? 1
a a* 1 a a’ 1
=> (b b? 1(1+abc)=0[.~. b b2 1|20 ]
c c? 1 ¢ ¢ 1
~ (@ +abc)=0
= abc = —1.

Matrices LAQ Q.NO: 20 & 21
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[ Jr. MATHEMATICS - IA ]

a+ b+ 2c a b

c b+ c+ 2a b

c a c+a+2b
=2(a+b+c)d

4. S.T

a+b+2c a b
c b+c+ 2a b
c a c+a+2b

Sol: L.H.S =

C,—>C+Cy+Cs

2(a+b+c) a b

=|2(a+b+c) b+c+2a b
2(a+b+c) a c+a+2b

1 a b

=2(a+b+c)|]1 b+c+2a b
1 a c+a+2b

RZ_)RZ_Rl:RS_)RS_Rl

1 a b
0 (a+b+c) 0
0 0 (a+b+c)

=2(a+b+rc)

a+b+c 0 |

=zm+b+cy| . b

=2(a+b+c)(a+b+c)?

=2(a+b+c)d

Matrices LAQ Q.NO: 20 & 21
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[ Jr. MATHEMATICS - IA ]

a—b—-c 2a 2b
2b b—c—a 2b
2c 2c c—a-—>b

5. 8.T

=(a+b+c)d

a—b—c 2a 2b
2b b—c—a 2b
2c 2C c—a-—»>b

s

Sol: L.H.S =

R, >Ry +R,+Rs

(a+b+c) (a+b+c) (a+b+c)
= 2b b—c—a 2b
2c 2c c—a-—>b
1 1 1
=(a+b+c)[2b b—c—a 2b
2c 2c c—a-—»b

Cz_)Cz_Cl:Cg_)Cg_Cl

1 0 0
=(a+b+c)|2b —(a+b+c) 0

2c 0 —(a+b+c)
_ ;|—(a+b+c) 0 |
=(@+b+c) 0 —(a+b+c)

=(a+b+c)(a+b+c)?

=(a+b+c¢)® R.H.S

Matrices LAQ Q.NO: 20 & 21
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[ Jr MATHEMATICS - 1A }

1 a®? a3
1 b* b3
1 ¢ ¢
1 a®> a
1 b?> b3
1 ¢? ¢3

6. S.T =(a—b) (b—c)(c—a)(ab+ bc + ca).

3
Sol: L.H.S

Rl_)Rl_Rz:Rz_)RZ_R3
0 a?—-b? a®-»b3
0 b?—c? b3—-¢3
1 c? c3

0 (a—b)(a+b) (a—>b)(a®+ ab+b?)
=10 (b-—c)b+c) (b—c)b*+bc+c?)
1 c? 3

0 (a+b) (a?+ab+b?
=(@a—-b)(b—-¢c) |0 (b+c) (b?>+bc+c?)

1 c? c3
RZ_)RZ_Rl:
0 a+b a® + ab + b?
=(a-b)(b-¢c)|0 (c—a) b* +bc+c*—a*—ab—Db?
1 c? c3

b? + bc + ¢?> —a? — ab — b?
= bc+c?—a*—ab
= b(c—a) +(c—a)(c+a) = (c—a)(a+b+c)

0 a+b a? + ab + b?
= (a=-b)(b—=¢c)|0 (c—a) (c—a)(a+b+c)
1 c? c3
0 a+b a?+ab+b?
= (a—b)(b—c)(c—a) |0 1 a+b+c |Expanding along C;
1 c? c3

= (a—b)(b—c)(c—a)l[(a+b)(a+b+c)—a?—ab— b?]

= (a—b) (b—c)(c—a){a?* +ab +ac+ ab + b* + bc
—a* —ab — b?}
= (a—b)(b—c)(c—a)(ab+ bc + ca).

Matrices LAQ Q.NO: 20 & 21
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[ Jr. MATHEMATICS - IA ]

a b ¢
a’? b* c*
a b 3

7. S.T =abc(a—b)(b—c)(c—a)

a b ¢
a’> b* c?
a® b3 ¢3

1 1 1
a b c
a’> b?* c?

= abc

Cl_)Cl_CZ:CZﬁCZ_Cé

0 0 1
=abc| a—0>b b—rc c
az_bz bz_cz CZ

0 0 1
= abc a—b>b b—c c
(a—b)(a+b) (b—c)b+c) c?

0 0 1
= abc(a—b)(b —c) 1 1
(a+b) (b+c) c?

Expanding along R,
= abc(a—b)(b—c)1{b+c—a— b}

= abc(a—b)(b—c)(c—a)

Matrices LAQ Q.NO: 20 & 21




Aimstutorial

[ Jr. MATHEMATICS - IA ]

x—2 2x-3 3x—4
x—4 2x—9 3x-16
x—8 2x—27 3x-—64

8. findxif = 0.

x—2 2x-—3 3x —4
x—4 2x—9 3x-—-16
x—8 2x—27 3x—64

sol: =0

Rz_)Rz_Rl:R3_>R3_R1

x—2 2x—3 3x—4
=>| -2 -6 —-12 | =0.
-6 —24 —-60

x—2 2x—3 3x-—4
= 1 3 6 = 0.
1 4 10

= (x—2)[30-24] - (2x —-3)[10—-6] +(3x —4)[4—-3] =0
= (x —2)[6] — 2x —3)[4] +(Bx —4)[1] =0
=>6x—12—-8x+12+3x—4=0

>x—4=0

ox =4,

Matrices LAQ Q.NO: 20 & 21
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[]r.MATHEMATICS-IA ]
a; by ¢
9. IfA=|a, b, c,|isanon— singular martix,
as; bz c3
then prove that A is invertible andA™! = %.
a, by A A, As
Sol: A=|a, b, 62] and adjA = |B; B, B;
a, by ¢ A A, As
NOW Aad]A = az b2 Cz . B1 Bz B3]
as; by c; C; C G3

detA 0 0
0 detA 0
0 0 detA

1 0 0
=detA|0 1 0| = detA.l
0 0 1
adjA _
"detA
Similarly we can prove that adjd _
detA
e O
AT = e

Matrices LAQ Q.NO: 20 & 21
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[ Jr. MATHEMATICS - IA ]

1 -2 3

0 -1 4],thenfind (AL,
—2 2 1

1 -2 3]

10.If A=

So: A= 0 -1 4

-2 2 1

SA=|-2 -1 2

3 4 1

1 0 —2]

IA’|=1 |‘41 i| +0 |_32 i| +3 |_32
—1(=1-8) +0(=2 — 6) + 3(~8 + 3)
——9 40 +10=1

|

-1 2 -2 -1
ol 5, 1
-1 2 -2 -1

[((-1-8) (6+2) (-8+3)
=|(-84+0) (1+6) (0—4)
| (0-2) (4—-2) (-1-0)

-9 8 -5
=[-8 7 —4
-2 2 -1
-9 -8 -2
=| 8 7 2
-5 —4 -1
. . -9 -8 -2
1 oAy — 1
A—lA,lad](A)—1 8 7 2
-5 -4 -1
-9 -8 -2
=| 8 7 2
-5 -4 -1

Matrices LAQ Q.NO: 20 & 21
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[ Jr MATHEMATICS - IA } |

11.Solve the following equations by using Cramer’s rule method.

