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A

V1.

Q.No: 18

If Q (h, k) is the foot of perpendicular from P (x4, y;) on the straight line

ax + by +c = 0.
Then P.T h_axl =k [@nrbnito g4 the foot of perpendicular of (4, 1)

b a?+b?
w.r.ttheline3x —4y + 12 = 0.

Sol: Q (h, k) is the foot of perpendicular from P (x4, y;) on the straight line
ax+by+c=0.....(1)

slope of the line (1) is (m,) = —%, slope of PQ is (m,) = Y2-Y1_k=y1

X2—X1 h—x1

since PQis Llarto (1) ®>my.m, = —1

_ay k=yiy
=3)-G) =1
h_axl = k_byl (Applying ratio propotional)
h—xy _ k=y1 _ a(h—xy)+b(k-y1)
a b a.a+b.b

h—xq k-y, _ (ah—ax,+bk—by,)
a b a?+b?

h—xq k-yq (—ax,—by,+ah+bk)
= O e (2)
a b a?+b?

since Q(h,k)liesoneq'"'n (1) ah+ bk +c =0 = ah+ bk = —c
sub ineq''n(2)
h—x1 _ k-y1 _ (—ax1—by;—c) Lh-x1 _ k-y1 _  (axg+byi+c)

a b a?+b? “oa b a2 +b2

let(h, k)be the required foot o f perpendicular from (4, 1) w.r.t the line
3x—4y+12 = 0.

h-4 k-1 (3(4)-4(1)+12) h—-4 k-1 (20)

—_—_— D — = — = — —=

3 -4 324+(-4)2 3 -4 25

©<u=_f E=_£> oh—4=_2g p_1=16

3 5 | -4 5 5 5

12 16 -12+ 8 16+5 21

h——?+4& k—?+1 =h = s _E'k_ s T %

8 21
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2. IfQ (h, k) isimage of P (x4, y1) on the straight line ax + by + ¢ = 0. Then P.T

h-x1 _ k-y1 _ 2(axq1+byi+c) . .
s T T find the image of (1, 2) w.r.t the line

3x+4y—-1=0.
Sol: Q (h, k) is image of P (x4, y;) on the straight line
ax+by+c=0.....(1)

slope of the line (1) is (m,) = —%

k-
slope of PQ is (m,) = i’j_ii - ii

since PQis Llarto (1) ®>my;.m, = —1
k—
=3)- G =1

h-x; _ k-y; _ a(h—-x1)+b(k-y1)
a b a.a+b.b

h—xq k-y, _ (ah—ax1+bk—by,)

a b a2+b?
h-xy _ k-yi1 _ (—axy;—by;+ah+bk) (2)
a - b - a2+b2 ---------

M is the midpoint of PQ, M [x1-;-x2,h+y2]=[

x1+h y1+k]
2

2 2

since M [x1+h Yt ] liesoneq'n (1) a (x1+h) +b (ylzk) +c=0
::>ax1+ah+by1+bk+ZC—O

~ah + bk = —ax; — by, —2c subineq''n(2)

h—xq; _ k-y, _ (—ax;—byj;—ax;—by;—2c) . h—xq k-y1 _ 2(ax1+byq1+c)
a b a?+b? oa b a2+b2

let(h, k)be the image from (1,2) w.r.ttheline3x +4y—1=0.

he1_ k-2 _ _ 2BO+4@-1] _h-4 _k-1_ 200 _ [h-1_ 4 | -2 4
3 -4 324(—4)2 3 4 25 3 5

5 5 5 5

Q.No: 18 [ STRAIGHT LINES
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7
“ 3. Find the circumcentre of the triangle whose vertices are (1, 3), (-3, 5) and
(5,-1).

Sol: Let the given vertices are A(1, 3), B(-3, 5) and C(5, -1).
Let S(x, y) be the circumcentre of AABC then SA = SB = SC

(i)Consider SA =SB

2_ _ 2 _ 2
S.0.B SA2 = SB2 SA®=(x; —x1)" + (V2 — Y1)

2> (x—1)2+(y—-3)2=((x+3)*+(y—5)2
2>x2+1-2x+y24+9—6y =x>+9+6x+y%+ 25— 10y

>—8—-8x—-16+4y =0
—8x+4y—-24=0(+-4) =22x—y+6=0...(1)

(ii) Consider SB = SC S.0.B
SA? = SB?

> (x+3)2+(@y-5%2=x—-5?2+ (@ +1)>
>x2+9+6x+y>+25—10y =x2+25—10x+y2+1+2y

=2>—16+16x +24 - 12y =0
16x —12y+8=0(+4) = 4x—-3y+2=0...(2)

Solving (1) and (2)

2 -1 6 2
4 -3 2 4 (xy) =]

—2+18 24—4] _[16 20]
—6+4 " —6+4]  |-2"-2

Hence coordinate of the circumcentre of
AABC are (—8,—10).
[(_213)1 (2) _1)1 (41 0)& (1;3)1 (01 _2)1 (_311)]

Q.No: 18 [ STRAIGHT LINES




. AIMSTUTORIAL ]=[ MATHEMAITCS -1B ]

P

“ 4, Find the circumcentre of the triangle whose sides are x +y + 2 = 0,
S5x—-y—2=0and x—-2y+5=0.

Sol: Let AABC whose sidesare x+y+2=0 ...(1), 5x—y—=2=0 ...(2)

x—2y+5=0.....(3)

solving eq''n (1) & (2) 11 2 1

5 -1 2 5 Ay =|—=, 22| =(0,-2)

-1-5" —-1-5

solving eq''n(2) & (3) 5 -1 -2 5
1 -2 5

—_

B(x, y) _ [—5—4 —2—25] _ (1’ 3)

—-104+1’ -10+1

solving eq''n(1) & (3) 1 1 2 1
5+4  2-5
12 51 Cey=|5% 55=E3D
A(0,-2), B(1, 3) and C(-3, 1).
Let S(x, y) be the circumcentre of AABC then SA = SB = SC
(i)Consider SA=SB S.0.B.S SA? = SB*

SA?=(x; — x1)* + (¥ — y1)?

2> (x—02+@+2)2=x-1)2%+(y-3)?

S>x2+0+0+y*+4+4y =x*+1-2x+y*+9-6y
2>—14+2x—-5+10y =0

2x+10y—-6=0(+2) =1lx+5y—-3=0...(4)
(ii) Consider SB = SC S.0.B.S = SA%?=SB?

> —-1D?+ (W —-3)2=((x+3)*+(y—1)*
S>x?+1-2x+y*+9—-6y =x*+9+6x+y*+1-2y
2>—8—-8x+8—-4y=0 o=-8x—4y=0(+—-4)
2x+y=0...(5 Solving (4) and (5)
1 5 -31

2 1 0 2 (x,y):ﬁ‘ﬁ“’]:[ij

1-10’ 1-10 -9’ -9

. . 12
Hence coordinate of the circumcentre of AABC are (—— —).

)

Q.No: 18 [ STRAIGHT LINES ]
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i
“ 5. Find the circumcentre of the triangle whose sidesarex + y = 0,
2x+y+5=0and x—y=2
Sol: Let AABC whose sides are
x+y=0 .. (1) Slope (m) =—%=—1
2x+y+5=0 ...(2) Slope (m) :—% = —%
x—y=2.....(3) Slope (m) =—% =—-2=1
since (1)& (3)are perpendicular lines these lines form a right angled
triangle. Circumcentre is the mid point of hypoenuse.

solving eq''n (1) & (2) 11 0 1

2 1 5 2
5-0 0-5
Ay =[5 5= 5.9
solving eq''n(2) & (3) 2 1 5 2
1 -1 -2 1

—2+5 5+4

Cloy) = [—2—1’ —2—1] =(1L=-3)
A(-5,5)and C (-1,-3)

Circumcentre is the mid point of hypoenuse.

=2 - o

Q.No: 18 [ STRAIGHT LINES
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7
“ 6. Find the Orthocenter of the triangle whose vertices are (-5, -7), (13, 2) and
('5' 6)

Sol: Given vertices are (-5, -7), (13, 2) and (-5, 6)

Slope of B (13, 2), C (-5, 6)

- 6—2 4 2
oYy 62 _ 4 2
X2—X1 —-5-13 -18 9

Since AD 1 BC,slope of AD =§

eq'n of ADis (y —y1) = m(x —x1)
A(=5,-7) m=2

> (Y +7)=2(x+5) =2y+14=9x+45
29x —2y+31=0....(1)

Slope of A (-5,-7), C (-5, 6)

_ YV2-V1 __ 6+7 _ 13

m =
Xp2—X1 —5+5 0

Since BE 1 AC,slope of BE =0
eq'n of BEis (y —y1) =m(x — x;)
B(13,2) , m=0

= (y—2)=0(x—13)

oy—2=0

=oy=2...(2) sub y=2in(1)
=29x —2(2)+31=0

=9x = =27
ox=—2=-3
9

hence required orthocentre is (—3,2)

Q.No: 18 [ STRAIGHT LINES
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“7. Ifthe eq’’ns of the sides of the triangle are 7x + y — 10 = 0,

x—2y+5=0and x+y+2=0.find the orthocentre.

sol:Let AABC whose sides are
7x +y—10=0 .... (1),
x—=2y+5=0 ..(2)

x+y+2=0.....(3)

solving eq''n (1) & (2) 7 1 -10 7
5-20 —10-3
12 5 1 A@y =[5 ] = 1)
solving eq''n(2) & (3) 1 -2 51
-4-5 5-2
11 21 By =|[— 2|=31
solving eq''n(1) & (3) 7 1 -10 7
11 2 1 Cy)=[E 22 =
(2' _4)
A(1,3), B(-3, 1) and C(2, -4).
_ —4-1_ -5
Now Slope of B (-3,1), C (2, -4) mzﬁ— ——=—=-1

Since AD 1 BC,slope of AD =1
eq'n of ADis (y —y1) = m(x —x1)
A(1,3) m=1

2@y-3)=1x—-1) 2y—-3=x-1

Slope of A (1, 3), C (2, -4)

Xp—X1
Since BE 1 AC,slope of BE = %
eq'n of BEis (y —y1) =m(x — x;)
B(-3,1) m =~
2 (@-1=;&+3)
=x — 7y+10=0..... (5)
solving eq''n (4) & (5) 1 -1 2
1 -7

2—10] _ [4 -8
*—7+1] T l-6"-6

. . 2 4
hence required orthocentre is (— 3 §)

—-10+1
-7+1

Alx,y) = [

Q.No: 18

— Y2-Y1 __

10

ox—y+2=0....(4)

—4-3 -7

2-1

=27y —7=x+3

1
1

[ STRAIGHT LINES
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8. Ifthe eq”ns of the sides of the trianglearex + y + 10 = 0,
x—y—2=0and2x+y—"7 = 0.find the orthocentre.
sol:Let AABC whose sides are
x+y+10=0 ...(1) (m)=—F=—2=-1
x=y=2=0 .2 m=—>=-==1

24y —=7=0....®) (m)=—2=-2=-2

since (1)& (2)are perpendicular lines

these lines form a right angled triangle.
orthocentre is the point of intersection of (1)& (2)

solving eq''n (1) & (2) 11 10 1

A(x, y) — [—2+10 10+2]

-1-1’ -1-1

- [i, 2| =[-4,-6]

-2

Hence the coordinates of Orthcentre AABC are (—4,—6).

Q.No: 18 [ STRAIGHT LINES ]
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7
"9, IfP and q are the lengths of perpendiculars from the origin to the st lines
xseca + ycoseca = a and xcosa — ysina = acos2a, P.T 4p* + q* = a*.

x n y
cosa sina

Sol: xseca + ycoseca =a =

= xsina + ycosa = asinacosa
= xsina + ycosa — asinacosa = 0

Ic|

length of L lar from (0,0)to above line is p = ooy
o _ |—asinacosa|
p sin2a+co 2a
= p = asinacosa
= 2p = aZ2sinacosa
= 2p = asin2a  S.0.B.S

=4p? = a’sin2a ..... (1)

q is the lengthof 1 lar from(0,0) to line

xcosa — ysina — acos2a =0
|—acos |

1= Feostatsinta

= q = acos2a S.0.B.S

= g% = a’cos?2a .....(2)

noweq'n (1) + (2)

4p? + q% = a’sin?2a + a®cos?2a
= a®(sin®2a + cos*2a)

=a’(1)

4p* + @? = a?

[ STRAIGHT LINES
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i
“10. Find the eq”n of the st lines passing through the point of intersection of the
lines
3x+2y+4 =0,2x + 5y = 1 &whose distance from (2, -1) is 2.

Sol: Given eq”ns
3x+2y+4=0...(1)
2x+5y—1=0..(2)
solving eq''n (1) & (2)

3 2 4 3
2 5 -1 2

(x,y) = [—2—20 8+3] _ [—_22 11
POY) =15 Ts-a) ~ 111’ 11

=(-2,1)

Let ‘m’ be the slope of the line passing through

P(-2,1)is(y —y1) = m(x — x1)
=

(v—=1)=m(x+2)

omx+2m—y+1=0
omx—y+2m+1=0...(3)

Since distance from (2,-1) to (3) is 2

Ja2+b? JmZ+(-1)2
_ (m+2) _ 2@m+1)
22=2 52=20  50BS
> m?+1=02m+ 1)32
o>m?+1=4m?+4m+1
2>4m? +4m+1-m?—-1=0
= 3m?+4m =0
>m@Bm+4) =0
m=00rm=—§ Required eq''n
case(i)if m=0 case(ii) ifmz—g
4
(y=1) =0(x +2); 2 -D=-;(x+2)
=>y—1=0. =>3y—3=—-4x+8

= 4x+3y—11=0.

Q.No: 18 [ STRAIGHT LINES
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*
" 1. If @ is the angle between the pair of lines

ax? + 2hxy + by* = 0, then P.T cos@ =

|a+b|
J(a—b)2+4h?’
Sol: let ax? + 2hxy + by? = 0 represent the lines

Lx+my=0......(1)
Lx+myy=0......(2)
~ax? + 2hxy + by? = [lix + myy][l,x + myy] =0
= Lix[l,x + myy] + myy[l,x + myy] =0
= LLx% + Limyxy + Lbmixy + mym,y? =0
= LLx% + (Iymy, + Lbm)xy + mym,y? =0

Comparing both sides x?%, y? & xy coeff, we get

lllz =a mm,= b & l1m2 + l2m1 = 2h

lLil,b+mim
now cosf = 12 1 2
\/112+m12\/l22+m22
lllz+m1m2
= cosO =

V1112)2+(1ym2) 2 +(1pmy)2 +(mymy)?

lllz +mim,

B V122 +(mymy)2 =21 lymymy+(1ymp) 2 +(lymq) 2 +211 [mym,

ll l2 +mim,

B Vllz—mymy)2+(lymy+1;my)?

la+b]|

- V(a-b)?+(2n)?

la+b|

J(a=b)2+4n?"

[ Q.NO: 19 ] [ PAIR OF STRIGHT LINES ]
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A
/2. Prove that product of perpendiculars from a point (&, ) to the pair of st
lines
aa?+2haf+bp?
V(a—b)?+4h%
Sol: : let ax? + 2hxy + by? = 0 represent the lines
Lx+my=0......(1)
Lx+myy=0......(2)
~ax? + 2hxy + by? = [lix + myy][l,x + myy] =0
= L Lx% + (Lymy + Iomy))xy + mym,y? =0
Comparing both sides x?2, y? & xy coeff, we get
Ll,=a mm,=>b & lijm,+1,m; =2h

ax? + 2hxy + by* = 0 is

w.k.t the length of the L larfrom (x4,y,) tothelineax + by +c =
. (ax1+byyi+c)

0is NP
now product of the L larfrom (a,f) to the lines (1) and (2) is

110(+m1[3 lzll"'mzﬁ

\/112+m12 \/122+m22

_ Lialla+m,Bl+my Blla+m, f]
VU112)2+(1ymp)2 +(l;my )2 +(mymy)?

lllzaz+llm2a[3+lzm1a[3+m1m2ﬁ2
VW12 +(mymy)2 =2l lLmyma+(1ymy) 2 +(l;my) 2 +211 [mym,

_ L a?+(ymy+lymy)af+mym, B2

B Vlz—mymy)2+(lymy+1my)?

_aa’+2haf+bp?

— J(a=b)Z+(2h)2

aa’+2haf+bB>?

J(a=b)2+4h?

[ Q.NO: 19 ] [ PAIR OF STRIGHT LINES ]
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A
3. Ifthe eq’n ax? + 2hxy + by? = 0 represent a pair of lines, P.T the
combined eq”n of the pair of bisectors bisecting the angle b/w these lines
is
h(x* — y*) = (a — b)xy.
Sol: let ax? + 2hxy + by? = 0 represent the lines
Lx+my=0......(0)
Lx+my,y=0......(2)
~ax? + 2hxy + by? = [Lix + myy][l,x + myy] =0

= LLx? + Limyxy + Lbmixy + mym,y? =0

= Lil,x% + (Lymy + Iomy)xy + mym,y? =0
Comparing both sides x?2,y? & xy coeff, we get

Lil,=a, mm,=>b & lym, +1,m; = 2h

Now eq’'ns of bisectors of angle b/w (1 & (2) are

lLix+mqy lyx+myy

112+m12 122+m22

S.0.B.S and cross multiplying, we get
= (lix + myy)2(L* + mp?) =(lox + mey)? (13 + my?)

=+

= (I12%2 + my2y? + 2L,myxy) (1% + m,?)
=(1,%x2% + my2y? + 2lymyxy)(1,° + my?)

(141,)2x2 + (Iymy)2x% + (I,my)2y? + (mymy)2x2+21,my L, 2 xy +
2L;mymy2xy

=(131,)%x2 + (I,my)2x2 + (I;my)2y? + (mymy)2x2+21,m, 1, 2xy + 21,mym, 2xy
2x?[(l;my)* — (I,my)?] = y2[(lamy)? — (I;my)?]

