AIMSTUTORIAL

MATHEMATICS - 1IB

G . INTEGRATION

DEFINITIONS, CONCEPTS AND FORMULAE

1, i(SiHZX) = Sin2x = Sin’x is an antiderivative of | 23- _[SGChZX dx = Tanh x+ ¢

dx
24. _[Cosechzx dx =-cothx +c
Sin2x.

2. If F(x)is an antiderivative of f(x) then F(x)+ c, c
R is called indefinite integral of f(x) w.r.t x. Itis | 26. _[Cosech x Cot h x dx = -cosech x + ¢

denoted by .[f(x) dx.

25. [Sechx Tanh x dx - Sec hx + ¢

27 J' =dx = Sinh"x +¢ =log(x + VX’ + 1)+ ¢
3. The process of finding the integral of a function is V1+Xx
known as INTEGRATION. 08, J- 21 dx = Cosh™x + ¢ = log(x + VX —1)+¢
4. [odx=c. VX -1
1 1 1+ X
5. I1.dx=x+c. 29. .[1_)( dx =Tanh' x+c=§Iog1 ~|c
n f'(x (X) -1

6. jx” .dx = X - 1 tc(n=-1). 30. J' f(( ))dx Iog|f(x)|+cj[f X=ﬁ+0
7. [ Ldx=log | +c. 31 I ) dx = 2Jf(x) + ¢

1 it
8. dx =2 + C. f

J % x 32. [ £ (x) dx = [ (X)]1 tc
n+
= XIx
9. I|X| dx= —= +c. 33. _[Tan x dx = log |sec x|+ ¢
10. [erdx=e +c. 34. [ Cotx dx = log |sin x|+c
1. fa>0,a=1then [a*dx= oga " ° 35. [ Sec x dx = log |sec x + Tan x| + ¢
Tan[ ® . X

12. ISinxdx=-Cosx+c =log (@M 3 *5]*C
13. ICosxdx=SinX+C 36. ICosecxdx=Iog |cosec x - cot x|+ ¢
14. ISeczx dx=Tanx + ¢ = log Tang+

15. ICosec2x dx=-cotx+c

c
1 . X
———dx=Sin"| = |+
-[\/aQ—xz (aj

c
16. jSechanxdx=Secx+c 3r.

1 . X

17. | Cosec x cot x dx = -cosec X + ¢ dx = Sinh™ (—J+c
Jos ® o a

dx = gjn- =. -1

18. jm Sin'x +c=-Cos' x+c 2 .[ 1 dx=Cosh1[1j+c
1 ’ \/x2—a2 a
19. I —dx =Tan'x+c =-Cot'x+cC 1 1 X

1+x 40. '[ — —dx=—Tan"=+c
1 a’ +x a a

dx =Sec'x+c =-Cosec’' x+c¢C

20. [ 5 o 1 1, la+x

dx =—1Iog +C
21. [Sinh x dx = cosh x + ¢

a-x 2a |la—-x
1 1 X—a

22. [ cosh x dx = Sinh x+ ¢ a2. [ godx=5-log —l+c
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T dx =@ % + 2 sin'[ X
43. jJa —xzdx—zx/a X + 2Sln (aj+c

4

N

. I NES +x2dx:§«/a2 +X +aSinh‘(xJ+c
2 2 a

[&)]

45, I X —anx=g\/x2 - —aZCosh‘(:}c
46. Integration by parts:

[ f00-9x)dx=F(x) [ gx)dx- [ [F'(x) [ g(x)dx] dx
Note: In integration by parts, the first function will
be taken as in the following order: Inverse
functions, logarithmic functions, algebraic
functions, trigonomeric functions and exponental
functions. (ILATE rule)

ax

e
47. Iex cos bx dx = 22 (a cos bx + b sin bx)+ ¢

ax

48. [ersinbx dx = =
. | e”sin bX X—a2+b2

49. Iex [f(x)+ £ (x)]dx = e*f(x)+c

(a sin bx - b cos bx)+ ¢

50. Ilogxdx=xlogx-x+c
51. [[x 1 (x) +f(x)] dx = x f (x)+ ¢

—sin"'xcosx n-1

1 2
———+———|dx
2. Evaluate J[W W} .
(e o
VI-x2 A1+ x3

Sol:

1 1
- I\/1-x2 dX+2'[\/1+x2 &

=sin?' x + 2 . sinh'x + c.

3. Find [sec?x.cosec? x. dx

Sol: [sec’.cosec’ x. dx

1
= j—Z ) dx
COS™X.sIN"X

sin®x + cos®x

= =
COS“X.sin“x

cos® x

cos?

.2

=] im ).(2 dx+]
cos? x.sin® x

dx + ] L dx

[ 1
~ " cos?x sin? x

dx

X.sin® x

_ = [sec?x dx + [cosec?x.dx
52. 1 =.[S|n” X dx = + I,
n n n = tanx - cotx + c.
53 | =Jcos” « dx = +cos” xsmx+n—1IH
n n n X X2
Tari x 4. Fina ]2 ax
54. 1 =J'Tann x dx = -1, ) a*b*
n n-1
_ ) _ —Cot"'x (@* -b*)?
55. 1 —ICot x dx = P I, Sol: dex
Sec”xTanx n-2
56. In—jSeC x dx = n—1 +n_1In,2 =J|:(aX)2_2aXbX +(bX)2}dX
XbX
57. 1 = I Cosec" X dx = a
—-cosec"’xcotx n- 21 _ @ )? 2a*p* .\ (b*)? q
n-1 n-1 """ - a*p* - a*p* a*p* X
LEVEL - | (VSAQ) [ }
= =—-2+—|dx
1 Evaluate || X+ 2 Jox
’ 1+x2 ) a X b X
4 =] =] dx-2J1.dx+[| =] .dx
Sol: I(X*'“_ijdx I(bj I I(aj
= J.xdx+4.|. L > dx aY b\
1+ X E ;
2 = 5 -2x+ b +c
= — +4tan"x +c. lo (] lo (] '
5 an' x +c g b g a
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1+ cos2x
—————dx

5. Evaluate J1-cos2x

2
J-1+cos de

Sol: 1-cos2x

1+ cos?x
2sin“x

1 1 cos® x
= = + dx
B ZI(sinzx sinzx]

_1 (cosec?x + cot? x)dx
2

= J'(cos ec’x + cosec’x —1)dx
= %[IZcoseczx—j1 dx}
= 1 —2cotx—-x| + ¢

2

=-cot x X +cC
= > .

6. Find I\/1-0032xdx_
Sol: '[\/1-0032x dx
= J\/23in2x dx

= ﬁjsinxdx
=-2 cosx +c.
1
7. Evaluate j
1+ cosx
Sol: -[1+cosx

_J~ 1 1-cosx
1+cosx 1-cosx

dx

_ I1-cosx _J-1—cosx
1- cos®x sin® x

1 COSX
= J‘ T3 dx
sin“x  sin“x

= j(cos ec’x — cot x cos ecx)dx

= jcoseczx dx - Icotxcosecx dx

= - cot x + cosecx + c.

sin*x
8. Evaluate | ——5-dx
cos®x
.4
sin®x
Sol: | s —dx
cos®x
.4
_ f sin™x 1 dx

cos*x cos?x

= [ tan*x.sec?dx

Let tanx =t
sec?x. dx = dt.
= [th.dt
t5
= ? + C
5
_ (tansx) te

log ( 1+
9. Evaluate j% dx.

. log (1+X)
Sol: j—1+x dx

put log(1 + x) =t

1
= ——dx =dt
1+ X

[ tadt

2
—+Cc

2

(log (1+%)° ,
2

1 x+
10.  Find j(1-x—2je xdx

1) xet
Sol: I(1-X—2je *dx

1
Putx+ — =t
X

= (1-)(1—2]dx =dt
= J'e‘dt
=e'+c

1
=% tC
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tan™'x

11.  Evaluate j1e+ 7 dx.
X

Sol:

Puttan'x=t = dx = dt

1+ x2

: -1
sin ( ta;l x)dx.