3 4 5 X 18
Sol:letA=1|2 -1 8|, X= ly and B = |13
5 -2 7 z 20
3 4 5
-1 8 2 8 2 -1
A=z -1 8| =3] | -4 | +5] |
c oy 7 2 7 5 7 5

=3(-7+16) —4(14—-40) +5(—4+5)
=3(9) —4(-26) +5(1)

=27+10+5

= 136 # 0 cramer’'s rule aplicable

18 4 5 -1 8 13 8 13 -1
A= — =18 -4 5
1 %(3) _% 3 |—2 7| |20 7|+ |20 —|

= 18(=7 + 16) — 4(91 — 160) + 5(—26 + 20)
= 18(9) — 4(—69) + 5(—6)

=162 + 276 — 30

= 408

3 18 5
2 13 8 ;(3) 3
5 20 7

=3(91 — 160) — 18(14 — 40) + 5(40 — 65)
= 3(—69) — 18(—26) + 5(—25)

= —207 + 468 — 125

=136

2 13

=3| 5 20

A= |—18|§ §|+5|

3 4 18
5 1 13 1 13| _,|2 13

c 2 20 2 200" "ls 20

= 3(—20 + 26) — 4(40 — 65) + 5(—4 + 5)
= 3(6) — 4(—25) + 5(1)

Ay= =3~ | - 4] |+18|§ :1|

=18+ 100+ 18

=136

SO VO T S T YR
A 136 A 136 A 136

~x=3,y=1landz=1.

Matrices LAQ Q.NO: 20 & 21
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[ Jr. MATHEMATICS - IA ]

2 -1 3 x 9
12. Sol: letA=[1 1 1|,X= lylandB= 6]
1 -1 1 z 2
2 -1 3
A= — o 1 11 1 31 1
S R PR P

=2(1+1) +1(1—-1) +3(-1-1)
=2(2) +1(0) +3(-2)

=4 -6 = —2 # cramer'srule aplicable.

9 -1 3
A= -6 1 16 1 36 1
1 g _11 1 | 1|+ |2 1|+ |2 _1|

=9(1+1) +1(6-2) +3(-6—2)
=9(2) +1(4) +3(-8)
=18+4—-24=22-24=—2

A,=

2 9
1 6 1
1 2

=2f; ] =l al+ sl

=2(6-2) —9(1—-1) +3(2-6)
= 2(4) +1(0) +3(—24)

—8-12=—4
2 -1 9
A3=1 _11 —2| g|+1|i S|+9H _11|

=2(2+46) +1(2-6) +9(-1—-1)
=2(8) +1(—4) +9(-2)

=16—4—18

=16—-22=-6

Sx=2="=1y=2="=2z=2="=3
A -2 A -2 A -2

~x=1y=2andz = 3.

Matrices LAQ Q.NO: 20 & 21
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[ Jr MATHEMATICS - 1A }

11 1 X 9
13.A=|2 5 7|, X= lylandB= 52
2 1 -1 z 0
11 1
5 7 2 7 2 5
A=12 5 7 =1| |—1| |+1|
s 1 -1 2 -1 2 1

=1(=5-7) —1(-2 —14) +1(2 - 10)
=1(-12) — 1(—16) + 1(—8)
=—12+4+16 —8 = — 4 # cramer'srule aplicable.

9 1 1
52 5 7
0 1

= =ofy S-S Ll+aly

=9(=5-7) —1(=52 - 0) +1(52 — 0)
=9(—12) — 1(=52) +1(52)

= —108 + 52 + 52

=—108 + 104 = —4

Lo 1 52 7 2 7 2 52
2 ; 502 _71 |0 —1| |2 —1| * |2 0 |

=1(-52-0) —9(—2 — 14) + 1(0 — 104)
= 1(~52) —9(—16) + 1(—104)

= —52+ 144 — 104

= —156 + 144 = —12

Aa= =1|§ 502|_1|§ 502|+9|§ i

1 1 9
2 5 52
2 1 0

=1(0 - 52) — 1(0 — 104) + 9(2 — 10)
= 1(—52) — 1(—104) + 9(-8)
= —52+ 104 —72

=—-124+104 =-20
Ay - A, -12 A; =20

4
ﬁx:—:—:]ﬂy:—:—:S'Z:—:—zs
A -4 A —4 A -4

~x=1y=3andz =5.

Matrices LAQ Q.NO: 20 & 21
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[]r.MATHEMATICS-IA }
2 -1 3 X 8
14.4=-1 2 1|,x= MandB= 4]
3 1 —4 z 0
2 -1 3
2 1 1 1 —1 2
=—31 2 _1 =2|1 _4|+1|3 _4|+3|3 .

=2(-8—1) +1(4—3) +3(-1—6)
=2(-9) +1(1) +3(=7)

— ——18+1-21
= 38
8§ -1 3
hEft2 1 =82 Ll+afy L l+3]g 2

=8(-8—-1) +1(-16—0) +3(4—0)
=8(—9) +1(—16) +3(4)
=-72-16+12=-76

2 8 3
b= |-v4 1) =2lp Lo Dlesly ]

=2(-16—0) —8(4—3) +3(0—12)
= 2(~16) —8(1) +3(—12)
=-32-8-36=-76

2 -1 8
Ay= —31 % g =2|i g|+1|_31 g|+8|_31 i|

=2(0-4+1(0—12+8(-1-6)
=2(—4) +1(—-12) +8(-7)
=-8-12-56=76

wx=2,y=2andz = 2.

Matrices LAQ Q.NO: 20 & 21
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Matrix inversion method:

3 4 5 X 18
15.A=(2 -1 8|, X= lylandB= 13
5 -2 7 z 20
AX=B=>X=A-1B

. A, B, G -1 8 2 -1

And A-1= 244 = AdjA=|A, B, 62] -2 7 5 =2

detA 4 5 3 4

A3 By 3 -1 8 2 -1

(=7+16) (40—-14) (—4+5)
cofactor matrix = |(—10—28) (21-25) (20+6)
(32+5) (10-24) (-3-18)

9 26 1
=|-38 —4 26

37 -14 -11

9 -38 37
AdjA = [cofactor]T =|26 —4 —14
1 26  —11

DetA = a1A1 + b1B1 + C1C1
2(9) — 4(=26) + 5(1)

=136
caja 1 9 -38 37
A—1=dem=a 26 —4 -—14
26 —11
> X =ALB
. (9 —38 37 ][18
=—|26 —4 —14||13
136
L1 26 —111120

(162 — 494 + 740]
=—| 468 —52 — 280
| 18 + 338 + 220 |

408
=—1136
(136

~x=3,y=1landz=1.

Matrices LAQ Q.NO: 20 & 21




| Aimstutorial

[ Jr. MATHEMATICS - IA |

)
2 =1 3 X 9
(b).Sol:letA=1|1 1 1,X=lylandB= 6
1 -1 1 A 2
AX=B=>X=A-1.B
And A= 294
detA
2 -1 3
B 111 1 1 1 1
detd =t 1 1 =22, o+l ql+3l;

=2(1+1) +1(1—-1) +3(-1-1)
=2(2) +1(0) +3(-2)

=4—-6=-2%0 A lexists.
4, B, C 1 11 1
AdjA=|4, B, C, -11 1 -1
A B C -1 3 2 -1
3 3 3 1 1 1 1

a+1 @-1) (-1-1
cofactor matrix = |(=3+1) (2—-3) (-1+2)
(-1-3) 3-2) (2+1)

2 0 -2
=[—2 -1 1]
-4 1 3
2 -2 -4
Ade=[cofactor]T=[0 -1 1]
-2 1 3
4 adjA _ 1 2 -2 4
A= =50 11
-2 1 3
>X=A-1B
L [2 =2 —4][9
= 0 -1 1][6]
-2 1 3112
. (18 —12—-8 ) -2
= 0—-6+2 =_—2[—4]
[—-18+ 6+ 6 —6

~x=1y=2andz =3

Matrices LAQ Q.NO: 20 & 21
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[ Jr MATHEMATICS - 1A }

11 1 x 9
16A=[2 5 7 ,X=Mand3= 52
2 1 -1 z 0
11 1
_ 5 T _412 7| 42 5
detA—% 5 7 =1, -1y Lf+1ls 3

=1(=5-7) —1(-2—14) + 1(2 — 10)
=1(-12) — 1(~16) + 1(=8)
=—12+16—-8 = —4 % 0. A texists.