= 2xy[l1 [ (lymy — Iomy) — mym,((Lym, — Iymy)]
=>[(lymy + omy)(lym, — lzm1)](x2 - }’2) = 2xy(lym, — Iomy)[l11, — mym,]

=(lymy + Lmy)(x* — y?) = 2xy[l11, — mym,]

= 2h(x? — y?) = 2xy(a — b)

~h(x? —y?) = xy(a— D).

[ Q.NO: 19 ] [ PAIR OF STRIGHT LINES ]
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X
“' 4, S.T the area of the triangle formed by the lines ax? + 2hxy + by? = 0
n?yh2-ab

am?-2hlm+bl?
Sol: let ax? + 2hxy + by? = 0 represent the lines

Lx+my=0......(1)
Lx+myy=0......(2)
Ix+my+n=20...(3)
~ax? + 2hxy + by? = [lix + myy][l,x + myy] =0
= 1 L,x? + (Lymy + [,my))xy + mymyy? =0
Comparing both sides x?2,y? & xy coeff, we get
lLil,=a mm,=>b & lijm,+1l,m; =2h
Solving (1) & (2) we get, (0, 0)

andlIx+my+n=0is Sq.units.

Solving (1) & (3)
I m n |

A (x1;}I1) :[ nmq{—0 0—nly ]

llm_l mq ’ llm—l mq

Similarly by solving (2) & (3) we get,

nm, nl, ]

B (x3,¥2) :[

lzm—lmz ’ lz m—lmz

Now area of AOAB = % |1y, — X211

_1|( nmy )( -nl, ) ( nm, )( -nly )
_2 llm—l mq lzm—l m; lzm—l mp llm—l mq

n?(lymy—lymy)

( llm—l ml)( lzm—l mz)

n2yJ(lymy+1l,mq)%—4l1l, mym,

2 ll lzmz—llmzlm—lzmllm mq mzlz

n2,/(2n)%2-4ab

am?2—(lymy+l;m,)lm+bl?

n?v4h2—4ab

am2-2hlm+bl?

n2VRT=a

am2-2hlm+bli?

2 n?®vh2-a
am2-2hlm+bl?

Sq .units

[ Q.NO: 19 ] [ PAIR OF STRIGHT LINES ]
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A
“'5. Ifthe eq’n ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0, Represent a pair of
lines, P.T (i)abc + 2fgh — af? — bg? — ch? = 0
(ii)h? = ab, g* > ac, f* > bc.
Sol:Let ax? + 2hxy + by? + 2gx + 2fy+ ¢ =0
represent the lines lLix+myy+n; =0..(1), lLx+my,y+n, =0..(2)
~ax? + 2hxy + by? + 2gx + 2fy+ = [lix + myy + ny|[l,x + myy +n,] =0

= L Lx?% + Limyxy + Linyx + Lbmxy + mymyy? +myny,y + Lngx + mynyy +
nn, = 0

= LLx% + (LLmy + Lbm)xy + mym,y? + (4n, + Lny))x +(mn, +myn,)y+
711712 = 0

Comparing both sides x2, xy, y?,x,y — coeff & constant we get,
lllz =a mm,= b ) llmz + l2m1 = 2h
Lin, + Lhny =2g,mn, + myn, = 2f And nn, =c

L my n||llh, mg my

I, my ny|[l; my; ny|=0(R; ©R,)
0O O oll0 0 O
L l, 0 I, m, n,
=>lmy my O (-)|l; my ny|=0
n n, 0 0O 0 0
L, + L4, Iimy, + 1,my Lin, +Lbny
=(myl, +ILbmy mym, +mym; mun, + myny| =0
nl, +n,ny nimy +nymyg nyn, +nyny

2a 2h 2g a h g
=|2h 2b 2f|=0=|h b f|=0
2g 2f 2c g [ ¢

= a(bc — f%)- h(hc — gf) + g(hf —bg) =0
~ abc + 2fgh-af? —bg? —ch®> =0

lim, + I,m,

2
) ] = lilymym,

nowhz—abz[

_ (ymy + lymy)? — 4l lmym,
a 4

_ 2
=M20:-h2—ab20:>h22ab

Similarlly, we can show that g* > ac, f*> > bc.

[ Q.NO: 19 ] [ PAIR OF STRIGHT LINES ]
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7
“ 6. Iftheeq’n ax? + 2hxy + by* + 2gx + 2fy+c =0
Represent a pair of lines, P.T

()h? = ab, (ii)af? = bg? (iii) the distance b/w parallel lines is 2 a(zaf;; or
f2-bc
b(a+b)

Sol: Let ax? + 2hxy + by? + 2gx + 2fy + ¢ =0
represent the lines
Ix+my+n;=0.......(0)
Ix+my+n,=0......(2)

~ax? + 2hxy + by* + 2gx+ 2fy+ ¢ =0
=[lx+my+n]llx+my+n,]=0

= [2x2 + Imxy + In,x + Ilmxy + m?y? +mn,y + Inyx + mnyy + nyn, = 0
= 12x% + 2lmxy + m?y? +l(ny + ny)x + m(ny + ny)y + nyny, =0
Comparing both sides x?2, xy, y%,x,y — coeff and constant

we get, 1?=a,m?=>b, 2lm=2h

I[(ny +ny) =2g,mn, +n,) =2f &nn, =c
now h? = (Im)? = I?m? = ab =h? = ab

afz — 2 [m(n12+n2)]2 — m? [1(711;712)]2 _ bgz

= af? = bg?
distance b/w parellal lines (1) & (2)

[C1—C3| _ Inyi—ny|
Vaz+p2  VizZ+m?

_ V(ny+ny)2-4nyn,
= NG ceeeee(A)

—4c  |ag?-4l2c g%-ac
a+b lz(a+b) a(a+b)

Zf —4C  [4f2-4m?2c f2-bc
m?2 (a+b) b(a+b)

[ Q.NO: 19 ] [ PAIR OF STRIGHT LINES ]
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1. Find the angle b/w line joining the origin to the point of intersection of the curve
x> +2xy+y*+2x+2y—5=0Andtheline 3x —y+1=0.

Sol: Givencurve S = x? +2xy +y? +2x + 2y —5=0... (1)
Line3x—y+1=0..(2)

21=-3x+y...(3)

homogenising (1) using (3) the combined eq''n is

(?+2xy +y3) + 20)(D) + 2y)(1) —5(1)* =0

= (x%+2xy+y?) +2x(-3x+y)+2y(—3x+y) = 5(-3x+y)* =0
= (x% +2xy +y?) — 6x% + 2xy — 6xy + 2y? = 5(9x% + y? — 6xy) = 0
= x% + 2xy + y% — 6x% — 4xy + 4y? —45x% — 5y% + 30xy = 0

= —50x? + 28xy —2y* =0 (+by—2)

= 25x% —14xy +y*> =0

compare with
=25,2h = —14,b = 1
¢ ’ ax? + 2hxy + by* =0
|a+b| _ 25+1
J(a=b)2+4hz  /(25-1)2+(-14)2
___ 26 A

~ V2421142

cosO =

;‘
=
O
w
N
ﬂ
O
w
v

<’
=5 i e
_ Homogenizing
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7
I Find the angle b/w line joining the origin to the point of intersection of the curve
7 x> —4xy + 8y* + 2x — 4y — 8 = 0 And theline 3x —y = 2.

Sol: Given curve S = 7x% —4xy +8y*+2x—4y—-8=10...(1)
Line 3x—y = 2...(2)

>1=22_.(3)

homogenising (1) using (3) the combined eq''n is

(7x% —4xy + 8y?) + (2x)(1) — (4y)(1) — 8(1)2 =0

o (7x% — 4xy +8y?) + 2D DO _ gy g

2 2 . . . . (Bx—y)? _
= (7x° —4xy+8y°) + x(3x —y) — 2y(3x —y) 8——=0

= (7x% —4xy + 8y?) + 3x2 —xy — 6xy + 2y* — 2(9x* + y* —6xy) = 0
= 7x% — 4xy + 8y* + 3x% — 7xy + 2y* —18x%* — 2y* + 12xy =0
= —8x%+xy+8y2=0

g 2h=1 b=8g compare with
=7 -7 7 T T lax? 4+ 2hxy + by? =0
coef ficient of x* + coefficientof y*=-8+8=0
(a+b=0)

(1) & (2) mutuallly perpendicular

<’
L > (o
_ Homogenizing
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7
I' Find the value of 'k’ if line joining the origin to the point of intersection of the curve
2x% — 2xy + 3y? + 2x — y — 1 = 0 And the line

x + 2y = k mutually perpendicular.

SOL: Given curve 2x? —2xy +3y?+2x —y —1=0...(1)
Linex+ 2y =k..(2)

>1=22_.(3)

homogenising (1) using (3) the combined eq''n is

(2x? = 2xy +3yH) + 20) (D - D) - 1(1)* =0

= (2x% - 2xy +3y) + (20) (B2) - ) ) - 1522 = 0

2 — _ 2 2_ 2
= (2x* —2xy + 3y%) + [2x +4xyk 2] gl 4:3““4 I_

= 2|2+ +y[3-2-2] +2ry[-2+24 2] =0

ith
a:2+%__ p=3-2-2 [ compare wi ]

ax? + 2hxy + by* =0

since (1) & (2) mutuallly perpendicular
coefficient of x? + coefficient of y?> =0

(a+b=0)
:>2+%—kiz+3—%—:—2=0
:>5—:—2=0
::>5:%

sk2=2=1
5

<’
L > (o
_ Homogenizing
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4. Show that the lines joining the origin to the point of intersection of the curve
x> —xy + y?> + 3x + 3y — 2 = 0 And the line
x —y —+/2 = 0. are mutually perpendicular.

Sol: Given curve x% —xy +y%?+3x+3y—2=0...(1)
Linex—y—+v2=0..(2)
:>x—y=\/2—or%=1....(3)

homogenising (1) using (3) the combined eq''n is
(x2—xy+y)+3x+y)(1)-2(1)%*=0
= (@ —xy+y) +3(x+Y)(F) —5C5)? =0

_ 24002
. (xz —xy + yz) +3 [xZﬁyz] B 2(x +y2 2xy) —0

r:>x2—xy+y2+izx2— —x?—y?+2xy=0

3 2

zX "
3,2 _ 3 .2_
® S X Xy -5yt =

NG}

compare with
ax? + 2hxy + by? =0

Nl «

~coefficient of x? + coefficient of y?

3 3
wow 0

~ OA, OB are perpendicular.

<’
L > (o
_ Homogenizing
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5. Write down the equation of the pair of st lines joining the origin to the point of
intersection of the curve
3x% + 4xy — 4y? — 11x + 2y + 6 = 0 And the line
6x—y+8=0.

Sol: Given curve 3x2 + 4xy —4y? —11x + 2y + 6 =0... (1)
Line6x—y+8=0 ..(2)

—6x+Yy

=G
homogenising (1) using (3) the combined eq''n is
(Bx% + 4xy — 4y?) — (11x — 2y)(1) + 6(1)> =0

=>8=—-6x+y 0r1=[

—6x+y
8

: 2

= (3x% + 4xy — 4y?) — (11x — 2) [“22] +6|=22]" = 0 M B sides by 64
= 64(3x% + 4xy — 4y?) — 8[—66x% + 11xy + 12xy — 36y?%] +6(36x2 + y? —
12xy) =0

= 936x2% — 256xy + 256xy — 234y% =0
= —50x% 4+ 28xy —2y2 =0 (= by —2)

= 468x% —117y% =0

4 oh=0h=—1 compare with
a=her=u0= ax? + 2hxy + by? =0

The equation of pair of angular bisectors of (3)

h(x* —y*) = (a - b)xy

= 0(x?2—y?) =4+ Dxy

= 0= 5xy

2oxy=0=2x=00ry=0

Which equations are of coordinates axes.

~the pair of lines are equally inclined to the coordinate axes.

<’
L > (o
_ Homogenizing
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A
I Find the condition for the chord Ix + my = 1 of the circle x% + y? = a? to (i)
subtend a right angle at the origin. (ii) to coincide.

Sol: Given circle x? + +y? = a?... (1)

chordlx +my =1..... (2)

homogenising (1) using (2) the combined eq''n is
(2 +y2) = a?(1)?

= (x2 +y?) = a?(lx + my)?

= (x2 + y?) = a?[I?x? + m?y? + 2lmxy]?

= (x2 + y?) = a?l%x? + a’*m?y? + a*2lmxy

= x% — a?l?x? + y? — a’m?y? —a®2lmxy = 0

compare with

— 42]2Y 42 — a2m2Yy2 — 42 _
= (1—-a’l*)x*+ (1 —a*m?)y*—a“2lmxy =0 ax? + 2hxy + by? = 0

(i)--Condition for subtends a right angled coefficient of x? + coefficient of y%2=0
=2>(1—a?l®)+(1—a*m?) =0

=2 —a?l> —a’*m? =0

=2 = a’l? + a*m?

~a?(l*+m?) =2
(ii) Condition for coincide h? = ab

= (a?lm)? = (1 — a?1?>)(1 — a*m?)
=atl’m? =1 — a?l? — a?m? + a*1’>m?
=1 = a?l? + a*m?

a?(l* + m?) =1

<’
L > (o
_ Homogenizing
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A
“/1. S.T that the pair of st lines 6x2 — 5xy — 6y% = 0,
6x* — 5xy — 6y> + x + 5y — 1 = 0 form a square.
Sol: Given pair of st lines
6x% —5xy —6y2 =0
6x% —5xy—6y*+x+5y—1=0
Now 6x2 — 5xy — 6y? = 6x% — 9xy + 4xy — 6y*
= 3x(2x — 3y) + 2y(2x — 3y)
= (2x —3y)(3x + 2y)
2

=22x —3y=0..(1) ®my =3 [m = —a/b]

3x+2y=0....2) ®m, = —% [mym, = —1]

Let6x? —6xy — 6y +x+5y—1=R2x—3y+ 1)(Bx + 2y + m)
_ [6x? + 4xy + 2mx — 9xy — 6y* — 3my
N +3lx + 2ly + lm

= [6x% — 5xy — 6y%(3l + 2m)x + (21l — 3m)y + Im]

equating the coef ficients of x and y,
3l+2m=1...(a),2l-3m=5..(b)

Solving (a) & (b) 3 2 -1 3
2 3 5 2 (l,m)z[

—-10-3 —2+15
-9-4’ —9-4

|=a-n

So the lines represented by

6x% —6xy —6y*+x+5y—1=0are
2x—3y+1=0..(3) >my =1
3x+2y—1=0..(4) ®>my = —3

[msm, = —1]
Eq”n (1), (3) and (2), (4) are parallel lines

Eq”n (1), (2) and (3), (4) are perpendicular lines
so the figure form a rectangle.

Now the distance b/w Parallel lines (1), (3) is

_lei=Gl _ lo+1] 1

L™ Vaz+b2 V22432 V13

Also the distance b/w Parallel lines (2), (4) is
_lca=cl _ lo-1] 1

d, = = = —
27 Vaz+pz ~ V32422 13

=d, = d, thus the figure formed is a square.

<’
=5 i e
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1. Ifaray makes angles a, 8, ¥ and é with four diagonals of a cube, then find
cos’a + cos*B + cos*y + cos?s = %.
Sol: let ‘'OABCDEFG’ be the given cube with edge '1’ and its vertices are

0(0,0,0) A
A(1,0,0) D(1,1,0)
B(0,1,0) E(1,0,1)
€(0,0,1) F(0,1,1)

G(1,1,1)

Direction ratios [x, — x1,V, — ¥1,25 — 73, |
D.r's of diagonals Dc’s of diagonals

Dr's of 0G (1,1,1) DcsofOG( == )

Dr's of AF (—1,1,1) Dc’s of AF

Dr's of BE (1,—1,1) Dc’s of BE «/__ ﬁ,%)
Dr's of CD (1,1,—1) Dc’s of CD (=, =, — == )

Let (I, m, n) be the DC’s of the ray which make angles «, 8,y and § with four
diagonals of a cube OG, AF, BE and CD respectively.

Now cosa = |ljl,+mym,+n n,|

cosa = |1(5) + m () + 2 () |-

l+m+n|
)

Similarly we get, cos 8 —|

-m+n

|cos6 |

l+m—n
cosy =

Now cos?a + cos?p + cos?y + cos?6

(A ¢ () ()

DC’S AND DR’S }

v
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i
/2. Find the angle b/w the diagonals of a cube.

Sol: let ‘'OABCDEFG’ be the given cube with edge '1’ and its vertgices are
0(0,0,0)

A(1,0,0)
B(0, 1, 0)

D(1,1,0)
E(1,0,1)

€(0,0,1) F(0,1,1)

G(1,1,1)

Direction ratios [x, — x1,V, — ¥1,22 — 73, |
D.r's of diagonals Dc’s of diagonals /

Dr’s of 0G (1,1,1) DcsofOG( 1%3_)
3
1

) ) 1 1
Dr's of AF (=1,1,1) Dc’s of AF —g,_3, )

) 1
Dr’s of BE (1, -5 )

Dr’s of CD (1,1,

(-
~1,1) DC’s ofBE(
-1) DcsofCD(

V3’ r'_vi?)

If’6' is the angle between the diagonals OG and AF then
CosO = |l1l2+m1m2+n1n2|

dgr 34
el o)

Q.No:21
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I
3l+m+5n=0, 6mn—2nl+5lm = 0.