12. Evaluate | i

: -1

Ism ( ta£1 X>dx
1+x

Put tan” x = t

Sol:

17 %2 dx = dt

= J'sint dt = -cost

= cos(tan” x) + c.

2x3
1+ Xx

dx.

13. Evaluate | ———

2x3

1+ x8
=j' 2X3 X
1+ (x*)y?

Sol: j dx

Let x* =t
4x3 . dx = dt

dt
3dx = —
2x3 dx 5

8
14. Evaluate j#dx.

X8
Sol: J‘de
8

X
= J.—1+( )(9)2 dx

Putx®=t = 9.x%dx =dt

dt
8dx = —
= x8%dx 9

1
= §tan'1 (x®) + c.

15. Find | e* sin x dx.

Sol: | e sin x dx

c

16.

Sol:

17.

Sol:

ax

[asin (bx)-b cos (bx)] +

e*sin (bx)dx =

| e*sin (bx) dx 22 b2
eX

m[1.sinx-1.cosx]+c

X
e’ .
7[smx-cosx]+c.

1
Evaluate '[(x+3)—x\/T2dX'

1
———dx
j(x+$dx+2
Putx+2=t2
x+3=1+¢
dx =2t . dt.

- j;zztdt
(1+t5)t

=2tan't+c

= 2 tan™’ (\/X+2) + C.

cosXx + sinx

Find ’[ J1+ sin2x

CcosX + sinx
[ COSX2 SIX 4
1+ sin®x

cosX + sinx

dx .

- J' dx
Jsin®x + cos?x + 2siNX cos x
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CcosX + sinx
dx

( sinx +cosx)z
Jcosx +;m/
B cosx+,sm/

j1dx
=X + C.

1
18. Evalaute j\/sin—'1xx/mdx
1
—————dXx
ot oo

Letsin"x =t
1

dx =dt
V1-x2
1
=[—dt
Jt
=2Jt+c
=2Vsin"'x +¢ -
+x)e*
19. Find f (1+x)
s” (xe¥)
j' (1+x)e dx
cos (xe )
letxex =t
(1.e*+x.e)dx=dt
eX(1+x). dx =dt
=] 12 dx
cos“ t
= [sec?t.dt
=tant+c
=tan(xe*)+c.

t(l
21. Evaluate 5wdx

Sol: 5—C0t(|;g X) dx
Letlogx =t
1
—.dx =dt
X
= [cot (t) dt
log |sint| + ¢

log |sin (log x)| + c.

22, Evaluate [logx dx

Sol: [logx .dx = [logx. 1. dx
u =logx, v="1

, 1
U=— Jv=[1dx=
x fv=]1dx=x
By using integration by parts [uv=u[v-[[u’[V]

= logx . x - I(l.xj dx
' X

=x logx - [ 1.dx
=X logx - x + c.

23. Evaluate | e* (tan x + sec?x) dx.
Sol: [e* (tan x + sec®x) dx
f(x) = tan x, f'(x) = sec?x
= [ex[f(x) + f'(x)] dx
= e f(x)+c

=e*tan x + c.

24. Evaluate _[ex( secx + secxtanx) dx .

20. Evaluatef s I; o )dx Sol: Jex( secx + secxtanx) dx
x log x X
gxlogflog f(x) = secx, f'(x) = secx tanx
Sol:f ! dx x '
x log x log (logx) J.e(f(><)+f(X)dX=exf(x)+c
Let log (logx) =t = 0% 560X + C.
I Tax—at
logx x
= 1t
t
=log |t + ¢
= log |log(logx)| + c.
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25. Evaluate [e* (tan x + log sec x) dx. 28. Evaluate Ixtan"x dx .
Sol: [e* (tan x + log sec x) dx )
f(x) = log(sec x). Sol:  [xtanx dx
\ 1 1
f(x =Esecxtanx=tanx u=tan'x = u’:1+x2
= [eX[f(x) + f(x)].dx 2
V =x = .[de =7 +cC
=exf(x)+c
uvdx =u|vdx— |(u’| v dx ) dx
=e*log (sec x) + c. j I I( I )
1+xlog x =tan'1xx—2-J1 12%2
26. Find [e* [Tjd& X X
X2 2 d
= — t - — X
Sol: [&* (—“X)I(ongdx g X I1+ X2
x? 1 1
ol L e e
= e (1+|09Xj dx _ X tan" x - S [x-tan' x] + c
=Je x . =5 X - 5 [x - X] .
f(x) = logx, f(x) = 1
¥ X 29. Evaluate I&Iogx dx
= [er[f(x) + f'(x)] .dx
= e f(x) + ¢ Sol: j&logx dx
= e*. logx + c. 1
u=logx = u =
27. Evaluatefe { } 2 2
(2+x)? v-\/;:_[v_: 3x3’2
1+ 2"
X
Sol:jex I .
(2 +x)? by using integration by parts
= e [2+x-1 juv:ufv—f(u'fv)
L2+ %) ) 10
- - Iog x = 3/2 .—X3/2 dx
= Jex| 2FX 5 [dx 3" Ix 3
(2+x)? (2+x) 3
B _ 2 3 2 o
_ = —x"“logx —jx dx
| 1 -1 3 3
= _[e o + 2 5 dx .
X 1
L ( +X) = gx3/2logx_g X2 dX
3 3
1 -1
)= F(x) = ——
2+X (2+x) 2 2 32
—X Iogx———
= [e[f(x) + f(x)]dx =3 33
=e* f(x) + ¢ 2
1 — 2 3/2 4 3/2
=e (2+xj+c' = —X Iogx—§x +C
INTEGRATION 9000687600
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30. Evaluate | x.sec?x dx.
Sol: [ x.sec®x dx

u=x, V=secx.
u' =1, [v= [sec’.dx =tanx
By using integration by parts [uv=u[v-[[u’[v]
= X. tan x - [(1.tan x). dx
=xtan x - [tan x . dx

= x tan x - log|sec x| + c.

31. Evaluate [tan"'x dx.
Sol: jtan"' x dx = [tan™ x. 1. dx
u=tan'x,v="1

' 1
u BETRE jv=[1dx=x

By using integration by parts fuv=u|v-[[u'[v]

= -1 -
tan'x . x - | 122 X.dx
1. 2x
= X tan-'x §j1+x2 dx
jmdx=log|f(x)|+c

(x)

= x tan"'x - %Iog [1+ x?| + c.
LEVEL - | (LAQ)

1. Evaluate [ ( 6x +516-2x2 +x.dx

d
Sol: Let6x+5=k& (6-2x2+x)+¢

6x +5=K[-2(2x) + 1] + ¢
6x +5=Kk (-4x) +k + ¢
Equating the co-efficients of

6 3
X—>6=-4k = k= 2"
cC>5=k+/

5:2+€:f:5+§:£
2 2 2

6x+5=ﬁi(6—2x2+x)+E
2 dx 2

- J(6x +5)W6 — 2x2 + x.dx

:I_—31(6—2x2+x)+ﬁ 6 —2x% + x.dx
2 dx 2

=I{-3[d(6-2x2+x)}(6-2x2+x)+13 6-2x2+x}dx
2| dx 2
= ﬁj(6-2x2 + x)1/2i(6-2x2 +X).dx

2 dx

+%I 6 - 2x2 + x.dx

T 0).F ()l 2+ x+6
™) s X2—5—3j
T n+1 2
2
i
4 2
2
=-2Hx—lj - _i}
4 16
2
=2 (X_lj _ﬂ:l
4 16
=2[ﬂ_[x_lfi
16 4
)1/2+1

2 (6-2x% +x 2
_3(6-2¢x) a3 | (2] |on
2 1 2 16 4

—+1

3(6-2x2+x)*? 13 (7)2 [
= — 7 4+ 2 — - -
5 3 ZIJ 2]