A B G Do 2
AdjA =14, B, G 101 1 1
Az Bs G5 5 7 2 5

(-5—-7) (14+42) (2-10)
cofactormatrix=| (1+1) (-1-2) (2-1)
(7-15) 2-7) (-2

-12 16 -8
= 2 -3 1

2 -5 3
—-12 2 2
AdjA = [cofactor]T =| 16 -3 -5
-8 1 3
cdja 1 -12 2 2
A'lzﬁz_—‘} 16 -3 =5
-8 1 3
= X =A"1lB
. [—12 2 2119
= 16 -3 —=5]||52
| —8 1 31L0
. [—108 + 104 + 0]
= 144 - 156+ 0
| —724524+0 |
L [ —4
== —-12| ~x=1,y=3andz =5.
[—20

Matrices LAQ Q.NO: 20 & 21
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[ Jr MATHEMATICS - 1A }

2 -1 3 x 8
174=|-1 2 1 ,X=Hand3= 4
3 1 —4 z 0
2 -1 3
_ o2 g1 1], -1 2
detA——31 2 1 =2|f Cl+15 L8l

=2(-8—1) +1(4—3) +3(-1—6)
=2(=9) +1(1) +3(=7)

=-18+1-21

= —38 # 0.A exists. AdjA =

4, B C 2 1 -1 2

A, B, G, ,cofactor matrix = 1 4 3 1

A, B, C -1 3 2 -1
2 1 -1 2

(-8—-1) (B-4) (-1-6)
cofactor matrix=| (3—4) (-8-9) (-3-2)
(-1-6) (-3-2) “-1

-9 -1 -7
=|-1 -17 -5

-7 =5 3
-9 -1 -7
AdjA = [cofactor]T =|-1 —-17 -5
-7 =5 3
adjA 1 =9 -1 =7
A'lzﬁz_—%—l —17 —5
-7 =5 3
= X =ALB
. [—9 -1 -71[8
:—_38_1 —-17 —5 4
-7 -5 3110
. [ —72—44+0
:—_38 —8—-68+0
| —56—-20+4+0
) [—76
:_—38_76 sx=2,y=2andz = 2.
|—76

Matrices LAQ Q.NO: 20 & 21
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17. Show that the following system of equations is consistent and solve it
completely.
x+y+z=32x+2y—z=3,x+y—z=1;
sol: the augmented matrix is

1 11 3
[AD] =12 2-1 3
1 1-1 1

on applying R, - R, — 2R, ,R; - R; — R,
1 11 3

~|0 0-3 -3
0 0-2 -2

an applying R; = 3R; — 2R,

1 11 3
~[o 0-3 —3] ..... (1)

0 00 0

Comparing with echelon form

Number of non-zero rows in A are 2
~rank (A) =2

Number of non-zero rows in AD are 2
~rank (AD) =2

Rank (A) =rank (AD) =2
The system is consistent and has infinitely many solutions.
We write equivalent set of equations from ... (1)

7 =
Hencez=1, x+y=2
Letx=k= y=2—k,z=1,k€ R is the solution set.

Matrices LAQ Q.NO: 20 & 21
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18. Apply the test of rank to examine whether the following equations are
consistent.
2x—y+3z=8-—x+2y+z=43x+y—4z=0;
sol: the augmented matrix is

2 -13 8 2 —-13 8
[AD]=]-1 2 1 4|~|-1 2 1 4
3 1 -4 0 3 1 -4 0

on interchanging R, and R,

we transform the above matrix into
an upper triangular matrix.

on applying R, =» R, +2R;, Rz = R3;+ 3R

-1 21 4
~10 35 16
7

0 -1 12
an applying R; = 3R; — 7R,

-1 21 4
~l0 35 16 |.... (1)
0 0-38 -76

Comparing with echelon form

Number of non-zero rows in A are 3 ~rank (A) =3
Number of non-zero rows in AD are 3 ~.rank (AD) =3

Hence rank (A) =rank [(AD)] =3.
Thus the system has a unique solution.
We write the system of equations from (1)
—x+2y+z=4..(2)
3y+5z=16..... 3)

—38z = -76....(4)

from (4)

z =2subin (3)

=>3y=16—-10=6
y=2suby=2,z=2in(1)>x=2
~x =y =2z =2Iis the solution.

Matrices LAQ Q.NO: 20 & 21
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19. Solve the following system of equations
x+y+z=12x+2y+3z=6,x+4y+9z =3;

Sol: the augmented matrix is

1 1 1 1 1 0 O x
] 0 1 0 vy

0 0 1 A

[AD] = |2 2 3 6

1 4 9 3

on applying R, - R, — 2R, ,R; > R; — R,

1 1 1 1
=|2-2 2—-2 3—2 6-2

1-1 4-1 9-1 3-1

—_
—_
—_

"
=lo0 0 1 4| R, ©R,
o 3 8 2

—_
—_
—_
—_

=O 3 8 2 R1 _>3R1_R2

3 0 -5 1
o o 1 4]
R, > R, +5Rs,R, > R, — 8R;

3+0 040 -5+5 1420

0-0 3-0 8—-8 2—32
0 0 1 4

w
o
o
N
=

Ry

=lo 3 0 =30 Rlﬁ[%]'Rz“’[?]

Uy
o
o
~N

=[0 1 0 —-10| ~x=7,y= —-10,z=4

Matrices LAQ Q.NO: 20 & 21
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20x—y+3z=54x+2y—-z=0,—x+3y+z=25;
Sol: the augmented matrix is

1 -1 3 5 [ 0 0 «x
[4D] = 4 2 -1 o|l=lo0 1 0 y
-1 3 1 sl lo o 1 =z

on applying R, - R, —4R,,R; - R; + R,

1 -1 3 5
—|l4—-4 244 -—1-12 0-20
~1+1 3-1 1+3 545
1 -1 3 5 ] ;
=lo 6 -13 =20 R2<—>73]
0 2 4 10 |
1 -1 3 5
=lo 6 -13 —20|R, >R,-5R;
0o 1 2 5
1 -1 3 5
=lo—0 6-5 —-13—-10 —20-25
0 1 2 5
1 -1 3 5
=lo 1 -23 -45| R, >R, +R,,R; = R; — R,
0 1 2 5
140 —-1+41 3-23 5-—45 1 0 —-20 —40
=| o 1 —23 45| =lo 1 -23 -5
0—-0 1-—1 2423 5445 0O 0 25 50

R [R3
H —
3 25

0 1 —23 —45
0 0 1 2

1 0 -20 —40
R, > R, +20Rs; R, — R, + 23R;

1+0 0+0 —-20+20 —40 + 40 1 0 O 0
=1 0 1 —23+23 —45+ 46| =|0 1 0 1
0 0 1 2 0 0 1 2

x=0y=1,2z=2

Matrices LAQ Q.NO: 20 & 21
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21.2x—y+3z=9x+y+z=6x—-y+z=2;
Sol: the augmented matrix is

2 -1 3 9] 1 o0 0 «x
[AD] = |1 1 1 6]5[0 1 0 y
1 -1 1 21 lo 0o 1 =z
R, ©R,_R,
2-1 -1-1 3-1 9-6] [T -2 2 3
=[1 1 1 6]=[1 11 6]
1 -1 1 2 1 -1 1 2

on applying R, - R, —R{,R; = R; — R,

1 -2 2 3 1 -2 2 3
=(1-1 1+2 1-2 6—3|=|0 3 -1 3

1-1 -1+2 1-2 2—3 0 1 -1 -1

R2 _)R2_2R3
1 -2 2 3 1 -2 2 3
=(0-0 3—-2 -1+2 3+2|=10 1 1 5
0 1 -1 -1 0 1 -1 -1

R, > R, +2R,,R; > R; — R,

14+0 —2+4+2 2+2 3+10 1 0 4 13
= 0 1 1 5 =10 1 1 5
0—-0 1-1 —-1-1 —-1-5 0 0 -2 —6

R

Ry o %]

Rl d Rl _4R3; R2 d RZ_R3

1 0 4-4 13-12 1 0 0 1
0 1 1-1 5-3 |=]0 1 0 2|wx=1y=2,z=3
0 0 1 3 0 0 1 3

Matrices LAQ Q.NO: 20 & 21
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1. If A+B+C = 180°, then show that

sin2A -sin2B + sin2C =4cosA sinB cosC.
A: Given: A+B+C =180°

sin2A - sin2B + sin2C

= 2cos ( ZAEZB ) sin ( 2Aé28 ) +2sinC cosC

= 2cos (A+B) sin(A-B) + 2sinC cosC

= 2c0s(180° -C) sin(A-B) + 2sinC cosC
=-2cosC sin(A-B) +2sinC cosC

= 2cosC [-sin(A-B) + sinC]

= 2cosC [sin{180° - (A+B)} - sin (A-B)]
= 2cosC [sin(A+B) - sin (A-B)]

*»sinC -sinD

= 2cos (%)sin (CéD)

= 2cosC. 2cosA sinB

= 4cosA sinB cosC

2. If A+B+C =90°, then prove that

cos 2A + cos2B + cos2C=1 + 4 sinA sinB sinC.