Sol: Given eq”ns 3l+m+5n=0..(1)
6mn —2nl +5im = 0. .... (2)

From (1) ®&m = —(3[ + 5n) Sub 'm’ value in (2)
= —6[3l + 5n]n —2nl — 51[3l+5n] =0

= —18In —30n? — 2In — 151> = 25In =0

. AIMSTUTORIAL ]=[ MATHEMAITCS -1B ]

*/ 3. Find the angle b/w the lines whose direction cosines satisfy the eq”ns

= —1512 — 45In —30n®> =0 =+ by — 15

>12+3n+2n2=0
>12+2ln+n+2n2=0
l(l+2n)+n(l+2n) =0
= (+2n)(l+n)=0

(U+2n)=0.... (3) and (I+n)=0...(4)

Solving (1) & (3) Solving (1) & (4)
3153135 3153135
1 02 1 0 2 1 01 1 0 1
Lt _m_n t_m_n
2-0  5-6  0-1 1-0  5-3  0-1
l l m n
oD— = — = — oD— = — = —
2 -1 -1 1 2 -1
Dr’s of 15t line (ay, by, 1) Dr’s of 2% line (ay, by, c3)
=(2,-1,-1) =(1,2,-1)
layaz +b1by+ c1co| )(M)+(=1D(2)+(=1)(=1)
cosf = = cosf =
Ja12+b12+612\/a22+b22+622 V2241241212422 +12
_2-241 _1 A —1(1
= cosf = N =cosf = : ~8 = cos (6)

Q.No:21
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“' 4, Find the angle b/w the lines whose direction cosines satisfy the eq”ns

l+m+n=0 F+m?-n?=0.

Sol: Giveneq”ns [+m+n=20..(1),
Sub I’ value in (2)

From (1) =l = —(m + n)
= (m+n)2+m?—-—n?=0

Sm?+n?4+2mn+m?—-n?=0

= 2m2 +2mn=0
= 2m(m+n) =0
o2m=0andm+n=20

I2+m?—-n?2=0...(2)

m=0.... (3 and m+n=0...(4).

Solving (1) & (3)

111111
0 10

o
=
|
o

-1

Dr’s of 15¢ line (a4, by, cq)
=(-1,0,1)

Solving (1) & (4)

111111

011 01

l o m _ n
0-0  0-1  1-0

l m n
oD— = — = -

0 -1 1

Dr’s of 2% line (ay, by, 3)
=(0,—-1,1)

aia,+biby+ cqcC
cosf = 1A2+0102+ C1C3

Ja12+b12+612\/a22+b22+(:22

_ (=D@+O@CD+@)(@D)
= cosf = V=12+02+12v02 +—12 +12

0+0+1

= cosf =

1
cosf =-
2

~0=600r=
3

Q.No:21
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i
mn — 2nl - 2lm = 0.
Sol: Giveneq”ns [+m+n=0..(1)

From (1) =l = —(m + n)

omn+2n(m+n)+2(m+n)ym=0

. AIMSTUTORIAL ]=[ MATHEMAITCS -1B ]

/5. Find the direction cosines satisfy theeq’nsl + m +n = 0,

mn—2nl—2lm =0. ... (2)

Sub I’ value in (2)

Smn+2mn+2n? +2m?+2mn =0

= 2m? +5mn+2n? =0
= 2m? + 4mn+mn+2n%? =0

= 2m(m + 2n) +n(m+2n) =0
> (m+2n)2m+n)=0
(3) and

2Zm+n =

0...(4)

Solving (1) & (3)

01 2 01

l o m _n
2-1 0-2  1-0

l m n
oD— = — = -

1 -2 1

Dr’s of 15t line (aq, by, ¢1)
=(1,-2,1)

Dc’s of 15t line (I, my,ny)

— (L _2 L
=G ww

Solving (1) & (4)

021 0 2
l o m _n
1-2 ~ 0-1  2-0
l m n
oD— = — = -
-1 -1 2

Dr’s of 2% line (ay, by, c3)
=(-1,-1,2)

Dc’s of 2™ line (I, my, ny)

-1 1 2
=& "w®

Q.No:21
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b
" 6. Show that the lines whose d.c’s are given by

l+m+n=02mn+ 3nl— 5lm = 0. are mutually perpendicular.
Sol: given eq”’ns
[+m+n=0.... (D

From (1) =l = —(m + n)
Sub I’ value in (2)

=2mn—3n(m+n)+5(m+n)ym=20
=2mn — 3mn — 3n? + 5m? + 5mn =0
=>5m?+4mn—3n>=0  +byn?

m 2 m
=5[] +al7]-3=0
Let% ,ﬂ be the roots

1 N2

Product of the roots = 2

m m 3 mim nin
::>[—1] [—2]:—— H——2="22_ (4)
nq ny 5 -3 5

From (1) &m = —(l + n)

Sub ‘m’ value in (2)
=>—2(l+n)n+3nl+5l(l+n)=0
=—2In—2n* +3nl+ 5+ 5ln =0
=512+ 6ln—2n>=0  + byn?

5[ o2

Lol
Let —= ,—% be the roots
nq ny

Product of the roots = 2
= I:ijl [2] = E Qﬂ — w """" (B)
ny ny 5 -2 5

From (A) & (B)

111 mym nn
r:>122 — 132 — 152 =k(Say)

C>l1l2 = _Zk, mim, = _3k, nn, = Sk

COSH S Illl2+m1m2+1’l1n2| S _Zk - 3k + 5k == 0
6 =90° . thetwo lines are perpendicular to each other.

Q.No:21
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7. S.T the points (4,7,8),(2,3,4),(—1,-2,1),
(1, 2, 5) are the vertices of a parallelogram.

Sol: let the Given points A(4,7,8),B(2,3,4),C(—1,-2,1), D(1,2,5)
AB = /(3 — %)% + (2 — y1)? + (2, — 21)?

A(4,7,8) B(2,3,4)

AB=.,/(2—4)2+ (3 —-7)%2+ (4 —8)2

= (=22 + (-4)% + (9?2
—VA+16+16=36=6

B(2,3,4) C(-1,-2,1)

BC =/(-1-2)24 (-2 —-3)2 + (1 — 4)2

= V(=3 + (=5)* + (-3)?
BC=v9+25+9 =43

C(-1,-2,1) D(1,2,5)

CD=(1+ 12+ 2+2)2+(5-1)2
CD = /(2)% + (4)2 + (4)2

CD=VA+16+16=36=6
D(1,2,5) A(4,7,8)

DA=.,(4—1)2+ (7 —2)2+ (8 —5)2
DA =./(3)% + (5)2 + (5)2
DA=~9+25+9 =43

AB =CD,BC = DA
~A,B,C,D are the virtices of the parallelogram.

Q.No:21
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i
“ 8. If (6,10,10),(1,0,-5), (6, —10, 0) Are vertices of a triangle find the D.r’s of
its sides. Determine whether it is right angled or isosceles.

Sol: let A(6,10,10),B(1,0,—5),C(6,—10,0) Are vertices of a triangle

Direction ratios [x; — x1,V, — ¥1,22 — 74]
A(6,6,10) B(1,0,-5)
D.r’s of AB = [1—6,0—10,—5 — 10]

= [-5,—10,—15] = [1, 2, 3]
B(1,0,-5),C(6,—10,0)

D.r’'s of BC = [6 —1,—10— 0,0 + 5]

= [5,-10,5] = [1,—2,1]

A(6,10,10) C(6,—10,0)

D.r's of AC = [6 —6,—10 — 10,0 — 10]

=[0,-20,—10] = [0, 2, 1]

lajaz+biby+ c16;5|

cos 2ABC =
\/a12+b12+012\/a22+b22+C22

B 11(1+2(-2)+3(1)]
cos LABC = V12422+432,/12+(-2)2+12

I 1
oS LABC = —==rres

0
cos LABC = ViV 0
LB="=
2

~The given triangle is a right angled.
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X2 —vZ — _ dy _ V1-y?
1. IfVi—x2+/1-y2=a(x—y), thenP.de—m.
Sol: let

x=sinA=>A=sin"lx, y=sinB=>B=sin"ly

>V1—x2+1—y2=a(x—y)

= V1 — sin24 + V1 — sin?B = a(sinA — sinB)

= Vcos2A + Vcos?B = a(sinA — sinB)

= c0SA + cosB = a(sinA — sinB)

= 2c0S [%] cos [%] = a2cos [%] sin [%]

A-B . |A+B
=C0S [T] = asin [T]

cos[A;B] A—B
D—p = a =cot [—] =a
e ;

:>A%B = cot™1(a)

=>A — B = 2cot™1(a)

=sin"tx —sin"ly = 2cot™1(a) Diff w.r.t'x

1 1 dy
= — —=0
Vi—x2  V1-x2dx
1 d 1
|:> —_ _y e —
V1-x2 dx 1—x2
N V1-y?

dx Vv1-x2 /‘
Q.No: 22 [ DIFFERENTAITION
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A
1 [V1+x2+y/1-x2 findﬂ
Nerecrmey U

Sol:let x? = c0s20 = 0 = %cos‘l(xz)

2. If y=tan

. _1[m+m]
Y=l e i

_1 [V1+cos26+V1-cos26 ]

= tan
y Vi+cos —+v1-co 26

V2cos260+V2si 20
V2cos260—2sin?0

y = tan™! [

-1 V2(cos6 + sinf) ]

y = tan V2(cosf—-sin )

(= cos0)

cosO " sin6 1+ tand
— —1 | cos6@ ~ cos6 | _— -1 +tan
y = tan [cos@ sinf ] = tan [
_nv 1- tanb
cos@ cos@

y =tan! [tan‘1 G + 9)] = % + 0

y :%+%cos‘1(x2) diffw.r.t'x'
L O [ S AP

dx 0+ 2] J1-(x%)?%] dx (x%)

b _g it

dx_0+2_ J1-(xD)Z] (2%)

@ _ [_‘x

dx  |V1i—x*

Q.No: 22 [ DIFFERENTAITION
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,6_,{\'
"3, If y = x19* + (sinx)¢°s*, f ind % —.

Sol:lety=P+Q diffw.r.t'x

ay _ap_ dq
dx dx dx (1)

where P = x'%"* Applyinglog onB.S
= log P = log xte"*
= logP = tanx.logx [(uv) = uwv' +vu'l diff w.r.t'x’

1dP d d
So— = tanx E(logx) + logxa(tanx)

1dp 1
=>-— = tanx .-+ logx.sec?x
P dx x

tanx

.::>—_ P[ +10gx.sec2x]

wi—i = xtanx [tanx +logx.sec x] .(2)

where Q = sinx?** Applyinglog onB.S
= log Q = log sinx©?%*

= log Q = cosx.log(sinx) [(uv)' =uv' +vu'] diff w.r.t'x

waz—Q = COSX — [log(smx)] + log(sinx) — (cosx)
1de _ 1
n:.'>5d— COSX .——.COSX + log sinx . (—sinx)
coSs“X . .
=Q [Smx log(sinx). smx]

2
wi—i = sinx©%s* [& log(sinx). smx] .(3)

sinx

" , d dap d
sub eq''n(2)& (3)in (1) é =—+ ﬁ

dx

d_y _ xtanx [tanx
sinx

2
+logx.sec x] +sinxo%* [ﬂ - log(sinx).sinx]

Q.No: 22 [ DIFFERENTAITION
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A
T4, If y = (sinx)'°8* 4+ x5i"X find %.
Sol:lety =P+ Q diffw.r.t'x

dy dP
dx dx (1)

where P = sinx!°9* Applyinglog onB.S = logP = logsinx°9*
= log P = logx.logsinx [(uv)' = wv' +vu'] diffw.r.t'x'

w;i—x log x —(log sinx) + log smx— (logx)

1dP 1 1
=>—— = logx .——.cosx + log sinx .-
P dx sinx x

dpP 1
D— = P [logx. cotx +(log sinx) ;]

aP . 1
= = sinx!09x [logx. cotx + Ogsmx] .(2)

sinx

where Q = x5"™* Applyinglog onB.S = logQ = logx

= log Q = sinx.logx [(uv)’ = uv’' + vu'] diff w.r.t'x'

140 _ gy & 4 i
n:.'>Q — = sinx — [logx] + logxdx (sinx)
1dQ _ . 1
ST = Sinx. + log x . (cosx)

sinx

+ log x. cosx]

_Q[

wi—i = xSinx [sm + log x. cosx] .(3)

dy _dP , dQ

sub eq’'n(2)& (3)in (1) dx  dx = dx

d .
Y — sinxlogx
dx

logsmx] _|_xsinx [sinx

[logx cotx + + log x. cosx]

Q.No: 22 [ DIFFERENTAITION
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) x _ b dy _ _ [yxy—1+yx logy]
5. If X +y* =a’,S.T —~ P TP ———
Sol:let P =xY,Q = y*
dp  d

b g: A _Q=
=>P+Q=a’ diff wr.t'x ool e 0..(D

where P = x¥ Applyinglog onB.S = logP =logx”

= logP =y.logx [(uv) =uv' +vu'l diffw.r.t'x

1dP d d
w;a_ya(logx)+logxa(y)

1dP _ 1 dy

S =Y .x+logx.dx

ap _1 dy
wa—P[yx +logx.dx]

dp _ d
=— = x” [y.x 1+logx.£]

ap _ -1 dy
D— = [y.xy +xylogx.a] . (2)

where Q = y* Applyinglog onB.S = logQ = logy”*

= logQ = x.logy [(uv) = uv' +vu'l] diff w.r.t'x'

1d@ _ 4 a
QEE =X — (logy) + logydx (%)
1daQ _ 1dy
E>EE_ X +logy.1

=2 =Q[x .y Z+logy | = y*[x .y +logy |

aQ _ -1
D= [x y* -t yxlogy] - (3)
sub eq''n(2)& (3)in (1) Z—i + Z—z =0

y-1 4.,y ay =19 | x —
y.x¥" +x logx.dx tx.y7T Tty logy =0

Z—Z(xy logx + xy*™ 1) + (yx¥"1 + y*logy) = 0

dy [yxy_1+yx logy]
dx xYlog xy¥~1

Q.No: 22
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A
" 6. If y = xVaZ + x% + a®log[x + VaZ + x7], find%
sol:y = xVa? + x2 + a?log[x + Va? + x?]

diffw.r.t'x'

ay a 2 7 2 i
I:.'>dx—x.dx(\/a +x2) +Va% +x —

az.j—x{log [x +va?+ xz]}

Yy a 2 1 Va2 + %2
> 2_a2+x L (@ + x?) +Va? + x%.1

) 1 d > >
a.{[x+\/m]}a[x+ a +x]

Yy 2 2
= 2\/f(0+2x)+\/a + x

dx
1
az.{ }[1+— 0+2x]
[x+\/a2+x2] 2\/a2+x2( )
dy _ _ x? 2 2
ax ~ Varez T Vet tx
N 2{ }\/a2+x2+x
a?.
[x + Vaz + x2] Va? + x?2
ay _ NPY) 2
':-'>dx r2+x+ a+x+é

dy a’+x?
= = = + Va? + x2
dx  Va?+x2

I:-'>Z—z=\/az+x2+\/az+x2

d
d—z = 2Va? + x?
Q.No: 22 [ DIFFERENTAITION
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it

/x B
7. If f(x) = sin™?! / & g(x)=tan1 [ x ] then P.T
)

flfx) =g'(x
Sol:let 6 =sin"1 [2£ .. (1)

a—p
] . x—p
= sinf = /—a_ﬂ

and we know that [ cos® = V1 —sinZ8 ]
2
= cosO = |1 — [ Xk ]
\I a-p
_ [ _x2B
= cosO = oy
_ a—B—-x+p _ |a—x
= cosO = /—a_ﬁ = /a_ﬁ
Now tanf = sinf
cosO
x=B
o tanf = Y= = [*2P

‘f"f
IR
7
K

= § = tan™! /g =g(x) ....(2)

fromeq'n(1)& (2)

fOx)=gx)
diff w.r.t'x +of'(x) =g'(x)

Q.No: 22 [ DIFFERENTAITION
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8. Ify=

2 3
1- 2x)3(1+3x)1

, fin d

(1- 6x)6(1+7x) 7

2 3
Sol: y = (1—29()53(1+3x)46

(1-6x)6(1+7x) 7

applyinglogon B.S

2 3
E.'>10gy _ lOg ! (1—2x)53(1+3x)46]

(1-6x)6(1+7x) 7

2 3

=logy = log(1 — 2x)3 + log(1 + 3x)+
5 6
—log(1 — 6x)s — log(1 + 7x) ~

=logy = glog(l —2x) + %log(l + 3x)
—Zlog(l — 6x) + glog(l + 7x)

1 dy_2

E>;'E_ 3"1- 4" 1+3x (3)
5
_g 7 1+7x ( )
d_y — [_i 1 2 1 5 1 ]
dx 3(1-2x) 4 (1+3x) (1-6x) (1+7x)

Q.No: 22
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. 2. If the tangent at any point P on the curve
1. If the tangent at any point on the X™y" = a™*" (mn = 0) meets the coordinate
curve x*° + y?? = a** intersects the axes in A, B. Show that AP : PB is
coordinate axes in A, B. Show that constant.
the length AB is constant. Sol: We use the formula
Sol: Given equation of the curve is x?? + y23 = 23 AP:PB=a-x :x -0
Parametric equations of this curve are —a-x ' x
_ — H 1°
x =acos’0,y=asin’ 0. . . Given equation of the
Let P(a cos® 0, a sin® 0) be any point on it. curve is
By parametric differentiation, Xmyn = gm+n
dy Taking logarithms on
dy (@) a.3sin0 (cos 8) both sides,
== Tdx\ = 300520(-sin 6 mlogx+nlogy=(m+n)loga
dx (@) a.3cos"0(-sin 6) differentiating w.r.t. x,
1 Tdy _
_ -sin® m.;+n.ydx—
" cos® dy -my
Equation of tangent at P is dx ~ nx
-sin® dy -m
- in30 = - 3 A y1
y-asin cos 6 (x - & cos™) slope of tangent at P = (dxj(x oy "
171 1
.L - asin2 = X + 2 cos20 Equation of tangent at P is
sin® cos 6 -my,
x y Y=Y = T, (x-x,)
+ ——— = a(cos?0 + sin?0)
cos® sinB n -m
X Y =-y) y =%, X-x)
acosB asinb mx
Let this tangent meets the coordinate axes atA, - r;/_y -n=", +m
B 1 1
then A= (acos 0, 0), B =(0, a sin 0) mx ny
Now AB = /(-acos 6)? +(a sin 6)° ='x, Ty, Tm*n
= Ja? (cos?6 + sin?0) X y
AB = a which is a constant. (m*+n)x , m+n)y, _ 1
m n
Let this tangent meets x and y axes at A, B.
(m+n)x, (m+n)y,
Mo 0,—"1
then A( m , B n
(m+n)x,
NowAP :PB= — -x,:x,-0
mx, +nx, - mx
- 1 1 1 X,
m
n
=—:1
m
=n : m which is a constant.
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3. Show that the curves y? = 4(x + 1) and

y? =36(9 - x) intersect orthogonally.