B

2

[X- 1]
13 4
:-6_2X2+X3/2+_ AL
( ) N2 2

3 2 2
T > E 4x -1 Z 3 _1
=—(6-2x +x)2+\/§{ 3 (4) (x 4]

49 | _1 4x -1
+—sin | —— |7 +C
32 7
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2.  Evaluate I( 3x-2V2x% -x +1dx .
Sol: Given I( 3x-2V/2x? - x +1dx

d
Let (3x-2) =A— (2 -x + 1) + B

3Xx-2=A@4x-1)+B.eeee.. (1
coefficient of x putx =0
3=4A 2=-A+B
3 -3
A—Z -2—7 +B
-5
=.2 — [—
Y47,
: 5
A,Bin(1) 3x- 2——(4x 1)- 1

j( 3x-2V2x2 - x+1dx =
IE( 4x-1)-§}/2x2-x+1dx

%j( 4x - )N2x2 - x +1dx -%I\/sz-x+1dx+c

2x2-x+ 1

1l
N
N\
x
N
I
N | X
+
N =
N—

1 1
N N
7~ N N
VR N\
x x
| |
N— N—
N} N
+ |
RN -
03|\' m|—‘
N—
N =
Ne——

_x+1)1/2dx—¥_[ (x—:jw{\f]zdx +C

2 [ ()F (x)dx = L)
n

=% [x—1(2¢

—r+c
+1

IJXZ +a?dx =5\/x2 +a? +a—sinh’1 (ij
2 2 a

1+1
_ 3@ —x+1)?
4 1+1
2

x—1 2 ! (x—1j
52(1 X4 (X 1} 7 16 1|\ 4

4

4 || 2

+—+—=sinh” +C

16 2 7

4

x+1
—d
3. Evaluate | LS
X+1
¢ [—dx
SOI'J.XZ-X+1

d
Ietx+1—k—(x2-x+1)

X+1=k(2x-1)+/
Equating the co-efficients of
x > 1=2k=>k=1/2
c > 1=-k+/

LN P
B R R

1d 3
= — —(x2- e
X+ 1 5 dx (x x+1)+2

x+1

di(x -x+1)+3
x2-x+1

2dx

1
dX:Jz
X2 -x+1

d (2

1 gy(X“-x+1)

A dx+§j—2 1
2 X% -x+1 27 X% -x+1

jmdx

g =10g 110
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Sol:

NTREN

1
— | 2ox+ 1|+
5 og|x® - x |

x+1
x2 +3x+12

Q.
X

Evaluate
d
Letx+1=A ax
=>x+1=A2x+3)+B
Comparing both sides,

(x*+3x+12)+ B

N =

1=2A = A=

1=3A+B = B

x+1

2 dx
X2 +3x+12

Nowj
2x+3
X2 +3x+12
1 | dx
2 x2+3x+12
| dx

M&‘
©

1 1 2 2
2Imﬂﬁ+3x+1m-2(x+g)+[ J

X+

/39
2

Nl

log |x? + 3x + 12| - tan”

1
~/39
2

+C

1 2x+3
log [x% + 3x + 12| - U@tam /39 Jt¢

2x+5
Jx%-2x+10

2x+5

Jx?-2x+10

d
Let 2x +5=A —(x%-
et 2x+5 dx(X

2x+5=A(2x-2)+B
Coefficient of x
2=2A
A=1

Evaluate J

Sol: Given J

2x +10) + B

A, Bin (1)
2x+5=(2x-2)+7

J~ 2x+5

Vx?-2x+10

(2x-2)+7

J.\/x2—2x+10

dx

_ IL"”I#
VX2 -2x+10 VX% -2x+10

_ 2UX*-2x+10+7
‘ o

x—1
3 )*¢

1
f dx
Evaluate (1+X)m

X:j_'] :u
t t

= 2Ux2-2x+10 +7 ﬂth(

Sol: Let 1+x=%:

dx 2 3+2x-x°

2

_3+2(1tJ[14j
t t

2(1-t) 1+t*-2t

=3+
t t2

t2 +2t(1-1)- (1+ 12 - 2t)
t2

_ A2t - v 2
t2

[ 1

dx
(1+x)\/3+2x-x2
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1 -1

=] ——.—dt
1 [4t-1
t\ t2
=] _dx
4t-1
=2x/4t-1_|_C [ 1 2Jax+b

=1
2

Jort e
i
=

|\>|_\

1

7. Evaluate Im

1
s | —dx
Sol: j4cosx+3$inx

multiply and divide with /42 4+ 32 = 5in Dr
1

=] dx
4 3.
5| —cos x+—=sinx
5 5

Letcos a =£,sina =§
5 5

1 1

=— - —dx
5 cosxcosa+sinxsino

1
5 cos(x—a)

dx

= %Isec(x —a)dx

1Iog|sec(x a)t+tan(x-a)| +c

01

where tan o =

Now
R
I
—
)
:\
/__\\

1

—dx
8. Evaluate Isinx+ Boosx
1
. —dx
Sol: J‘sinx+\/§cosx
1
I dx
= 2 1sinx+ﬁcosx
2 2

L dx

1
2J . T LT
= SINX.COS —+ COSX SIn—
3 3

sin| X+
T T
tan| —+—
(2 3)

9cosx - sinx
——dx
4sinx + 5cosx

1 1
= EI . [ n)dx= %Icosec(x+gjdx
3

1
= —log

+C
2 .

9. Evaluate I

9cosx - sin
Given I—X Inx dx

Sol: -
4sinx + 5cosx

d
LetNr=A &(dr) + B (dr)

d
9 cosx-sinx=A—_ dx (4sinx + 5 cosx) + B(4 sinx + 5 cosx)

9 cosx - sinx = A(4 cosx - 5 sinx)+ B(4 sinx + 5 cosx)
Coefficient of cosx =4A +5B =9
Coefficient of sinx = -5A + 4B = -1.
Solving4A+5B-9=0,-5A+4B+1=0

5 9 4 5
4 1 5 4
A B _C
5+36 45-4 16+25
A _B_C A A gt
41 41 41 41 41

9(cosx - sinx) = (4sinx + 5¢cosx) + (4cosx - 5sinx)
9cosx - sinx
[00sX-SInX_ g
4sinx + 5cosx
_ I( 4sinx + 5cosx) +( 4cosx - 5sinX) d
4sinx + 5cosx
_ I 4sinx + 5cosx J- 4cosx - 5sinx
~ J 4sinx + 5cosx 4sinx + 5cosx
_ j1dx+j @sx-$|m dx
4sinx +5cosx
= x + log|4 sinx + 5cos x| + c.

dx
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10.

Sol:

cosx+3sinx+7

Evauate | - dx
cosx +sinx+1

Nr=A(Dr)+ Bi(Dr) +C
dx

i}
cosx+3sinx+7=A(cosx+sinx+1)+ Bg;(cosx+sinx+1)+C

cosx+3sinx+7=A(cosx+sinx+1)+B(-pin x+cosx)+C

Equating the co.efficients of

cosx—>1=A+B —=A+B-1=0 -] _
sihx >3=A-B =A-B-3=0.
C—> 7=A+C adding
7=2+C 2A-4=0
C=5 2A=4 = A=
subin (1)
2+B-1=0
B+1=0

=-1
.'.cosx+3sinx+7=2(cosx+sinx+1)-1di(cos K
X

. d
cosx+33inx+7dx=I2(COSX+SInX+1)_&(O)

(1)

+sinx+1)+5

sx+sinx+1)+5
.dx

cosx+sinx+1

Qo

cosx+sink+1

(cos x+sinx+1)
dx+5]

=2!de-1f

C X +1

=2[1.dx -log| cos x + sin X

1
cosx +sinx +1

-12
= COS X =
t = tan x/2 10
2 dt . 2t
dx = sinx =
1+1? 1+t
_ 1 2t
1-t2+ 2t 1+t?
1+12  1+t?