A: Given A+B+C =90°

Now cos2A + cos2B + cos2C
= 2cos(A+B) cos(A-B)+1-2sin?C

= 2c0s(90°-C) cos(A-B) +1-2sin?C

= 2sinC cos (A-B) +1 - 2 sin’C

=1 + 2sinC[cos(A-B) - sinC]

= 1+2sinC [cos(A-B) - sin{90° - (A+B)}]
= 1+2sinC [cos (A-B) - cos (A+B)]
=1+ 2sinC. 2sinA sinB

=1 + 4 sinA sinB sinC.

3. If A+B+C = 270°, show that
cos2A + cos2B + cos2C =1-4sinA sinB sinC

Given: A+B+C =270°

Now cos2A + cos2B + cos2C
= 2cos(A+B) cos(A-B)+1-2sin?C

= 2c0s(270° - ¢) cos (A- B) +1-2sin?C
=-2sinC cos(A-B)+1-2sin?C

= 1-2sinC[cos(A-B)+sinC]

= 1-2sinC[cos(A-B)+sin{270° - (A+B)}]

= 1-2sinC[cos(A-B)-cos(A+B)]
-+ sin (270° -6) = -cosO

= 1-2sinC 2sinA sinB
= 1-4sinA sinB sinC

4. A+B+C =180° Then show that
cos A+cos B +cos C=1+4sin Al2sin A/2sin C/2.
A: cosA+cosB+cosC
A+Boos A-B
2 2

+cosC

+A+B+C=180°
. C
=sin—
2

=2cos

A+B
cos

C C
=2 sin —cos + 1 - 2sin? >

2 2

C A-B . C
=1 + 2sin E [COST—SlnEj

C A-B A+B
=1+ 2 sin E (COST—COSTJ

=1+ — — —
1+ 2sin—.2sin Sin 2

-1+4inéin§in9
- sin 5 sih 58N 5

Trigonometric Ratios andTransformations
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5. If A+B+C = 0° prove that

sinA + sinB -sinC = -4cos%cos%sin%

A: GivenA+B+C =0Q°
.. sinA + sinB - sinC

- 2505 (9] us
< 250§ cos( 9] un (4]
- 25§ o[ A2) on (A

=-2sin %.ZCOS%COS%

= -4cos%cos%sin% .
6. If A+B+C = 180°, prove that

cos2 (%)+ 0032 (%)+ cos2 (%) =2 (1 + sin%}sin %sin

A: Given A+B+C =180°

2 A 2B

. COS +Cos + 0032 ¢
.. 7 7

2

2 A
2

2B 2

+1-sin +cos

- C
= cos >

N

= 1+(C032%-sin2 B)+cos

(5°)

= 1+cos T) +1-sin’ 5 ¢

Ccos

(
AB)

= 2+S|n 7 COs (T

AéB )

. cl..
-sm7} .

() 5]

=2+sin % [COS(

C
2

= 2+sin

= 2+sin 7 2sm7 S|n7 2[1+3|n73|n73|n7]

q

-

{2

7. If A+B+C = r, prove that
sin?A + sin?B + sin?C =2+2cosA cosB cosC.

A: Given: A+B+C = ¢
Now sin?A + sin?B + sin?C

= 1-cos?A + sin?B + sin?C
= 1-(cos?A - sin?B) + sin?C
= 1-cos(A+B) cos(A-B) + 1 - cos?C
=2 -cos(n - C) cos (A-B) - cos?C
=2 + cosC cos(A-B) -
=2+ cos C [cos (A-B)
=2 + cosC [cos (A-B) - cos{n - (A+B)}]
=2 + cos C [cos (A-B) + cos(A+B)]
= 2 + cosC 2cosA cosB

cos?C
- cos C]

= 2 + 2cosA cosB cosC.

8. If A+B+C = x, then show that
sm%+sm%+sm% —1+4sin<""1A)sin(""lB)sin(";C)

A: GivenA+B+C =«
—A) . (n—Bj . (n—Cj

sin sin

4 4
n—Cj
4

{ (n—A—n+Bj (n—A+n—Bj}.(n+Bj

=1+2| cos| —— |-cos sin
4 4 4

"+ 2sinA2sinB = cos(A —-B) —cos(A +B)
(2l 2
o
=2mn(A:B]cos(AéB]+1-2sm2(A:B]

" 2sinAcosB =sin(A +B)+sin(A-B)
1 - 2sin?A = cos?2A.

. (A B A B . (A B A B A+B
=sin| = +—+——— |+sin| —+———+— |+c082| ——
4 4 4 4 4 4 4 4 4

:1+4sm(“

A-B

Trigonometric Ratios andTransformations



Jr Mathematics- 1A Aimstutorial.in

A B C
. A . B A+B 10.In triangle ABC, prove that COS -+ COS_—-COS
:sm§+smE+cos 2 2 2
T+ A n+B n—-C
=4cos cos cos
4 4 4 )
A+B n-C . C A:GiventhatA+B+c=n
' COSs =COS| — |=SIn—
2 2 2 4cos m+A cos n+B cos n-C
4 4
—siné+sin5+sinE A B C
T2 2 2° — 2| 2cos| T2 |cos| T2 | |cos| ==
4 4 4
9. If A+B+C = &, prove that —Q[OOS(TTJFAJF"JFBJJFOOS(“JFA - BHOOS(A“LBJ
A B C_ m-A m-B m-C\ 4474 2 24 4 2
oosaz+oosz+cosz—4cos(T)cos(T)oos(T—) 4 4 4 4 4 4 4 4 4
A: Given:A+B+C =n 2{ (TT A+Bj A—B} (A+BJ
=2|cos| —+ + Ccos cos
4cos(":‘A)cos("‘iB)cos("ic) 2 4 4 4

:2[2cos(n-Ajcos(ﬂﬂcos(n_Cj = {—sin(A+Bj+cos(A_Bﬂcos(A+Bj
4 4 4 4 4 4
_ole n-A+n-B n-A-n+B A+B A+B A-B . (A+B A+B
= OSTH:OST COST =2c0s 2 cos 2 —2sin 2 CoSs 2
—oos(A+B+A —Bj+oos[A+B A + B] sin2[A+B]
.+ 2c0sAcosB = cos(A+B)+cos(A-B) | = atataa 4
A+B A-B A+B
:2|:COS{§—(Tj}+w3{—[Tj}i|COS(Tj — COSA + Cosg _ Sin[A + B]
2 2 2
_ A B C
:2{5in(A+Bj+cos(A Bj}cos(A+Bj =C0OS— +COS— —COS—.
4 4 2 2 2

A+B A-B . (A+B A+B
=2cos cos +2sin cos
( 4 j [ 4 j [ 4 ) [ 4 j

.+ 2sinAcosA =sin2A

A B AB A B A B A+B
=008 —+—+——— |+00S| —+— +sin2] ——
4 4 4 4 44 4 4 4

A B . (A+Bj
—COS— +COS— +5sin
2 2

A B C
=COS—+COS— +COS—
2 2 2
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1.If A+ B + C = 2x, then prove that
sinA -sinB +sinC -sin D
A+B . A+C A+D
sin

i cos
2 2 2

A :GiventhatA+B+C+D=2x
L.H.S. : sinA - sinB + sinC - sinD

= - 4cos

~2ons{ 232 Jon( 252 2 22 )
<ze{ 3 o 52 2 A3 o[ 1
wzae{( 252 (2522 22 o )

=200s(AJr

o 255) (52

A-B C-D A-B C-D

2

+
=200S A+B 2c0s| —2 2 \gjn| 2
2 2 2

A+B A+C-(B+D)) . (A-B-C-D
=4cos 5 cos 2 sin 2

_ AQE(A;BJ m{zr—( B+|f)1 —(B+QJS, {2}:—( B+(2 —(B+Q]

(- A+B+C+D=2n)

e 252 oo 5 (252 onl 5 (%5

A+B)Y)Y . (B+D B+C
=4cos sin cos
[ 2 j ( 2 j ( 2 j

:4COS(A;B]Sin(Zn—(;+C)JCOS[275—(A+D)J

2

-scon{ 222 an( 428 on(212])

A+B) . (A+C A+D
=—4cos sin cos
2 2 2

R.H.S. Hence proved.