Sol: Solving y? = 4(x + 1), y> = 36(9 - X)

4(x +1)=36(9 - x)
=>x+1=9(9-x)
=>x+1=81-9x
= x+9x =80

Putx=8iny?=4(x + 1)
y2=4(8+1)=4(9) =36
Ly =16
The points of intersection are P(8, 6), Q(8, -6)
At the point P(8, 6):
y?=4(x + 1)
differentiating w.r.t. x
dy dy 4 2
x4 T T2y Ty
slope of the tangent at P to the first curve is

2yd—x=-36 Xy

slope of the tangent at P to the second curve is
-18
2 6 =-3

1
Here m m, = 3 (-3) = -1
-.Angle between the tangents at P is 90°.
so the given two curves intersect orthogonally at
P. Similarly, we can show that, the given two curves

intersect orthogonally at the other point Q.

Sol:

Find the angle between the curves
y? = 8x, 4x% + y? = 32

y2 = 8x (1),4x2+y?2=32—-(2)
Substituting y? = 8x in Equation (2)

4x? + 8x =32

4x2+8x-32=0

x2+2x-8=0
xX2+4x-2x-8=0
X(x+4)-2(x+4)=0
x-2)(x+4)=0
x=2(or)x=-4
X=2=>y=16=>y=+4
Xx=-4=y? =-32,yis not real
.. The point of intersection of the two curves is
P(2,4)and Q (2, -4)

Equation of the first curve is y? = 8x
Differentiating w.r.t x

+4

8x+2yd_x=0
dy 8¢ 4x
dx 2% y
Case (i) : At P(2, 4)
_4_
m1—z—1

-8
m2=T='2

If 0 is the angle between the two curves then,
=| m, - m, |=|1+2|_3
[1+m m,| [1-2/7
0 =Tan"'(3)
Case (ii) : At Q(2, - 4)
_4
==
_-8_
-4

tane:‘#‘:3

tan 0

m, -1

m, 2

0 = Tan™ (3).

Q.NO:23
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5. Find the angle between the curves 2y? -9x =0,
3x2 +4y = 0 (in the 4™ quadrant).
Sol: Given curves are 2y? - 9x = 0, 3x? + 4y = 0.
-3
4y=-3x2 = y= I)(2
2y? - 9x = 0 becomes

94 _
2 16 -9%x =0
X
8
x4-8x=0
x(x*-8)=0
x=0,x=2
Ifx=0,y=0

-x=0

-3
fx=2y= (2 =-3

Points of intersection are P(0, 0), Q(2, -3)
Q(2, -3) lies in 4" quadrant.
Differentiating 2y? - 9x = 0 with respect to x,

dy
2(2y) ax 9=0
dy _ 9
dx ~ 4y
.. Slope of the tangent to the curve 2y?-9x=0at Qs
__9 _
™T43) T 4

Differentiating 3x? + 4y = 0 with respect to x,

320 + 4% =g
(X) dX_

dy _bx _ -5

dx 4 2
Slope of the tangent to the curve 3x* + 4y = 0 at

-3
Qism, = ?(2) =-3
Let 6 be the angle between the tangent to the

given two curves at Q.
m, -m
1~

Tan6 =77 mm,

3
413

= 1+9
1+4

9
13

c.0=tan 13 |-

6. At any point ‘t’ on the curve x = a(t + sint),
y = a(1 - cost), find the length of tangent,
normal, subtangent and subnormal.

Sol: Given curve is x = a(t + sint), y = a(1 - cos t)
Let P(a(t + sin t), a(1 - cost)) be any point on it.
By parametric differentiation,

CLYJ e
dy ( dt) a@+sinty 25N35C083 o |
X (dt) a(1+ cost) 2cos ) 2

t
Slope of the tangent at P = tan 2

Length of the tangent at P

Y, N ‘a(1-cost)4l1+tan2%‘
B m - ‘ tan% ‘
a.23in2% ) cos%|
- cos% sin%‘
= 235"‘% units.

Length of the normal at P

= |y1 \[1+m2 I
= ‘a(1-cost)4l‘l+tan2 %‘

a.2sin?t sect
2 2

units.

Length of the subtangent at P

a(1- cost)

= tan%

]
m

a. 23in2% t
= —t COS —|
sin 2

Q.NO:23
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= |a sint| units.
Length of subnormal at P
=y, - m|

a(1- cost) .tan%

units.

a2sin? L tant
2 2

7. Show thatthe square of the length of sub tangent
at any point on the curve by? = (x + a)3, b = 0,
varies with the length of the subnormal at that
point.

Sol: Given curve is by? = (x + @) ---------- )

Let P(x,, y,) be any point on it,
by,? = (x, + @)? -==--mmmmn (2)
differentiating by? = (x + a)® w.r.t. x

dy _ 2
b.2y =3(x +a)

dx
dy _ 3(x+af
~dx ~ 2by
3(x, +a)’
Slope of the tangentat P = T}g

N
y 3(x, +ay
Length of subtangent at P = ‘ﬁ‘ =1 2by,

2by 2
3(x, +a)?

Length of the subnormal at P = |y, . m|

3(x, +a)?
= y1 . % =
Y4
3(x, +ay’
2b
2by,? 2
LsTp 3a*alf] - gpdy
Consider SN~ {3 (X12; 3)2} = 27(x, +a)®
8b3 y14
~ 27(by,7Y

8b
= 57 which is a constant, say k

= (L.S.T.)?=k.(L.S.N)
=(L.S.T)? varies as L.S.N.

8. Show that the condition for the orthogonality
of the curves ax? + by*’=1and ax*+ b y*=

Sol: Given equations of the curves are
ax? + by? = 1 —----omm- (1)
8¢ + by =1~ (2)
Let P(x,, y,) be the point of intersection of (1) & (2)
ax? +by? =1
a1X12 + b1y12 =
(a-a,)x?+(b-b)y?=0
b-b, x?
= ama, T yZ T 3)
differentiating ax? + by? = 1

dy
:a.2x+b.2y&=0

LY
=by o =-ax
dy _ -ax
= dx _ by
-ax,
slope of the tangent at P to (1) ism, = by,
1
-a,X,
similarly, slope of tangent at P to (2) is m, = W
1Y1
since (1), (2) cut orthogonally at P,
m,m, =-1
Yo Il ho | =-1.
- by, J{ by,
aa, x;
= T2 =-1
bb1 y12
aa; |-(b-by)
= b_b1 a-a. a, = -1 from (3)
b-b, a-a,
= a-a,  aa,
1 1_1 1
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Differentiating w.r.t x
Show that the equation of tangent to the dy dy
N g Xy 2x+2y 4y - 10 4, =0
curve (—j + (—j =2at(a,b)is -+ =2
a b a b dy
O (7 20y-8) gy == %
: Given curve is (gj + (Bj =2 dy  -x
Differentiating with respect to x, dx~ y-5
1 1 dy Equation of the lineisx +y+2=0
—n Xt eyt == =0
a b o dy . dy_
1 dy _an-1 1 + dX_ ’ dX_-
Pl A P Case (i) : At P(-3, 1)
dy -nx""’ b" (ﬂ] X
ax a nyn-1 dx piany Y 5
.. slope of the tangent to the curve at P(a, b) is 3 _3
-na” !t pn -b M=1-5 4
m = = —

10.

Sol:

a" 'nbn—1 - a
Now equation of tangent at P is

LoD
y-b = _(x-a)

Yy _ X
b_1_a 1
X,y
Z+ L -

a b 2

Find the angle between the curves given
below.x+y+2=0,x>+y?-10y =0
Given curves

xX+y+2=0 (1)

x2+y?2-10y =0 (2)

From equation (1)

X = - (y + 2), Substituting in (2)
(y+2p+y*-10y=0
yV+4+4y+y?-10y =0

2y2-6y+4=0 +2
y?-3y+2=0

y?-2y-y+2=0

yly-2)-1(y-2)=0

(y-1)(y-2)=0

y=1(or)y=2

y=1=>x=-(1+2)=-3
y=2=>x=-(2+2)=-4

.. The points of intersection of the curves are
P(-3,1)andQ (4, 2)

Equation of the curve is x2 + y2- 10y = 0

(d_yj =1
dx P(-3,1)

m,=-1
If 6 is the angle between the curves then
m, —m,
tan 6 = 1+ m,m,
-3 1
4| [-8+4_1
= 1+3‘ |4+3] 7
4

Q.NO:23
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Find the angle between the curves xy = 2
and x2+4y =0

2

Givencurves xy=2 = x = ; (1)

x2+4y =0 (2)
The points of intersection of (1) and (2) is

4
= 7+ 4y =0
= 4+4y°=0 4
= 1+y=0
= y3=-
$ y:-
= X=-
P(-2, -1)
Xy = 2 x2+4y=0
Differentiating w.r.t x  Differentiating w.r.t x
dy dy
xdx+y.1=0 2x+4dx=0
dy -y dy _ -2x
dx = x dx = 4
d_y} _ - d_y} iy
dx b2-1) 2 dx (2-1)

Let 0 is the angle between the curves then,

m, —m,
1+m,m,

tan6 =

tan0 = |-=——

6=Tan"(3)

12.

Sol:

Find the angle between the curves given
below.
y2=4x,x2+y?2=5

y2 = 4x (1), %2, 2=5
Substituting y? = 4x in Equation (2)
x2+4x=5

x2+4x-5=0

x-1)(x+5)=0

x=1(or)x=-5

x=1y=\/z=12

x=-5=y=,/-20 is not real

.. The point of intersection of the two curves
is P(1,2) and Q (1, -2)

Equation of the second curve is y? = 4x
Differentiating w.r.t x

dy
2y a=4

(2)

dy_4_2

dx 2y vy

Equation fo the second curve is x2 + y2= 5
Differentiating w.r.t x

2x+2ya =0
dy _—2x _-x
dx~ 2y

m1=§=1

_ 1
m2 = ?
If 6 is the angle between two curves then
m - m,

tan 6 = 1+m, m,

tan 0 = 1

N
N =N w

6=Tan"(3)

Q.NO:23
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Case (ii): AtQ (1, -2)

2 -1 1
m1:_—2:_1, m2:_—:E
1

AR
tanez‘ 1‘ |2_1|=3
1- 2
2
0= Tan"(3).

13. Find the length of subtangent, subnormal at a
point ‘t’ on the curve x = a(cost + t sint),
y = a(sint - t cost).

Sol: Given curve is x = a (cost + t sint), y = a(sint - t cost)
Let P(a(cost + t sint), a(sint - t cost)) be a point on it.

By parametric differentiation,

3
dy ( dt a[cost - (1. cost + t sint)]

-V = d7x = i .
dx (dt) a[-sint +1.sint + t.cost]

_ t.sint

~ t.cost
=tant

y
Length of subtangent at P = ﬁ

a(sint - t cost)
tant
= |a(sint - t cost)cot t|.
Length of subnormal at P = |y, . m|
= |a(sint - t cost) tan t|.

Q.NO:23
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Sol:

Sol:

AIMSTUTORIAL

"P
Show that when the curved surface of a
right circular cylinder inscribed in a sphere
of radius r is maximum, then the height of

the cylinder isV2r.

Let R be the base radius,
H be the height of the
right circular cylinder
inscribed in a sphere

of radius .

2 r
Sop
L2
RZ =-r2_
"

Curved surface area of the cylinder
C=2nRH
C?=4r?R?H?

H2
f(H) = 42 [rz _TJ He2

H4
2142

= r<Hs - —
—4752{ 4}

differentiating w.r.t. H,

4H°
I) f’(H) =472 |:r2 .2H -T:|
= 472 [2r°H - HY]
i) for minimum or maximum, f(H) = 0.

2Hr?-H*=0
H=0, H2 = 2r?

is not possible H= /2.
il) fi(H) = 472 [2r2 - 3H7]

iv) verification:
AtH= 21, f(H) = 4n2[2r*- 3(2r)] < 0

f(H) is maximum at H = V2
Hence, for maximum curved surface area, then

the height of the cylinder isv2r

Prove that the radius of the right circular
cylinder of greatest curved surface area
which can be inscribed in a given cone is
half of that of the cone.

Let O be the centre of the circular base of the
cone and its height be H. Let r be the radius of
the circular base of the cone.

Then AO =H, OC =R.

Let a cylinder with radius r (OE) be inscribed
in the given cone. Let its height be h.

ie, RO=QE=PD=h

Now the triangle AOC and QEC are similar.
Therefore,

QE _EC
OA OC

Let S denote the curved surface area of the
chosen cylinder. Then

.
S =2nrh=2nrH (1——j

R
2
=2nH (r _r_j
R

As the cone is fixed one, the value of R and H
are constants. Thus S is function of r only.

_dS 1 2r
) =2 (")
ds

ii) for minimum or maximum ar 0

2r
1-2 =
Since H = 0, R 0
1=Z
R
R
T2
dz_s_ —4nH
i) dar* R
iv) verification:
R d*S —4xH
Atr= 2 dr- R <QOforallr

R
oo Sis maximum atr = E

Q.NO: 24
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Sol:

area.

r

20ft
=2x+2y+nr=20
=2y=20-2x-7r

20 -2x —mr
2

=>y=

semicircle.

AIMSTUTORIAL
d*A
A window is in the shape of a rectangle iii) ol - -4 -1
. . X
surmounted by a semicircle.lf the perimeter . o
of the window be 20ft find the maximum iv) verification:
20 d*A
Let 2x be the length, y be the breath of a At x = > = -4-1<0
Iy . 4+ 7’ dx
rectangle surmounted by a semicircle of radius
20
Given that the Perimeter of the semicircle is Ais maximum at x = g
20 — 40  20m
y v n+4 wn+4
= Yy=
2
Total area = area of a rectanglg + area of a _ 207 +80 - 40 — 20 _ _40
2(n + 4) 2(n+4)
20
T+ 4

1
Total area (A) = 2xy + Enr2

1
= 2xy + 2 nx? (2r = 2x)

(r=x)

A=x(2o-2x-nx)+%x2

x>

= 20X - 2% - mx*+ o
Differentiating w.r.t ‘x’

dA 2
i) g = 20 - 4x - 2mx + %X
=20 - 4x - 27X + 7X
=20 - 4x - nx.
dA
ii) fora maximum or maximum d_X=O

= 20-4x-nx=0

= 4x+ax =20

= x(4+m)=20
20

T 441

= X

.. Maximum area
20 20 )\ n( 20 Y
2 . + =
n+4)\(n+4 2\n+4
2
20 (2 +£j
n+4 2

- e 5

200

= sq. units

n+4

Q.NO: 24
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.AmB 5. A wireoflength ¢ ii CAME’FUTQHU?\‘EhiCt
4. 7 From a rectangular sheet of dimensions and a circle. What are the lengths of the
30 cm x 80cm four equal squares of side pieces of the wire so that the sum of the areas
x cm are removed at the corners, and the is the least
sides are tthen tlurne:)d up SFO. aj’ to fomtihar: Sol: A wire of length 7 is cut into two parts: x, 7 -x
open rectangular box. Find X, so tha Let a be the side of the square and r be the
volume of the box is the greatest. radius of the circle
Sol: 4a=x 2nr =0 - x
£iN
X X
x T
30-2x |30 a
X X
X X _ a= X (= £ —X
K 80-2x N 4 2m
< 80 S| Sum of the areas
S=a?+nr?
Given dimensions of the rectangular sheet are 80, _[X ’ . r—xY
30. 4) "™ 2m
Given that x be the side of the square cut out.
Now the dimensions of the open rectangular box _ ﬁ sy
are " 16 am. %
¢=80-2xb=30-2x h=x differentiating w.r..t. x,
volume of the box, i 2 ]
= X
o s ) G = 36 a2 -0 )
= (80 - 2x) (30 - 2x) (x) dx 16 4
= (2400 - 220x + 4x2) x 4S
let f(x) = 4x° - 220x2 + 2400x if) For max.or min. of S, — =0
differentiating w.r.t. x, dx
i) f(x) = 12x2 - 440x + 2400 X (£-x) _
ii) For max or min, f(x) =0 T8 om
= 12x%2-440x + 2400 =0 =4 =>nx-4/+4x=0
= 3x2-110x + 600 = 0 = X(n+4) =4/
= 3x2-90x - 20x + 600 =0 47
= 3x(x-30)-20(x-30)=0 :X='IT+4
20
x =30 is impossible or x = 3 s 2 2
0 52 = 16 an
" _ T
i) £(x) = 24x - 440 iv) Verification:
iv) Verificiation: 4r &S
20 20 atx = s 2 2 0
Ifx ==, f'x) =24(?)-440=160-440 w4 dx
4/
=-280<0 .'.Sismin.atx=1_r+4
Hence, the volume of the box is maximum Lenath of other part = £ - x = / - 4 _
20 g P S om+4 m+4
when x = 3 cm. Hence S is least when the lengths of the pieces
are 4t and mt
m+4 m+4’
Q.NO: 24 MAXIMA AND MINIMA
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-
6. The profit function P(x) of a company [ g Fjq the positive integers x and y such that
selling x items per day is given by x +y = 60 and xy? is maximum.
P(x) = (150 - x) x - 1000. Find the number of | g, Given positive integers x, y
items that the company should Given x +y = 60
manufacture to get maximum profit . Also y =60 - x
find the maximum profit. Given f(x, y) = xy®
Sol: Given profit function is f(x) = x(60 - x)?
P(x) = (150 - x) x - 1000 i) f(x) = 1.(60 - x)° + x 3(60 - )2 (-1)
i) P'(x) =(150 - x) 1 + x(-1) = (60 - X)2 [60 - X - 3x]
P'(x) =150 - 2x = (60 - x)? [60 - 4x].
ii) For min. or max. p’(x) =0 i) for minimum (or) maximum, f'(x) =0
= 150-2x=0 = (60 - x)?(60 -4x)=0
= Xx=75 = 60-x=0, 60-4x=0
i) P"(x) =-2 = X =60, 4x =60
iv) Verification: x=15.
Atx = 75, P"(x)= -2 < 0. i) '(x) = 2(60 - x) (-1) (60 - 4x) + (60 - x)? (-
~.P(x) is max. at x = 75. 4)
~. The number of items is x = 75 iv) Verification:
And max. porofit = (150 - 75) 75 - 1000 Atx =15, (15) =0-4 (60 - 15)?
=75(75) - 1000= 4625. = -4(45)2 <0
7. Find the absolute maximum and absolute . f(x) is maximum at x = 15.
minimum of f(x) = 2x® - 3x2 - 36x + 2 on the y =60 - x
interval [0, 5]. =60-15
Sol: Given f(x) = 2x3 - 3x2 - 36x + 2 on [0, 5] =45
f'(x) =6x?-6x - 36 S x=15,y=45.
for minimum (or) maximum,
f(x) =0
= 6x2-6x-36=0
= x2-x-6=0
= (x-3)(x+2)=0
= x-3=0,x+2=0
= x=3,x=-2¢]0, 5]
The values,
f(0) =2
f(5) = 2(5)® - 3(5)? - 36(5) + 2
=250-75-180 + 2
=-3
f(3) = 2(3)% - 3(3)2 - 36(3) + 2
=54-27-108 +2
=-79.
Absolute maximum = max. of {f(0), f(5), f(3)}
= max. of {2, -3, -79}
Absolute minimum = min. of {f(0), f(5), f(3)}
= min. of {2, -3, -79}
=-79.
Q.NO: 24 MAXIMA AND MINIMA
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| AIMSTUTORIAL |

QUESTION NO : 11

1.