J 1 2dt
1= 42t 14 F 14
147

2dt

_ 1
_J2+2t'
1
=]—— Zdt
Zmoz
1
=|—.dt
I1+t
=log |1+t +c
=log |1+ tan (x/2)| + ¢
Sub. in (2)
cosx+3sinx+7
CcoS X +sin x +1

dx =2x-log|cos x+sinx+1|

cos X +sinx+1

1

+1|+5)] ——M
cos Xx+sinx+1

+5.log | 1+tan% [+c .

cos X +sinx+1

L dx
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2sinx+3cosx+4
j dx

n. 3sinx+4cosx+5

Evaluate
d
Sol: Nr=A(Dr) + B& (Dr)+C

2sinx+3cosx+4=A(3sinx+4cosx+5)

2sinx+3cosx+4=A@sinx+4cosx+5)
Equating the co-efficients of

cosx > 3=4A+ 3B =4A=3B=-3=0
sinx > 2=3A-4B = 3A-4B-2=0

C —5>4=5A+C solve
3-343
-4 -2 3-4
A _ B _ 1
-6-12 -9+8 -16-9
A _B_ 1
-18 -1 -25
A_ T B_1
-18 -25 -1 -25
A:E :i
25 25
4=5 18 +C
25
c-4.18_20-18 _2
5 5 5

25inx+3cosx+4:E(33inx+4cosx+5)+i£
25 25 dx

+Bi

dx (8sinx+4cosx+5)+C

+ B(3cos x-4sinx)+C

(3sinx+4cosx+5)+§

18 . . 1d . 2
2sinx+3cos X +4 =I%(SSlnx+4cosx+5)+%&(33mx+4cosx+5)+gdx
3sinx+4cosx+5 3sinxJ+4cosx+5 '
g(3sinx+4oosx+5)
_18 3sinx+4cosx+5dx+717 dx +31 1 "
25 3sinx+4cosx+5 ?5 3sinx+4cosx+5 5 3sinx+4cosx+5

=EI1.dx+ilog|3sinx+¢
25 25

Lcosx+5|+gf

1
X
5 3sin x+4cosx+5

=Ex+ilog|3sinx+4ccsx+5|+EI _ L dx (1)
25 25 5 3sinx+4cosx+5
1
3sinx+4cosx+5
= sinx =
t = tan x/2 1+
_2dt 1+12
dx = 5 COSX =
1+t 1+ t2
INTEGRATION 112 9000687600
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1 2dt
2 ’ 2
3 2t +4 1-t +5 1+t
1+t 1+t
1 2dt

Bt+4-4t° +5+5t2 1+t?
1+ 2

=J.2;2dt
t“+6t+9

;
=2
J(t+3>2

=2 —-1 +cC
t+3
-2
= — +C

()5

sub. in (1)

(2sinx+3cosx+4 X—EX
""3sinx+4cosx+5 25

+2—15Iog|sinx+4cosx+5|+Z 2

2x+3
(x+3)(x*+4)

12. Evaluate I

5 tan(xj +3
2

+C

_;3 T ax EIL X+EIL
(x+3) 139 x2+4 137 x%+4

RLATeTS
132 2

4 X
~+c.
2

3 31, 2x
I 3|4
T3loolx+3lmo

= —3Iog|x+3|+ilog|x +4|+1 Tan
13 26 26

13. IfI_= [sin"x.dx, then show that

-sin™'xcosx  n-1
I, = T+T I,.2and hence find 1,

Sol: [ = [sin"x. dx
= [sin™'x. sin x. dx
u = sin™'x, v = sin x
Jv=[sin x .dx
= -COS X
By using integration by parts, fuv=ufv- [[u’ [V]
I =sin™" x (-cos x) - [(n-1)sin™?x . cos x(-cos x) dx
I =-sin™"x. cos x + (n - 1) [sin™x . cos®x . dx
I =-sin™'x cos x + (n - 1) [sin™*x (1-sin®x)dx
I =-sin™"x cos x + (n -1) [(sin™?x - sin"x)dx
I =-sin""x cos x + (n-1) [sin™*x dx - (n-1) [sin"x.dx
[ =-sin"'xcosx+(n-1)1 ,-(n-1)T
I +(n-1)1 =-sin""xcosx+(n-1)I ,

I[A +n- A]=-sin""xcosx+ (n-1)I

2x+3 A Bx+C ) n-2
Sol: Let(x+3)(x2+4)_x+3 Z+4 1 (n)=-sin™xcosx +(n-1)1
= 2x+3=A(2+4)+ (Bx +c) (x+3) sin"'xcos x , n-1
. . In In2
Put x = -3 Coefficient x? n n
-6+3=A(9+4) A+B=0 I, = [sin*x dx
4
3=A(13) -3/ +B=0
%3 _ -sin®x cosx 3
_ _3 4 42
A= / 13 B= 713
Put x = -sm X 00S X 3[-S|nxcosx A }
:4A+30=3. 4 4. 2 27
_3+12/. 22 ST =W ]
3c=3+ 73 13 = 3c= 13 =C 13 sin® >;oosx §smxoosx+3lo
J‘ 2x+3 X 8 8
(x +3)(x% +4) [I, = [sinxdx = [1.dx =x + (]
-3 AL - -Sin"xcos x XCOSX-§S|nxcosx+3x+c
_J‘ 13 13 13 dx 4 8 8
= (x+3) x? +4
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14. If I = [cos"x.dx, then show that
cos™'x sinx . n-1 .
I, = 7+T.In_2 and hence find 1,

Sol: I = [cos"x. dx
= [cos™'X. cos x. dx
u = cos™'x, v = cos x
Jv=[cos x .dx
= sin X

By using integration by parts, f[uv=u[v- [[u’ [V]

I =cos™ x(sinx)- [(n-1)cos™x . -sin x(sin x)

dx

I = cos™x.sin x + (n-1) [cos™x . sin’x . dx
I =cos™xsinx +(n-1) [cos™x (1-cos?x)dx
I =cos™x sin x + (n -1) [(cos™x - cos"x)dx
I = cos™'x sin x + (n-1) [cos™x dx - (n-1)
| cos"x.dx
[ =cos™xsinx+(n-1)1 ,-(n-1)1
[ +(n-1)I =cos™" xsinx+(n-1)1

I[A +n-A]=cos™xsinx+(n-1)1
I (n)=-cos™xsinx+(n-1)1_,

2

n-2

_ cos™'x sinx L n-1

1,
n n n n-2

I
I, = [cos*x dx

cosxsinx 3
= —+—I2
4 4

_cossxsinx+3[cosxsinx+1 }

7
4 4 2 20

cos’xsinx 3 .3
=== 2> 7 _Zcosxsinx+=1,
4 8 8

[I,= Jcos’ dx = [1.dx =X + ]

cos’xsinx 3 . 3
=22 2% 7 T cosXsinX+>x+c
4 8 8

15. Find the reduction formula for
[tan"x dx and hence find [tan®x dx.

Sol: I =[tan" x dx
=[tan™? x . tan®x dx

=[tan™? x (sec? x - 1) dx

=[tan™? x. sec? x - tan™? x).dx

=[tan™?x. sec? x dx - [tan™? x dx
tanx = t
differentiating
sec? x. dx = dt
=[t2.dt-1
tn-1

R

2

tan"'x 1
- n-1 n-2
case (1) If nis even, I ends with I .
I,= [tan’x dx = [1.dx=x+¢C
case (2) If nis odd, I ends with I,

I, = [tan' x dx = log [sec x| + ¢

I, = [tan® x dx
_ tan®x

= -1
5 4

_ tan®x ) tan®x |
5 3 ?