J

12.If A+ B+ C + D = 2r,

prove that cos2A + cos2B + cos2C + cos2D

=4 cos (A+B) cos(A+C)cos(A+D)
A: GiventhatA+B+C+D=2xn

L.H.S. cos2A + cos2B + cos2C + cos2D
= 2cos(A +B)cos(A -B)+2cos(C+D)cos(C-D)
:>2006(A+B)oos(A—B)+200$(2n—(A+B)) cos(C-D)
— 2c0s(A +B)cos(A —B) +2cos(A +B)cos(C—D)
= 2cos(A +B)[cos(A —B)+cos(C -D)]

=2c0s(A+B) {2008{(A+C);(B+D)}

o {(A+D);(B+C)H

A+C—{360°—(A+C)}}

2

{A+D—{360° (A+D)}H

=2cos(A +B){2cos{

2

~ 2cos(A+B)| 2c0s(A+C—180°)cos(A+D-180° |
-+ cos(- 0) = cos 0, cos (180° - B) = - cos O

~ 2cos(A+B)| 2c0s{180° ~ (A -+ C)} cos180° ~ (A +D)|
=2cos(A+ B)[Z{—cos(A +C)}{-cos(A + D)}J

=4cos(A +B)cos(A +C)cos(A +D)
= RHS
Hence proved.

Trigonometric Ratios andTransformations
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13.If A, B, C are angles of a triangle, prove that
cos2A + cos2B + cos2C =-4cosAcosBcosC-1.

A: Given A+ B+ C =1800°.
cos2A + cos2B + cos2C.

= 2cos(A + B) cos(A - B) + cos2C.

2c0s(180° - C) cos(A - B) + cos2C.

- 2cosC.cos(A + B) + 2cos?2 C - 1.

=-1-2 cosC[cos(A - B) - cos C].

=-1-2 cosC[cos(A - B) - cos {180° - (A + B)}].
=-1-2cos C [cos(A - B) + cos (A + B)]

=-1 - 2cos C.2cosA cosB.

= -1 -4 cosA cosB cosC.

14.1f A, B, C are angles of a triangle, prove that

inA + sinB - si c—4sinésinEcosg

sin sinB -sinC = 5 5 5"
A: GivenA+ B + C =1800°.

sinA + sinB - sinC.

. (A+B A-B . C C
= 2sin 2 cos —23m—cos§

2 2

=Zcosgcos(
2

. (A+Bj . (180°-C C
SN =SIN| ——— [ =C0S—
2 2 2

"0 )-ng]
225

=ZcosE.2$inAsinE
2 2 2

A-B . C C
—2sin—=—cos—
2 2

= 20039[003(
2

= ZCOSE[COS(
2

. A . B C
= 4sin—sin—cos— .
2 2 2

15.If A, B, C are angles of a triangle, then prove
that
sin?A + sin?B - sin?C = 2sinA sinB cosC.
A. GivenA+ B + C =180°
sin?A + sin?B - sin?C
= (1- cos? A) + sin?B - sin?C.
=1 - (cos?A - sin?B) - sinC.
=1 -cos(A + B) cos(A - B) - sin?C
-+ cos?A - sin’B = cos(A + B) cos(A - B).
=-c0s(180° - C) cos(A - B) + (1- cos?C)
=1+ cosC cos(A-B) + cos2C
--cosC (180° - 0) = - cos®.
= cosC [cos(A - B) + cosC].
= cosC [ cos(A - B) + cos{180° - (A + B)}].
= CosC [cos(A-B) - cos (A + B)]
= cosC . 2sinA sinB.
-+ cos(A - B) - cos (A + B) = 2sin A sinB.
= 4 sinA sinB cosC.

16.If A, B, C are the angles of a triangle, then
prove that

sin? A, sin? B. sin? C_ 1-2cos Acos Esin c
2 2 2 2 2 2

sin® A +sin® B_ sin® c
2 2 2

=1—coszé+sin2E—sinE
2 2 2

—1-[cos? A _sin2B)_gin2C
2 2 2

A+B A-B . »C

=1-cos cos +sin“ —

2 2 2
. C (A—B] . C
=1-sin—| cos +sin—
2 2 2

. C A-B A+B
=1-sin—| cos + CcOS
2[ ( 2 j ( 2 H

=1—23in920035cosE
2 2 2

A B .C
=1-4cos—cos—sin— .
2 2 2
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17.1f A+ B + C = 0°, then prove that 19. If A+B+C = 28, then prove that
sin(S-A)+sin(S-B)+sin
cos?A + cos?B +cos?C =1 + 2cosAcosBcosC.
A: GivenA+B + C = 0. C=tcos (S cos(S:B)sin§
cos? A + cos?B + cos?C. A: Given: A+B+C =2S
= cos?A + (1 - sin?B) + cos?C.
=1+ (cos?A - sin’?B) + cos?C
=1+ cos (A + B) cos(A - B) + cos?C = 25in( S-A4SB ) gos (S-AS*B)  5inC
-+ cos?A - sin’B = cos (A + B) cos(A -

Now sin(S-A) + sin(S-B) + sinC

C -A+B i C C

B). = ZSlnjcos( 5 )+2sm7zcos7
=1 + cos( - C) cos (A - B) + cos?C. = ZSIn%[cos('A;B)+cos%J
=1 + cosC cos(A - B) + cos?C.

= 2sin % [cos (728'A'B) + cos(—'AJ'B)}

.- cos(- ) = cosé. 2 2

=1 + cosC [cos(A - B) + cosC]. = 23|n72 2cos(2S -A-B- A+B)cos(23'A'f+A'B)
=1 + cos C{cos (A - B) + cos {-(A + B)}].

= 4S|n7003( ( )
=1 + cosC [cos(A - B) + cos(A + B)]

=1 + cosC [ 2cosA cosB]. = 4005(3 A)cos( )sm%
=1 + 2 cosA cosB cosC.

3
18 fA+B+C= 7, then prove that

sin2A + sin2B -sin2C =-4sinA sinB cosC.
A: GivenA+B+C = —

sin2A + sin2B - sin2C
=2 sin(A + B) cos(A - B) - 2 sin C cosC.
=2 sin (270° - C) cos(A - B) - 2sinC cosC.
=-2cosC cos(A - B)-2sin C cosC.
-+ sin (270° - 0) = - coso.
= - 2cosC [cos(A - B) + sinC].
= -2 cosC {cos(A - B) + sin {270° - (A + B)}].
= - 2cosC[cos(A - B) - cos(A + B)].
= - 2cosC. 2 sinA sinB.
= - 4sinA sinB cosC.
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. Find the shortest distance between the skew
lines T=6i+2j+2k+t(i-2j+2k) and
r=-4i-k+s(3i -2j-2K).