If the distance from P to the points (2, 3)
and (2, -3) are in the ratio 2 : 3, then find
the equation of locus of P.

Sol:Let P(x,,y,) be any point on the locus.

Given two points are A(2, 3), B(2, -3).
Given geometric property: PA:PB=2:3.

PA _2
PB ~ 3
— 3PA=2PB

Squaring on both sides = APAY =4(PBf =

= 9[x*-4x, +4+y?*-6y +9]
=4[x-4x, +4+y’ + 6y, +9]

5x,%+ 5y,*-20x - 78y, + 65=0
Hence, the required equation of the locus is

5x?+ 5y?-20x- 78y + 65 = 0.

Find the equation of the locus of P, if the ratio
of the distances from P to A(5, -4) and B(7, 6)
is 2:3.

Sol: Let P(x,, y,) be any point on the locus.

Given geometric property PA:PB=2:3

PA _2
PB 3
= 3AP=2PB

Squaring on both sides = 9(PA)? = 4(PB)?
= 9[(X1 -5)2+ (y1 +4) =4 [(X1 -7+ (y1 -6)?]

= 9[x*+25-10x,+y,*+ 16 + 8y ]
=4(x,*+49-14x, +y *+36-12y ]

= 9x,°+225-90x, + 9y > + 144 + 72y,
=4x>+196- 56x, + 4y* + 144 - 48y .

5x,+ 5y, + 34x, + 120y, +29=0
Hence the required equation of locus is

5x?+ 5y?-34x + 120y + 29 = 0.

A(5,3) and B(3, -2) are two fixed points. Find
the equation of locus of P, so that the area of
triangle DPAB is 9.

Sol:Let P(x,,y,) be any point on the locus.

Given two points are A(5, 3), B(3,-2).
G.G.P: Area of APAB=9

1

2

X, 5 3 x
yr 3 -2y,

1
= E|3X1'5y1'10'9+3y1+2X1|29'

= |5x,-2y,-19|=18

Squaring on both sides,

= (5x, -2y, -19)*=(18)?

= 25x2-20xy, +4y,*+361-190x, + 76y, = 324.
Hence, the required equation of the locus is

25x%-20xy + 4y?-190x + 76y + 37 = 0.

A(2, 3) and B(-3, 4) are two given points.
Find the equation of locus of P so that the
area of the triangle PABis 8.5.

Sol:Let P(x,,y,) be a point on the locus.

Given two points A(2, 3), B(-3,4)
Given geometric condition to be satisfied by P is
that area of A PAB=8.5.

1
= §|x1(3—4)+ 2(4-y,)-3(y,-3)|=85

1 85
:>§|-X1+8-2y1-3y1+9|=ﬁ

= |-x,-5y,+17| =17
=x,-5y,+17=17or-x, -5y, + 17 =-17.
ie,x + 5y, =0orx +5y =34

Hence the required equation of locus is
= (x+5y)(x+5y-34)=0

= x?+ 5xy - 34x + 5xy + 25y?- 170y =0

= x*+ 10xy + 25y%- 34x- 170y = 0.

QN: 11
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5. Find the equation of locus of P, if the line
segment joining (2,3), (-1,5) subtends a right
angle at P.

Sol:Let P(x,,y,) be any point on the locus.
Given two points are A(2, 3), B(-1, 5).
= Slope of AP x Slope of BP = -1.

ey

= X =% | X, +1
= (v,-3) (7,-5) =-(x,-2) (%, + 1).
=>&+DE-2)+y,-3)(y,-5=0.
=x2+x-2x,-2+y*-3y,-5y, +15=0
=x’+y/’-x, -8y, +13=0.
Hence, the required equation of the locus is

x*+y?*-x-8y+13=0.
6. The ends of the hypotenuse of a right angled

triangle are (0, 6) and (6, 0). Find the
equation of locus of its third vertex.

Sol:Let P(x,,y,) be any point on the Locus.
Given ends of the hypotenuse are A(0, 6), B(6, 0).
Given condition: ~ APB =90°.
Slope of AP x Slope of BP =-1.

Y1'6 y1'0 =1
= %x,-0)\ x,-6 :

=y, (y,-6)=-x,(x,-6).
=x,(x,-6)+y, (y,-6)=0.

=x’+y,*-6x -6y =0.

Hence, the required equation of the locus is

x?+y*-6x- 6y =0.

| AIMSTUTORIAL |

7.A(1, 2), B(2, -3) and C(-2, 3) are three points. Apoint
P moves such that PA? + PB? = 2PC2. Show that
the equation to the locus of P is 7x - 7y + 4 = 0.

Sol:Let P(x,,y,) be any point on the locus.
Given three points are A(1, 2), B(2,-3),C(-2, 3).
Given condition PA% + PB? = 2PC%
= X, -1)’+(y,-2)*+ (x,-2)*+ (y, + 3)?
=2[(x,+2)* + (v, - 3)7].

Xi* - 2x +14y P Ay, + 4+ X7 -4 +4+y, 46y, +9
= 2[x2 +4x, +4+y? -6y, +9]
= 2x,*+2y,*-6x -2y, +18
=2x°+8x +8+2y*-12y +18
= -6x, +8+2y +18=28x -12y +26
= 14x -14y,+8=0 (+2)
=>7x,-7y,+4=0
Hence the required equation of the locus is

7x-7y+4=0.
8. Find the equation of the locus of point ‘P’
such that the distance of P from the origin
is twice the distance of P from A (1, 2).

Sol:Let P(x,,y,) be any point on the locus.
Given points are 0(0, 0), A(1, 2).
Given condition : OP = 2PA

= (%, -0 +(y; -0 =2,J(x; -1/ +(y,-2)°
Squaring onboth sides,

S x2+y =410 - D+ (3,27

=>x ty =4x2-2x, +1+y?-4y +4]

= 3x,°+3y,*-8x, - 16y, + 20=0.
Hence the required equation of the locus is

3x? + 3y*-8x- 16y + 20 = 0.

QN: 11
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9. Find the equation of locus of the point, the
sum of whose distances from (0, 2) and (0, -
2) is 6 units.

Sol:Let P(x,,y,) be any point on the locus.

Given two points are A(0, 2), B(0, -2).
Given Condition: PA+ PB=6. = PA=6-PB

= x? +(y,-2 =6-\x7 *+(y, +2)
Squaring on both sides,

= xZ+y2-4y,+4=36+ x2+y2+dy +4

2 x2+y 2 +dy, +4

:>-8y1-36=—12\/x12+y12+4y1 +4 (+-4)

2y, +9=3/xZ+y2+4y,+4 SOB

= 4y *+ 36y, +81=9x7 + 9y *+ 36y, + 36

= 9x,*+ 5y,> =45 (+45)
2 2
LD L T
5 9
Hence, the required equation of the locus is
2 2
X_ + y_ =1 .
5 9

10. Find the equation of locus of P, if A (2, 3) B
(2,-3)and PA+ PB=38

Sol:Let P (x,, y,) be any point on the locus.
Given points A(2,3) B (2,-3)
GivenPA+PB=8 = PA=8-PB

Jx=2) +(y,~3)" = 8- \/(x,~2)" +(y,+3)°

Squaring on both sides.
(%2 + (v, 3P =64+ (x,- 27+ (v, + 3)* -16,(x -2 +y+3”
yl2 - 6y1 +9=64+ yl2 + 6y1 +9-16 (x1 72)2 +(y1 4—3)2

-12y, - 64 = -16 \(x,-2)" +(y, +3)’ +(-4)
3y, + 16 =14 /(x,~2)" +(y,+3)°
Squaring on both sides
= By, +16)*=16[(x,-2)*+ (v, + 3)?
= 9y,*+ 96y, +256=16[x*-4x +4+y >+ 6y +9]
= 9y,*+ 96y, + 256 =
16x,*- 64x, - 64x, + 64+ 16y *+ 96y, + 144

= 16x°+ 7y *-64x -48=0.

The required equation of locus of P is

16x*+ 7y*- 64x - 48 = 0.

| AIMSTUTORIAL |

11. Find the equation of locus of a point, the
difference of whose distances from (-5, 0)
and (5, 0) is 8 units.

Sol:Given condition : |PA - PB| = 8.

PA-PB=+438 = PA=PB+8
=N \/(x1 +5)2 +y 2 = \/(x1 -5)2+y2+8
Squaring on bothsides,

=x +10x, +25+y =64 +x72-10x, +25+y *

£16,/x,2-10x, + 25 +y,2

= 20x,-64=+16\x2 +y2-10x,+25 (+4)

=5x,-16=+% 4\/x12 + y12 -10x, +25
Again squaring on both sides,
= 25x*-160x, + 256 =16x,*+ 16y,*- 160x, + 400
= 9x?-16y°=144 (+144)

2 2
NI N

16 9

Hence, the required equation of the locus is

=1

X2 y2

—-=—=1
16 9
12. Find the equation of locus of P, if A(4, 0),
B(-4, 0) and |PA - PB| = 4.
Sol: Let P(x,, y,) be any point on the locus.
Given two points are A(4, 0), B(-4, 0).
Given Condition: |[PA - PB| = 4.
PA-PB=+4. = PA=PB+4.

= \/(x1 -4)2 +y12 =\/(x1 +4)2 +y12 + 4.
Squaring onboth sides,

=x°-8x, +16+y*=x+8x +16+y*+16
+ 8,/x2+8x, +16+y

= -16x,-16 =+ 8,x 2 +y2 +8%,+16 =+ (-8)

= 2%, +2=F \x2+y2+8x,+16
Again squaring on both sides,
= 4x*+8x, +4=x’+y’+8x +16

=3x2-y, =12 +(12)
LIV
4 12
Hence the required equation of the locus is
2 2
X ¥y -
4 12

QN: 11
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1. Find the transformed equation of
2x?2 + 4xy + 5y?2 = 0, when the origin
is shifted to (3, 4) by the translation
of axes.

Sol: Let (X, Y) be the new coordinates of (x, y) when
axes are translated to the point (h, k) = (3, 4).
Transformation equations are

x=X+h,

=>x=X+3,

y=Y+Kk
y=Y+4
Given curve equation is 2x? + 4xy + 5y? = 0.
Transformed equation is
2(X+3)P+4(X+3)(Y+4)+5(Y+4)y=0.

=  2(X?+6X+9) +4(XY+4X+3Y+12) + 5(Y2+8Y+16) =0.

= 2X2+4XY +5Y%+ 28X +52Y + 146 = 0.

2. If the transformed equation of a curve
is X2+ 3XY -2Y2+ 17X -7Y - 11 =0, when
the origin is shifted to (2, 3). Find the
original equation of the curve.

Sol: Let (X, Y) be the new coordinates of the point (X, y)
when the axes are translated to the point (h, k).
Here (h, k) = (2, 3).

.. Transformation equations are

x =X+ h, y=Y+k
=>x=X+2, y=Y+3
=>X=X-2, Y=y-3

Given transformed equation of the curve is
X2+ 3XY -2Y2+17X-7Y-11=0.
The original equation of the curve is
= (x2)2+3(x-2) (y-3) - 2(y-3)* + 17(x-2) -7(y-3)- 11 =0
= Xx2-4x+4 +3(xy-3x-2y+6)-2(y?-6y+9)+
17x-34 -7y +21-11=0.

= Xx2+3xy-2y’+4x-y-20=0.

3. Find the transformed equation of
3x2+ 10xy + 3y2 =9 when the axes are

m
rotated through an angle 1

Sol: Let (X, Y) be the new coordinates of the point (x, y)

'IT
when the axes are rotated through an angle 1

i1
H = —
ere 6 2

m_1 wm_1
:>COS4—\/§,SII'14—\/§.

Transformation equations are
x=XcosB-Ysind,y=Xsind+Ycos 6

1 1 1 1

= x=X.$-Y.E,y=X._2+Y. >
X-Y X+Y

NN

= X=

Given equation of the curve is 3x2 + 10xy + 3y? = 9.
Transformed equation of the curve

L (X-YY X-Y)(X+Y X+YV
ol o
— 3(K2-2XY +Y2)+ 10(XC-Y2)+ 3(X2 + 2XY +Y?)=2(9)

= 16X?-4Y2=18 +2
8X%-2Y2=9

Hence the required transformed equation is
8X2-2Y2=9,

Q.NO: 12
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4. Find the transformed equation of
x2 + 2,/3xy - y? = 2a?2 when the axes are

L
rotated through an angle 6

Sol: Let (X, Y) be the new coordinates of the point (x, y)

m
when the axes are rotated through an angle — .

6

Given curve equation is x* + 2,/3xy - y*=0
_m m_oV3 T

= D008y = .sin g =3

Transformation equations are
x=XcosBO-Ysin, y=XsinO+Ycosb

_ V31 IV 3
:>X—X7-Y.2, y—X2+Y7
_ BX-Y _ X+43Y
2 y: o

The required thransformed equation is

(\EX-YT+2\5[\/§X-YJ(X+\/§YJ_(X+\/§YT=2a2
2 2 2 2

= 3X2- 23 XY + Y2+ 243 (+/3 X2+ 2XY - 3 Y?)
- (X2 + 2. /3 XY + 3Y?) = 4(2a2)
8X2 - 8Y2 = 8a2

X2 -Y2= g2

= +8
=

6. Find the transformed equation of
x cos o + y sin a = p, when the axes
are rotated through an angle a.

Sol: Let (X, Y) be the new coordinates of the point (x,
y) when the axes are rotated through an angle a..
Here 6 = a.

Transformation equations are

x=Xcos0-Ysinh, y=Xsind+Ycosb
x=Xcosa-Ysina, y=Xsina+Ycosa

Given equationis x cos a +y sina = p

Required transformed equation is

(X cosa- Y sina) cosa + (X sinc.+ Y cosa) sin o= p.
= Xcos?a - Y sina cosa + Xsino + Y cosa sina = p.
= X(cos?a + sin?a) = p. -+ cos?a, + sin%a = 1.

= X=p

6. When the axes are rotated through an
angle 45° the transformed equation of a
curve is 17X2 - 16XY + 17Y2 = 225. Find
the original equation of the curve.

Sol: Let (X, Y) be the new coordinates of the point
(x, y) when the axes are rotated through an angle 6.
Here 6 = 45°

1 1
0= — gij 0= —
= cos 45 ,—2,sm 45 >

Transformation equations are
X=xcosO+ysinh, Y=-xsinO+ycosH6

1 1 1 1
X=x.—7=+y—7=,Y=xXx. = +y =
BN IR N 22
X+y v X+y
V20T 2
Given transformed equation is

17X2 - 16XY + 17Y2 = 225.
The required original equation is

2 2
X+y X+y\[x+y X+y

17| —=-| -16| —= || —== |+17| —==| =225

= 17(x2+2xy+y?) - 16(y?-x2) + 17(x2-2xy+y?) = 2(225)

= 50x2 + 18y? =450

= X=

+2
= 25x% + 9y? = 225.

Q.NO: 12
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7. Find the point to which the origin is to
be shifed by translation of axes so as to
remove the first degree terms from the
equation

ax? + 2hxy + by? + 2gx + 2fy + ¢ =0, where h? = ab.

Sol:Let (X, Y) be the new coordinates of the point (x, y)

when the axes are translated to the point (o, B). So
the transformation equations are
XxX=X+a,y=Y+p.
Given curve equation is
ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0.
Tranformed equation of the curve is
a(X+a)*+2h(X + o) (Y + B) + b(Y + B)* +
2g(X+a)+2f(Y+B)+c=0.
axX? + 2hXY + bY2 + 2X(aa + hp + g) +
2Y(ho+bp +1) + (ac? + 2haf +bp? + 2ga+2f3 +¢) = 0.
since the first degree terms are to be eliminated,
equating coefficients of X and Y to zero.

aon+hp+g=0
ha+bp+f=0
By the cross multiplication rule, we get
a _ B _ 1 h g a h
hf-bg gh-af ab-h? b f h b
hf -bg gh -af
(o B) = (ab-hz’ mj

Hence the required point of translation is

(hf-bg gh -afj
ab-h?" ab-h? )"

8.

Show that the axes are to be rotated through

1 2h
an angle of ETan'1 (EJ so as to remove

xy term from the equation ax? + 2hxy + by?=0

o
if a # b and through an angle 1 ifa=b.