_tan®x tan®x

+1
5 3 2

_tan®x tan®x _ tanx

= - + -1,
5 3 1

_tan’x tan’x _tanx _
5 3 1

X+c

16.  Obtain reduction formula for |, = [cot"xdx,
deduce the value of jcot“xdx .
Sol: | = J'cot“x dx

= j cot™?x.cot®x dx

= jcot”'zx ( cosec?x -1)dx

J'cot”'zx cosec’x - I cot"™2 x dx

Put cotx = t
- cosec?x . dx = dt
cosec?x . dx = - dt

tn—2+1

n-2+1

—jt”.dt =

INTEGRATION
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_ cot"'x
n = n-1 n-2

_ 4
now I, = jcot x dx

cot*"x
4.1 X-1,

cot® x

+cot x + jcoto xdx

3
=- cot’ x +cotx+.[1dx
3

cot® x
-——+cotx+x+c.

17. If 1 = [sec"x.dx, then prove that

_sec™?x.tanx  n-2

I
n-1 n-1 "2

n

Sol: I = [sec"x dx

= [sec™X. sec’x.dx
u = sec™x., v = sec’x.
Jv= [sec? x dx = tanx

By using integration by parts, fuv=u[v- [[u'[V]
I =sec™x.tan x - [(n -2) sec"*x sec x tan x. tan x .dx
I =sec"?xtanx-(n-2) [sec" ?x.tan’x. dx
I =sec™?xtanx-(n-2) [sec" ?x.(sec’x - 1) dx
I =sec™ xtanx-(n-2) [(sec"x - sec™?x)dx
I =sec"?xtanx-(n-2)[sec"x.dx +(n-2)[sec"?x dx
I =sec"?xtanx-(n-2)1 +(n-2)I ,

I +(n-2)1 =sec"?xtanx+(n-2)I

(1+n-2)1 =sec"?xtanx+(n-2) ,

I [n-1]=sec’?xtanx+(n-2)1 ,

sec™?xtanx n-2
L = +

18. Obtain the reduction formulae for

I = jcosec"x dx, n being a positive integer
n > 2 and deduce the value of jcosecsx dx .

Sol: I = Icosec”x dx

I = Jcosec“x.coseczx dx

u=cosec"2x = u’'=(n-2) cosec" 3x(-cosecx
cotx)

V = cosec’ X = Jv = —cotx

By using integration by
Iuv dx :uIV—J(u’jv)

I = cosec™ x (-cot x) - I(n —2)cosec"?x

parts

(-cosec x cot x) (-cotx) dx

I =-cosec™ x (cotx)-(n-2) fcosec”’zx.cotz xdx
I =-cosec™x.cotx-(n-2) J'cosec”’zx.(coseczx —1)dx

I =- cosec™x. cot x -(n - 2)_[(00860n x—cosec’ ‘ZX) dx

I =-cosec™”x.cotx-(n-2)[I -1 ]

I =-cosec*”x.cotx-(n-2)1 +(n-2)1 ,

[+(n-2)1 =-cosec™x.cotx+(n-2)1 ,

I[(1+n-2)= -cosec™x.cotx+(n-2)1 ,

I (n-1)= -cosec™?x.cotx+(n-2)1 ,

_ —cosec"*xcotx
" n—1

. n-2
n_1 n-2

Now, I, = jcosecsx.dx

= 1cosec3 X. cotx + § |
4 ' 4 3

1 3 t +§ jcosecxcotx+ll
=- z00sec’xcotx + | 7 2

1
n n-1 n-1 "2 =-— cosec3xcotx-§ cosecx.cotx+§ jcosecx dx
4 8 8
1 3 3 X
=2 cosec®x cot x - g 00Secx. cotx+ 8 log tanE +C.
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LEVEL - 1l (VSAQ)

24+3x-1

X
1. Evaluate | ———dx
valu f ox
2
X“ +3x-1
Sol: | ————dx
§ 2X
J] 3T
(2X 2X ZXJ

= lIx.dx +§I1.dx —lfldx
2 2 2 X

1 X—z +§x—llog|x|+c
S 202) 2" 2 :

1

4. Evaluate f dx .

1-sinx

dx

Sol: y 1-sinx

=§

1+ sinx
(1-sinx)(1+ sinx)

+
1+ sinx dx

1-sin®x

I1+Smxdx

cos? x
1 sin X
=] dx + ———dx
cos? x
sinx
dx +] dx

cos?x

COos™ X

1
=]
cos?x

2. Evaluate | X = [sec.dx + [secx. tanx. dx
) cosh x +sinh x =tan x + sec X + C.
1
Sol: f—_dx 1
cosh x + sinh x i ———dXx
5. Find j\/ﬁ
_ .cosh®x - sinh®x j 1
- ; ' . dx
cosh x +sinh x Sol: N
hx + sinhx)(coshx — sinh x)
I(cos
(coshx + sinh x) dx L dx = 2Vax+b
Jax+b a
= | cosh x.dx - [sinh x.dx
J I _ 241+45x
= sinh x - cosh x + C. —T*'C
3. Evaluate [X 1dx jax™
. 12 6. Evaluate o +CdX.
a Xn—1
Sol: f =
X2+ 1)x8-1(x*-x2+1 bx™ +
X6 + x4 letbx"+c=t
b.n.x™'. dx = dt.
x4 -1 iy dt
VR x™ dx = on
_jadt
x? -1 " tbn
X2+ 1
> = bn j - .dt
a
=j(x“-x2+1-1+X2)dx =Elog|t|+k
1
= 4 _ 2 + - dx a
[x*dx- [x2dx+ [ 1.dx-2 | 1+ 2 = 2 jog |bx+l+ k.
W5 53 bn
:?-?+X- 2tan x +c.
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7. Find[x3 sin (x*). dx.

Sol: [x3sin (x*). dx

let x* =t
4.x%. dx = dt
dt
3 -
x3 dx 4
., dt
= [sint. 2
st +
=12 (-cost) + ¢
-1
= Tcos(x“) +C.
1
8. Evaluate | —cos(vx)dx
Jx
1
: —cos(\/;)dx
Sol j.\/;
Let /x =t
1
——dx =dt
o
—dx =2dt
Jx
= [cos t. 2dt
=2 [cost.dt
=2sint+c
=2sin./x +c.
9. Evaluate Lax.
1+e
1
. dx
Sol: j1+ex
Let1+ex=t
ex. dx = dt
dt _ dt
dx = o 1
_ (1 at
tt-1

=log|t-1]|-log|t]|+c
=logle*|-log |1 +e¥ +c
xloge-log|1+e+c
x-log|1+e¥+c.

10. Evaluate f;dx
' 1+(2x +1)?
1
)——— dx
Sol: §1+(2X+1)2
Let2x +1 =1t
2. dx = dt
dx = dt/2
1t
1412 2
1. 1
2 1+t

1
= Etan'1 t)+c :%tan‘1(2x+1)+c,

n
11. Find j@ dx.

n
Sol: j—(1+logx) dx
X
Let 1 + logx =t
1
—dx =dt.
X
= [tn. dt
tn+1
= +cC
n+1
n+1
_ (1+logx) e
n+1
12. Evaluate | /cos x - sin x . dx.
Sol: [cosx . sin x . dx
Let cosx =t
-sinx dx = dt
sinx.dx = -dt
= [T
=-[t"2.dt
t1/2+1
=)
:;2 t3/2 +c
3
-2

= ?(cosx)y2 +c.
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sec?x

— X
13. Fmdj(1+ta nx)’

j’ secx

—dx
(1+tan x)

Sol:

=——+C
2(1+tanx)?

14. Evaluat j cosec’x
. Evaluate J P
cosec?x

Sol: J —————dx

(a+b cot x)°

Let1 +tanx =t
sec?x. dx = dt

Leta+bcotx =t
b(-cosec?x) dx = dt

-1
cosec?X . dx = b dt

x%+1
15. Evaluate JX4+1dx.
x> +1
Sol: JX4+1dx
1
1+—
X +—
el
1
1+X2
dx

X+—-2+2
X

t 5+1
5 +1] 16. Evaluate [ cos®x .dx .
1 Sol: [cos®x .dx
+cC
b {_‘J _ Icos3x;3cosxdx
1 1 (cos 3x = 4cos®x - 3cosx
= ——14c 4cos®x = cos 3x + 3 cos x)
4b t* 1 3
1 1 =7 jcos3x.dx+zfcosx. dx.
4b (a+bcotx) 1(sin3x) 3, .
=— +—(sinx)+c
4\ 3 4 :
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17. Find [cosx cos3x . dx .