Given two skew lines are
T=6i+2]+2k+t(i-2j+2k),
T=-47-k+s(37-2]-2k)

We know that the shortest distance between the
skew lines r =g+th and r=g+sd is

[a—c b d]
Ib xd|
Here a=6i+2j+2k, b=i-2j+2k,
c=-47-k d=3i-2j-2k.

a-c=10i +2j +3k
10 2 3
1 2 2
3 2 =2
= 10(4+4)-2(-2-6)+3(-2+6)
=80+ 16 + 12
=108
i k
2 2

=7(4+4)-j(-2-6)+ k(-2+6)
= 8i+8j+4k
= 4(2i +2j +k)

b xd =44+4+1=4(3)=12

.. Shortest distance between the skew lines

[108]
12
9 units.

2IfA=(1,-2,-1),B=(4,0,-3),C=(1,2,-1) and
D = (2, -4, -5), find the shortest distance
between the lines AB and CD.
A: Given points are A (1, -2, -1) B (4, 0, -3)
C(1,2,-1)D (2, -4, -5).
Equation of the line passing through the
points A (1, -2, -1) and B (4, 0, -3) is
T=i-2j-k+t{4i+0j-3k-(i-2j-k)
= i-2j-k+t3i+2]j-2k)
comparing this with T =3 + tb
a=i-2j-k b=3i+2j-2k
Equation of the line passing through the points
C(1,2,-1) and D (2, -4, -5) is
T=i+2j-k+s[(2i-4j-5k)-(i+2]-k)]
= i +2]—k+s(i —6j—4k)
Comparing with T =¢ + sd
C=i+2j-k d=i-6j-4k
Shortest distance between the given skew lines
is

|a-c b d]|
|bxd]|
a-c=-4j
0 4 0
ac b a=[ 2 2
1 6 4

=0+4(-12+2)+0 =40
=|[a—c b d]| =140 =40

ik
bxd=|3 2 -2
1 -6 -4

i(-8-12)-j(-12+2)+ k(-18-2)
=—20i +10j — 20k
= —10(2i — j + 2k)

|bx d|=10y22 + (-1 +2% =10x3 =30

Shortest distance between the skew

li = ﬂ—iunits
ines = 30" 3 .

Product of Vectors Q.No: 22
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3. For any vectors 3, b, ¢ prove that

i) @xb)xc=(a.c)b-(b.C)a
ii) ax(bxc)=(a.c)b-(a.b)c.
A: Part1: To show that(a xb)xc = (a.c)b-(b.C)a
Suppose that
i) 3, b, ¢ are non-zero vectors.
ii) a is not parallel to p .
i) ¢ is not perpendicular to the plane containing
ab.

Taking 3, b, ¢ satisfying the above, as follows:

Now (@axb)xc=abkx(c,i+c,j+c.k)

abc kxi+a bzc kXJ+abCka

=ap,cj-abyec,i . (1)
kxk=0
a.c=aji.(c,i+c,j+ck)
=ac,
b.C=(b,i+b,j).(c,i*+c,j+c.k)
=b,c, +b,c,

Now (a.c)b-(b.c)a

=a.c,(b,i+b,j)-(bc, +b.c )a i

ab11|+ab21J a1b1C1T'abz1l
=ab,C,j -ab,C,T (2)
From (1) and (2)

(axb)xc=(a.c)b—(b.c)a.

Part 2: To prove that ax (b xc) = (a.c)b- (a.b)c

Now ax(bxc)=-(bxc)xa
=-{(b.a)c-(c.a)b} from part 1.
= (c.a)b—(a. b)c

.M a=i-2j+k,b=27 +]j+k,c=1 +2j-k,

SN

find ax(bxc) nd ‘(gxg XE‘_

. Given

ax (bxc) = (a.c)b-(a.b)c

_ {(T-zT+E).(T+2T-E)}B_
{(T-27+E).(27+7+E)}6

=(1-4-1) (27+T+R) -(2-2+1) (T+27-k)

(-4) (2T+T+E) -1 (T+ZT-E)

87 -4j-4k-T7-2]+k

1)(T-27+k)

87 -4]-4k -37 +6] -3k

17 +2f -7k
‘(éx5) xE‘ =121+ 4+49
=174

Product of Vectors Q.No: 22
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5 1fa=27+j-3k, b= -2]j +k,

c=-i+j-4k and d=7+j+k

compute ‘(; X B) X (E X a)‘ .

then

A: We know that (5 X B) X (E X a)

= [acdlb-[bcd]a

=2(1+4)-1(-1+4)-3(-1-1)
=10-3+6=13

1 2 1
bcdl=|-1 1 -4
11 1

=1(1+4)+2 (-1 +4)+1(-1-1)
=5+6-2
=9

.-.(axa)x(axa)
=[acd]b-[bcd]a
=13(T-2T+E)-9(2T+T-3R)
=137 -26] +13k - 187 -9] +27k

=_ 5] -35] +40k
=5(-T-7T+8R)
‘(EXE)X(EXH)FS«/ 1+49+64

=5J117

6. If a=2i+3j+4k, b=i+j-k and
E=T-T+Ethen compute EX(BXE) and
verify that it is perpendicular to 3.

A: Given vectors are a=21 +3] + 4k

b=i+j-k

C=i-j+k

i k

Consider bx¢c = 1 -1

Now 5X(5XE) =

=i(-6+8)-j(-4-0)+k(-4 -0)
=2i+4j-4k
Now consider
[5x(5x6)].5=(2T+4T-4R).(2T+3T+4R)

=4+12-16
=16-16=0

= [5X(5X6):|.5= 0

:>5X(BXE) is perpendicular to 3.

Hence proved.

Product of Vectors Q.No: 22
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7. 1fa=i-2j-3k,b=2i+j-k and c=i+3j-2k ,
verify that 3 x (bxo +(axbxc-
A: Given
a=1i-2j-3k, b=2i+]j-k and ¢=1+3j-2k
ax(bx9=(a.9 b-(a.bhc
= {i-2j-3Kk).(i +3j-2k)} (2i + j -k)
-{i-2j-3Kk).21 +]-K)} (i +3] - 2K)
={1(1)-2(3)-3(-2)} (2i + ] -k)
=-{1(2)-2(1)-3(1)} (i +3j - 2k)
= (1-6+6)(2i + j - k) -(2-2+3) (i +3j - 2k)

=2i+j-k - 3i-9j+6k

(axb)xc=(a.9 b-(b.C) a
={1(1)-2(3)-3(-2)} (27 + j -k)
=-{2(1)+1(3)-1(-2)} (i - 2] - 3k)

= (1-6+6) (27 + j -K) -(2+3+2) (i - 2] - 3k)
= 2i+j-k-7i+14]+21k
= 5i+15j +20k
From (1) and (2)

ax(bxc)=(@xb)xc.

8.Find the cartesian equation of the plane
passing through the points A(2, 3, -1),
B(4, 5, 2) and C(3, 6, 5).
A: Let O be any origin.
Let T =xi +yj +zk be the position vector of any
point in the plane of AABC.
AP=OP - OA
= (x-2)i(y-3)j +(z+ 1)k
AB= OB - OA
= 2i +2j+3k
AC= OC - OA
= i +3j+6k
The vectors AP, AB, AC are coplanar.

~[AP AB AC|=0

x-2 y-3 z+1
N 2 2 3|_ 0
1 3 6

=x-2)(12-9)-(y-3)(12-3)+(z+1)(6-2)=0
=3x-6-9y+27+4z+4=0
= 3x-9y+4z+25=0.

9. Find the equation of the plane passing through
the point A =(3,-2-1) and parallel to the vector
b=7-2j+4k and ¢ =37 +2j - 5k-

A: Let P be any point on the plane with position vector
r=xi+yj+zk.

Vector equation of the plane passing through the
point A = (3,-2,-1) and parallel to the vectors
b=T-2j+4k and ¢ =37 +2] -5k is

[AP b c]=0

Its cartesian equation is

x-3 y+2 z+1
1 -2 4 |=0
3 2 -5
= (x-3)(10-8)-(y+2) (-5-12)+(z+1)(2+6)=0
= 2(x-3)+17(y+2)+8(@z+1)=0

=2x-6+17y+34+8z2+8=0
=2x+ 17y +8z+ 36 = 0.