Sol: Let (X, Y) be the new coordinates of the point (x,

U

y) when the axes are rotated through an angle 6
in the anticlockwise direction.

Transformation equations are
x=Xcos0-Ysind, y=XsinO+Ycos0
Given equation of the curve is ax? + 2hxy + by? = 0.
The transformed equation is
a(Xcos0-Ysin0)?+2h(X cos0-Ysin0)(Xsino
+Y cos 0) + b(X sin 6 +Y cos 0)2=0.
a(X?cos?6-2XY cos 0sin 0 +Y2sin? ) + 2h(x?
cos0sin6+XY cos?0- XY sin? 8- Y2sin0cos 0)+ b(X? sin?
0 + 2XY sin 6 cos 6 + Y2 cos? 0) = 0.

since xy term is to be eliminated,

coefficient of XY =0.

-2a cos0 sind + 2h cos?0 - 2h sin?0 + 2b sin 6 cos0 = 0.
2h(cos?0 - sin?0) = (a - b) 2 sin 6 cos 0

2h cos 20 = (a - b) sin 20

Ifazb fa=b
2h _ sin 20 oh 98 = 0
a-b cos26 Cos 20 =
=tan20= —— =c0s20=0
a-b
. (ﬁj m
= 20 =tan a-b :26—5
e—lt 1 (ﬂJ e—E
=0= 5 an a-b = =2

Q.NO: 12

TRANSFORMATION OF AXES
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1.

2.

Find the points on the line 3x - 4y -1 = 0 which
are at a distance of 5 units from the point

(3, 2).

Slope of the line 3x- 4y -1=0is

BE Ve

Here § € Q, = cos 6 = 5

Given point (x,,y,) =(3,2), r=%5
Required points on the given line which are at a
distance of 5 units from (3, 2) are

=(x1+rcos 0,y, +rsin 0)

[preaf) a2

=(3+4,2+3)
=(B+4,2+3),(3-4,2-3)=(7,5), (-1,-1).

A straight line through Q (J§,2) makes an

sin @ =

o w

T
angle of - with x-axis

6
direction. If this straight line intersects

J3x -4y + 8 = 0 at P, find the distance of

in positive

6

PQ.Sol: GivenQ (/3,2 = (x,¥,), 0 = = (_

LetPQ=r
The coordinates of any point on the line are
= (x1+rcos 0,y, +rsin 0)

T T
— | v3+rcos—,2+rsin—
[I 6" 6j

(s

Plies ontheline \/3x-4y+8=0

N x@(«@+%J -4(2+L] +8=0

2
3+ g g0

= 2 2 T°F
3.1~

=3-5=
L

:>2—

=r=6

— PQ=6

3.

Sol:

0

31
Sol: Since the line through Q makes an angle — with

AIMSTUTORIAL

A straight line with slope 1 passes through
Q(-3, 5) and meets the straight linex +y-6=0
at P. Find the distamce PQ.

Slopem =1

Tanq=1Pb q=45°

Q(-3,5) = (x,y)

LetPQ=r

Coordinates of P = (X1 +rcosQ,y, +rsing )

= (-3 4+ rcos 45% 5+ rsin 45°)

(o)

Pliesonthelinex+y-6=0

B T .
2 72Tt

=
2
= \/5—4
= r=2/2.
= PQ=2,2.

4. A straight line through Q(2, 3) makes an

4
axis. If the straight line intersects the line x

+y-7 =0 at P, find the distance PQ.

angle with negative direction of the x-

the negative direction of X-axis,
_, 8m_m
0= 2 -1
Coordinates of P=(x, +rcos 9, y, +rsin 0)
= (2+rcos%,3+rsinij
r r
= 2+_13+_
[ V2 \/Ej
since Plies on thelinex+y-7 =0,
r r
2+ \/5 +3+ \/5 -7=0.
2r

==

THE STRAIGHT LINE
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Sol:

Sol:

Find the value of k if the lines 2x - 3y + k =
0,3x-4y-13 =0and 8x - 11y - 33 = 0 are
concurrent.

Given lines are 2x-3y+k=0---------- ¢))
3x-4y-13=0--------- (2)
8x-11y-33=0-------- 3

solving (2), (3) by cross multiplication rule,

-4 -13 3 -4
-11 33 8 -11
X _ y _ 1
132-143 -104+99 -33+32
x _y_1
=115 -1
(x,y)=(11,5).

so, the point of intersection of (2), (3) is (11, 5).
since the given lines are concurrent, (11, 5) should
lieon 2x -3y + k=0.
= 2(11)-3(5)+k=0
=22-15+k=0=k=-7.
If the straight lines ax + by + ¢ =0, bx + cy
+ a=0and cx + ay + b = 0 are concurrent,
then prove that a® + b3 + c3 = 3abc.

Given lines are ax+by+c=0---------- €Y
bx+cy+a=0---------- (2
cx+ay+b=0-------- 3

solving (1) & (2) by the cross multiplication rule,

x _y _ 1 b c ab

ab-c?> bc-a’ ac-b? c abec

ab-c? bc-a®
NV = {56 b?’ ac-b?

since the given three lines are concurrent, so

A2 22
c ab 02 +3 bc a2 +b=0
ac-b ac-b
= c(ab-c?) + a(bc-a*) + b(ac-b?) = 0.
— abc-c®+abc-a®+abc-b3=0.

= 3abc-a®-b3-c®=0.
a®+ b3+ ¢®=3abc.

ab c
b ¢ a=0
c ab

OR

= a(bc-a?) -b(b?*-ac) +c(ab-c*)=0.
= abc-a® -b3+ abc+abc-c3=0.
= 3abc-a®-b3-c*=0
a3+ b3+ ¢ = 3abc.

Sol:

AIMSTUTORIAL

If 32 + 2b + 4c = 0, then show that the

equation ax + by + ¢ = 0 represents a family

of concurrent straight lines and find the

point of concurrency.

3a+2b+4c=0

= 4c=-3a-2b
ax+by+c=0

= 4ax+4by+4c=0

= 4ax+4by-3a-2b=0

= a(4x-3)+b(4y-2)=0.

Whichisinthe form1,L, +1,L,= 0. So it represents

a family of concurrent lines.

Point of concurrency is the point of intersection of

thelines4x-3=0,4y-2=0.

X 4

_3.,.2_17
= X= Y=, =5
3.1
Coordinates of point of concurrence = 2°92)

8. Find the values of k, if the angle between

Sol:

the straight lines kx + y + 9 = 0 and

0'E
is -

m
Given that 2 is the angle between the lines
kx+y+9=0and3x-y+4=0.

3x -y + 4 =

la@, +byb, |
cos q = 2.2 2 2
\/31 +Db, \/az +b,

m k@) +1(-1)]
cos = m\/m
1 [3k-1]

V2 k2 +1410
Squaring and cross multiplying
5(k*+1)=(3k-1)2
5k*+5=9k*- 6k + 1
= 4k?-6k-4=0
= 2k?*-3k-2=0
= 2k?-4k+k-2=0
= 2kk-2)+1(k-2)=0
= (k-2)2k+1)=0
-1

k=2,5.

THE STRAIGHT LINE
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Sol:

10.

Sol:

Show that the lines x - 7y - 22 = 0, 3x + 4y +
9 =0and 7x + y - 54 = 0 form a right angled
isosceles triangle.
Let ABC be the
given triangle with
the equations of
sides AB, BC, CA
|a;a, +bib, |

COSA:\/a12+b12 \/322+b22
O-7OL o
V1+49449+1 - '
[13) +(-7)(4) |

cosB= "5 16 J1+49
13-28] _ 25 _ 1
= V2550 5(5v2) 2
B =450

C=180°-(A+B)

=180°- (90° + 45%) =45°
Hence ABCis aright angled isosceles triangle.
Find the equations of the lines passing
through the point (-3, 2) and making an angle
45° with the line 3x -y + 4 = 0.
Let the slope of the required line be m.
Given that this line makes angle 45° with the

line 3x -y + 4 = 0 whose slopeism, = =3
|m1 'm2 |

tan 45 =
1+mm,

|3-m]|
= 1+3m
(14 3m)*=(3-m)?
=1+ 6m+9m?=9-6m+ m?
=8m?+12m-8=0
= 2m?+3m-2=0
= 2m?’+4m-m-2=0
= 2m(m+2)-1(m+2)=0

Tor
2or

1

m=

Equation of the line passing through (-3, 2) and

2
2y-4=x+3=x-2y+7=0
Equation of the line passing through (-3, 2) and
having slope -2isy -2 =-2(x+ 3)

2x+y+4=0.

1
having slope = isy-2= 2 x+3)

11.

Sol:

12.

Sol:

AIMSTUTORIAL

Find the equation of the straight line making
equal intercepts on the coordinate axes and
passing through the point of intersection of
the lines 2x -5y + 1 =0and x - 3y - 4 = 0.
Equations of given two lines are 2x- 5y + 1 = 0--(1)
x-3y-4=0--(2)

solving (1), (2), weget 2x-5y+1=0------- (1)
2x-6y-8 =0------- (2)x2
y+9=0
=>y=-9

From (1),2x+45+1=0

2x=-46 Px=-23
The point of intersection of two lines is (-23, -9).
Equation of the line which makes equal intercepts

X,y
ontheaxesisg"'g:l = X+y=a

since it passes through (-23,-9)
-23-9=a = a=-32

Hence the required equation of thelineisx +y =-32.
x+y+32=0.

Find the equation of the straight line
perpendicular to the line 5x - 2y = 7 and
passing through the point of intersection
of the lines 2x + 3y = 1 & 3x + 4y = 6.
Solving 2x+3y=1---------- (1)

on subtraction y=-9
2x+3(-9)=1
2x =128
x=14
Point of intersection of (1), (2) is (14, -9).

Now, equation of the line perpendicular to the line
5x - 2y = 7 is in the form 2x + 5y + k = 0.
since it passes through (14, -9),

2(14)+5(¢-9)+k=0

= 28-45+k=0

= k=17.

Hence, the required equation of the line is

2x+ 5y + 17 =0.

THE STRAIGHT LINE
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13. Find the equation straight line parallel to
the line 3x + 4y = 7 and the point of
intersection of x - 2y -3 =0and x + 3y - 6
= 0.

sol: Given linesx-2y-3=0andx+ 3y-6=0
equation of any lines passing through point of
intersection of lines is L1 + KL2 = 0 then

x-2y-3+k(x+3y-6)=0--------- (D)
(1+Kk)x+(-2+3k)y+(-3-6k)=0--------- 2

then equation (2) is parallel to 3x + 4y -7 = 0.
a, b 3 4

then "= 3 Tk T 243k
= 3(-2+3k)=4(1+k)

= -6+9k=4+4k

= 5k=10
= k=2
now, sub kin (1) then equation of required line is
3x+4y-15=0.

14. Find the equation of the line perpendicular
to the line 3x + 4y + 6 = 0 and making an
intercept -4 on the x-axis.

Sol: Equation of the line perpendicular to 3x + 4y + 6 =0is

ofthe form 4x-3y+ k=0 ---------- 1
4x-3y=-k
X +L — 1
k/4 k/3
. ) -k
Given that x-intercept = i -4
= k=16.

Required equation of the lineis 4x- 3y + 16 = 0.
. X,y .
15. Transform the equation 2 + b = 1 into the

normal form where a > 0, b > 0. If the
perpendicular distance of the straight line

from the origin is p, deduce that
11,1
p? aZ b?-
X,y
A:  Given equation of the line g*’ b= 1

= bx+ay=ab
dividing throughout by /p2 + 52

AIMSTUTORIAL

b a ab
X +y =
Vb2 +a? JaZ+b?2 ) Ja? +b?
which is in the normal form xcosa+ysina=p

ab

a
= -1 — = TV
where a = tan b,p W
,_ab’
:>p_82+b2
1 _a’+b?
:>p2 azb2
A_1,.1
:>p2 b2 g2
A_1.1
p2 a2 b2

16. Prove that the ratio in which the straight
line L ¢ ax + by + ¢ = 0 divides the line
segment joining the points A(x,, y,) and
B(x, y,) is-L,:L,.

Sol:

m P n
A B

(X3 ¥y) (X5 Y,)
L=ax+by+c=0

Suppose the straight line L 2ax + by + ¢ = 0 divides

theline segment AR intheratiom:natP.

mx, +nx, my, +ny,
m+n j

The coordinates of P = [ m+n

since P lies on ax + by + ¢ = 0, we get

a(mx2 +nx1j+ b[my2 +ny,

+c=0
m+n m+n
= a(mx, + nx, ) + b(my, + ny,) + c(m +n) =0.
= m(ax, + by, + c¢) + n(ax, + by, +¢) =0.
= mL,, =-nL
m_tu
N Ly

Hencem:n= -L11 : LZZ.

=

THE STRAIGHT LINE
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17.

Sol:

18.

Sol:

m = slope of AB = =

Find the equations of the straight lines
passing through (1, 3) and (i) parallel to
(ii) perpendicular to the line passing
through the points (3, -5) and (-6, 1).

Let A(3,-5), B(-6, 1) be the given points.

1+5 6 -2
—-6-3 -9 3
i) Equation of the line parallel to AB and passing

-2
through (1, 3) with slope 3
y-y,=mx-x,)
3= =2 1
y - - 3 (X - )

= 3y-9=-2x+2
= 2x+3y-11=0
ii)Equation of the line perpendicular to AB and

3
passing through (1, 3) with slope m = 5

y-3= 2 (x- 1)

= 2y-6=3x-3

= 3x-2y+3=0

Equations of the required lines are
2x+3y-11=0.3x-2y+3=0.

Find the equation of the straight line
passing through the points (-1, 2) and

(5, -1) and also find the area of the triangle
formed by it with the axes of coordinates.
LetP(-1, 2), Q(5, -1) be the given points.
Equation of PQ is

Y2_y1

Y-¥:i=x, —x, &%)
2= —1-2 +1
Y 4= 51 x+1)

2= 2 (xt1
y-4= 6 (X )

-1
y-2=?(x+1)

2y-4=-x-1.
x+2y-3=0

Area of triangle OAB =

9 .
= m =7 Q- units.

19.

Sol:

AIMSTUTORIAL

If x - 3y - 5 = 0 is the perpendicular bisector
of the line segment joining the points A, B.
If A = (-1, -3), find co-ordinates of B.
Let B(h, k) isthe image of A in the line
x-3y-5=0
Let (hk) istheimage of A(x,, y,) show the line
ax + by + ¢ =0, then

h-x, k-y, -—2(ax,+by,+c)
a b a’ +b?
h+1 k+3 -2(-1+9-5)
1 -3 10
h+1 k+3 -6
1 -3 10
h+1 _k+3 -3
1 -3 5
h+1 -3 _k+3 -3
1 5 -3 5
5h+5=-3. 5k+15=9
5h=-8 5k=-6
,_ 8 -
== =

5
. -8 6
The coordinates of B = 55 |

THE STRAIGHT LINE
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COS ax - cos bx if x£0

x2
Show that f(X) = %(bz . az) if x=0
is continuous at 0.
1
Sol: Given that f(0) = 2 (b? - a?)

(Lot = Lt SO gosbx
Lt 2sin(35P)x sin(35P)x
x>0 » . -
= -2 Lt sin(agb)x Lt Sm(a-b)x
oo g (300 i),

a?-p? b2 - a2
=-2(1)(1) |~ J= -

.. f(x) is continuous at x = 0.

Check the continuity of f given by

x2-9

f(x) = x2-2x-3’.
1.5, if x=3

at the point 3.
Given that f(3) = 1.5

if 0<x<5and x=3

Sol:

x2-9
Lt f(X)= Lt _ 2 °9Y
X—>3 X—=>3 y2_.95-3

(x-3)(x+3)
(x-3)(x+1)

HereX_>3f(x) f(3)

so f(x) is continuous at x = 3.

Sol:

Sol:

AIMSTUTORIAL

Check the continuity of the function f(x) at
%(x2 -4) if 0<x<2
0 if x=2
2-8x2% if x>2
Given that f(2) =

x = 2 if f(x) =

o100 Ky oe-4)

= -9
=0

8
Lt - Lt - —
X — 2+ f(x)_x—>2(2 X3j

Lt
X — 2- X —> 2+ f(x)

so f(x) is discontinuous at x = 2.

Here f(x) =

Find the real constant a, b so that the
function ‘f given by

x<0
0<x<1
1sxs3
x >3

sinx if
x2+a if
bx +3 if

-3 if

fix)=f(x)= OnR.

Given f(x) is continuous atx =0
Ltif(x) = Lt f(x)
Ltismx = Lt (¢ +a)

0=0+a

a=0
If f(x) is constinuous atx = 3

L -fe0 = B 100

X—>3—
Lbox+3) = L (-3)
3b+3=-3
3b=-6
b=-2

Q.NO: 14

LIMITS & CONTINUITY
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o F(x= k’x —k if x=1
5. [Iffis given by 9 if x<q1 152
continuous function of R, then find the values
of k.
Sol: LHL = Lt f(x)
= LE,(Z):Z
RHL= Lt f(x)
= LE (kzx—k)
=k2-k
Given that f(x) is continuous at x = 1
= LHL =RHL
=>2=k*-k
=>k?-k-2=0
=>k?-2k+k-2=0
=>kk-2)+1k-2)=0
=>k+1)k-2)=0
=>k=-1ork=2.
sin 2x
6. Show that f(x) = X *X*0 s
1, x=0

discontinuous at x =0.
Given that f(0) =1

Lt _ Lt sin2x
x0fX)= x50 7

Sol:

Lt sin 2x

(2)

1
2
wy HL o ) #£(0)

so f(x) is discontinuous at x = 0.

7. Check the continuity of the function f given

x+1 if X <1
belowat1and 2. f(x =< 2x if 1<x<2
1+x? if X222
Sol: At x = 1:

LHL Lt17f(x) = Lt17(x+1) =1+1=2_

RHL Lt1 f(x) = Lt1 2x=2(1)=2

AIMSTUTORIAL

Lt f(x)=2=f(1)

.. fis continuous at x =1
At x = 2:

LHL Lt f()= Lt 2x=2(2)=4

RHL Lt f(x)= Lt (1+x*)=1+4=5
Lt f(x)= Lt (fx)

Lt f(x) does not exist
.. fis not continuous at x = 2.