Sol: [cosx cos3x . dx

1
=5 [ 2cos3xcosx .dx

=§ [[cos(3x + x) + cos(3x - x)].dx

2 [ (cos4x + cos2x)dx

—_—

1

Y PR R
19. Find 25 + Ox2
Sol: f

V25 +9x?

ﬁ
o

_1 _ _1
=5 [ cos4x.dx + 5 | cos2x.dx -5 1
. . i SR G
) 1(sm4xj+l(sm2xj+c /a2+x2
2\ 4 2\ 2 =sinh" x + ¢
1
18. Evaluate I —— 9% |
4 -9x . 1 X
=—sinh™'| — |+C
j 3)
L) ——=dx 3
Sol: 1-9x2
1. 1(3X]
1 =—sinh™' | — |+cC
= y —dx 3 5
o(5-%)
? 1
dx
: ) | 20. Evaluate 58+2x2
) 2\ " 1
35| -x2 . dx
(3j Sol: j8+2x2
1
1 1 = dx
= .[ ) > dx - J' 1 dx 2(4 + X )
21 =% a®—x°
3 =1§ LI 1
2, .2
=sin"x+c 2727+ x Iaz+x2dX
1l x = —tan' = +¢c
=—.sin"' | — |+C
3 [Zj 171 _1[xj
3 =—|—-tan"'| = ||+C
2|2 2
= dgint (3—X)+c dan (%) s e
3 2 4 2 -
INTEGRATION 19
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X2

21. Find | dx
V1-x°®
X _d
Sol: | ———=0dX
\/1—x6
2
:jx—dx
,1_(X3)2
Letx® =t
3x? .dx = dt
e
xidx = 3
1 dt
:I —_—
1-2 3
=lsin'1(t)+c
3
=1sin1(x3)+c
3
2
X
22. Find dx .
n Um
2
X
Sol: dx
° j\/x+5
Letx+5=t2
x=t-5
dx = 2t.dt
[(2-5)°
=T 2t

2 20
=g (x+5)%2 - = (x+5)*2 + 50(x+5)" + c.

1
23. Find | ———dx .
V2% -3x2 +1
Sol: J——dx
V2% -3x% +1

Now -3x2+2x + 1

= —3[x2 —Ex—l}
3 3

1

f————dx
24, Evaluate m .

1

. —_dx
Sol: j\/x2 +2x+10
X2+ 2x + 10
(x+1)2+10-1
(x+1)2+9
(x+1)+3

=I;dx

(x+1)° +32
= sinh™ (X—Hj +C
3

25. Find | /3 + 8x - 3x2 .dx -

Sol: (37 8x 37 dx

Now -3x?+8x + 3

=-3(x2-2%X-1j |
(it

INTEGRATION
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26. Find [ x.e*.dx.
Sol: [x.e*.dx
u=x, v=e
Jv=Jexdx =¢e"
By using integration by parts [uv=u[v-[[u’[V]
=x.e*- [(1.e")dx
=xe* - [exdx
=x.e‘-e*+c.

27. Find [ x.sin?x.dx.

By using integration by parts [uv=u[v-[[u’[V]
sin 2x

2 .
A1 x.szX-H. dx
2\ 2 2 2 2

2 .

=X X2, 1 finox. dx
4 4 4

X2 xsin2x 1(—0032xj

A, + > +C

4 4 4

x> xsin2x (cos2x
—- - +C
4 4 8

28.
Sol: [sin'x.dx = [sin"x.1.dx.
u=sin'x,v="1
fv=]1dx=x

Find | sin'x.dx.

By using integration by parts [uv=u|[v-[[u’[V]

1
=sin'x. x - | N X.dx
-X
1 J- -2X

=X sin”'x - 2 W

L 1
= xsin'x + =2v1-x% +¢
2
=xsinx +1-x? +¢ -

29. Find [ e* (sinx + cosx) dx.

dx

Sol: [e* (sinx + cosx) dx
f(x) = sinx, f(x) = cosx
=[e*[f(x) + f'(x)]dx

=e*f(x)+c
=e*sinx + c.

Sol: [ x.sin?x.dx 30. Evaluate[cos /x .dx.
_ 1-cos 2x Sol: [cos x.dx
=[x 5 Jdx Let Jx =t
X
1 1
= I(i-—XCOSZXJ.dx ! dx=dt
2 2 2Vx
1 1 dx =2,/x dt
=5 [x.dx - > [ x cos 2x .dx = 2t dt
U =X; vV =cos 2X, = [cos t 2t dt
sin2x u=2t,v=cost
Jv= Jcos 2xdx = 2 [v= [costdt=sint
INTEGRATION 221 9000687600
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By using integration by parts [uv=u|v-[[u[Vv] 1-tan x
o | 34. Evaluate [ dx.
=2t.sint- [2.sint .dt
= 2t.sint - 2(-cost) + ¢ sol: | 1-tanx
=2 Jx sin Jx +2cos Jx +c. 1+tanx
sin x
31.  Find [x" logx dx. I1- cosx g
=]—=".dx
Sol:  [x"logx dx u =logx, v=x" 14 SINX
g n+1 cos X
v = [xdx =
I I n+1 =Icosx-sinx dx
By using integration by parts [uv=u[v-[[u’[v] cos X +sin X
_ X1 1 x1 Let cos x + sinx =t
= logx. nm- nel 1 (-sin x + cos x) dx = dt
X
= logx . - —— [x".dx = [7.dt
n+1 n+1 t
Mg (! =log || +c
=log x - +cC =log |cos x + sin x| + c.
n+1 n+1{ n+1
1+sin®x ind | ———d
i - > = 35. Find =< 9X.
32. Find [~ 1ex+ex
1+Sin2X Sol: j " < dx
Sol: 51+cos2x e re
2
=J1+Sm2de = 1 dx
2cos“x X+
) e
=] 1 _+ sin 2x dx ;
2c0s“x 2co0s” X =)—=—.dx
1 ) 1 (e™)y +1
=5 [sec® x .dx + 2 [tanx. dx e~
1 1 S
= — — 2y _ =
5 tanx + 5 | (sec® - 1)dx P+
_1 1 Letex=t
—Etanx+§(tanx-x)+c exdx = dt
—1tan +1tan Xie =] 1 dt
Tl ey R
_ X, =tan'(t) + c
=tan x - > C. =tan" (&) + c.
esin'1x X -1
33. Find|-—=dx, 36. Evaluate/ —————dx
V1-x2 (x-2)(x-3)
-1
esin 'y X -1
Sol: f dx + [—————dx
T Sol: I(x-2)(x-3)
Letsin'x =t
1 2
1 dx=adt —j(ﬁ+r3jdx
1-x2
=(at
et dt = dx+ 2] dx
=e'+c X-2 x-3
=esin_1x+c. =-log|x-2|+2log|x-3|+c.
INTEGRATION 122: 9000687600
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37. Evaluate J'd—
(x-N(x-2
. Id—x
Sol: x-Nx-2)

- 335

j—dx —dx
=log|x-2|- Iog|x 11+¢c
X—2
=log 59| *¢
sin 2x

dx .

. Eval
38. Evaluate Jacoszx+bsin2x

sin 2x
a cos’x + b sin’x
Let a cos?x + b sin?x =t
[a 2 cos x (-sin x) + b 2sin x(cos x)]dx = 1.dt

Sol: | dx

2sinxcosx (b-a).dx=dt
(b -a)sin 2x dx = dt

X

dx
40. Evaluate I(1+ iy

X

dx
(1+ x)?

e*(x)
(1+ xy°

—1+X-21 dx
L (1+x)

Ex 1
L(1+X)7 (14 %)?