Product of Vectors Q.No: 22
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10.Show that the points (5,-1,1) (7, -4, 7), (1,- 6,10)
and (- 1,- 3,4) are the vertices of arhombus by
vectors.

A: Let O be the origin and ABCD be the given figure.

~OA=57-]+k OB=77-4]+7k
OC=T7-6]+10k,OD =-i - 3] +4k
NowAB = OB - OA =27 - 3] +6k
|AB|=/4+9+36 =7
BC=0C-OB=-6i-2]+3k
IBC|=/36+4+9=7
CD=0D-0C=-27i +3] -6k
|CD|=+/4+9+36 =7
DA =0A-OD =617 +2j-3k
DA|=36+4+9 =7
~.AB=BC=CD=DA

AC=0C-OA=-47-5]+9k
| AC | =16 +25+81=+/122
BD==0D-OB=-8i+] -3k
BD|=+/64+1+9 =74

~AC=BD
Hence the given points are the vertices of a rhombus.

11.Using scalar product, prove that the altitudes

of a triangle are concurrent.

Let ABC be the triangle

Let the altitudes AD and BE intersect at 0.

Join C to O and extend it to CF.

To prove that altitudes are concurrent, it is enough
to prove that CF L to AB.

Let O be the origin and a,b,c be the position

vectors of A, B, C respectively.

Now AD 1 to BC and A, O, D are collinear.
= OA 1L BC

= OA.BC =0

= OA.(OC-0B)=0
= a.(c-b) =0

=

Also BE L. CA and B, O, E are collinear.

= OB L CA

= OB.CA =0

= OB.(OA-0C)=0

= b.(a-c) =0

= b.a-b.c =0 s (2)
(1)and(2) a.c-a.f+a.f-bc=0

= (@a-b).c =0

— (OA-OB).OC =0

= BA.OC =0
BA L OC

= AB LCF
Hence the altitudes of a triangle are concurrent.

Product of Vectors Q.No: 22
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12.Using scalar product, prove that the

A:

perpendicular bisectors of the sides of a
triangle are concurrent.

O

Let AABC be the triangle with D, E, F be the
midpoints on the sides BC, CA, AB respectively.
Let the perpendicular bisectors of the side BC and
CAiintersect at O. Join O to F.

To prove that perpendicular bisectors of the sides
are concurrent, it is enough to prove that OF L AB.

Let O be the origin and 3,b,c be the position
vectors of A, B, C respectively.

Now OD L BC
= oD.BC =0
= OD.(OC-OB) =0

= (BL;)-(E-B) =0

= (c+b)(C-b) =0
=¢’-b” =
Also OE 1 CA
= OE.CA =0
— OE.(OA-OC) =0

(g -c
= (@+c)@-c) =0

=2

=2
a

=

atb) (/A . OR) -
= (T).(OA-OB)_O
= OFBA =0 = OF LBA

Hence, the perpendicular bisectors of the sides of
a triangle are concurrent.

13. Find the volume of the tetrahedron formed

by the vertices (1, 2, 1), (3, 2, 5), (2, -1, 0), (-1, 0,
1).

A:

14.

Let ABCD be the given tetrahedron with
A(1,2,1), B3, 2,5),C(2,-1,0),(-1,0, 1)
Let O be the origin.

OA=i+2j+k,OB=37+2]+5k,
OC=2i-j,0D=-i+k
= AB=0B-O0A=2i +4k
AC=0C-OA=i-3j-k
AD=0D-OA=-2i-2j
Volume of the tetrahedron ABCD

= & |[AB AC AD]|
2 0 4
[AB AC AD]=|1 -3 -1 [T T R]=1
2 20
=2(0-2)-0+4(-2-6)
=-4-32=-36.
.. Volume of the tetrahedron
= 1 |-36/= 6 cubic units.
Show that the four points

-a+4b-3c, 3a+2b-5¢, -3a+8b-5¢ a nd
-3a+2b+c are coplanar, where 3 b, ¢ are
non-coplanar vectors.

. LetA, B, C, D be the given four points.

Let O be any origin.
. OA=-a+4b-3c,0B=3a+2b-5¢C
OC=-33+8b-5¢,0D=-33+2b+¢C
AB =0B-0A =4a-2b-2c
AC=0C-OA=-2a+4b-2¢C
AD=0D-0A =-2a-2b+4cC
4 2 2
Now [AB AC AD]=|-2 4 -2|[a b ¢]
2 2 4
= {4(16-4)+2(-8-4)-2(4+8)} [a b C]
=(48-24-24)[a b C]
=0[abc]
=0

So the vectors AB,AC,AD are coplanar.
Hence the given four points are coplanar.

Product of Vectors Q.No: 22
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21

1. Ifa=13,b=14,c=15,S.T 1!2:68—5,r=4,r1 ==

1'2 =12, 1'3 - 14'

sol: Givena = 13,b = 14,¢c = 15 S= a+b+c
2
a+b+c 13+14+15 42
S= S = 2 =7 =21
A= /($)(s —a)(s — b)(s - ©) A=sG -G - b —0)
=/21D(21-13)(21 - 14)(21 - 15)
=/21D(B)(7)(6)
=+/7.3.4.2.7.3.2
=,/(7.7).(3.3). (4.4)
=./(7.3.4)2=84
B abc
R = abc _ 131415 _ 65 T 4A
4A 4.84 8
r=2=%_4
S 21
A 84 84 21

A 84 84
27 (s-b)  21-14 7

A 84 84
37 (s-¢)  21-15 6

LAQ Q.NO: 24 | 9000687600
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2. fr=1,ry=2,r,=3,13=6finda, b, c.

Sol: givenr=1,r;, = 2,1, =3,13,=6

We know that

s=2
S=2=6
=%=¢ A
1 a=s——
T
a=6-2=6-3=3
A
b=s——
L)
b=6-2=6-2=4
A
c=8§——
3
c=6-2=6-1=5

LAQ Q.NO: 24 | 9000687600
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L If r = 8,T2 = 12,T3 = 24 flTld a, b, C.

Sol: givenr; = 8,1, = 12,13 = 24

We know that = = — + — + —
T 1

1
T2 T3

=-+—+—
8 12 24
1 34241 6 1
- = =—=-Dr=4
r 24 24 4
A= Jr.1y.15.13

= V481224 =+44212122

=/42.22,.122 =4.2.12=8.12=96

= S=A

r

— =24 A

a=24—%=24—12=12

A
b=s—-——
r

b=24—%=24—8=16.

c=8§——

(=24—-2=24—-4=20
24

LAQ Q.NO: 24 | 9000687600
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T T T 1 1
4, ST+ =+ —=-——
bc ca ab T 2R

1 1 1 71 :
SOI:—+—+_=§ — a=2Rsin A
bc ca ab bc

. A A
D

abc - abc

) A sinA/2
A A arlEzcosA/Z
2RS . A AsinA/2 inA = 2 sin— cos —
=22 y2sin2 cos?) / [ sinA Zsm7 cos }
abc 2 27 cosA/2 - -
§=l
__4RS . 2Ay S, 1-cosA ahe A "
= x(sin® ) = ¥ (—)
1 _
=;[1—cosA+1—cosB+1—cosC] [Sin2%1=1 ZOSA}

1
_; [3 - (COSA + cos B + cos C)] [ (cosA + cosB +cosC) =1 +4sin§sin§sin§ ]

1 . A . B . C
= [3—(1+ 4smzsm;smg)]

. A . B _.C
1 4R sin— sin— sin>
:_[2_—R ] _ apsin Y sin B in S
2r r= SanSIIlZSan
1 r 1 1 r
S
2r R 2r 2r R
1 1
T 2R

LAQ Q.NO: 24 | 9000687600
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STr+r3+1r,—1r, =4RcosB