8. Check the continuity of ‘f° given by

4-x> if x=<0

f(¥= x-5 if 0<x<1 .
4x%-9 if 1<x<2 at the points 0, 1
3x+4 if x=22

and 2.

Sol: Case (i): Atx=0

LHL = Lt f(x) RHL = Lt f(x)

= Lt (4-x?) =

x—0—
=4-0=4
LHL # RHL
.. f(x) is not continuous at x = 0.
Case (ii) : At x=1

LHL = Lt f(x)

Lt (x-5)

x—0+

=0-5=-5

RHL = Lt f(x)

=L wes) = @9
=1-5 =4-9
=-4 =-5

LHL = RHL

.. f(x) is not continuous at x = 1.
Case (iii): Atx =2

LHL = Lt f(x) RHL = Lt f(x)

=5 @x-9 = L (Bx+4)
=4(4)-9 = 3(2) +4
=16-9 =6+4
=-7 =10

LHL = RHL

.. f(x) is not continuous at x = 2.

Q.NO: 14

LIMITS & CONTINUITY
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o ¢ o Lt x? - sinx
. ompute -5 5~
Sol: -1<sin<1,forx=0

=-1<-sinx<1
x2-1<x2-sinx<x2+1

- x2-1<x2-sinx<x2+x
x?-2  x*-2  x*-2
x? -1 x? - sinx X2 +X
= Lt < Lt < Lt
xvex? -2 xee X222 xew x2 -2
1-— 2 1-—
Lt—X < p X SIMX gy X
= x-w 2 X—® X2_ X0 2
1-% 1- <
X X
1-0 x%-sinx _1+0
= —<L <——
1.0 x» x2-2  1-
x? —sinx x? —sinx
1< Lt <1-. Lt—— =1.
= — Xown X2_ - X—w X2_2

Lt Cosax-cos bx

10. Evaluate , —; )

Lt Cosax-cos bx
x—0 X2

C+D C-D
cos C-cos D =-2sin 2 sin N

Sol:

L 2 Sin(ax;bx)sin(axébx)
“x—0 2

Lt sin(a+b)x sin(a'b)x
“x-0 .

AIMSTUTORIAL

X sina-asinx
11. Compute , Lt ————

—a X-a
Lt X sina-asinx
Sol: x3a  x-a
Lt xsina-asina+asina-asinx
- X—>a X-a
Lt (x-a)sina-a(sinx-sina)
- X—>a X-a
_ |t K-asina 2005()(7;"")%()%6‘)
“x>a x.a ~2x>a 2
x-a
) Lt x+a Lt Sm( 2 )
=sina-2a y5,C08| 5 |.(x-a)—>0 (Xéa @)
1
=sina - 2a cos a E
=sina-acosa.
Lt 2x2-7x-4
12. Compute: 2(2x-1) (Yx-2°
" 2x? -7x-4
Sol: ©2( 2%-1) (\/;_2)
2(2%-7(2-4
T (2(2-) (V2-2
(8-14-4) 2442

= 3CN2-2) 2+2)

_ -10(2++/2) _ -10(2++/2)
T 3(4-2) 6

~5(2+/2)
3

Q.NO: 14

LIMITS & CONTINUITY
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Lt Ja+2x -+3x
13. Evaluate JBa+x-2Jx )

E\/a+2x \/3_x]
J3a+x-2vx

(\/a +2x -3x)(vfa+ 2x +/3x) (/33 + X - 24/)

M (v/Ba+x - 24/x)(va+ 2x ++/3x)(v/a + x + 24/x)

Lt (a+2x —3x)(v/3a +x +2v/x)
T xa(3a+x - 4x)(va + 2x +3v/x)

¢ (a-x)(/3a +x +2vx)
x> 3(a - x)(va+ 2x +3vx)

1(J3a+a+2/a)
3 (Ja+2a+3a)

_ 2Ja+2Ja _ 4da 2
" 3(\3a++3a) 6v3Ja 343

e* -1
14. Compute Ltg.
x»0 1-C0OSX

Sol: Lt X(ex _1)
x~0 1- CcOSX

16.

Sol:

Find Lt

x-0

x—»O

AIMSTUTORIAL

PM+x-Y-x
—

o

1

1

I_t(1+x)5—1—(1—x)5+1

x-0

Lt

X

(1+x)%—1_(1—x)%—1

x-0

X

X

1 1

(1+x)§—1+ Lt (1-x)3 -1

et (14X -1 o1 (1-%) -1

Q.NO: 14
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AIMSTUTORIAL

1. Find the derivatives of the following

functions from the first principles
i) sin 2x ii) tan 2x
iv) cos ax

Sol: (i) f(x) =sin 2x
From the first principle,

T

Lt sin 2(x + h) - sin 2x
" h—0 h

iii) sec 3x

C+D)
2

-+sin C - sin D = 2cos (

_(c-D
Sin 2

)

2003(2x+22h+2x) sin(2X+22h'2X)

= Lt
h—0 h
= Lt sinh
hos 0 2 Cos (2x + h)
sin®
=2c0s (2x+0) (1) =+ gLt ) == =1,

=2 cos 2x
ii) f(x) =tan 2x
From the first principle,

O

- Lt tan 2(x +h) - tan 2x
" h->0 h

1{Qn&x+2m

1 sin 2x
h—0 h

cos (2x + 2h) " cos 2x

Lt 1] sin (2x + 2h)cos 2x - cos(2x + 2h) sin 2x
" h-=0 h cos (2x + 2h) cos 2x
sin (2x + 2h - 2x)
h — 0 h.cos (2x + 2h) cos 2x
sin 2h 1

|

sin2h |, 1
2h  h—0 cos(2x + 2h)cos 2x

T
h= 02

Lt sin x
x>0 x

=1.

=2(1). cos(2x +0) cos 2x
= 2 sec? (2x).

(iii) f(x) = sec 3x
From the first principle,

f((x)=h50w

sec 3(x + h)-sec 3x

= Lt
h—0 h
Lt 1 1 1
~ h—>0 h|cos(3x+3h) cos3x
~ 1 cos3x-cos (3x +3h)
~ h—>0h cos(3x+3h)cos 3x
C+D C-D
-+cos C-cos D =-2sin 2 sin >
9ain[3X+3x+3h) oin(3x-3x-3h
T 2sin( 3+ 3+ 3N)sin( 31 35-3N)
h—0 h cos (3x + 3h) cos 3x
2si 3h - (-3h
Lt 23|n(3x+2) 'S'”(z)
h—0 cos (3x +3h) cos 3x h
2gi 3h
L 2$|n(3x+2)

"h—>0 cos (3x +3h) cos 3x

sin(%) 3
20 ($h) (?j
3sin 3x 1
- cos 3x ~ cos3x

= 3 tan 3x . sec 3x.

= Lt ==
h—0 h ~ cos(2x+ 2h)cos 2x
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(iv) f(x) =cos ax
From the first principle,
f(x + h) = cos a(x + h)

f(x +h)-f(x)
h

09 =50

_ Lt cosa(x+h)-cosax
“h-0 h

i} hE‘)O _zsin(ax+ah+ax)sin(ax+%h—ax)

h

L 2sin(Z+ ) sn(3)

“h->0 h

Lt sin(

- Lt og ah) ah
= h30 23|n(ax+ 2)3%0

=-sinax (1) (1)
= -a sin ax.

2. Find the derivatives of the following
functions using the definition

(i) /x +1

(v) x3

(i) cos?x (iii) log x
(iv) x sin x

Sol:

i) f(x) = cos?x
By the definition

f(x +h) - f(x)

f(x)=, Lt

h—0 h
2 2
, cos“(x +h) - cos“x
f'(x) = th0 -

.- €082 B - cos?A = sin (A + B) sin (A - B)

sin[x + (x + h)] sin[x - (x + h)]

i)

AIMSTUTORIAL

R

Lt VX+h+1-vx+1
h

" h>0

_ g Yxrh+1-Ux+1 Yx+h+1+x+1
" ho0 h Wxth+ 1+ x+1

Xx+h+1-(x+1)

= hgo h[\/x+h+1+\/m]

h
=M, h[\/x+h+1+\/x+1]

1
= Lt
h—>0 Jx+h+1++x+1

1 1
T Sx#0+1+x+1 2Jx+1
f(x) = log, x
By the definition
f(x +h)-f(x)
Y = Lt AU\
f0=hS0" b

T log, (x + h)-log,x
h—>0 h

a
~log.a - log.b =log, [Bj

1 x+h
= Lt
h—0 h ler[ X J

= Lt
h—0 h

. . X

- Lt sin (2x + h) sin (-h) _ou 1 hh

h—0 h h—>0 log, | 1+ X
- Lt g Lt Sinh 1 n
h_)03|n(2X+h)h_)0 h =; hjo Ioge (1+_j Lt0(1+x)1/x—e
= -sin(2x + 0) (1) *
= -sin 2X. — |og e
i) f(x)= x+1 1 1
By the definition =—1) = M wlog e =1.
Q.NO: 15 DIFFERENTIATION
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iv) f(x) =x sin x.
f(x + h) = (x + h) sin (x + h)

, f(x +h)-f(x)

) =hS0 =
_ Lt (x+h)sin(x+h)-xsinx
“h->o0 h

hEiO x(sin(x+h)-sir;1x)+hsin(x+h)

Lt X.ZCos(X+2+X)sin(X+5'X)+hsin(x+h)
h—0 h

2 "2 h->0 h

. h
x+h), Lt SN2 4 hsin(x+h
=hE>0X-ZCOS(]g—>O[hJ—+ Lt Dsnecen)

= X COS X + sin Xx.
3. If sin y = x. sin (a + y) prove that

dy _ sin’(a+y)
dx sina
Sol: Given that siny = x sin(a +y)
siny

= XZ sin(a+y)

i W) = v.u' -u.v'
dx (U V)_ V2

differentiating with respect to ‘y’

dx _ sin(a+y)cosy-sinycos(aty)

dy sin? (a+y)
-+sin A cos B - cos Asin B =sin(A - B)
sinfa+y-y)
= sin?(a+y)
sina
" sin? (a+y)

Cdy 1 sin‘(aty)
Tdx  (dx)  sina
dy

4, (i) If x¥ =e*, prove that dx

AIMSTUTORIAL

d_y= log x
(1+logx)?

Sol: Given: x¥=¢exY

Taking logarithms on both sides,
ylogx=(x-y)loge -~ loge =1
ylogx=x-y
ylogx +y=x
y (log x + 1) = x

X
Y= logx+1

U Ul

Differentiating w.r.t. using quotient rule,

d v.u' -uv’
&(u/v)=v—2
dy _(Iogx+1).1-x.(%)
dx (log x +1)?
logx+1-1
= (logx +1)?
Cdy _ log x

Tdx (logx+1)

(ii). If y =xY, show that

dy . y? y’

dx x(1-ylogx)~ x( 1-logy)

Sol: Given:y=x¥ taking logarithms on both

sides,
logy =y log x
Differentiating w.r.t. x,
1 dy 1 dy

y dx =y.;+|ogx.&

dx
dy {1-y|ogx}=x
dx y X
dy _ ¥ y?

Tdx x(1-ylogx) ~ x ( 1-logy)

Q.NO: 15
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R y(xlogy-y)
(iii). If x¥ =y*, then dx = x(ylogx-x) "
Sol: Given that x¥ = y*

taking logarithms on bothsides,

y.logx=xlogy
differentiating w.r..t x,

dy 1 1 dy
» .logx+y. X =1.logy+x.

AIMSTUTORIAL

2X 3x-x°
Sol:Given:y=tan"' 12 +tan -tan-

1-3x2
1 4x - 453
1-6x° +x*

Putx=tan® = 0=tan'x

~ _1[2tanej . 3tan B -tan®6
y=tan (4 an2e) TN 1-3tan’0

d y dx
dy [ X y 4tan®-4tan®g
=2 |logx-—| = - = - -1
dx | 9 y} log y - § tan (1-6tan29+tan4e
= y=tan'(tan 20) + tan"' (tan 30) - tan"'(tan 40)
— = + -
dy ongx-x} xlogy-y = y_26 360 - 46
—_— —_— | = — = = y= 0
dx [ Y X = y=tan'x
Differentiating w.r.t. x,
dy _ y(xlogy-y) dy__1_
dx ~ x(ylogx-x)- dx 1+x2°
2x
(ii). Differentiate f(x) = tan"’ (1 2} w.r.t.
(iv). If x'°9¥ = log x, then prove that "X
1-logxlo . 2x
ﬂ:l g—zgy g(x) = sin™* (1_'_ 2).
dx X (log x) X
Sol: Given that x°¢¥ = log x 2%
taking logarithms on both sides, Sol: Lety = f(x) = tan" [1 2]
log y . log x = log log x "X
differentiating w.r.t. x, we get 2x
= = gqin’
1 dy 111 z = ¢g(x) =sin [szj
y dx 109x*logy. 2 = jogx " x Putx=tan® = 6=tan'x
1 dy_ 1 __ logy — tan (Mj _ ._{Mj
—logx. pia XIog X - . = y=tan 1-tan0 z =sin 1+ tan0
= y=tan’ (tan 20) z =sin™ sin 20
_1-Iogxlogy = y=20 z=20
- xlogx = y=2tan"x z=2tan" x
Now, derivative of f(x) w.r.t. g(x)
~dy _y|1-logxlogy
x| leax? d )
dx x| (logx) dy _ dx
- = d
dz 4, (2
. (25 stan (225 ans ”
5.(i) If y=tan 12 +tan 1-32 -tan Q(Ztan'1x) ( 5 )
_ dx _ \1+x2) 1
4x - 4x° d 1 ~ 4 (2tan’x 2 ) -
[MJ then prove that d—){: T+ ox ) (1+x2)
Q.NO: 15 DIFFERENTIATION
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(iii). Differentiate f(x) w.r.t. g(x) if i Sece'q
) . o =t@n" | Tane
f(x)=sec-1 [zxz _1)!g(x)= V1'X2 . _00159'1
(L = tan" @:
Sol: Lety=f(x)=sec o 1 ,Z=9(X) = 4f1- %2 ) 9
Putx=cos @ = 0 =cos'x ) 1'0039}
= tan -
1 | sin®
y = sec” (—2] .
2cos“B-1 Zsz(%)
1 = tan™ .0 3
= -1 9 9
= y=sec (coszej _ZSIn2C082
= y=sec’sec20 0 _ o
= y=26 =tan'tan 5 = 5
= y=2cos'X,z= /1-x2 1
- _ -1 = -1
.. Derivative of f(x) w.r.t. g(x) y=5 tan’x, z = tan”x
d V) .. Derivative of f(x) w.r.t. g(x)
_dy dx y d
“a Lo Cdy oY
“az Lo
di (2 cos'1x)
_ d (1san
RN (gt
d%(tan'1x)
-2
_ 1-x2 1 1
- 1 (_2X) 2 1+x2 1
M-x2 = 1 = 5
2y1-x Ty 2
_2 6.(i)) f x=3 cos t -2 cos3t,y =3 sin t - 2sin’t, then
X _dy
find dx
(iv). Find the derivative of f(x) = tan” | go|: Given that x = 3 cost - 2cos?, y = 3sint - 2sin’
By parametric differentiation,
V1+x2 -1 dy
_— = E
X w.r.t. g(x) = tan’'x. dy (dtj
dx _ (dx
M1+ 2 X
Sol: Lety=f(x) =tan™ NI+ xE -1 ,Z=g(x) =tanx. ( dt )
X - .3
Put},z tﬁ" 0 = 0=tan’x %(3sm t- 2sin°t)
s -1 - %(3sint-20033t)
= y=stan' |7
3cost - 2(3sin3t)%(sint)
1+tan?6 -1 = 3(-sint)- 2(3cos?t) 9 (cost)
ot | —————— dt
= tan tan®©
3cost - 6sin’t (cost)
~ -3sint - 6cos?t (-sint)
Q.NO: 15 DIFFERENTIATION
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(u)
Sol

3cost - 6sin’t cost
Bsint cos?t - 3sint

3cost(1- 2sin’t)
3sint (2cos?t - 1)

_ cott cos 7t
T cotZt

= cot t.

; Xx=a(cost+tsint),y=a(sint-tcost).

: leen thatx = a(cost+tsint),y=a(sint-t

cos t)
since x and y are functions of t, by parametric
differentiation,

H

d int -
dt [a(sint - tcost)]

Q.|Q.
X <

d .
m[a(cost+ tsint)]

afcost - {t. (-sint) + cost. (1)}]
a[-sint + {t. cost + sint . 1}]

cost+ tsint -cost
-sint + t cost + sint

t sint
t cost
tan t.

t
(iii). If x = a[COSt +log [tan EH y = a sint,

Sol:

., dy
find dx *

t
Given : x = a {COSt +log (tan EH ,y=asint

Since x and y are functions of t, by parametric
diffeentiation,

Sol:

AIMSTUTORIAL

cost

1
_ Cos3 1

. - sint
int 2 1
sm2 2 cos 2

cost

1 .
= ————-sint
int t

23|n20052

cost
= _1

sint” sint

cost
(1 - sin2t) =
sint
2

d
If x=a(t-sint),y=a(1+ cos t), find ﬁ

Given that x = a(t- sint), y=a(1 + cos t)
since x and y are functions of t,
by parametric differentiation,

d
dy _ @
o ()
[a(1+ cos1)]

[a(t-sint)]

cost sint
cos’t

= tant.