Sol: | ——=

=]

1 -1
+ dx
1+x (1+x)?
1, -1
Tex 0= (qaxp

= [e[f(X)+f ()] dx

f(x) =

=e*. f(x)+c=¢ +c.
=j%.dt=|og|t|+c T+x
= log|a cos?x + b sin? x| + c. sin®
41. Evaluate f—zde.
1-si 2-cos“0
39. Evaluate [€*| 7 |dx
) 1-cos x ’ sin @
1-si Sol: | > de
Sol: Iex( _smxjdx 2-cos“0
’ 1-cos x Letcos 6 =t
-Si . = dt
x| _1-sinx_ si?m"zaedgi -ddt
= Je 2sint(xi2) ) 1 1 '
= .[ ('dt) = -I dt
= JeX ! S SINX gy 2-2 (V2) -t
2sin?(x/2) 2sin?(x/2) ¢
= -sin” (—j +cC
e 1 _2sin(x/2)cos (x/2) 2
B 2sin?(x/2)  2sin3(x/2) ~ (cos®
= -sin”' 2 +cC.
= [e* Bcosecz(X/Z) - cot (X/2):|.dX
Let f(x) = -cot(x/2)
1
f'(x) = -[-cosec?(x/2)] . 2 dx
- X 1
cosec 53 dx
= [ [f(x) +f'(x)].dx
=ef(x)+c
= e* [-cot x/2] + c.
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LEVEL - Il (LAQ)

Hi% dx on (2, 5).

1.
. /5-x _ f5—x 5-x
Sol: leenj de _I —X_2.—5_X.dx
dx
J-\/5x 10 —x® + 2x
- J’de
J7x=10-x?

d
Let5-x=Ad—X(7x-10-x2)+B

=>5-x=A(7-2x)+B
Coefficient of x = - 2A = -1

Lasd
T2

Putx=0 = 7A+B=5

1
:7[EJ+B=5
7 3
35—5-5—5
'.5-x=%(7-2x)+%
1 3
thenj o-x = &dx
7x-10-x* J7x-10-x*
J.l (7_2)() +§ 1 dx
T 27x-10-x*  27x-10-x?
L -x2+7x-10
= -[x2-7x + 10]
B 2
= . [x—zj 10—£}
i 2 4
(-3-3
= - X——= -
i 2 4
-]
= ——| X——
4 2

(7-2x)

1
J‘\/7x 10-x2

e

2\/_+c I *dx sin” x/a)+c}

]+c
[ v

{92

Yok

7
1.2\/7x—10—x2 + % sin{x 2

2

2X —

3
V7x-10-x? + 7 sin’

x+1

— 2~ _dx_
x2 +3x+12

13. Evaluate I

Letx+1=AdiX(x2+3x+12)+B

=>x+1=A2x+3)+B
Comparing both sides,

Sol:

1
1=2A = A=
-1
1=3A+B = B= -
+1
AL
Now - 2 ax +12
_ 1 2x+3 4o 1 [ dx
T2 T x243x+12 27 xZ+3x+12
dx
1 ) 1'[ 2 2
= 5 log [x* + 3x + 12| - (X+%) +( 29j

x+3
1 1
- 2 _ E
= 5 log |x* + 3x + 12 N tan (gg] +c
2
1 | 24 3%+ 12 1 ) (2x+3)+
—§og|x X |-7@an 39 c
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1
3. Evaluate J—
1+ sinx + cosx
1
Sol: I— dx
1+ sinx + cosx
X _ o2t
Let tan E =1. sinx = 1412
dx = 2at _ 1=t
= x_1th2 COSX = 1

1
oo™
1+ sinx + cosx

3t2+8t+9

=3 t2+§t+3}
3

J- 1 2dt L
- 2t 1-t2 1+t
2t 2 1
1+t2 1+t =] 5 2dt
] 142 2t 3[(“3] *191}
S22t -2 14 82
2 1
=2 dt =2 5 dt
o "3T9
20 1 3 3
=S dt=log i+t +c
4
X
= 1+tan= t+
log 2| T ¢ =2 1 tant| =3 |4c
R R
3 3
4. Find/ ! X
) 3cosx+4sinx+6 _ 2 o34,
VTR WET
X .
. t=1t — SIn X =
3tfan| - |+4
dx = 20t COSX_1-t2 2 tan™ [2] +c
1412 142 J11 N :
L - dx
3cosx+4sinx+6
2cos x+3sinx
_ 1 2dt 5. Evaluate |>——————dx
1.2 o 1+12 4cos x+5sinx
SEAVERe d
1T+t 1+t Sol: Nr=A(Dr)+B——(Dr)
X
~ 1 2dt 2 cos x + 3 sin x =A (4 cos x + 5 sin x)
-3t2+8t+6+6t2 1+1t2 d
3-37+8L+6+6 + B— (4 cos x + 5 sin x)
1+1t2 dx
2cos x+3sinx=A(4cos x +5sinx)
] 1 ot + B(-4 sin x + 5 cos X)
3t2+8t+9
INTEGRATION 125 9000687600



MATHEMATICS - 1IB

AIMSTUTORIAL

equating the co-efficients of
cosx —>2=4A+5B, = 4A+5B-2=0
sin x> 3=5A-4B, = 5A-4B-3=0
solve
5 2 4 5
-4 -3 5 -4

A _ B _ 1
-15-8 -10+12 -16-25
A _B_ 1
-23 +2 14
2828 o2
41 41 -14

.'.2008x+33inx=2—3(4oosx+55inx)-££(4oosx+5sinx)
4 41dx

12008 X +3sinx
""4cosx+5sinx

23(4cosx+53|n x)-££(4oosx+5sm X)

=J' 1 1d .dX
4 cosx+5sinx

dx

d ,
_23:4cosx+5sinx X_g —(4cosx+35sinx)

_— dx
41 4cosx+5sinx 41 4cosx+5sinx
2
J1 dx-alog|4cosx+5smx|+c
—§x-ilog|4cosx+5smx|+c
41 41
sinxcosx
6. Evaluate I cos?x + 3008x + 2
. sinxcosx
Sol: Given I cos®x + 3cosx + 2
Put cosx =t
- sinx dx = dt

= sinx dx = - dt

N J-t2+3t+2 (-dt)

I S
(t+N(t+2

-t _A B
(t+D(t+2 t+1 t+2

= Let

t=A(t+2)+B(t+ 1)

Putt=-1, Putt=-2,
1=A(-1+2) 2=B(-2+1)
=A=1 2=-B = B=-2
I__J___ _f___;&_m
(t+)(t+2 t+1 t+2
gt 2——@t

t+1
=log |t + 1)—2Iog|t +2|+c
= log|cosx + 1| -2log |cos x + 2| + c.

2
7. Show that j\/az -x2dx =§\/a2 -x2 +%sin'1 (§j+c

=[va?-x%.1.dx

u=+a?-x?,

v =1
fv=[1dx=x

By using integration by parts, fuv=u|v- [[u'[V]

I=va?-x%x- I x).x.dx

I1=+a%-x%x- J —
a’-x?-a®
I=xva?-x? -[Z2_—= dx

a’-x?
2
dx
Ja?_x2

I=xva®-x -I[ a’-x°
2
a—\JdX
a’ —x?

Ja?-x2

1= xa? - x2 —I[\/az—xz -
—f\/az—xz.dx+a2f—1 dx

a?-x?

I=X\/a2 —x?
2 _1+a’sin™ (ij
a
. [ X
[+1=xya®-x? +a.sin 1[—}
a
.4 x
21 = xva? - x? +a’sin™ (—j
a
2
I=g\/a2 -x? +a?sin'1 (E}-C'
a

I=xya?-x

INTEGRATION

9000687600



MATHEMATICS - 1IB

AIMSTUTORIAL

1

—  dx
8. Evaluate I4cosx+3sinx .