. A . B . C
Sol: WK.T r =4R sin—sin_sin—,
. A B c

1 = 4R sin—-cos—cos—

2 2 2

A . B c

5 = 4R cos—sin—-cos—,

2 2 2

A B . C

3 = 4R cos—cos—sin—

2 2 2

. A . B . C A B . C
r+71r; =4R sm;sm;sm;+ 4R oS- cos—sin—

. C.. A . B A B A-B A B A B
= 4R sin - {sin-sin— + cos-cos—} [ cos = coscos + sinosin— ]
2 2 2 2 2 2 22 22
. C A-B
= 4R sm;{cosT} e (1)
. A B c A . B C
11 — 1, = 4R sin-cos—cos= — 4R cos—sin-cos—
2 2 2 2 2 2
A-B A B A B
C,. A B A . B , = sinZ cos2 — cos sin 2
=4R cos > {sin- cos = — cos ~sin—} [Sm 2 2% COSzsmzl
C,. A-B
=4R cos 5 {sin T}.....(Z)
LHS=2r+nr+nr—rn
. C A+B C,. A-B
= 4Rsm—{cos —} + 4R cos = {sin—}
2 2 2 2
. C A-B C . A-B _A-B A B A B
=4R |sin—cos — + coSs—sSsin— sin 2 —SlnECOSE—COSESIHE
2 2 2 2
. A-B+C
=4R[sm . ]
[A+B+C=T[ ]
. Vs
=4R [sm (— — B)]
2 5
=4RcosB R.H.S

LAQ Q.NO: 24 | 9000687600
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A B C
CotE+cotE+ cotE _ (a+b+c)2

In AABC,
Sol:

Consider Nrwcot% + cotg + cotg

__ s(s—a) , s(s=b) . s(s—c) té=s(s_a)
s st st [ )2

cotA+cotB+cotc a2+b2+c2

=i(s—a+s—b+s—c)

- t(s-G+b+0)

=i (3s — 2s)

Consider Dr =cotA + cot B 4+ cotC

—a? + b? + ¢?
COS A CcosB cosC COSA = ——F—

2bc

sin A sin B sin C

—a?+b%+c?®  a?-b%*+c?  a’+b?-c?

2bc sin A 2casin B 2absin C
__—a?+b2+c? n a?-b%+c? n a?+b?—-c? A=%(bcsinA)
4(%bc sin A) 4(%acsin B) 4(%absin C)

—a?+b%?+c?+a?-b%+c?+a?+b?—c?

4A
_a?+b2+c?
Y
(a+b+c)2
== 2
Now Nr/Dr w__ _(athto)
a?+b2+c2 " p24p24c2

4A

A B c
_ cotr+cot +coty  (a+b+c)?

“"cotA+cotB+cotC aZ+b2+c?

LAQ Q.NO: 24 | 9000687600
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If Py, P,, P; are the altitudes drawn from

vertices A, B, c to the opposite sides of a

triange then S.T (i)Pi+ Pi+Pi = %
1 2 3

.y 1 1 1 1 ... 8A%  (abc)?
i) —+———=— (ili)P3.P3.P3 =— =
()P1 P2 P3 T3( )3 3 3 abc 8R3

1 1 1
SO|Z A=_aP1,A=_bP2 B A=_CP3

2 2 2

2A 2A 2A
2P, == ,P, == P, =—

1 a’ 2 b’ 3 c
N 1 1 1 a b c
—+—"+—==+—+—
()P1+P2+P3 2A+2A+2A
S_

=a+b+c=§_l A7

2A 20 1

N | 1 1 a b c
(D)t ———=—t———
P, P, P3 20 20 2A

a+b-c _ 2s-2c _ s-c 1
20 2A A T3

20 2A 2A _ 8A3

a'b "¢ abc

_ abc
4R
abc\3
_8(55) _ s@bo? _ (aboy®
abc 64R3 8R3

LAQ Q.NO: 24 | 9000687600
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. S.T

ab-ri1; bc—1,13 ab-r3ry

T3 T1 T2

SOI' ab - T1T2

= (2Rsin A)(2R sin B)

. A B C A . B c
— (4R sin—cos— cos—) (4R cos—sin— cos—)
2 2 2 2 2 2

=4R? sin A sin B — [4R2cos2 g] (2 sin%cos?) (2 singcos g)

=4R% sin Asin B — [4R2c052 g] (sin A) (sin B)

=4R? sin A sin B [1 — cos? g]

~4R? sin A sin B [sin2 g]

ab-rir, 4R? sin A sin B[Sinzgl

Now

A B . C
T- __ _— —
3 4R cos2 cos2 sm2

_4R2 (2 sing cosg)(z sing cosg) [sinzg]

A B . C
4R cos; cos; sm;

. A. B . C
=4Rsin=sin—-sin—-=1r
2 2 2

. . bc—r,T: ab-r3r:
simmilarly 22 = =7
&1 T2

LAQ Q.NO: 24 | 9000687600



JR.MATHEMATICS -1A

AIMSTUTORIAL.IN

A B C A
. acos®=+ bcos?=+ ccos?==S +-

2 2 2 R
Sol:

L.HS= acos% +b cosg +c cotg

=Y a cos% =) a(—HCZOSA)

= éZ(a + acos A)

= ;Z(a) + %Z(acos A)

a+b+c
2

+ %Z (2RsinAcos A)
=s + 22 (sin2A)

=s + g (sin2A +sin2B + sin2B)

=S + g (4sinA sinBsinC)

2R? sinA sinBsinC
R

=S +

=S +% R.H.S

LAQ Q.NO: 24 | 9000687600
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10.

. oA . oB ., C

sin?=+ sin?=+sin>’-=1——.
2 2 2

Sol:

. oA . . B . .
L.H.S=sin? >+ sin? ~+sin®>

1-cos 4 + 1-cos 4 + 1-cos A
2 2 2
-:% [3 — (cosA + cos B + cos ()]

1 . C A-B . A
= _3 -1- ZSlnE{cos (T) —sin 5}]
1[ . C A-B A+B
= _2 — ZSmE{cos (T) — cos (T)}]
>3 -1- ZSinE{Zsinésin E}]
2l 2 27" 2

o= '2 — 4sinZsinZ sin E]
2l 27272

1 2 4Rsin§sin§sing
|:>_ —_—,—__& &
R

LAQ Q.NO: 24 | 9000687600

-:% :3 — (2cos (#) + cos (%) + cos C)]

13 _ (96in S A-B — 92ein2h
= _3 (25m2+cos( . )+1 2sin 2)]

10
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. 5A . . oB . C
Or =sin? =+ sin®— + sin?-=
2 2 2
A . ,B . . oC
=1 — cos?= + sin?=+ sin?=
2 2 2
A . B ., C
=1 —{cos?= — sin?=} + sin? =
2 2 2
[ A+B A—B . C
= [1 — cos (—) cos (—) + sin? —]
| 2 2 2
[ . C A-B ., C
= |1 — sin cos (T) + sin? 5]

= :1 - sing{cos (%) —sin %}]

= :1 — Sing{cos (%) — cos (%)}]
n:>[1 — Sing{ZSingsin g}]

4RsinAsinBsinC

SSin=sin r

5] ———2 22— 1_
2R 2R

LAQ Q.NO: 24 | 9000687600
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11.

a3 cos(B — C) + b3 cos(C — A)
+ c3cos(4 — B) = 3abc

Sol: ¥ a3 cos(B — €)=Y a.a? cos(B — C)

=a?y 2RsinA.cos(B — C)
=a?y 2Rsin(B + C).cos(B — C)

= Ra’Y [sin(B + C + B —C) +sin(B + CB + ()]
= Razz [sin(2B) + sin(20C)]

= Ra®y, [2sinBcosB + 2sinCcosC]

= a2y [(2RsinB)cosB + (2RsinC)cosC]

=a?y [(b)cosB + (C)cosC]

= a?[bcosB + ccosC] + b?[ccosC + acosA] + c?[acosA +
bcosB]

=ab|acosB + bcosA] +bc[bcosC + ccosB] + calacosC +
ccosA]

=ab|c] +bcla] + ca[b]

=abc

LAQ Q.NO: 24 | 9000687600