I
Q—\o. So

t

a(-sint)
a(1-cost)
2sint t
23|n20032

23|n2£

= -cot —
002

d
since d_i is a function of t, thus

d(dyj dt
dt\dx ) dx

d ( tj 1
R— _CO — e —
dt 2) " a(1-cost)

d2y

dx?

dy 1
dy (dtj dt(asmt) = cosec® = . 1 - a.2sin?t
dx  (dx {[cost+logtan J} 2 2 ' 2
dx (m) dt 2
1 t
= — 4 | —
i} acost 1 4a cosec (2)
= 3] 1 2 l l
a smt+t-anl.sec 29
4
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AIMSTUTORIAL

10. If ax? + 2hxy + by? = 1, prove that
= n+1 -n
8. Ify=ax"*"+ bx™ then show that o2y h - ab
x2y"” =n(n + 1)y. dx? = (hx +by)® °
Sol: G_iven y = a_lx”” + bx™" . . Sol: ax? + 2hxy + by? = 1
differentiating w.r.t. x successively for 2 times, differentiating w.r.t. x
"=a(n + 1)x" + b(-n)x"-1
y'=a(n+1)x"+ b(-n) o -
y" = a(n + 1) n.x""" + b(-n) [-(n + 1)]x""2 a.2x+2h | X g Y- A+b. 2y o =0.
multiplying bothsides by x?, g
x?y"=nn+1)[a.x"". x2+b. x"2. x7 2§(hx +by) =-2(ax + hy)
=n(n+1)[a.x"*"+b.x"
=n(n + 1)y. dy -(ax+hy) d _vau-uy
4 5 " 2 dx ~ hx+by dx (un) = v2
9. If ay” = (x+b) then show that,Syy = (y')
differentiating w.r.t. x,
+by d d
sol: ay* = (x+b)° = y* = FFD @y xsby)arh§ Jr@ceny)|nb Y |
dX2 (hx+by)2
(x+ b)% (ax +hy) (ax +hy)
:>sz =-(hx+by)[a-h hX+by}+(ax+hy)[h-b hx+by}
a (hx +by)*
diff w.r.t to x
| s ) s _ (hx+by)[ahx+aby -ahx- by +(@x-+hy) [ix-+ bhy - abx-bhy]
5_ . =
=) = by (oc+by) e+ by
a4 4a’* 2 _ 2 _
(h= -ab) y(hx + by) + (h* - ab) x (ax + hy)
= 3
again diff w.r.t to x (hx +by)
(1 J (h? - ab)[hxy +by? +ax? + hxy]
5 1 2! 5 -3 = 3
>y, = (x4 ) =2 (x+b) (hx +by)
40" 4 16a* (h? - ab) [ax? + 2hxy + by?]
= 3
(x+b)% s y (hx + by)
" - 2
LHS = S5)y =5.— —(x+b) 4 _ (h"-ab)(1) o .
* 164" " (hx +by)® caxt+ 2hxy +by* = 1
2 2
R 25l (x+bY" ' d_¥=h;ab3_
16a4 " odx (hx + by)
S Vs
N —(x+D) — (V">
45" ")
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1. The distance time formula for the motion of a

| AIMSTUTORIAL |

particle along a straight line is s =t - 9t + 24t - 18.

Find when and where the velocity is zero.
Given : s=13-9t2+ 24t - 18
differentiating w.r.t. ‘',

Sol:

3. The displacement of a particle travelling in a

Sol:

straight line in t sec. is given by
s = 45t + 11t2 - t3. Find the time when the
particle come rest.

s =45t + 1112 - 3

95 _ 3¢ gt + 24 -8 45003

dt VTt T -

ds Given the particle comes to rest
ot =3t2- 18t + 24

Now, velocity = 0
=>3t2-18t+24=0 =>t2-6t+8=0
=>(t-2)(t-4)=0. =>t=2,4
when t = 2, distance s = 2% - 9(22) + 24(2) - 18
=8-36+48-18
= 2 units.
whent=4,s =43-9(42) + 24(4) - 18
=64-144+96 - 18
= -2units
so, the particle comes to rest at t = 2 sec and
4sec and the particle is at a distance of 2units

in either direction from the starting point.

2. A particle is moving in a straight line so that
after t seconds its distance is s (in cms) from
a fixed point on the line is given by s = f(t) = 8t

=v=0

=45+ 22t-3t2=0

= 3t2-22t-45=0

= 3t2-27t+5t-45=0
= 3t(t-9)+5(1t-9)=0
= 3t+5)(t-9)=0

t=9(or)-5/3 (Butt>0)

. t=9sec.

4. A particle is moving along a line according to

Sol:

s =f(t) = 4t% - 3t> + 5t - 1 where s is measured
in meters and tis measured in seconds. Find
the velocity and acceleration at time t. At
what time the acceleration is zero.

Given f(t) = 4t3- 3t2 + 5t - 1,

+t2. Find (i) the velocity at time t=2 The velocity at time tis

sec (ii) the initial velocity ds

(iii) acceleration at t = 2 sec. v —=1282-6t+ 5
Sol: The distance s and time t are connected by the dt

relation
s=f(t)=8t+

The acceleration at time tis

2

ds
a= —5 =24t-6.

ds
. velocity v = i 8+3t2 ... (2) dt
The accelerationis 0if 24t-6=0

and the acceleration is given by . 1

i e, t= Z
a= 42" 6t The acceleration of the particle is zero at
i) The velocity att =2 is V(tzz)f8 +3 (4) { = lsec.

= 20 cm/sec. 4
i) The initial velocity (t =0) is v, _,, = 8 cm/sec.
iii) The acceleration att =2 is Ay = 6(2)
=12 cm/sec?.
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5. A point P is moving on a curve y = 2x2. The
x-coordinate of P is increasing at the rate of
4 units per second. Find the rate at which the
y-coordinate is increasing when the point is at

(2, 8).
: dx :
Sol: Given y = 2x?, at 4 units/sec
dy
At P = (2, 8), gt
differentiating y = 2x? w.r.t. 't
dy dx
=4t = 2(2X)a

dyj |
:{ dt Jo 4(2) (4) = 32 units/sec

6. The volume of a cube is increasing at a rate of
9 cubic centimeters per second. How fast is
the surface area increasing when the length
of the edge is 10 centimetres ?

Let x be the length of the edge of the cube, V be its
volume and S be its surface area.

Sol:

AIMSTUTORIAL

7. The radius of circle increasing at the rate of

0.7 cm/sec. What is the rate of increasing of
its circumference.

Sol: Let‘r be the radius and ‘S’ be the circumference
of the circle.

dr
S = 2mr, ot = 0.7 cm/sec.

Differentiating w.r.t. t

ds dr

a = 27. a
= 2n(0.7)
=1.4%x cm/sec.

8. Astone is dropped into a quiet lake and ripples
move in circles at the speed of 5cm/sec. At the
instant when the radius of a circular ripple
is 8 cm., how fast is the enclosed area
increases?

Sol: Let r’ be the radius and ‘A’ be the area of circle.

dr
— =5cm/sec

given T
Then,V=x* and S=6x% .,
Given that rate of change of volume is 9 cm?¥/sec. . A= e
Differentiating w.r.t.t
dv
Therefore, ——- =9 cm®sec. dA dr
dt ——=2nr —
dt dt
vExe Givenr=8cm
Now differentiating V w.r.t. t A
dv dx ot = 2n(8) (5)
——=3x2 —/—
dt dt = 807 sq.cm/sec
dx 9. The radius of an air bubbile is increasing at the
= — 1
=9=3¢ dt rate of — cm/sec. At what rate is the volume
dx 3 of the bubble increasing when the radius is 1
EAPTERRE cm?
S = 6x)2( Sol: Let 'V’ be the volume and ‘r' be the radius of
Differentiating S w.r.t. t bubble.
dr 1
ds dx - _
- 12x = = ~cm/sec
dt T dt = 2
3 4
= 12x Z V= 3 r 3
36 Differentiating V w.r.t. t
v _ 2 e
Givenx =10 cm, dt 3 dt
dS 36 ) 1
gt 10 3.6 cm?/sec =4.m(1) 5
= 2n c.c/sec
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10. Aballoon, which always remains spherical
on inflation, is being inflated by pumping
in 900 cubic centimeters of gas per second.
Find the rate at which the radius of balloon
increase when the radius is 15 cm.

Sol: Let'r betheradius, 'V’ be the volume of sphere.

dVv
T 900 cc/sec

V = volume of sphere

V_i 3
= —37T,r
v _ e
dt 3 dt

, ar
900 = 47 (15)%. 4y

ﬂ 900
dt ~ 900~
1
= — cm/sec.
e

11. A container is in the shape of an inverted
cone has height 8m and radius 6m at the top.
If it is filled with water at the rate of 2m3/
minute, how fast is the height of water
changing when the level is 4m?

Let ‘h’ be the height, ‘r' be the radius of cone
APAB, APCD are similar A's

Sol:

g_h
6 T

6h 3

-2 -h
- ua I L (1)

1
. = — 2
Vv 3Tcrh
x[3 7
= —[=h| h
v 3{4 }
n 9
==—hn
v 3 16
\/:3_“h3
16
Differentiating w.r.t.t
dv_31 gyqdn
dt 16 dt

12.

Sol:

AIMSTUTORIAL

d
Given h=4m, d_\tlz 2m3/min.
2= 9n (4) dh
16 dt

dh 2
az o m / minute

Suppose we have a rectangular aquarium
with dimensions of length 8m, width 4m and
height 3m. Suppose we are filling the tank
with water at the rate of 0.4 m® /sec. How
fast is the height of water changing when
the water level is 2.5m?
Let ‘2’ be the length, ‘b’ be the width and ‘h’ be
the height of cuboid.
. £=8m

b=4m

h=3m,
Let V' be the volume,

) dv
given —-=0.4m?3/ sec

V =/(.Db.h, at

Differentiating w.r.t.t

av dnh
ot b, gt

dh
04=8x4. gt

dh 04 1
dt = 32~ gp m/sec.
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AIMSTUTORIAL

1. Find the equations of the tangent and the
normal to the curve y* = ax® at (a, a).
Equation of the given curve is y* = ax® P(a, a)
Differentiating w.r.t.x.

Sol:

d
4y2§ = 3ax?

dy _3ax’
dx  4y?
o) s
dx |, 4a° 4

slope of tangentat P (m) = 1

.. Equation of the tangentatPisy -y, = m(x - x,)

y-a=>x-a)

4y - 4a = 3x - 3a.
3x-4y+a=0.

-1
.. Equation of the normal atPisy-y, = E(X - X,)

y-a= o (x-a)

3y -3a=-4x + 4a
4x + 3y -T7a=0.

2, Find the length of normal and subnormal

al * =
at a point on the curve Y = E[ea te® J .

Sol: Equation of the curve is

y=3erten
2

-0 3
y = acosh a

dy __ . (X} 1 _ . (X
& =a smh(aj. g = sinh (aj

X
slope of the tangent at P(x, y) = sinh (gj =m

Sol:

-. Length of the normal = ‘Y\” +m?

- acosh(ij /1+sinh2(5]‘
a a

= acosh(fj cosh (fj
a a

= |acosh’ (ij
a

X
= 2| —
acosh (aj

- Length of the sub-normal = |y, m|

= |a cosh(ijsinh (lj
a a

= i(ZSinhicoshij‘
2 a a

= isinh2—X
2
Find the equation of tangent and normal
to the curve y = x3+4x2at (-1, 3).
Equation of the curveis y = x® + 4x?
Differentiating w.r.t. x

dy

— = 2 4
dx 3x? + 8x

P(-1, 3)

d_y} =3(-12+8(-1)=3-8=-5
ax ), =312+ 8(A)=3-8=-

m = -5.

. Equation of the tangent at P is
= y-3=-5(x+1)
= y-3=-5x-5
= 5x+y+2=0

.. Equation of the normal at P is

1
= y-3=§(x+1)

= 5y-156=x+1
= x-5y+16=0.
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-(x; -ay,)
4. Show that tangent at P(x,, y,) on the curve y-y. = —12 1
\/; + \/; = \/; is y_y1-1/2 +X. X1'1’2 = a2, ! Y -axy
. . , =yy2-ax,)-y+axy, =x(x2-ay,)+x2-axy,
Sol: Given equation of curve is /x + \/y =Ja -—(1)
since P(x,, y,) lies on the curve, \/Z + \/y_1 =.a —(2)

differentiating \/; + \/g = \/5 with respect to x,

(x-x,)

=>(x2-ay)x +(y?-ax,)y =x° +y?’-2axy,

= 3ax,y, - 2ax,y, from (2)

1 + 1 d_y (X12 - ay1)x + (y12 - aX1)y =axyy,
dx
2Jx Z\N 6. Show that the tangent at any point 6 on the curve
dy -y x=c§ece,y=ctaneisysine=x-csece.
ax  x Sol: Given x = ¢ secH,

- Iy1
Slope of the tangentatPis ——
X

Differentiating w.r.t.0.

dx
— =a sec 0 tan 0.

1 do

Equation of tangent at P is Given by y = ¢ tane.

_\/7 Differentiating w.r.t.0.

1
-y, = T (x-x d
4 \/X_ ( % d—g= asec?0.
- A S dy
‘/Z ‘/71 ‘/XT % dy _\do asec’0  secO 1

X Ly dx (dxj asecOtan0 tanf = Py
RN AR D @
= x.xM+y.y"= [ from (2) slope of tangent (m) = Sino”

-1/2 12 = 112

VR CATNRN ar The equation of the tangent is

At a point P(x,, y,) on the curve x* + y* = 3axy,
show that the equation of the tangent at P is
(x,2-ay)x +(y,?-ax,)y = axy,.

Sol:Given equation of the curve is x® + y* = 3axy ---—--(1)

since P(x,, y,) lies on the given curve, we get
x> +y?=3axy, ----------- (2)
differentiating (1) w.r.t. x,

y-y, =mx-x,)
1
y - c tanf = m(x-csece)

y sin® - c tan®. sinb = x-c secH.
y sinf = x - csecO + ¢ tanf sino.

0
d d y sinb = X - c S . Sino.
2pae W _ 1.y+x.—y cos0 cos
3+ 3y dx 3a dx C
ysind =x - ——(1-sin’0)
cos 0

x2+y2d—y=ay+ax
dx dx

d—y[z-ax]=a - x2
dx Y y

dy _ ay-x2
= dx  y?-ax ,
Slope of the t tatp = =
ope O e tangent a ="
p g V2 ax.

Equation of tangent at P is

cos? 0
cos0

ysing =x-c

y sin® = x - c coso .
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7. Show that the curves 6x? - 5x + 2y = 0 and

Sol:

8. Show that the area of the triangle formed by
the tangent at any point on the curve

Sol:

11
4x? + 8y? = 3 touch each other at (E’Ej'
Equation of the first curve is

6x2-5x+2y=0
Differentiating w.r.t.x
d
12x-5+2-Y =0,
dx
dy _ 5-12x
dx 2
(d_yj 5-12(;)
dx [%%j = —
. 5-6_-1
22

Equation of the second curve is 4x? + 8y? = 3.

Differentiating w.r.t.x

d
8x+16yd—i =0

dy _ -8x _
dx ~ 16y

11
The given curves touch each other at (E’Ej .

xy = c¢(c = 0) with the coordinate axes is
constant.

Let P(x,, y,) be a point on the curve xy = ¢
Differentiating w.r.t.x

dy

— 4+ =
X dx y(1)=0
dy _ -y

dx X

dy} Y
AX oy X4
7

X,

Sol:

AIMSTUTORIAL
Equation of the tangent at P(x,, y,) is

-y
Y-¥i= %, (x-x,)
XY = XYy =Y XXy,

y X+ Xy =2Xy,
XY 4
2x, 2y,

The area of the triangle formed by the tangent
and coordinate axes is

1
=5 1@x)2y))l

=2x.Y, (-
=2c

= a constant.

Find the value of k , so that the length of
the subnormal at any point on the curve y
= a'* xk is a constant.

Xy, = ¢C)

Equation of the given curve is y = a'*x.
Let P(x, y,) is on a curve.
Differentiating w.r.t. x

dy}

— = g'-k kxk-1
dX o)

m = ka'-k xk-1

Length of the subnormal = |y, m|
= |y.ka'-kxk-|
= |a1 -ka_ ka1 -ka—1|
= |ka2-2k X2k—1|

In order to make these value is a constant, we
should have 2k - 1 =0.
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10. Show that at any point (x, y) on the curve X = i X = E
y = be*?, the length of the subtangent is 3 . .3
constant and the length of the sub-normal The derivative of f(x) can be expressed as
H z y 18 . X _E X _i
is 3 f(x)= (x—1)2 3 3
Sol: Equation of the curve is y = be* I | - P
Let P(x,, y,) is on a curve nterva Sign of (%
Differentiating w.r.t.x ( 2)
Y Positive
d_y:b.ex/x‘lzl 3
dx a a (Z ij .
ﬂ} Ly, 3’3 Negative
" =N
X Ip a 4
v 3’ o Positive
Length of the sub-tangent = ‘ﬁ‘
.. The given function f(x) is strictly increasing
2 4
Y, on |~ % 3 and 3’ © | and it is strictly
=|(y,)| =a = constant
a2 12. Find the tangent and normal to the curve
y = 2e*? at the point where the curve meets
Length of the sub-normal = |y,m| the y - axis.
y ) Sol: Equation of the curve is y = 2e™* .
= |y = y ) The point of intersection of the curve and y-axis
al  a e, x=0=y=2
11. Determine the intervals in which - P(0,2)
2 Differentiating it w.r.t. x
f(x) = 7, _1\+18x v x € R - {0} is strictl L
x) (x-1) v {0} y ﬂzzes(_lj
increasing and decreasing. dx 3
Sol: Given that f(x ) = 7——+ 18 dy} 267
ol: Giventhatf(x)= X. =
(X ) 1) dx P(0,2) 3
Differentiating it w.r.t. x
SN - 22
f(X)=W-2+18and f(x) =0 3 3
.. Equation of the tangent at P is
2 2
eI =y-2=750c0
= (x-1)% = 1/9. =3y-6=-2x
1 =2x+3y-6=0
x-1=+ 3 Equation of the normal at P is
3
1 1 :>y-2=5(x-0)
x-1=§,x-1=— =2y -4=3x
=3x-2y+4=0
X = 1_;,_1 X = _l
=g+l x=
Q.NO:17 TANGENTS & NORMALS