1

10. Evaluate fm

1
. PR ) '¢ cf—_—
Sol: j4cosx+3$inx Sol: I2-3c032xdX
multiply and divide with /42 1 32 = 5in Dr Lett = tan x
t -2
1 = =
= 2 5 dx dx 1+ , COS 2X Y
5£cosx+sinxj
5 5 i 1 dt
= "92.3 1-12 .1+t2
Letcosa=£,sina=% (1""[2)
1 1 [ L dt
=—] dx =72+202 -3+312 1442
5" cosxcos o.+sin xsino 1+ 12
1 1 1
=—|——dx =f dt
5 cos(x—a) 5t2 _1
! sec(x - a)d oy dt
=—|sec(x —a)dx = 2 1
5 5(t -5)
1
=—log|sec(x-a)+tan(x-a) | +c
5 g|sec(x-a) (x-a)l =% | 1 ot
3 _ (3 2. 1
wheretan o=~ o =tan"'| —| J5
4 4
s
. _— 1 5
9. Evaluate J5+4cosx L log il +c
5 o9 1 t+——
1 J5
Sol: [————dx
5+ 4 cos x
Let t = tan x/2 - L\/, log \/\/Et_1 fo
5t +1
g 2dt 1-1? 5
X= 7%, COSX= 7
T+t T+t 1 J5 tan x -1
1 2dt =505 99 [ Btanx+1| t
|
= 1-12 : 2
5+4({38) 1+t
sinx cos x
1 2dt 11. Evaluate [——; dx,
=J5+5t2+4-4t2 oy cos“x+3cosx +2
T+t sin X cos X
Sol: | — dx
1 cos“x+3cosx+2
:2_[ 2dt _
9+t Letcos x =t
-sin x . dx = dt
=2 —tan" (ij +c sin x . dx = -dt
"3 3 t
= .-t
tan(x) t°+3t+2
=3 tan” T2 +c. ot
3 (t+1)(t+2)
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Ii+i .dt
t+1 t+2
1
I
loglt+1]-2log|t+2|+c
log |cos x + 1] -2 log |cos x + 2| + c.

dt-2]——dt
t+2

12.

Sol: [xcos™'x.dx

Evaluate [xcos™x.dx.

u=cos'x, v=x
2

X
V=[xdx=—
jv=xdx="
By using integration by parts, [uv=u|v-[[u’[v]
2 i -1 de
= cosly X [——=.—.dx
COS™ 'X . 2 W 2
2 2
X 1 X
=cos™'x . > 3 ] 2 dx
X =sin 0
dx = cos 0 . do
2 in20
X 1 sin
= cos'x . ~— + — |—=——==.C0s6.d6
X T2 1-sin%
2
= ay X L
cos'x. = + 3 [sin“6.d6
2
sty XT 1 1-00526de
cos'x . > + > I—z
X2
= -1 24— -
cos'x . 2 +4 [(1-cos206).d6
X2 1(6 sin29j
= . — +— - +
cos'x . > *2 5 c
X2 (G_ZSinecosej
= COS'X . ? +Z 2 +C

2

X 1
= cos’'x . > 7 (sinx - x\/1.x2 ) + C.

13.
Sol: 1= [e*cos x dx
u=cosXx,V=e"
[v=[exdx = ¢

Using integration by parts, evaluate |e*cosx dx.

By using integration by parts, fuv=u|[v- [[u'[V]

I=cos x.e*- [ (-sin x) e .dx

[ =e*cos x + [sin x. e*.dx
u=sinx,v=e
Jv=Jexdx = e
By using integration by parts, fuv=ufv- [[u'[V]
[ =e*cos x +sinxe*- [cos x .e*.dx
[=e*cosx +e*sinx-1
I+1=e*[cos x + sin X]
21 = e* [cos X *+ sin X]

eX
I=7[cosx+sin x]+c

1

———dx
14. Evaluate | 3y X,

1

Sol: dex

1 _ A _Bx+C
(1-x)4+x%) " 1-x x2+4

1=A(x2+4)+(Bx+C)(1-x)
Put1-x=0,x=1in (1)

+

1=A(1+4)+0
1=5A=A=1/5
Putx=0in (1)
1=A(0+4)+(B.0+C)(1-0)
1=4A+C
_ _ (1}
C=1-4A=1-4 5
el
~~"5
Equating the co-efficients of x2in (1)
O=A-B
A=B
gl
.. _5
1 Ax+1
! 2\ = i+5X+5
(1-x)(4+x%)  1-x x2+4
1
I 5 d
(1-x) (4 +x7)
1.1 1 . x+1
=—[—d — dx
5 7™ "5 leag
:1Iog|1-x|+lj x 1 dx
5 -1 5 "x2+4 x%*+4
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1 1

_-_1| 1 +1J +_I—
=5 gl -x g 5 X2 +2°

x2+4
1 1 1

I 1 +1(—j Jidx + — J—
og[1-x+ 3 (3 X2 +4 5 " x?+2?

5

10

+l 1t -1(5j+
5 5.2an 2 c

o2
10tan 2 + C.

log |1-x|+ log [x2 + 4]

10

2
5 log [x2 + 4| +

log |1-x|+

1
asinx+bcosx

15. Evaluate | dx .

1
asinx +b cos x

multiply and divide with /32 +p2 in Denominator

Sol: |

| L dx

(02 4+ 12 a ; b
a“+b [msmx+mcosx}

a b
Let\/m =sin q, \/m = CcoSs a

1 1

= DB - ——dx
\/a +b% "cosxcosa+sinxsina

1 1

- dx
Ja? +b2 ' cos(x-aq)

1
= \/m [sec (x - a).dx
1
= m log |sec(x - a) +tan (x - a)| + ¢

a
where o = tan (B) .

1

dx
4 sin?x +9 cos?x

16. Evaluate |

1

Sol: I4 sin?x + 9 cos®x

Divide Nr & Dr with cos?x
1

c0os2x

sin2x
Cc0oS2X 9.

dx

= J.

Ccos?2x
Cc0S2X

4

. sec®x
4 tan’x +9
Lettanx =t
sec?x . dx = dt

17. If 1 = [sin™x cos"xdx then prove that

n-1

_ cos™"x sin™"x
m+n’

m+n

I

m,n m,n-2

Sol: I = [sin™. cos"x dx
= [sin™x. cos™'X. cos x.dx
u=cos™ X. v =sin™x cos X
[v = [sin™. cos x.dx
f(x) = sinx, f'(x) = cosx
sin™'x
m+1
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By using integratin by parts, fuv=ufv- [[u’ j\l]

. m+1 s am+1
4 sin™'x i . sin™'x
1., =cos™'x. - J(n-1)cos™2x(-sin x). dx
n-1 s m+1
cos x.sin” 'x n-1 , . .
Inn = 1 + 1 [cos™2x.sin™x.sin?x.dx
: m m
N1y, ainM+1
cos x.sin" 'x . n-1 g .
o= 1 + 1Icos” 2x.sin™x(1- cos?x)dk
: m+ +

n-1 s m+1
cos 'x.sin"'x n-1 . . .
Lo = + [(cos™2x.sin™x - cog"x sin™x)dx
’ m+1 m+1
n-1 s om+1
cos x.sin x  n-1; . _ n-1. .
= + [sin™x cos"2xdx —+——Isin™x.cos".dx
’ m +1 1 m+1
L= cos™'x.sin™'x , n-1 n-1
m,n m+1 m+1 m,n-2 m+1 m,n.
L _ cos”'1x.sinm+1x+ n-1
m,n m+1'm,n m+1 rn_'_.]'m,n-2
140 17 cos™'x.sin™'x n-1
Imn + = + “mn-2
m+1 m+1 m+1

m+A+n-A] cos™'x.sin™'x n-1
| B = + “Imn-2
m+1 m+1 m+1

- n-1 inm+1
[ (m+n)=cos™x.sin™x+(n-1)1 ",
cos™'x.sin™'x . n-1
I = + .
m+n m+n

m,n m,n-2
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